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Abstract

Real-world data deviating from the independent and identically distributed (i.i.d.)
assumption of in-distribution training data poses security threats to deep networks,
thus advancing out-of-distribution (OOD) detection algorithms. Detection methods
in generative language models (GLMs) mainly focus on uncertainty estimation and
embedding distance measurement, with the latter proven to be most effective in
traditional linguistic tasks like summarization and translation. However, another
complex generative scenario mathematical reasoning poses significant challenges
to embedding-based methods due to its high-density feature of output spaces, but
this feature causes larger discrepancies in the embedding shift trajectory between
different samples in latent spaces. Hence, we propose a trajectory-based method TV
Score, which uses trajectory volatility for OOD detection in mathematical reasoning.
Experiments show that our method outperforms all traditional algorithms on GLMs
under mathematical reasoning scenarios and can be extended to more applications
with high-density features in output spaces, such as multiple-choice questions.

© |https://github.com/Alsace08/00D-Math-Reasoning

1 Introduction

The rapid development of generative language models (GLMs) [40] 411 [5] 2 [50] has empowered
them to fit diverse and challenging datasets, showing strong generalization over in-distribution
(ID) test data satisfying the independent and identically distributed (i.i.d.) assumption. However,
unconstrained inputs in real-world settings frequently trigger distributional drifts, called out-of-
distribution (OOD) data. In such scenarios, model performance often deteriorates unexpectedly,
yielding harmful outcomes. Thus, OOD detection [38 4] is critical in safeguarding model security.

A highly scalable detection method must not rely on specific OOD data distributions, so simulating
scenarios where OOD data is unavailable is more promising. Most existing research mainly focuses
on vision and text classification tasks [[12] 30] |55 [26] 48]|. In contrast, studies addressing OOD
detection on GLMs remain relatively niche, despite the more severe risks associated with OOD
perils in GLMs due to the potential for error propagation in autoregressive generated sequences [43]].
Existing methods on GLMs only focus on traditional text generation scenarios like summarization and
translation, and these methods did not step outside the research framework of uncertainty estimation
(331 31]] and embedding distance measure [43]. Among these, [43]] has demonstrated that embedding-
based methods are currently the only optimal solution for text generation scenarios, they determine
whether a new sample is ID or OOD by calculating the Mahalanobis Distance |22 between the new
sample embedding and ID embedding distribution in the static input or output space.

Recently, mathematical reasoning has emerged as a challenging generative task and a crucial
benchmark for evaluating model abilities. However, it presents unique phenomena in both input and
output spaces that render embedding-based methods inapplicable, as shown in Figure I}
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Figure 1: Embedding projection and cases of input and output spaces under mathematical reasoning
and text generation scenarios. We select MATH |6l dataset for mathematical reasoning and OPUS [[49]]
for text generation, each with four diverse domains. Different colors represent different domains, with
lighter and darker shades indicating input and output. We use SimCSE [9] for sentence embeddings
and UMAP [34] for dimensionality reduction. Appendix |§| shows detailed settings and examples.

* Input space of mathematical reasoning exhibits vague clustering features across various domains,
in contrast to the more defined clusters observed in text generation. This indicates that embedding
may struggle to capture the complexity of mathematical questions.

* Qutput space of mathematical reasoning exhibits high-density characteristics with significant
overlap between different domains. we call this phenomenon Pattern Collapse. Since the output
is mathematically symbolic [53] 371, it compresses the search space, increasing the likelihood of
overlap between questions from disparate domains (As cases of Figure [Th). More importantly, the
sequence tokenization used in GLMs allows for substantial token sharing among mathematically
distinct expressions, as these mathematical tokens are primarily drawn from digits 0-9 and finite
special symbols such as decimal points and square roots, rather than diverse linguistic elements.
These scalar outputs lack distinctive features associated with specific domain distributions.

More discussion of the two phenomena, especially the “pattern collapse”, will be presented in Section
@ Given the limitations of traditional methods, we aim to explore innovative OOD detection solutions
in mathematical reasoning scenarios. We transform our focus from static embedding space to the
dynamic embedding trajectory, this motivation stems from a theoretical insight, as shown in Figure 2}
“pattern collapse” causes the convergence of the trajectory endpoints of different samples, leading to
significant trajectory differences across samples. In Section[2.1] we model and prove this hypothesis
to elucidate the intuition of using trajectories as a measure. Subsequently, in Section[2.2] we perform
empirical experiments to investigate the underlying causes of trajectory differences between ID and
OOD samples. Our findings reveal a phenomenon we term Early Stabilization, wherein GLMs
achieve primary reasoning in later stages for ID samples, a pattern not observed in OOD samples.
This observation provides direct evidence for the rationale behind using trajectory as a measure.

Based on these analyses, in Section [3] we propose the Trajectory Volatility detection algorithm (TV
Score) for mathematical reasoning. Then in Section[d]and[5] we conduct extensive OOD detection
experiments with diverse datasets and GLMs to validate the effectiveness of our method. We also
tackle the challenging scenario of OOD quality estimation, which raises higher precision demands on
the OOD scores. Results indicate that our method surpasses all traditional algorithms for GLMs under
the mathematical reasoning scenario. Additionally, we demonstrate the extension of our method to a
broader range of tasks with high-density features in output spaces, such as multiple-choice questions.

Problem Statement: OOD Detection on GLMs. We start by formalizing GLMs. Let X and ) be
the input and output spaces with Py and Py, be the marginal distributions for respective space, and
Py y is the joint data distribution defined over X x ). GLMs are trained given input sequence & =
r1Ts...x¢ ~ Py of length ¢ to autoregressively generate the next token in the corresponding output
sequence Yy = Y1Y2...yn ~ Py of length n over the likelihood model pg (y|z) = T[]/, po(vi|y<i, x),
where each z; and y; are taken from vocabulary V and @ is sampled from the parameter space O.
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Figure 2: The “pattern collapse” phenomenon only exists in mathematical reasoning scenarios, where
two samples initially distant in distance will converge approximately at the endpoint after undergoing
embedding shifts, and does not occur in text generation scenarios. This produces a greater likelihood
of trajectory variation under different samples in mathematical reasoning.

Assume that ﬁx,y denote a distribution sufficiently different from Py 1y, the goal of OOD detection
in GLMs is to find a score function f(x,y, @) for each sample and a threshold ¢, which may rely on
the features of X', )/, and ©, to achieve a high discrimination accuracy goal:

max Play)npry [f(@,9,0) <]+ Py o 5, [f(@,9,0) >¢. (1)

2 Dynamic Embedding Trajectory Distinguishes ID and OOD Samples in
Mathematical Reasoning

We begin by defining the embedding trajectory and its volatility features. Given a sample s,
we put its input to the language model pg with L layers, and the output sequence consists of T’
tokens. For the ¢-th token, we denote its output embedding at layer [ as h!, with each embedding
a d-dimensional vector. Following the definitions in [43| [31]], we define the average embedding
Yy = % 2321 h! as the sentence embedding at layer . Then, the embedding trajectory is formed
as a progressive chain of these embeddings: yg — y1 — -+ = y; — -+ = yr—1 — yr. To
measure the change magnitudes of the embedding trajectory in the latent space, we define two types
of trajectory volatilities:

* Dimension-independent volatility V;(s) € R?: For sample s, we first obtain the embedding
difference vector |y; — y;—1| between each adjacent-layer pair { — 1 and [. V7 is the average of
all differences across layers it captures the local trajectory changes across individual dimensions:

Z|yl Yi— 1|—* Z ‘Z/l Z/zl—1|a"'7|yld—yfi—1|)T' @

=1

* Dimension-joint volatility V;(s) € R: For sample s, we first obtain the L2-norm of the embedding
difference ||y; — y;—1]|2 between each adjacent-layer pair [ — 1 and [. V is the average of all
such differences across layers, it captures the global changes in the trajectory:

L

1 < 1 d
:Z'Zﬂyl—ylflﬂzzz‘z Z yl 1 . 3)
=1

=1 i=1

In this section, we will clarify our motivation: Why Dynamic Embedding Trajectory As The Measure?
This stems from the phenomenon of “pattern collapse” in the output space, where the endpoints of
different sample trajectories converge to a high-density region. This constraint potentially increases
the likelihood of trajectory differences across samples. We will model and prove this theoretical
intuition in Section [2.1] through the Dimension-independent volatility. After gaining insight into
trajectory differences, we specifically explore the differences between ID and OOD sample trajectories.
We will empirically investigate this in Section [2.2] through the Dimension-joint volatility.

2.1 Theoretical Intuition: Trajectory Differences with Higher Likelihood

Figure [T] has illustrated the “pattern collapse” phenomenon in the output space in mathematical
reasoning scenarios. We abstract this phenomenon in Figure 2] which compares the trajectory
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Figure 3: Trajectory volatility curve comparisons between one ID data and ten OOD data from diverse
mathematical domains. Each trajectory represents the average of all samples from the corresponding
datasets, with color shading being the sample standard deviation. Llama2-7B is used for the backbone.

trend between different samples in the mathematical reasoning and text generation scenarios: In
mathematical reasoning, when initial points of two trajectories are separated by any distance in
the input space, they typically converge to a significantly closer distance in the output space after
undergoing an embedding shift. However, in text generation, outputs from different samples may
not exhibit this same convergence. This finding inspires the following theoretical intuition: Hard
constraints on trajectory endpoints in mathematical reasoning allow for a higher probability of
trajectory differences under different samples, as expressed by the key hypothesis:

Hypothesis 1 In scenarios characterized by pattern collapse in the output space, the probability of
trajectory volatility differences across samples increases.

We now formalize this hypothesis. Assume that the output space is a Gaussian distribution N(c, ¥2),
so the output embedding y;, ~ N (¢, £?). For two different samples s; and s;, their dimension-
independent volatilities are V;(s;) and V;(s;), respectively. We want to show that when pattern
collapse exists, the probability of V;(s;) — Vi(s;) # 0 will increase. According to the pattern
collapse features under different scenarios, we can constraint the y;, as follows:

* For mathematical reasoning with pattern collapse, ¥ — O, so we approximate that y;, = c;
* For text generation without pattern collapse, ¥ = diag(d1,d2,- - ,dp) # O, s0 Yy, Z c.

With such formalized constraints, we model our Hypothesis|[I]as a main theorem:

Theorem 2.1 (Main Theorem) We assume that {yl}le are all independent variables sampling
from vector space R%. For different samples s; and s;, their embedding sets are {[y;);}E_, and
{[y;1i}E,, respectively. The likelihood of trajectory volatility differences between s; and s; under
mathematical reasoning scenarios is higher than that under text generation scenarios, which means:

E(wanre , twine, ~uwasy {Vilsi) = Vi(s;) # 0[[yilL, [y;lc = c}
> Byt ()b, ~u@s {Vi(si) = Vi(s;) # Ol[yilr. [ys]e ~ N(e, %)}

Due to space limits, we present the Complete Proof in Appendix |C] This demonstrates that when
pattern collapse occurs, the probability of trajectory volatility differences across samples increases.

2.2 Empirical Analysis: Early Stabilization of ID samples

The theoretical analysis in Section 2.1 provides an intuition for using embedding trajectory as the
measure for distinguishing between different samples. However, the specific trajectory differences
between ID and OOD samples remain unclear. Thus, we investigate this empirically in this section.

We select eleven mathematical reasoning datasets: one for ID data and ten for OOD data. The
MultiArith dataset serves as the ID data, while the OOD datasets include GSM8K, SVAMP, AddSub,
SingleEq, SingleOp, and MATH. The latter encompasses five tasks across various mathematical
domains: Algebra, Geometry, Counting and Probability, Number Theory, and Precalculus. This
selection includes varying task types and levels of difficulty. We first train a base Llama2-7B (32
layers) using the ID training set, then inference on the ID test set and all OOD test sets. Details
regarding the datasets, model, and implementation can be found in Section
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We measure the dimension-joint volatility for all samples from each ID and OOD test set. Specifically,
we compute each adjacent-layer change magnitude ||y; — y;—1]|2, and connect all values as a change
curve, with higher value means the higher volatility. Figure [3]shows ten curve comparisons, with
each sub-figure including the ID data and one OOD data. We find that the change magnitude slightly
until the 20th layer. After 20 layers, for ID data, the change magnitude is again suppressed after a
few layers of inference, while for OOD data, the magnitude is maintained at a relatively high level.

We term this phenomenon “Early Stabilization”: For ID data, GLMs largely complete their reasoning
in the mid-to-late stages, and simple adjustments are sufficient after that. However, for OOD data,
GLMs can still not complete accurate reasoning at a later stage. They thus can only randomly switch
to a specific output pattern, i.e., the scalar mathematical expression pattern. This provides strong
evidence that using embedding trajectory for OOD detection may be effective.

3 TV Score: Trajectory Volatility Score for OOD Detection

In Section[2.2] we have identified a significant difference in embedding trajectory volatilities between
ID and OOD samples in mathematical reasoning. We now aim to leverage this phenomenon to
develop a lightweight OOD detection solution tailored for mathematical reasoning scenarios.

Inspired by static embedding methods that use the ID sample embedding cluster as the reference to
measure the Mahalanobis Distance (MaDis) [22]], we similarly aim to use the ID sample trajectory
cluster as the reference to measure the difference between them and a new sample trajectory. While
measuring the difference between an embedding and an embedding cluster only requires a simple
MaDis calculation, quantifying the difference between a trajectory and a trajectory cluster is less
intuitive. Thus, we seek a transition idea starting from the static space Gaussian assumption.

First, we obey the assumption under static embeddings |3 43| to fit all ID embeddings at each layer [
to a Gaussian distribution G; = N (pu;, ;). Next, for a new sample with y; be its embedding at layer

I, we map it to its MaDis f(y;) : R? — R with G; as follows:
) =@—m)" ) (w—m) (0<I<L). “4)
Finally, we treat the MaDis differences | f(y;) — f(y;—1)| between adjacent layer-pairs [ — 1 and [ as

the adjacent-layer volatility of the new sample, and average all adjacent-layer volatilities as the final
trajectory volatility score (TV Score ) of this sample:

L
S= 13 1flw) — Flu)l- (TV Score)
=1

The anticipated trend is that when the two adjacent embeddings after MaDis mapping exhibit a greater
difference, the embedding change between the two layers is more volatile compared to ID data. This
enables us to identify new samples with trajectory volatility features that significantly deviate from
those of the ID samples, thus increasing the likelihood that they are OOD samples.

Furthermore, as a trajectory, outliers in the trajectory may significantly impact feature extraction
[211 28]]. To mitigate this, we explore higher-order differential smoothing techniques to enhance

trajectory smoothness. We first define the k-order embedding V¥, and Gaussian distribution
V*G, = VEN (uy, %) for all I < L — k based on the backward difference:

k k k
Vi =Y ()" Chyirr, VG =N (Z(—l)kﬂciﬂuk’ ZCZ&H@) ; (5)
=0 =0 =0

where Ci = Z,(kkill), Similarly, we mapping V¥, to its MaDis V* f(y;) : R? — R with V*G;:

k T /K -1 k
Vi) = (vkyz —Z(—l)k“ciuz+k> <Z czzz+k> (V’“yz —Z(—l)’““czmM) . (6
=0

i=0 i=0
Following the definition of TV Score, we define the trajectory volatility score after differential
smoothing (TV Score w/ DiSmo V¥ ) as follows:
k 1 ¢ k k .
vks = Z.ZW Fly) = V¥ fy)] - (TV Score w/ Dismo)
1=1

The Algorithmic Process and Computational Complexity are detailed in Appendix [D]
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4 Experiments

4.1 Setup

Dataset Selection. For the ID dataset, we use the MultiArith [44]], which consists of Math Word
Problems on arithmetic reasoning. For the OOD datasets, we intuitively introduce two types of
detection scenarios following [43]|: (i) Far-shift OOD scenario, we select the MATH |[L1]| dataset
with five domains of algebra, geometry, counting and probability, number theory, and precalculus; (ii)
Near-shift OOD scenario, we select five independent datasets: GSM8K [[6]], SVAMP [39]], AddSub
[LL3)], SingleEq [LL8l, and SingleOp [IL8]]. We consider the ID data negative(-) and the OOD data
positive(+). Refer to Appendix [E.T|for basic information and OOD features of these datasets.

Data Split and Sampling. Given the limited data size of MultiArith, totaling only 600 samples
and lacking a standard division, we allocate 360 samples for training and 240 for testing. However,
with such a small test set, randomness in evaluation becomes a concern. To mitigate this, we conduct
test sampling and set the sampling size as 1000. Specnﬁcally, we denote ID dataset as D;, and OOD

dataset as Doy For each sampling, the collection is {Dj,, Dout} where Doy C Doy and |Din| = \Dout|
this guarantees positive and negative sample balance. We report both the mean and standard variance
of the results to enhance the reliability of evaluations. Refer to Appendix [E.2]for the ID dataset split.

Implementation. 7o measure the application value of our method used in cutting-edge GLMs,
we use Llama2-7B [50]] and GPT2-XL (1.5B) [5]] as our backbones for ID dataset training. Refer
to Appendix for training details. However, there exists uncertainty about the data used in the
pre-training phase, especially for Llama?2 because its data is closed-source. Some research [5759]]
have confirmed the absence of data leakage in Llama2 for the MATH and GSM8K datasets, we
still conduct pre-experiments to examine the rationality of the OOD data selection rigorously. Our
criterion is the claim that a dataset can be categorized as OOD if it exceeds the capabilities of the base
model, as proposed in prior studies 47| [27/]]. Results of the pre-experiments are shown in Appendix
and they can confirm that these datasets can be considered as OOD data for the two GLMs.

Baseline. We compare our method with five training-free baselines where OOD training data are
unavailable. We refer to the latest survey [20] to select them for the scarcity of OOD detection
methods on GLMs: (1) Maximum Softmax Probability (Prob.) [[12]; (2) Monte-Carlo Dropout [&]; (3)
Sequence Perplexity [3]; (4) Input Embedding [43]]; (5) Output Embedding [43]]. Refer to Appendix
[E.5] for details. Additionally, we set the smoothing order k ranges from 1 to 5 for TV Score w/ DiSmo
and report the highest among them when with smoothing.

Evaluation. We divide the OOD detection evaluation into two scenarios: (1) Offline Detection,
which classifies whether samples from a given list belong to OOD. For each collection {Djy, Dou },
we report the AUROC [35]] and FPR9S metrics. The former represents the area under the ROC curve
and the latter represents the value of FPR at 95% TPR. (2) Online Detection, which utilizes the offline
detection results to calculate an optimal classification threshold for a direct determination of whether
new samples belong to OOD. We introduce the metrics in the corresponding result sub-sections.

4.2 Main Results

Offline Detection. Table[I]presents the results of the offline detection scenarios.

* Performance Analysis: In the far-shift OOD setting, our average performance surpasses 98
(Llama2-7B) and 96 (GPT2-XL) under the AUROC metric, surpassing the optimal baseline
by 10+ points. Moreover, our performance stands at an impressive 5.21 (Llama2-7B) and 9.89
(GPT2-XL) under the FPR95 metric, representing a remarkable 80 % + reduction compared
to the optimal baseline, far surpassing all baseline methods. In the near-shift OOD setting, the
robustness of our method is even more impressive. All of the baseline methods show significant
performance degradation, especially in Llama2-7B, with the AUROC metric decreasing below 60
and the FPR95 elevating above 80. However, our method maintains excellent performances, with
AUROC scores surpassing 90 and FPR95 below 30. This indicates that for more fine-grained OOD
detection scenarios, our method demonstrates greater adaptability.

* Model Analysis: Comparing performances of Llama2-7B and GPT2-XL, we find two phenomena:
(i) Results on GPT2-XL are more stable, performance differences between GPT2-XL on far-
and near-drift settings are not significant, while Llama2-7B shows a significant performance
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Table 1: AUROC and FPROS5 results of the Offline Detection scenario. Underline and bold denote
SOTA among all baselines and all methods, respectively. We report the average results under each
setting in the main text, results of each dataset are shown in Table E] and@] (Appendix EI)

Model | Llama2-7B [50

w | Farshift OOD Near-shift 00D
Method AUROCtT FPR9S]| AUROCT  FPRYS |

| GPT2-XL 3
Max Softmax Prob. [[2 78.66+138 81.44+356  60.14+1.54 88.91+241 70.54+142  78.29+202 67.12+120  76.27+266

Far-shift OOD Near-shift OOD

AUROCT FPR95| AUROCT  FPR9S |

Monte-Carlo Dropout [[§ 68.63+221  87.04+488 52334221 91.92+189 | 66.18+187  84.69+165  63.54+172  78.08+250

Perplexity |3 85.64+146  53.06+436  59.35+189  86.09+180 | 80.82+104  64.53+210  73.74+112 72394127
Input Embedding |43 75.89+105  67.87+360  60.33+£137  84.65+253 | 86.26+084  49.33+210  83.22+088  52.90+3.16
Output Embedding |43 74.86+139 75214216  44.50+106  86.46+159 | 77.95+116  65.64+342  79.28+124  64.70+272
TV Score (Ours) 98.76+0.11 5.21+098 92.64+039  28.39+138  93.47+008  24.10+095  94.86-+0.23 13.82+036
w/ DiSmo (Ours) 93.25+076  41.82+469  56.99+1.41 88.01+1.71 96.54+0.11 9.89+0.61 94.19+025 13.66--0.69
A (bold - underline) ‘ +13.12 -47.85 +32.31 -56.26 ‘ +10.28 -39.44 +11.64 -39.24

Table 2: Accuracy and Robustness results of the Online Detection scenario. We mainly compare our
method with embedding-based methods, and bold denotes the best among these methods.

Far-shift OOD Setting ‘ Near-shift OOD Setting
Dataset ‘ Accuracy? Robustness| ‘ Dataset Accuracy? Robustness|
‘ I-Emb. / O-Emb. / TV (ours) I-Emb. / O-Emb. / TV (ours)

Geometry 74.32/54.79/94.47 2.44/243/1.65 | SVAMP | 68.66/63.33/94.88 5.26/3.54/2.13
Cnt.&Prob 50.31/27.55/93.74 9.99/2.34/236 | AddSub | 79.16/78.09/74.11 3.21/6.98/2.77
Num.Theory | 85.80/54.38/92.08 3.31/11.45/2.34 | SingleEq | 59.83/72.56/93.15 11.57/3.14/3.17

Algebra 76.43/4542/93.88 527/6.94/0.97 | GSM8K | 81.49/75.32/93.39 10.08/3.36/2.05
Precalculus 80.33/88.50/99.28 6.13/1.38/0.67 | SingleOp | 69.38/62.20/95.75 4.00/2.37/2.45

Average ‘ 73.44/54.13/94.69 5.43/4.91/1.60 ‘ Average ‘ 71.70/70.30/90.26  6.82/3.88/2.51

degradation (mainly for baselines) on near-shift setting; (ii) the DiSmo technique is more effective
on GPT2-XL, which suggests that there are more anomalous learning tendencies in latent spaces
of small models, and the smoothing helps to minimize these anomalies.

In addition, we conduct significant tests (Details are shown in Table - . We find that our
methods almost pass all significance tests, while the embedding-based methods have the lowest pass
rate among baselines, suggesting that their results are more susceptible to sampling error. We also
find that the performance of differential smoothing fluctuates greatly in different settings. Therefore,
we conduct the ablation of the smoothing order k. Results and analyses are shown in Appendix

Online Detection. In this part, we utilize the TV score for online OOD discrimination. For each

collection {Dy,, 50m}, we obtain a detector and computer the optimal cut-off 7; of Youden Index,
which is at the point in the AUROC curve where TPR — FPR is maximum. Then for all OOD

samples s € Doyt — Dout, Wwe donate ¢ as the sampling size and computer the discrimination accuracy:

t
1 s _ = I[TV-Score(s) > 7;
Accuracy = — E 2o Doy 1 — (s) 2 7i
t i=1 ’D0ut - Dout

@)

In addition, the discrimination accuracy should vary less under different data collections, reflecting
the discriminator’s robustness. Therefore, we denote the Robustness metric as sampling variance.

Table [2| presents the results in Llama2-7B. Compared to the embedding-based methods, our TV
score obtains about an average of 20-point accuracy improvement in both far-shift OOD and
near-shift OOD settings, and on some datasets, such as Cnt.&Prob, our TV score achieves more than
40 points of improvement. These all imply that TV Score can perform online discrimination of OOD
samples more accurately. In addition, our TV score also possesses stronger robustness, which means
that in real scenarios, we can find the optimal threshold more consistently in the face of different
accessible ID and OOD data, reducing the potential riskiness due to uncontrollable data acquisition.
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S Generalizability Exploration

5.1 Beyond Detection: OOD Quality Estimation

In this part, we utilize the TV score for generative quality estimation (QE). For text generation, the
QE performance is usually measured by calculating the correlation coefficient between automatic
scores and human ratings. However, QE in mathematical reasoning scenarios is not a well-defined
problem. For one mathematical question, its answer is either right or wrong, the intermediate state
does not exist. For example, when the correct answer is 12.5, it is difficult to judge which is better
between generated answers of 1.25 and 13.6. The human approach may be to judge by comparing
the difference value or similarity like Rouge [24]] and BertScore [[60]] between the generated answer
and the correct answer, which is unfair to the machine because there is a lot of randomness in the
intermediary process of computation, and the solution pattern of machines is case-based [[14]], so it is
not suitable to judge the machine-generated results with customized mathematical rules.

Therefore, we use the binary direct matchinﬂ to compare the model-generated answers with the
correct answers. Considering the open-ended output of the GLMs, we give a loose matching condition,
i.e., as long as the correct answer is included in the generated answer by the model, the generated
answer is recognized as correct and the matching score is 1, otherwise the matching score is 0. We
compute the Kendall rank correlation coefficient 7 [45]] and Spearman rank correlation coefficient
[36] between each OOD score and the matching score.

Table 3: OOD Quality Estimation: Kendall’s 7 and Spearman correlation between various OOD
scores and benchmark quality metric binary matching. Each column shows the correlation when ID
and OOD samples are merged. Underline denotes the SOTA among all baselines, and bold denotes
the SOTA among our methods. We report the average results under each setting in the main text,
results of each dataset are shown in Table[I3]and [T4] (Appendix [F).

Model ‘ Llama2-7B [50 ‘ GPT2-XL [

Metric ‘ Far-shift OOD Near-shift OOD ‘ Far-shift OOD Near-shift OOD

Method ‘ Kendall 1 Spearman 1 Kendall Spearman 1 ‘ Kendall 1 Spearman 1 Kendall Spearman 1

Max Softmax Prob. 0.024+0020  0.038+0020  0.038+0018  0.026+0.018 0.066=+0.015 0.044x0016  0.057+0018  0.057+0.022
Perplexity 0.050-+0.015 0.045+0016  0.074+0017  0.050+0.018 0.036+0014  0.038+0017  0.035+0018  0.058+0.019
Input Embedding 0.078+0016  0.102+0017  0.036+0018  0.115+0.017 0.059+0012  0.098+0016  0.012+0018  0.068+0.016
Output Embedding 0.058+0018  0.025+0017  0.038+0015  0.012+0.017 0.050+0012  0.016+0017  0.036+0017  0.029+0.021

TV Score (Ours)
w/ DiSmo (Ours)

0.161-+0.012 0.147+0.015 0.159-+0.017 0.158-+0.017 0.138=+0.010 0.123-+0.013 0.131-+0.015 0.146-0.015
0.111+0016 0.152-+0.015 0.113-+0.018 0.134-+0.017 0.139--0.009 0.141-+0.014 0.123-+0.014 0.154-+0.016

A (bold - underline ‘ +0.083 +0.050 +0.085 +0.043 ‘ +0.073 +0.043 +0.074 +0.086

Table[3] presents the results. For Llama2-7B, when compared with Kendall correlation, the correlation
improvement of TV scores over SOTA baselines reaches up to 100% under both far-shift and
near-shift OOD settings. Compared with Spearman correlation, TV scores demonstrate a correlation
enhancement over SOTA baselines by up to 100% under far-shift OOD setting and 30% under
near-shift OOD setting. GPT2-XL also demonstrates excellent performance. These findings indicate
that our TV scores not only facilitate the binary discrimination of ID and OOD samples but also
substantially reflect the quality and precision of generated mathematical reasoning.

5.2 Beyond Mathematical Reasoning

Apart from mathematical reasoning, our method also has a wider range of potential applications
that can be extended to any task where the output space exhibits the pattern collapse property.
An example would be multiple-choice questions, which is a popular evaluation tool in the era of
large language models and also display the pattern collapse property due to the limited output space
being confined to the “ABCD” four options. To verify the generalizability of our method, we conduct
experiments using the multiple-choice dataset MMLU |[10]], and our method also outperforms all
traditional algorithms in this setting. Results and analyses are shown in Appendix [F.4]

! Although direct matching is the most accurate solution, it suffers from two issues: (i) Generated answers
may include much noisy content, increasing the matching difficulty; (ii) Performances on GLMs of mathematical
reasoning is poor, which unbalances the positive and negative samples and increases the randomness.
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6 Rethink Inapplicability of Static Embedding Methods

In Figure[T] we find that the static embedding space for both input and output fails to capture distinct
features across different domains. This renders traditional embedding-based methods unsuitable for
mathematical reasoning tasks. Experimental results in Section ] also verify this disadvantage. In this
section, we conduct a detailed analysis of these phenomena, and reveal the root cause of the poor
performance of static embedding methods in mathematical reasoning scenarios.

6.1 Input Space: Representation Dilemma on Mathematical Expressions

The input space in mathematical reasoning exhibits vague clustering features compared to text
generation scenarios as shown in Figure[I] We speculate that as semantic representations, embeddings
cannot accurately measure mathematical expressions in the mathematical sense.

We begin by considering a counter-intuitive toy Table 4: A toy example about cosine similarities
example. We construct a benchmark expression between different mathematical expressions.
“A: 2+3+4=7" and three diverse expressions:

“X: 8-0+9=7", “Y: x"2xy~3%x74=7", and “Z: Mathematical Expression Cosine with Benchmark
234%2+345%x4+456%4-243%3=7". From the Benchmark: 2+3+4=7

mathematical sense, X is ID for A, whereas Y and g .o 0.65
Z are OOD for A since the difficulty and knowledge — x~2*y~3+x~4=7 0.83
used to solve Y and Z are largely different from — 234%2+345%4+456+4-243%3=7 0.78

A compared to X. Table [] presents the cosine
similarity between each of them and A. Notably, X exhibits the lowest similarity to A, primarily due
to having fewer token sharing with A. This is inconsistent with human perception of mathematics.

Table 5: AUROC score matrix produced after alternating the MATH dataset’s five domains as ID and
0OOD data measured by (a) Input Embedding Mahalanobis Distance and (b) Output Embedding
(w/ CoT) Mahalanobis Distance. Darker colors represent better performances.

OOD Domain

| (a) Input Embedding MaDis | (b) Output Embedding (w/ CoT) MaDis

algebra geometry cnt.&prob num.theory precalculus ‘ algebra geometry cnt.&prob num.theory precalculus

- algebra - 63.77 58.79 50.80 - 71.37 65.06 56.71
E  geometry - 69.03 72.12 - 70.89
5 cnt.&prob 49.95 44.94 - 38.02 51.76 46.19 53.61 - 40.15 51.63
8 num.theory 66.35 78.87 50.00 - 71.93 63.02 78.76 69.85 - 67.96

To demonstrate this phenomenon, we use one of five domains from the MATH dataset as the ID and
the remaining four domains as OOD. We rotate this setting across five iterations. Under each ID-OOD
pair, we allocate half of the ID samples to compute the ID embedding distribution, while the other
half and all OOD samples constitute the test samples. The Mahalanobis distance is then calculated
between embeddings and the ID distributions for each sample input, yielding the OOD score. We
employ SimCSE [J] to generate sentence embeddings. Table[5[a) presents the AUROC score matrix,
in nearly half of the settings, the AUROC value hovers around 50, i.e., completely random. This
suggests that embeddings can not distinguish between domains in a mathematical sense.

6.2 Output Space: High-density “Pattern Collapse”

The output space in mathematical reasoning exhibits a unique high-density characteristic, which we
call “pattern collapse”. As shown in Figure[T] the distribution of output embeddings across various
domains in the mathematical reasoning scenarios is significantly concentrated and indistinguishable.

Two reasons cause this phenomenon: (1) Expression level: Output space of mathematical reasoning is
scalar [37]], resulting in a compressed search space with a higher probability of overlap in two widely
divergent questions. For example, “1 + 3 =" and “ f13 xdx =" are both “4”; (2) Token level: We
usually categorize different mathematical reasoning domains from a mathematical sense. However,
GLMs model real numbers or mathematical expressions not in a mathematical sense, but based
on the average embedding of all discrete token embeddings after sequence tokenization. Through
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tokenization, two expressions that are very different in the mathematical sense (e.g., Two numbers
that are far apart on the real number line) may share many tokens because regular mathematical
expressions are only taken from 0-9 number tokens and a limited number of special symbols, such
as decimal points, slashes, and root signs. Thus, the collapse occurs at the token level during the
autoregressive prediction of each token.

We conduct the following statistical Table 6: Statistics about output tokens on mathematical
analysis to demonstrate the universality reasoning (seven different task types) and text generation
of “pattern collapse” across various (translation and summarization).

mathematical reasoning tasks: We
categorize the mathematical tasks into Task Type | N Nt D C
various types across different domains
and difficulties. In each task, we count

Mathematical Reasoning

the token number N and the token type Arithmetic(easy) | 16136 14 99.9%  0.04%
number N7 in the dataset, then compute Arithmetic(hard) 5663 16 99.7%  0.05%
the token duplication rate D and the Algebra 5234 107 98.0% 0.33%
vocab coverage C' as follows: We use Geometry 2615 75 97.1%  0.23%
Llama-2 tokenizator [50]], whose token Cnt.&Prob. 2524 43 98.3% 0.13%
type number in vocab Ny, is 32000. The Num.Theory 2395 71 97.1%  0.22%
computation metric is: Precalculus 3388 84 97.5%  0.26%
D_1_ &7 C— & ®) Average ‘ 5422 58 98.9%  0.18%
N Ny Text Generation
2500 1065 574%  3.32%

We also test translation and summariza- .
tion tasks by taking samples with the Translation 5000 1832 63.3% 5.10%
same token size as the mathematical 10000 2980 70.2%  9.31%
reasoning dataset for a clear comparison. Average | 5833 1959  664%  6.12%
Table @ presents the statistics data,

2500 1265 494% 4.01%

we find that: (i) The average token o
duplication rate was 98.9% on all math Summarization 5000 1970 60.6%  6.16%
10000 3192 68.0% 9.98%

tasks, and even a staggering 99.9% on
some easy arithmetic tasks; In contrast, Average ‘ 5833 2142 63.2%  6.69%
the token duplication rate on the text
generation task is only about 60%, with about 2000 token types, and still increasing as the total
number of tokens increases. These data and comparisons demonstrate that pattern collapse occurs on
mathematical reasoning and not on text generation. (ii) Token repetition rate exceeded 97% on all
seven math tasks of different difficulties and types. From these conclusions, we can demonstrate that
the “pattern collapse” occurs on generally all types of mathematical reasoning tasks.

6.3 Can Chain-of-Thought Address “pattern collapse”?

A straightforward approach to addressing “pattern collapse” in the output space is to leverage chain-
of-thought (CoT) techniques [54) 11711621 [52] 61]] to expand the output space size. Likewise, we
adopt the solution steps associated with each sample in the MATH dataset as the output and employ
SimCSE to derive embedding representations. The experimental setup aligns with Section[4.1] and
the results are shown in Table Ekb). We note a similar phenomenon as in Table Eka), i.e., the detection
accuracy under different ID-OOD pairs varies greatly, and thus the detection randomness is more
pronounced. This suggests that despite that CoT expands the output space size, the output answer
is still essentially related to the difficulty and digit of mathematical reasoning, and the semantic
embedding representation cannot reflect these features accurately.

7 Conclusion

We propose the TV Score, a lightweight OOD detection method for mathematical reasoning, which
distinguishes between ID and OOD samples by the embedding trajectory volatility in the latent space.
We identify bottlenecks in OOD detection for mathematical reasoning and prove them empirically and
theoretically. Experiments show that our method substantially outperforms all traditional algorithms,
and can be extended to more application scenarios beyond mathematical reasoning.
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Limitations

Our limitation mainly lies in the relatively small sizes of datasets used in our experiments. Due to
the difficulty of collecting and labeling mathematical reasoning data, dataset sizes in this field are
generally small, mostly in the hundreds or thousands, making it difficult to obtain millions of data
for training and reasoning as in translation or summarization tasks. To address this, we adopt test
sampling to reduce the randomness under small-scale testing and mitigate the data imbalance.

Ethics Statement

The data and models used in this work are sourced from the official version of the original paper, and
we strictly adhere to the provided usage protocol. Regarding the data, no modifications have been
made to the original dataset. Regarding the models, supervised fine-tuning and OOD data inference
are involved. To mitigate the risk of uncontrollable outputs, all generated outputs in the experiments
have been reviewed to ensure their safety. Furthermore, as our focus is solely on mathematical
reasoning and does not involve sensitive content, we would not cause any potential societal impact.
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Appendix

A Related Work

Data-unavailable OOD Detection: Generic Methods. In scenarios where OOD data is unavailable.
Detection methods are categorized into three main types: (1) Output-based methods assess confidence
using predicted probabilities. (2) Ensemble-based methods assess the uncertainty of a collection of
supporting models, classical techniques are Monte-Carlo dropout [46l [8]| based on Bayesian inference
and deep ensemble |19} 31]]; (3) Feature-based methods assess the Mahalanobis Distance between
OOD samples and the distribution of the ID data feature space, usually considering the input and
output spaces [122) 42 48]|, occasionally extending to specific hidden layer spaces [|L]]. Besides, there
are some fragmented methods, such as gradient methods [[23) [I5]] and autoencoder reconstruction
methods (7] [16]]. Still, these methods suffer from optimization and computational complexity with
serious performance bottlenecks [58]] and thus are not mainstream detection methods.

OOD Detection in GLMs. Relatively few studies have explored OOD detection in GLMs, mainly
in semantic parsing [3 11 [25]], speech recognition [33l], machine translation [|56, [32], summarization
[43]], and they do not jump out of the frameworks of uncertainty estimation, ensemble-based methods,
and embedding-based methods. To our knowledge, we are the first to study OOD detection on
mathematical reasoning, and we have found the failure of traditional algorithms in this scenario.
Mathematical reasoning is an important and difficult research topic in the era of LLMs, and this
research is valuable for the scenario expansion of OOD detection algorithms on language models.

B Motivation Visualization Details of Figure I|

B.1 Projection Setting

We use UMAP [34]] for projection visualization, which is a nonlinear dimensionality reduction
technique for mapping high-dimensional data into low-dimensional spaces. It uses optimization of
the local and global structure of the original data to produce a high-quality mapping that can preserve
the original data’s local and global characteristics.

The UMAP algorithm consists of two steps: (i) Calculate the local similarity between each data point
and its immediate neighbors to construct a local similarity map. (ii) Map the high-dimensional data
to a low-dimensional space by optimizing an objective function that maintains the local and global
structure. The hyperparameter “n_neighbors” in the first step is key, we set it as 10 in our paper.

B.2 More Examples

We select the MATH 6] dataset for mathematical reasoning and the OPUS [49]] for text generation
(translation). In the MATH, we choose four domains: algebra, geometry, number theory, and
precalculus; In the OPUS, we also choose four domains: Bible, news, TED, and health. We present
examples of inputs and outputs under different domains for mathematical reasoning and translation
scenarios in Table[7]and Table [8] respectively. They correspond to the case projection of Figure|[T]
Obviously, under mathematical reasoning, the outputs under different domains may appear exactly
the same, while it is impossible under translation.

C Theoretical Analysis of Section2.1]

In this section, we theoretically analyze Why pattern collapse in the output space leads to a greater
likelihood of volatility differences in trajectories under different samples, which corresponds to
Hypothesis|[I]in the main paper.

C.1 Problem Setup

Latent Space Embedding. For a given sample s;, [y;]; € R%(1 < [ < L) denote the hidden
embedding of the [-th layer. We define the embedding coordinate in the latent space as {(/, [y:];) }X ;.
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Table 7: Examples of inputs/outputs from different domains in the mathematical reasoning scenario.

Input Output

Domain 1: Algebra

Suppose that f is a function and f~! is the inverse of f. If f(1) = 2, f(2) = 6,and 1
f(3) = 5, then what is £~ (f~*(6))?

Domain 2: Geometry
Two chords, AB and C' D, meet inside a circle at P. If AP = C' P = 7, then what is %? 1

Domain 3: Number Theory

The product of the proper positive integer factors of n can be written as =t/ where 1
x is the number of positive divisors n has, c is a positive integer, and the greatest common
factor of the three integers a, b, and cis 1. Whatis a + b + ¢?

Domain 4: Precalculus

Simplity 1

1—tan’z 1—cot’z’

Table 8: Examples of inputs/outputs from different domains in the translation scenario.

Input Output
Domain 1: Bible
The earth yielded grass, herbs yielding seed after their ~ T/EMA AT FE, MEFTFHRE, &£NE

kind, and trees bearing fruit, with its seed in it, after ~ 2; 9-JF ERTHRAR, SNEZE, RTEHEE
their kind; and God saw that it was good. %o HEERITFH -

Domain 2: News

Supporters say the tunnels would benefit the — SCRFENTFRIR, IXPNARREGE R (AT 23 77 A B
environment and offer Californians a more secure JIFIHE &I M AR R K B D& 4 -
water supply.

Domain 3: TED
(Applause) June Cohen: Frank, that was beautiful, so (B%) FFF: Frank NIFNIEZKSEW - KEA
touching. W |

Domain 4: Health

The White House Coronavirus Task Force was B kK IT’E 2H (White House Coronavirus
established on January 29. Task Force) J& 3L T20205:1 429 H B LIRS 5
ECOVID-19%% & 1) TAE4H -

Embedding Interpolation. We assume the F(z) = [Fj(2), Fi2(z), ..., Fig(z)] " : R — R with
d independent components fits the L coordinates, representing a continuous learning trajectory for
si, 80 [y;]; = Fi(l). F;(x) is taken from the functional space X, so {F;(I)}_, are all independent
variables. We constrain each component function of this F;(z) to satisfy the m-order (m > 3)
derivability property. Under this setting, the definition of dimension-independent trajectory volatility
(Eq. [2) equates to

Vi(si) =

Vi(si), Va(si), o, Vi(s0)]

(|Fi1 (1) = Fa(l = 1)|, |Fia(l) = Fiz(1 = 1)], ..., | Fia(l) = Fia(l = 1)]]" ©

1

—~

T

i

l

Modeling. We observe the “pattern collapse” phenomenon in the output space in Figure [T} We
abstract this phenomenon in Figure[2] which compares the trajectory trend between different samples
in the mathematical reasoning and text generation scenarios.
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We specify that [y;], = Fi(L) ~ N(c, ¥?), where
Cc = [61,627 ...7Cd]T, Y= diag(él, 52, ce 7§d)~ (]0)

According to the pattern collapse property under different tasks, we can constraint the endpoint
embedding F;(L) in the output space:

+ For mathematical reasoning with pattern collapse, ¥ — O, so we approximate that F;(L) = c;
* For text generation without pattern collapse, ¥ # O, so F;(L) # c.

With such constraints, we model the main theorem:

Theorem C.1 (Main Theorem) For different samples s; and s;, the likelihood of variations in
trajectory volatility under mathematical reasoning scenarios is higher than that under text generation
scenarios, which means:

Emaye,, (r,0ye, ~umsy {V(si) = V(s;) #0|F;(L), Fj(L) = c}
> By, (B0, ~u@y 1V (si) = V(sj) # O|Fi(L), Fj(L) ~ N(e, 2%},

i

where U(R?) denotes the uniform distribution defined in d-dimensional real number space.

C.2 Prelinimary

Next, we move on to the formal proofs. We begin with some propositions and lemmas that will be
useful in the main theorem.

Proposition C.1 (Lagrange Remainder Term) [n the Taylor Expansion expression

df 1 d2f 1 darf
f@)=fla)+ Tz —a)+ o5 5@ —a) +- 4 — 2@ — )" + R (@),
the remainder R, 1(x) has the following property:
1 d7z+1f +1 M
Y . _ n < - . _ \n+1
|Rn+1($)| (TL+ 1) dcn+1 ( ) — (TL+ 1)[ |(.T a’) "

where ¢ € [a,x] or ¢ € [z, a), andM:sup{‘dgﬂ+1 1€ € la,x]or§ € [z, a]} > 0.

Proof.  We consider the case of a < x with a > x identically. We use the Fundamental Theorem of
Calculus (FTC) for the most basic expansion of f(x):

flz) = fla) +

Continue to use the FTC to expand the derivatives in integrals:

z 1 32
f@ = f@+ [ e = o)+ / (jh / &y de) doy

v df

d 11
. dzl €. (11)

a d T dJJQ
= f(a) + (x —a) / / dxg dz,
(12)
AL s [ [
= (z —a) —7 dzpy1 doy - - dg.
PR ]

Therefore, the generahzed remainder is known as

Tn dn+1
n+1 / / / / n+‘]j dxn—i—l da:n <o da
n+1

T gntlf
n!l dgntl

(13)
Az — )™ dt.

a
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n+1

. n+lyp
We let my, 1 = minge[q 4 itnﬂ and M, 11 = maXc[q,q] ((Lnﬂ , SO
x xT dn-l,-lf x
o /a (.’L‘ _ t)n dt < /a FTEE . (Jj - t)n dt < My 41 /a (.’L‘ — t)n dt
z gntly n (14)
Ju Gt (@ —1)
- m’rLJrl S (z—a)"+1 S M’n+1'
n+1
According to the Lagrange’s Mean Value Theorem, there must exist a number ¢ € [a, ] with
n z qntl n
SAAE A) (1s)
dentl (z—a)™t? ’
n+1
this gives us
x dn+1 ’ dn+1 _ n+1
/ A e A A
o dtntl dentt n+1
1 dnJrlf (16)
- . A(x — )"
= Rn+1(x) - (’I’L—i—l)! den+1 (l a) )

and the equation on the left side of the proposition is proved completely. The inequality on the
right-hand side is clearly established by the Lagrange’s Mean Value Theorem.

Lemma C.1 (Error Bound for the Midpoint Rule) Suppose that f ( ) is a m-th (m > 2) order

differentiable function on the interval (—oo, +00), and K = sup{ | x € la, b]} € R, then
a+b K 3
(b — < 2 (h—
z)dx — (b a)f< 5 >| < 24(b a)
Proof.  We do the first order Taylor Expansion for f(x) at the midpoint x = “7“’ of the interval
[a, b]:
b a+b b a+b
f(a) dz — (b~ a)f [ @ s (0]
b
df a+b
:/a [d(a;b)-(x— 5 >—|—R1(x) dx (17)
b b
= —|—/ Ri(z) dx| = / Ry(z) dz
Following Theorem |[C.1] we do the inequality scaling as below:
b 3 3
a+b K |(b-a a—1> K 3
/aRl(x)d ‘/ 5 x—) dz 6[( 5 > < 5 >]—24(b a)
(18)
([

Lemma C.2 (Differential-Integral Error Order Estimation) Suppose that f(x) is a m-th

(m > 3) order differentiable function on the interval (—oo,+00) and K; =
sup{ Swf RS (—oo,—i—oo)} < 400 (i = 1,2,--- ,m), then on the closed interval [a,b], we
have
L b
b— b— 1
A= { ; f<a+ L‘%) —f<a+L“(z'—1)>‘—/a S dx } < R(L) ~ ol 7).
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Proof.  For each sub interval (a + b=a 720 —1),a+ b=a - ) we perform a Taylor Expansion at the
midpoint z = a + %2 72 (i — 7) to obtaln the following expressmn

b_ai)—f(a—i-b a

i~ v)

b—a, 1 df b—a
[f <a+L(l_)) +d(a+b2La(Z_l>) : I +0

=1 2 2
b—a, 1 df a—b b—a\®
- + -5) |+ 0
f(a L U 2)) dla+%23i-3) L <2L> H
< df b 1 4
—a
= —— . _|_(9(7)
= R
L L
b—a df
< : —— + O(=)
AP =TE AP
b—a <« df 1
= : — +0(7)
3 Frora=rers I
Following Lemma [C.T] we do the inequality scaling for the first-order derivative summation:
L L b—a, 3
b—a df /“*H [df K (ba)]
: S < |+ = dx
PD W) Fyews =vcissy] D DUNVN | Fri T O -
b 3 b 4
B df| Ks(b—a) _/ df K3(b—a)
- / [dx T | T ) ae| T T
K3(b—a)* 1 1
A< 9112 +(’)(L) R(L) o(L) (21)
|

C.3 Main Theorem Proof

Finally, we formally prove our main theorem|[C.I|in this sub-section, thereby verifying the Hypotheses
[1]in the main paper. Since the d components of V' (s;) — V/(s;) are independent of each other, we
only consider the d-th dimensional component and the rest of the components V(s;) — Vi(s;) can
be proved in the same way.

Proof.  According to Lemma|C.2] we can approximate V(s ) — Va(sj) as

Va(si) — Va(s;) Z|F,d ,dl—1|—Z|F]d — Fja(l—1)|
dFiq dF-d 1 22
= dz — il q = (22)
/1 dz “ /1 dx v O(L)
L _ L _
~ / dFig dx f/ dFya dz
1 | dzx 1 | dz

Now we want to remove the absolute value of the integrated function. Due to the continuity of

the first-order derivative, there must be several zero points that are not extreme points, dividing

the domain of function definition into several open intervals with alternating constant positive and

negative function values. We first define such a set of zeros on the domain of definition D = [1, L]:
dF;q . )

X, = {a:|a:€D; d:;c =0p ={i1,02, - ,ip},

(23)

X]:{IHTED, dx :O}:{jlaj27"'ajq}'
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For all zero points ¢; € X; or j; € X}, they must satisfy the following properties to ensure that they
are not extreme points:

dFy  dFy

de > 0,VAz < ¢, q <0, 24)

and j; is the same as i;. Therefore, in the sub-interval (1,41), (i1,42), -, (ip, L), Fia(x) is
alternately constant positive and constant negative, and the same as Fj4(z).

We assume that the first interval (1,¢;) and (1, j1) are constant positive intervals (the same can be
proven for constant negative intervals). In this setting, we can continue to simplify Eq[22}
dF;qg

L L
/1 & | ¥ /1
il 3 iz L
(/ dFug dx+/ dx+-~-+/ da:>
1 i1 ip
dx)
(25)

dx
J1 J2 L
— / dx+/ da:+---+/
1 J1 J
. J1 . J2 Ja . L
[ + (1) Bl o+ (<1 Fa(a)2]

dFjq
dx

dFiq
dx

dx

dFiq
dx

dFjq
dx

dFjq
dx

dFjq
dx

= [Fu@ + (-1) Fu@)[z + - + (-0 - Fu(w)lf ]

p

[—Fia(1) + Fjq(1)] +

Since Fjq(x) and Fj4(z) are taken from the functional space, {Fiq(1),{Fiq(ix)},_,} and
{F;4a(1),{F;a(jx)}{_, } can be seen as independent variables. We let

c=[(-1)""" Fa(L) — (1) Fja(L)], (26)

then we can rewrite Eq[25]to the matrix form:

L L
Nk
1 1

where A is the coefficient matrix, and z is the unknown variable vector:

dFiq
dx

dFjq

dzr = Az + ¢, 27
dx

A=[-1,1,2,-22 -2 ... (-1)P71.2,-22 -2.2 . (—1)7-2] € RI*Pta+2)

p dimensions q dimensions (28)

x = [Fia(1), Fja(1), Fig(i1), ..o, Fialip), Fja(j1), ... Fja(jq)] T € RPTaT2x1

We let i, = j,(mod 2), and return to the condition in the mathematical expectation on both sides of
the inequality in the main theorem [C.T] for the following categorical discussion:

o If Fj4(L) = Fjq(L) = cq, then ¢ = 0, 50 Vy(s;) — Va(s;) =0 = Az = 0;
o If Fig(L), Fja(L) ~ N(cq,62), then ¢ # 0, s0 Vy(s;) — Vy(s;) #0 = Az = —c.

We denote N (A) as the solution space of {x|Ax = 0} and P(A) as the solution space of {x|Ax =
—c}. Forz € P(A), x = &, or & = x,, + =, Where x,, is the special solution and x,, is the solution
in zero space, i.e., x, € N(A). Since rank(A) = 1 < p + ¢ + 2, the special solution z,, exists, so
the size of the solution space P(A) is larger than N (A). In this case, when the variable x is sampled
from the real number space, its probability of being in NV (A) is smaller, namely its probability of not
being in N (A) is larger. This is exactly equivalent to the form of the proof of Main Theorem SO
the proof is complete. O
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C.4 Extended Conclusion

During the proof of the main theorem, we can unlock a hidden conclusion due to the embedding
interpolation: GLMs with a larger number of hidden layers may achieve more stable detection
performance, i.e., discrepancies in embedding volatility of different samples will be more obvious.

In Lemma|[C.2} we have proved the upper bound of differential-integral error order estimation is the
equivalent infinitesimals of 1/L. Actually, when L — +o00, we have

f(a—&-bzai) —f(a+b_La(i—1)>’=/ab

which is clear according to the definition of Riemann Sum. This means that when the value of L
increases, the differential-integral approximation error will be reduced, so the conclusion of the main
theorem will be more accurate. In our experiments, we use GPT2-XL (48 layers) and Llama2-7B
(32 layers) as training backbones and find that the average performance of GPT2-XL is higher and
more stable than that of Llama2-7B, while the number of layers of GPT2-XL is 1.5 times that of
Llama2-7B. This further validates the correctness of our extended conclusions.

L

lim Z
L—+o00 ]

1=

df
dx’ dz, (29)

D Algorithm: TV Score Computation

The pseudo-code of our TV Score computation pipeline is shown in Algorithm T}

Algorithm 1 Trajectory Volatility (TV) Score Computation

Input: L: The number of hidden layers
N: The size of ID dataset
k: the smoothing differential order of TV score
{y1}1<i<1: the average hidden embedding of the OOD sample in each layer
{[y1)i }1<i<r.1<i<n: the average hidden embedding of all N ID samples in each layer

1: for! + 1to L do

2:  Fitting ID samples {[y;]; }1<i<r.1<i<n to Gaussian distribution G; = N (u;, ;)
3 fl) — (w—m) () (g — )

4: end for

5: fort — 1to k do

6: forl<« 1toLdo _ ) 4 .

7 A0G = N (", B) - N(Ti_o(~ 1) Cls, S CLBuss)

8: end for )

o fO(y) e (u® — )" (gl@)) (1@ — @)

10: end for

11: forv — 1ton do

12:  TV; « average [f(i)(yl)]KKL
13: end for o
Output: {TV,}i<i<k

As for the computational complexity, once we have all y;, our TV score requires only scalar addition
and multiplication. During the ID distribution fitting phase, both operations are O(Ldn), where n is
the dataset size. During the score computation phase, both operations are O(Ldk). In practice, the
computation time is measured in milliseconds.

E Experimental Setting Details

E.1 Basic Information of Dataset

For the ID dataset, we use the MultiArith |44, which consists of Math Word Problems on arithmetic
reasoning. For the OOD datasets, we intuitively introduce two types of detection scenarios following
[43]]: (i) Far-shift OOD setting, we select the MATH [[L1] as the OOD data, which spans across
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distinct mathematical domains encompassing algebra, geometry, counting and probability, number
theory, and precalculus. It contains college difficulty level math problems, whereas MultiArith
has only elementary school difficulty, and thus can be considered as sourced from far-different
distributions; (ii) Near-shift OOD setting, we select five arithmetic reasoning datasets as the OOD
data: GSMS8K [i6], SVAMP [39], AddSub [[1 3], SingleEq [18]], and SingleOp [[L&]], they all consist of
Math Word Problems like the MultiArith but require different reasoning hops and knowledge points
for solving the problems, and thus can be considered as sourced from near-different distributions. In
addition, we present the data sizes and examples of all ID and OOD datasets, as shown in Table E}

E.2 ID Dataset Split

For the ID dataset MultiArith, we find that every 100 consecutive samples show a similar quadratic
operation pattern (e.g., samples with id 0-100 are a mixture of addition and subtraction, and id
100-200 are a mixture of addition and multiplication). Therefore, we divide it into 6 subsets (6%100)
in order. In each subset, we take the first 60 as training samples and the last 40 as test samples.

E.3 Training Implementation

We train Llama2-7B [50] and GPT2-XL [15]] models on the training split of MultiArith. Llama2-7B is
trained with AdamW optimizer [29]] for 10K steps and 8 batch sizes in 4-card RTX 3090 (2 per card).
The learning rate is set to 1e-5, the warmup step to 10, and the maximum gradient normalization to 0.3.
GPT2-XL is trained for 3K steps and 128 batch sizes in a single RTX 3090, and other configurations
are the same as Llama2-7B.

E.4 OOD Dataset Selection Rationality

In this part, we examine the rationality of the OOD data selection, ensuring that the OOD data
distribution significantly differs from the pre-trained data distribution and has not been fully learned
during the pre-training phase. Some research [[57) [59] have confirmed the absence of data leakage in
Llama2 for MATH and GSMS8K datasets, we still conduct experiments and analyses to ensure this.

For GPT2-XL, We can determine this from the time dimension. GPT-2 was released in 2019, but the
MATH and GSM8k datasets were released in 2021, so they are unlikely to appear in the pre-training
data. However, for Llama2-7B, due to the closed-source data, we cannot confirm which data the
model used in the pre-training phase, so we cannot fully determine whether the selected dataset was
OOD for the model from a data perspective.

Therefore, we argue that a dataset can be considered OOD when it is beyond the capability of the
base model as claimed by prior work [47] 27]]. We test all ten datasets we select as the OOD data
in the pre-trained Llama2-7B and GPT2-XL model, and Table shows the results. We find that
GPT2-XL cannot handle any of the ten mathematical reasoning tasks, and Llama2-7B performs with
very low accuracy. Therefore, from a capability standpoint, we can ensure that these datasets are
OOD for these two GLMs.

E.5 Baseline

Let « represent the input sequence and y the output sequence, with lengths denoted as n, and n,
respectively. In addition, we assume that p(-; ) represents the GLM parameterized by 6 that has
been trained in ID dataset D, outputting a sequence of softmax probabilities. We compare some
training-free baseline methods as below:

e Maximum Softmax Probability [[12]:

1 &
— > p(yily<i ©; 6). (30)
Yooi=1
* Monte-Carlo Dropout [18]]:
[ piwle:)a(6)a0. G1)

where ¢(0) ~ p(6|D).
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Table 9: ID and OOD datasets used in this paper.

In-Distribution Dataset

MultiArith (Data Size: 600)

Q: Kaleb was collecting cans for recycling. On Saturday he filled 5 bags up and on Sunday he filled 5 more
bags. If each bag had 4 cans in it, how many cans did he pick up total?

A:40.0

Far Shift Out-of-Distribution Dataset

Near Shift Out-of-Distribution Dataset

MATH-Algebra (Data Size: 1187)

Q: How many real numbers are not in the domain of
the function
1 1 1

- ?
@ = —ite_—at = _a

A4

GSMBSK (Data Size: 1318)

Q: Judy teaches 5 dance classes, every day, on the
weekdays and 8 classes on Saturday. If each class has
15 students and she charges $15.00 per student, how
much money does she make in 1 week?

A: 7425

MATH-Geometry (Data Size: 479)

Q: Suppose we are given seven points that are equally
spaced around a circle. If P, @, and R are chosen to
be any three of these points, then how many different
possible values are there for mZPQR?

A:5

SVAMP (Data Size: 1000)

Q: A mailman has to give 38 pieces of junk mail to
each of the 78 blocks. If there are 19 houses on a
block. How many pieces of junk mail should he give
each house?

A:2.0

MATH-Counting and Probability (Data Size: 474)

Q: Amy’s grandmother gave her 3 identical chocolate
chip cookies and 4 identical sugar cookies. In how
many different orders can Amy eat the cookies such
that either she eats a chocolate chip cookie first, she
eats a chocolate chip cookie last, or both?

A: 25

AddSub (Data Size: 395)

Q: While taking inventory at her pastry shop, Kelly
realizes that she had 0.4 box of baking powder
yesterday, but the supply is now down to 0.3 box. How
much more baking powder did Kelly have yesterday?

A: 0.1

MATH-Number Theory (Data Size: 540)
Q: Notice that

31-37 = 1147.

Find some integer n with 0 < n < 2293 such that

SingleEq (Data Size: 508)

Q: Fred had 7 dimes in his bank. His sister borrowed
3 of his dimes. How many dimes does Fred have now?

3ln=3 (mod 2293).
A: 222 A:4.0
MATH-Precalculus (Data Size: 546) SingleOp (Data Size: 562)
1 —11 Q: Pamela starts with 30 bottle caps. Jean takes 26
Qleta = [|3],b = 5 ,and c = away. How many bottle caps does Pamela end with?
0 2
1++5
4 . Find £ if the vectors a + b + ¢ and
-5

3(b x c) —8(c x a)+ k(a xb)
are orthogonal.
A:S

A: 4.0
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Table 10: Accuracies of all datasets we select as the OOD data in pre-trained GLM:s.

Far-shift OOD Setting \

Near-shift OOD Setting

D ‘ Llama2-7B GPT2-XL ‘ ‘ Llama2-7B GPT2-XL
ataset Dataset
| Accuracy of pre-trained model | | Accuracy of pre-trained model

Algebra 6/1187 0/1187 GSMSK 0/1318 0/1318
Geometry 2/479 0/479 SVAMP 8 /1000 0/1000
Cnt.&Prob 4/474 0/474 AddSub 13 /395 0/1000
Num.Theory 0/540 0/540 SingleEq 5/395 0/508
Precalculus 1/546 0/540 SingleOp 717508 0/508

¢ Sequence Perplexity [43]]:

¢ Input Embedding [43]]:

i=1

(x — F‘ﬂc)TEm_l(w - ),

[H p(yily<i, z; 0)] :

(32)

(33)

where 1., and X, represent the mean and variance of the Gaussian distribution associated with the

first-layer hidden state.
* Output Embedding [43]:

(Y —1y) "5, (g — ),

(34)

where p,, and X, represent the mean and variance of the Gaussian distribution associated with the

final-layer hidden state.

F Supplementary Experimental Results

F.1 Hyperparameter Ablation: Smoothing Order k

Algebra ~C= Cnt.&Prob o= Precalculus GSMSK. AddSub SingleOp
Geometry ==/~ Num.Theory SVAMP SingleEq
100 ":§; = —_— 100
\._.
* 7 ) \ — o
Eg 60 e — 60
g
< 40 7)) I S Y
20 20
0739 0 3 3 3 3 0% 1 3 3 7 3
100 100
—_———0
80 ///r O Q- 801
0 60 Y 60
"1 / /
=] —
= 40 40
zo} 20/
b ———
0% i 2 3 4 3 % I 2 3 7 3
Smoothing Order kK

Figure 4: Smoothing order & analysis: & ranges from 0 — 5 (k¥ = 0 corresponds to the original
TV Score). The upper part is for the OOD detection scenario and the lower part is for the OOD
quality estimation scenario; the left part is for the far-shift OOD datasets and the right part is for the

near-shift OOD datasets.

In the main experiments, we found that differential smoothing is not as effective as the basic TV
score, with excellent results occurring on only a few datasets. Figure ] visualizes the results for the
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OOD detection scenario with no smoothing (k = 0) and smoothing order £ 1-5. We find that there
is a significant effect of differential smoothing in two cases: (1) very good performance without
smoothing, e.g., the precalculus dataset, where the AUROC results are almost close to 100%; and (2)
significantly poor performance without smoothing, e.g., the AddSub dataset, where the FPR95 results
on all other near-shift OOD datasets are 20 below, the results on this dataset are more than 80, when
differential smoothing helps to eliminate some of the noise features and helps better detection.

In addition, for the case of k£ > 0, the peak performance basically occurs in the case of £ = 1 or 2,
which indicates that when £ is too large, the phenomenon of over-smoothing tends to occur. Too
much useful feature information is lost, leading to a decrease in detection accuracy.

F.2 OOD Detection

Results of each dataset are shown in Table[TT](Llama2-7B) and Table[12] (GPT2-XL).

Table 11: AUROC and FPRO5 results in Llama2-7B of the Offline Detection scenario (p-value >
0.05 are grayed out). Underline and bold denote SOTA among all baselines and all methods.

\
Dataset ‘ Algebra
Method ‘

Far-shift OOD Setting

Geometry Counting and Probability Precalculus ‘

AUROC 1 / FPRY5 |

Number Theory Average

Max Softmax Prob.
Monte-Carlo Dropout
Perplexity
Input Embedding
Output Embedding

79.97+1.60 / 80.97+4.90
7212168 / 85.43£6.60
84.17+143/ 52754513

82.60+1.25/ 82.57+4.62
74.23 4174/ 81.17+6.28
88.67+136/53.324538

63.87+1.64/96.19+1.57
55.64+2587/97.15+134
77424197/ 71.284390

81.51+1.00/62.84£456
76.95+154/ 74.92£3.02

75.41:+097/ 69.66+207
78.72+1.31/ 80.97+223

62.53+130/88.35+1.712
61.43+140/ 88.45+158

76.20+1.46 / 85.20+2.6
67.53:+208 / 89.09+5.41
83.88+2.13/68.90£422
84.42:+085 / 54.80+£7.25
70.23£136/ 80.18x171

90.68+0.94 / 62.27+4.03
73.61+266/ 82.36+478
94.05+043/19.03+3.17

78.66+138 / 81.44+356
68.63+221/ 87.04+488
85.64+1.46/53.064436

75.59+092/63.71+287
86.97+132/51.51£227

75.89+1.03/ 67.87+3.69
74.86+139/75.21+2.16

TV score (Ours)
w/ DiSmo (Ours)

98.87-0.16 / 4.67 +1.41
94.71+093/ 39.65+7.28

99.03+0.09 / 3.70-£0.42
94.08+050 / 50.52+6.14

97.70+0.15/ 8.83+1.33
83.08+128/ 80.07£1.57

98.43+£0.13/7.37 +146
94.57+075 1 37. 74758

99.78+002/ 1.47+020
99.82+0.02 / 1.11:0.19

98.76-+0.11 / 5.21+0.98
93.25+076 / 41.82+4.69

A (bold - underline) | +1470/-48.08 +10.36/-49.62 +20.28/-62.45 +14.01/-47.43 +577/-1792 | +13.12/-4785
| Near-shift OOD Setting
Dataset | GSMSK SVAMP AddSub SingleEq SingleOp \ Average
Method ‘

AUROC 1 / FPRYS |

Max Softmax Prob.
Monte-Carlo Dropout
Perplexity [3]

Input Embedding [4
Output Embedding

53.08+1.67/94.07+136
48.874243/96.78+121
52244257/ 95.56+121
45.68+150/95.05£1.17
35394124/ 91224127

56.56+1.53/ 90.06+239
44.90+276 / 92.33+200
55124150/ 89.24 4200
60.92:+134/86.97+4.13

63.31+188/ 87.36+242
57.34+157/89.15+234
62.88+1.76 / 80.96+2.34
66.28+092/ 76.094293

36.77+114/90.41 £ 161

63.08+092/77.1243.11

66.68+132/86.15+2
54.09+2.42/90.0
67.14+134/ 81.38+196
61.18+1.22/87.36:£1.80
43.7041.02/ 86.69+091

61.07x1.30/ 86.91+276
56.46+185/91.21 183
59.39+1.98/ 83.30+ 183
67.60+1.20/ 77784253

60.14+1.54/88.91+24
52.33+221/91.92+189
59.35+1.89 / 86.09+1.89
60.33+1.37/ 84.65+2.53

43.554099 / 86.87+1.04

44.50+1.06 / 86.46+1.59

TV score (Ours)
w/ DiSmo (Ours)

94.88-+0.25/ 14.22:£1.64
55.214191/95.71£088

94.51£0.20 / 12.89+1.11
38.24+1.53/87.06+094

85.84+1.06/82.63+222
87.06-£0.94 / 71.02+4.33

93.97+024/17.39:£1.09
56.66+134/93.76£1.28

94.00-£0.20 / 14.61 1055
47.46+132/92.48+113

92.64+0.39 / 28.39+1.38
56.99-+1.41/88.01+1.71

A (bold - underline)

+41.80/-77.00

+33.59/-74.08

+20.78 /-5.07

+26.83/-63.99

+26.40/-63.17

+32.31/-56.26

Table 12: AUROC and FPR9S5 results in GPT2-XL of the Offline Detection scenario (p-value >
0.05 are grayed out). Underline and bold denote SOTA among all baselines and all methods.

‘ Far-shift OOD Setting
W ‘ Algebra Geometry Counting and Probability Number Theory Precalculus ‘ Average

Method | AUROC 1 / FPR95 |
Max Softmax Prob. [I2] 72134142/ 78354235 64.09+178 / 87.42+124 68.45+156/ 82.35+157 69.37+143/82.09+190  78.67+089/61.23+302 | 70.54+1.42/78.29+20
Monte-Carlo Dropout 62414210/ 88.02+179  66.63+182/82.49+1.12 59.324203/92.34+154 63.88+192/86.71+195  70.19+1.47/73.90+187 | 66.18+157/84.69+165
Perplexity 84.24+101/63.78+238  82.17:x089/67.90+245 79.124120/72.03£1.23 72.40£137/71.65+145  86.194075/47.274298 | 80.82+104/64.531210
Input Embedding 86.23+078/46.12+145  83.20:£094/53.29+206 79.58:+1.43/ 60.45:+295 89.44+064/52.49+187  92.86:+039/34.32+216 | 86.26:054/49.33 4210
Output Embedding [42 78.13+1.14/ 64.464278  77.98+1.17/68.82+326 71074167/ 84.63+4.24 80.25+097/56.23+405  82.34+086/54.08+279 | 77.95+116/65.64+342

TV score (Ours) 98.35+0.07/ 6.24+0.24 97.27+011/9.23+03s 85.52+0.12/52.51+1.78 92.96+006/29.86+126  93.24:+004/22.68+1.14 93.47+008 / 24.10+095
w/ DiSmo (Ours) 93.68+0.19/23.24+145  94.39x015/ 12.17+079 95.83+0.13/ 9.86+046 99.17+0.04 / 242022 99.62+0.02/ 1.75+0.13 96.54-0.11/ 9.89+0.61
A (bold - underline ‘ +12.12/-39.88 +14.07 / -44.06 +16.25/-50.59 +9.27/-50.07 +6.24 /-32.57 ‘ +10.28 /-39.44
| Near-shift OOD Setting
Dataset ‘ GSMSK SVAMP AddSub SingleEq SingleOp ‘ Average
Method ‘

AUROC 1 / FPRYS |

Max Softmax Prob.
Monte-Carlo Dropout
Perplexity

Input Embedding
Output Embedding

54.06+158 /92454237
63.44+208/ 79.85+335
72.89+156/ 74.63+152
87.58+1.14/ 48.45+206

65.50£143/ 73.62+4.18
62.13x1.65/77.28+321
70.79+138/ 79.65+121
84.81+120/62.75+5.68

70.60-£092 / 77.56:+£276
67.97+162/71.42+2388
67.50£1.04/ 87.76£092
80.340.64/ 46.62+217

82.05:+136 / 60.44-£3.96

81.42+202/68.43 438

72.98-+085/ 66.72:£1.77

79.96+087/ 57.38+1.95
T1.29+143/69.224241
87.14057/43.09+123
81.442049/49.05+324
80.00+1.02/70.23+187

65.47+1.18/ 80.37 202
52.89+150/92.78=+067
70.40£1.06 / 76.80+1.45
81914003/ 57.65+267

67.12+1.20/76.27
63.54+1.72/ 78.08+250
73.74+1.12/ 72.39+1.27
83.22+088/52.90+3.16

266

79.94-£0.94/ 57.68:£1.60

79.28+124/ 64.70+272

TV score (Ours)
w/ DiSmo (Ours)

98.26-£0.06 / 1.78+0.04
97.62+021/3.58+0.16

98.99-+0.02/ 1.13+0.03
92.19:044/ 13.07£1.68

80.56-+082/52.23+1.20
83.35+0.57/ 41.70£1.29

97.35+023/ 13.91 045
97.83+£003/9.94032

99.12:£002/ 0.07+0.01
99.94:£0.02/ 0.030.01

94.86-+023/ 13.82.
94.19+025 / 13.66-0.69

036

A (bold - underline) ‘

+10.68 / -46.67

+14.18 /-61.62

+3.01/-4.92

+10.69/-33.15

+18.03/-57.62

+11.64/-39.24
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F.3 Beyond Detection: OOD Quality Estimation

Results of each dataset are shown in Table[T3|(Llama2-7B) and Table[I4](GPT2-XL).

Table 13: OOD Quality Estimation (Llama2-7B): Kendall’s 7 and Spearman correlation between
various OOD scores and benchmark quality metric binary matching. Each column shows the
correlation when ID and OOD samples are merged. Underline denotes the SOTA among all baselines,
and bold denotes the SOTA among our methods.

W \ ID + Far-shift 0OD | ID + Near-shift 0OD
Method | Algebra  Geomeiry Cnu&Prob. Num.Theory Precaleulus | Average | GSMSK ~ SVAMP  AddSub  SingleEq  SingleOp | Average

Kendall Rank Correlation Coefficient

Max Softmax Prob. [12] | 0.035:00s = 0.0242000  0.084:002  -0.043x0021  0.021x0014 | 0.0242000 | 0.064+002  0.067+0015  0.076£0016  0.057=0019  -0.075+0017 | 0.038001
Perplexity [ -0.027x0020  0.071x0013  0.112x0015 0.035x0006  0.036+0011 | 0.050+0015 | 0.073+0010  0.027+0017  0.082:+0015  0.091+0019  0.079z0017 | 0.074=0017
Input E ing [0 0.074+000  0.119=0015  0.0540018 0.111x0016  0.034x0013 | 0.078+40016 | 0.042+0020  -0.025:0016  0.052+0014  0.05540020  0.058=00is | 0.036=001s
Output Embedding [ 0.050+0023  0.07820019  0.064:0020  0.065:0020  0.03420000 | 0.058 10015 | 0.0422005  -0.0012003  0.05620015  0.0321005  0.06120015 | 0.03820015
TV score (Ours) 0.182+0016  0.116=0011  0.191:00m 0174004 0.142+0000 | 0.161+0012 | 0.146:000  0.209:+0010  0.195:0018  0.145:007  0.1010020 | 0.159-0.017
w/ DiSmo (Ours) 0.09540020  0.0592001s  0.12320020  0.131006  0.14820009 | O.11120016 | 0.1782005  0.1132005 01212006 0.07920017  0.07620019 | 0.11320018
A (bold - underline) ‘ +0.021 -0.003 +0.079 +0.109 +0.112 ‘ +0.083 ‘ +0.073 +0.142 +0.039 +0.055 +0.022 ‘ +0.085

Spearman Rank Correlation Coefficient

Max Softmax Prob. [12] | 0.027+001  0.057=0019  0.039:0021 0.0670021 0.004+0017 | 0.038+0020 | 0.071+0021  -0.086:00s 0.063:0019  0.081:+0015s  0.0020019 | 0.026=00%
Perplexity (2 0.039+0014  0.018=0018 7 0.051+0015 0.045+0015 | 0.045:0016 | 0.086+0010  0.090x0010  0.016£009  0.039+0015  0.017=0016 | 0.050=0018
Input Embedding |43 0.150+0021  0.136z001s  0.061£0015 0.038x0016  0.127+0016 | 0.102:0017 | 0.042+0022  0.128+0016  0.1540016  0.110+007  0.140z0015 | 0.11520017
Output Embedding |3 0.002+0018  0.001x0020  0.01520015 0.03320016  0.012+0018 | 0.025+0017 | -0.040z0017  -0.01920016  0.045:0019  0.101x008  -0.027+0017 | 0.012+00

TV score (Ours) 0.12240012  0.169=001s  0.102:006  0.1265006  0.216=0014 | 0.14720015 | 0.124x0016  0.188+007  0.12720017  0.165+0017  0.188:0019 | 0.15810.017

w/ DiSmo (Ours) 0.139+001s  0.148=0013  0.176:0017 0.178 0017 0.121x0016 | 0.152:005 | 0.071x0018  0.150+0020  0.167x0014  0.131:0017  0.1530017 | 0.134+00

A (bold - underline ‘ -0.011 +0.033 +0.103 +0.127 +0.089 ‘ +0.050 ‘ +0.038 +0.060 +0.013 +0.055 +0.048 ‘ +0.043

Table 14: OOD Quality Estimation (GPT2-XL): Kendall’s 7 and Spearman correlation between
various OOD scores and benchmark quality metric binary matching. Each column shows the
correlation when ID and OOD samples are merged. Underline denotes the SOTA among all baselines,
and bold denotes the SOTA among our methods.

W ‘ ID + Far-shift 00D | ID + Near-shift 00D
Method | Algebra  Geometry ~Cnt&Prob. Num.Theory Precalculus | Average | GSMS8K ~ SVAMP  AddSub  SingleEq  SingleOp | Average

Kendall Rank Correlation Coefficient

Max Softmax Prob. [I2] | 0.078+00s  0.032+0015  0.093+0014 0.059:+0017 0.068+0012 | 0.066=0015s | 0.032+002¢  0.061+0020  0.088+0015  0.023+0017  0.0810019 | 0.057+0018
Perplexity [3 0.023+001s  0.086x0015  0.043x00i6  -0.009z001s  0.036=0012 | 0.036=0014 | 0.068+002  0.008+0022  0.0352005  0.001+0015  0.064=0015 | 0.035+001%
Input Embedding (4.3 0.084+002  0.052x001  0.089+0013 0.062:0011 0.007<0010 | 0.0590012 | 0.041x0019  0.010+0020 -0.008=0016  0.019+0015  0.000+0018 | 0.012:0018
Output Embedding (4.3 0.089+0012  0.023:002  0.058+0013 0.014 0012 0.067+00n1 | 0.05020012 | 0.068+0018  0.036+0020  0.0332005  0.02220014  0.021x0017 | 0.036:0017
TV score (Ours) 0.127 40010 0.142:0010  0.15810009  0.0980011 0.1670000 | 0.13820010 | 0.087200i3  0.166+0019  0.11020015  0.152:003  0.141x0016 | 0.13120015
w/ DiSmo (Ours) 0.13450010  0.11220000  0.1322000 01610000  0.158z000 | 0.13920009 | 0.102:00n1  0.099+0021  0.0942005  0.126+0013  0.193z0012 | 0.123001
A (bold - underline) ‘ +0.045 +0.056 +0.065 +0.099 +0.099 ‘ +0.080 ‘ +0.034 +0.105 +0.022 +0.129 +0.112 ‘ +0.074

Spearman Rank Correlation Coefficient

Max Softmax Prob. [[2] | 0.001+001s  0.035:007  0.054+0016 0.076:+0016 0.056+0018 | 0.0440016 | 0.0322003  0.066+002¢  0.031x0021  0.067+0021  0.087x0020 | 0.057+0022
Perplexity [ 0.056+0018  0.076x0016  0.024+0016 0.035+007  -0.002:0016 | 0.038=0017 | 0.023+0021  0.094+0022  0.065:0016  0.0880019  0.019=0019 | 0.0580019
Input Embedding [4. 0.14140016  0.135:006  0.087+0014 0.097 0017 0.029+0016 | 0.098:0016 | 0.04320018  0.08410020  0.098:0016  0.02410016  0.090+0017 | 0.068 10016
Output Embedding [4.3 0.012+0018  -0.098=0016  0.076:+0016 0.054 0017 0.035007 | 0.01620017 | 0.010£0019  0.059+0025  -0.077+0019  0.084+0010  0.0670023 | 0.029:+0.02
TV score (Ours) 0.165+0015  0.110x002  0.141x0012 0.086:+0015 0.115:0014 | 0.12320013 | 0.11220012 0164002 0.12520018  0.168+0018  0.161x0014 | 0.1460015
w/ DiSmo (Ours) 0.173:00u1  0.208:0000  0.0720015 0.145:000  0.109:0016 | 0.141:0014 | 0.1342005  0.127+0016  0.189x0017  0.167+0017  0.155z0016 | 0.154:0016
A (bold - underline) ‘ +0.032 +0.073 +0.054 +0.048 +0.059 ‘ +0.043 ‘ +0.091 +0.070 +0.091 +0.080 +0.071 ‘ +0.086

F.4 Beyond Mathematical Reasoning

Our method has a wider range of application scenarios beyond mathematical reasoning. To verify
generalizability, we choose the multiple-choice quizzing task, which has the same “pattern collapse”
property as mathematical reasoning, since the output space is limited to the “ABCD” four options.

We select the MMLU dataset [[10]] and choose eight domains among it: high school mathematics,
high school physics, high school chemistry, high school biology, high school geography, high school
government and politics, high school psychology, high school statistics. We test eight rounds, each
using one of the domains as the ID dataset and the remaining seven domains as the OOD datasets.

We use Llama2-7B as the training backbone, each model is trained for 3K steps and 8 batch sizes in
4-card NVIDIA Tesla V100 (2 per card). The AUROC score matrices are shown in Figure Eka)-(e),
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presenting the results for TV score, input embedding, output embedding, and perplexity, respectively.
In the figures, the Roman numeral I - VIII are represented as:

* I =high school mathematics

e II = high school physics

e III = high school chemistry

* IV =high school biology

* V = high school geography

* VI =high school government and politics
* VII = high school psychology

 VIII = high school statistics

We find that MS-Prob and PPL nearly fail on the multiple-choice task and the output embedding is
not as excellent as expected, which is caused by the pattern collapse phenomenon.

Our method is comparable to the input embedding method and has very good absolute performances.
For some far-shift OOD scenarios, e.g., mathematics-psychology (I-VII), physics-politics (II-VI),
etc., performances of the input embedding method and our method are basically the same, and there
exists a reasonable range of competing phenomena, e.g., our method performs more advantageously
under physics-biology (II-IV), and the input embedding method is better under physics-geography
(II-V). For some near-shift OOD scenarios, e.g., mathematics-statistics (I-VIII), where both domains
essentially belong to the category of math, our method will be more well-performed, indicating that
the embedding-based method produces performance degradation in fine-grained scenarios, while our
method possesses stronger robustness.

Overall, our method is scalable and has greater advantages in fine-grained detection scenarios.
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Figure 5: AUROC score matrix in MMLU dataset of different OOD scores. Rows represent ID data,

and columns represent OOD data.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: [Abstract, Section 1]
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: [Limitations]
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used
by reviewers as grounds for rejection, a worse outcome might be that reviewers
discover limitations that aren’t acknowledged in the paper. The authors should use
their best judgment and recognize that individual actions in favor of transparency play
an important role in developing norms that preserve the integrity of the community.
Reviewers will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: [Section 2, Appendix C]
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the
main experimental results of the paper to the extent that it affects the main claims and/or
conclusions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: [Section 4, Appendix E]
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all

submissions to provide some reasonable avenue for reproducibility, which may depend

on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient
instructions to faithfully reproduce the main experimental results, as described in
supplemental material?
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Answer: [Yes]
Justification: [Section 4, Appendix E]
Guidelines:

* The answer NA means that paper does not include experiments requiring code.
* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits,
hyperparameters, how they were chosen, type of optimizer, etc.) necessary to understand
the results?

Answer: [Yes]
Justification: [Section 4, Appendix E]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: [Section 4, Appendix F]
Guidelines:

» The answer NA means that the paper does not include experiments.

e The authors should answer "Yes" if the results are accompanied by error bars,
confidence intervals, or statistical significance tests, at least for the experiments that
support the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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10.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the
computer resources (type of compute workers, memory, time of execution) needed to
reproduce the experiments?

Answer: [Yes]
Justification: [Section 4, Appendix E]
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: [Ethics Statement]
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special
consideration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: [Ethics Statement]
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [Yes]
Justification: [Ethics Statement]
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: [Section 4, Appendix E]
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Answer: [NA] .
Justification: [Our paper does not introduce new assets.]
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA] .
Justification: [Our paper does not involve crowdsourcing experiments and research.]
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main
contribution of the paper involves human subjects, then as much detail as possible
should be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA] .
Justification: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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