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Abstract

In online Inverse Reinforcement Learning (IRL), the learner can collect samples
about the dynamics of the environment to improve its estimate of the reward func-
tion. Since IRL suffers from identifiability issues, many theoretical works on online
IRL focus on estimating the entire set of rewards that explain the demonstrations,
named the feasible reward set. However, none of the algorithms available in the
literature can scale to problems with large state spaces. In this paper, we focus on
the online IRL problem in Linear Markov Decision Processes (MDPs). We show
that the structure offered by Linear MDPs is not sufficient for efficiently estimating
the feasible set when the state space is large. As a consequence, we introduce the
novel framework of rewards compatibility, which generalizes the notion of feasible
set, and we develop CATY-IRL, a sample efficient algorithm whose complexity is
independent of the cardinality of the state space in Linear MDPs. When restricted
to the tabular setting, we demonstrate that CATY-IRL is minimax optimal up to
logarithmic factors. As a by-product, we show that Reward-Free Exploration
(RFE) enjoys the same worst-case rate, improving over the state-of-the-art lower
bound. Finally, we devise a unifying framework for IRL and RFE that may be of
independent interest.

1 Introduction

Inverse Reinforcement Learning (IRL) is the problem of inferring the reward function given demon-
strations of an optimal behavior, i.e., from an expert agent. [49,42]]. Since its formulation, much of
the research effort has been put into the design of efficient algorithms for solving the IRL problem
(6} 14]. Indeed, the solution of the IRL problem opens the door to a variety of interesting applications,
including Apprenticeship Learning (AL) [2} L], reward design [16], interpretability of the expert’s
behavior [17]], and transferability to new environments [15]].

Nowadays, the factor that most negatively impacts the adoption of IRL solutions in real-world
applications is the intrinsic ill-posedness of its formulation. The IRL problem has been historically
defined as the problem of recovering the reward function underlying the demonstrations [49, |42]],
even though mere demonstrations can be equivalently explained by a variety of rewards. In other
words, the IRL problem is underconstrained, even in the limit of infinite demonstrations [42] [39]].

To overcome this weakness and to come up with a single reward function, three main approaches
are commonly adopted in the literature. (¢) The first approach consists of the use of a heuristic
to select a specific reward function from the set of all the rewards that explain the demonstrations.
Implicitly, these works re-define IRL as the problem of recovering the reward function explaining
the demonstrations and complying with the heuristic. As an example, [42] 48] select the reward
that maximizes some notion of margin, and [70] implicitly chooses the reward returned by the
optimization algorithm among those that maximize the likelihood. However, these approaches may
generate issues in applications [56 [15]. (z¢) In the second approach, additional constraints beyond
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mere demonstrations are enforced to guarantee the uniqueness of the reward function to recover.
In “reward identifiability” works, the additional information commonly concerns some structure of
the environment [25]], or multiple demonstrations across various environments [3, [10]. In Reward
Learning (ReL) works [19], demonstrations of optimal behavior are combined with other kinds of
expert feedback, like comparisons [65]. (¢7¢) As a third approach, recently, [39, 138] proposed the
alternative formulation of IRL as the problem of recovering all the reward functions compatible with
the demonstrations, i.e., the feasible reward set. In this manner, we are not subject to the limitations
of the first approach, and we do not depend on additional information like in the second approach.

In practical applications, the chosen IRL formulation has to be tackled by algorithms that use a
finite number of demonstrations and a limited knowledge of the dynamics of the environment. In
the common online IRL scenario, the learner explores the (unknown) environment, and exploits this
additional information to improve its performance on the IRL task [e.g., 39, |33] 138} 168 131]]. On
this basis, the IRL approach (ii¢) based on the feasible set [39, 38| displays desirable properties
since “postpones” the choice of the heuristic and/or enforcement of additional constraints, with the
advantage of analyzing the intrinsic complexity of the IRL problem only, without being obfuscated
by other factors. In other words, this recent formulation of the IRL problem paves the way for the
design and analysis of provably efficient IRL algorithms, endowed with solid theoretical guarantees.

However, the algorithms designed for learning the feasible set currently available in the literature
[e.g.,139,133] 138, 168, 131] struggle when attempting to scale them to IRL problems with large state
spaces. This is apparent because their sample complexity exhibits an explicit dependence on the
cardinality of the state space. This inevitably represents a major limitation since most real-world
scenarios concern problems with large, or even continuous, state spaces [e.g., 15,7, 140l [14]].

In this context, function approximation represents an essential tool to tackle the curse of dimensional-
ity and enforce generalization [54}41]]. Linear Markov Decision Processes (MDPs) [23} 67| offer
a simple but powerful structure, in which we assume the reward function and the transition model
can be expressed as linear combinations of known features, that permits theoretical analysis of the
sample complexity. Even though many extensions have been developed [64} 22} [13]], the Linear
MDPs framework typically represents one of the first function approximation settings to analyze
when focusing on a novel problem, before moving to more complex settings [e.g., 63} 61]].

In this paper, we aim to shed light on the challenges of scaling the feasible reward set to large-scale
problems. Motivated by its limitations when dealing with large state spaces, we introduce the novel
Rewards Compatibility framework. Being a generalization of the notion of feasible set, it allows us to
define the new IRL Classification Problem, a fourth approach to cope with the ill-posedness of the
IRL formulation. This permits the development of CATY-IRL (CompATibilitY for IRL), a provably
efficient IRL algorithm for Linear MDPs characterized by large or even continuous state spaces.

Original Contributions. The main contributions of the current work can be summarized as follows:

* We prove that the notion of feasible set can not be learned efficiently in MDPs with large/continuous
state spaces, even under the structure enforced by Linear MDPs. Nevertheless, we show that this
problem disappears under the assumption that the expert’s policy is known, by providing a sample
efficient algorithm for such setting (Section 3).

* To overcome the need for knowing the expert’s policy exactly, we propose Rewards Compatibility,
a novel framework that formalizes the intuitive notion of compatibility of a reward function with
expert demonstrations. It generalizes the feasible set and allows us to define an original learning
setting, IRL classification, based on a new formulation of IRL classification task (Section E])

* For the newly-devised framework, we develop CATY-IRL (CompATibilitY for IRL), a new sample
and computationally efficient IRL algorithm for both tabular and Linear MDPs. Remarkably, this
CATY-IRL does not require the additional assumption that the expert’s policy is known (Section [3).

* In the tabular setting, we prove a tight minimax lower bound to the sample complexity of the IRL
classification problem of (2 ( H ZQS 4(S + log %)) episodes, where S and A are the cardinalities of
the state and action spaces, H is the horizon, € the accuracy and § the failure probability. This
bound is matched by CATY-IRL, up to logarithmic factors. Exploiting a similar construction, we
show that a lower bound with the same rate holds also for the Reward-Free Exploration (RFE)
problem, improving by an H factor over the RFE state-of-the-art lower bound [21] (Section[6.T].

* Finally, we formulate a novel Objective-Free Exploration (OFE) setting that isolates the challenges
of exploration beyond Reinforcement Learning (RL), by unifying RFE and IRL (Section[6.2)).

Additional related works and the proofs of all the results are reported in Appendix [A]and [B]|{E}
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2 Preliminaries

Notation. Given an integer N € N, we define [N] := {1,..., N}. Given sets X’ and )/, we denote
Ha(X,Y) = max{sup,cy infyey d(x,y), sup, ey infrex d(y, z)} their Hausdorff distance with
inner distance d. We denote by A% the probability simplex over X, and by A§ the set of functions
from ) to A¥. Sometimes, we denote the dot product between vectors z,y as (x,y) = 2Ty. We
employ O, 2, © for the common asymptotic notation and (57 §~2, O to omit logarithmic terms.

Markov Decision Processes. A finite-horizon Markov Decision Process (MDP) without reward
[45] is defined as a tuple M := (S, A, H, dy, p), where S and A are the measurable state and action
spaces, H € N is the horizon, dj € AS is the initial-state distribution, and peP = Agx Ax[H]
is the transition model. Given a (deterministic) reward function r € R = [—1, 1]S*A*[H] we
denote by M := M U {r} the MDP obtained by pairing M and r. Each policy 7 € II := Aéx [H]
induces in M a state-action probability distribution dP'™ = {dﬁ’”}heﬂ ) (we omit dy for simplicity)
that assigns, to each subset Z < S x A, the probability of being in Z at stage h € [H] when
playing 7 in M. We denote with S."" the set of states supported by d}"™ for any action at stage h,
and with SP'™ the disjoint union of sets {Sﬁ’”} nefr]- The Q-function of policy 7 in MDP Mis
defined at every (s,a,h) € S x Ax [H] as Q7 (s,a;p,r) = Ep,ﬂ[Zf:h ri(st, a)|sp = s,ap = al,
and the optimal Q-function as Qj: (s, a; p,r) := sup,cp QF (s, a; p, r), where the expectation E,, ~
is computed over the stochastic process generated by playing policy 7 in the MDP M. Similarly,
we define the V-function of policy 7 at (s, h) as V" (s;p,7) = ]Ep,W[Zf:h ri(se,ar)|sn = s],
and the optimal V-function as V;*(s;p,r) = sup,cq V)7 (s;p, 7). We define the utility of 7 as
J™(r;p) = Esug, [V (s;p,7)], and the optimal utility as J*(r;p) = Esq,[Vi*(s;p,7)]. A
forward (sampling) model of the environment permits to collect samples starting from s ~ dy and
following some policy. A generative (sampling) model consists in an oracle that, given an arbitrary
state-action-stage triple s, a, h in input, returns a sampled next state s’ ~ py(+|s, a).

Linear MDPs. Based on [23], we say that an MDP M = (S, A, H,do, p,r) is a Linear MDP
with a (known) feature map ¢ : S x A — R4, if for every h € [H], there exist d € N unknown
(signed) measures jip, = [y, . .., ud]T over S and an unknown vector ), € R, such that for every
(s,a) € S x A, we have pp,(-|s,a) = {¢(s,a), un(-)) and r4(s,a) = {&(s, a), O ). Without loss of
generality, we assume |@(s,a)|2 < 1forall (s,a) € S x A, and max{[|0p ]2, ||xn|(S)]2} < \/E
M is a Linear MDP without reward if its transition model satisfies the assumption described above.

BPI and RFE. In both Best-Policy Identification (BPI) [37]] and Reward-Free Exploration (RFE)
[21]], the learner has to explore the unknown MDP to optimize a certain reward function. In BPI,
the learner observes the reward function r during exploration, and its goal is to output a policy 7
such that, in the true MDP with transition model p we have IF’(J* (r;p) — J7(r;p) < e) >1— 6 for
every €,0 € (0, 1). RFE considers the setting in which the reward to optimize is revealed a posteriori
of the exploration phase. Thus the goal of the agent in RFE is to compute an estimate p of the true
dynamics p so that P(sup,eq{J*(r;p) — J7(r;p)} <€) = 1— § forevery €,6 € (0,1), where 7,
is the optimal policy in the MDP with p as transition model and r as reward function.

Online IRL. We consider the onlineE] IRL setting [39, 133} 168l |66, I53]] in which, similarly to the
online AL setting [531166], we are given a dataset DF = {(s},ai,...,s%_ |, a%;_ 1, s%) }bicfrep Of
7E € N trajectories collected by executing the expert’s policy 7 in a certain (unknown) MDP
M = M U {r¥}. We make the assumption that 7% is optimal under the true (unknown) reward %
in M. Since the dynamics of M is unknown, we are allowed to actively explore the environment
through a forward model to collect a new state-action dataset D. The goal is to use the latter and
demonstrations in D to estimate a reward function that makes the expert’s policy 7 optimal.
Sometimes, we will denote an IRL instance as M u {7rE }, and a Linear IRL instance with recovered
reward r as an IRL instance in which M U {r} is a Linear MDP.

'|un|(B) denotes the vector containing the variation of each measure 1, over the measurable set 5.

*Online” refers to how we estimate the transition model p, not to the expert’s policy 7%, for which we
assume to have access to a batch dataset. This is justified by the fact that most of IRL real-world applications
involve the presence of a fixed dataset of expert demonstrations previously collected and the agent can explore
the environment in order to reconstruct one (or more) reward functions compatible with those demonstrations.
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3 Limitations of the Feasible Set

In this section, after having characterized the feasible set formulation in Linear MDPs, we show that
it suffers from statistical (and computational) inefficiency in problems with large state spaces, even
under the Linear MDP assumption. We will provide a solution to these issues in Section {4

The Feasible Set. According to the standard definition [e.g., 39, 33] 38| 168, 31]], the feasible set
contains the rewards that make the expert’s policy 7% optimal, as defined below.

Definition 3.1 (Feasible Set [31]]). Let M be an MDP without reward and let T be the expert’s
policy. The feasible set R, .= of rewards compatible with 7% in M is defined as:

Rypne = {reR|J™ (r;p) = J*(r;p)}.

Without function approximation, the feasible set contains a variety of rewards for any deterministic
policy. In Linear MDPs, due to the feature map, the feasible set might exhibit some degeneracyﬂ Def-
initioncan be adapted to Linear MDPs with feature map ¢ as: Ry, , rz = {r € R| J (r;p) =
J*(r;p) A 30 : [H] —» R V(s,a,h) € S x A x [H] : rp(s,a) = {¢(s,a),0n)}. We omit ¢ in
Ry p = for notational simplicity.

Proposition 3.1. Let M be a Linear MDP without reward with a finite state space, and let ¢ be a

feature mapping. Let {@ZE Ynepry and {®p}emy be the sets of expert’s and non-expert’s features,
defined for every h € [H] as:

<I>’,:E = {¢(s,a”)|se S}’Z’WE, a¥ € AP (s)}, O = {¢(s,a)|s € SS’WE, ae AAY(s)},

where AE (s) := {a € A|nE(-|s) > 0} for every s € S. If for none of the H pairs of sets (@;{E, D)
there exists a separating hyperplane, then R,, v = {7}, withTp,(s,a) = 0Y(s,a,h) € S x Ax [H]
i.e., the feasible set with linear rewards in ¢ contains only the reward function that assigns zero
reward everywhere.

Intuitively, expert’s actions must have the largest optimal ()-value among all actions, and linearity
imposes the “separability” requirement. The result holds also for MDPs with linear rewards only. We
exemplify Proposition [3.1]in Appendix [B.T}

Learning the Feasible Set. In order to highlight the challenges of learning the feasible set with
large-scale MDPs, based on [38,31]], we devise the following PAC requirement.

Definition 3.2 (PAC Algorithm). Let €, 6 € (0, 1), and let 2 be an algorithm that collects T samples
about ™F using a generative model, and T episodes from a Linear MDP without reward M =

(S, A, H,dy, p) using a forward model. Let R be the estimate of the feasible set R, ~= outputted by 2.
Then, A is (€, 0)-PAC for IRL if P pq o (Hd(RerE, ﬁ) < e) > 1 — 0, where Py g is the probability
measure induced by % in M, and d(r, 7)o SUPrert 2opepry E(s.ay~az () [ra(s,a) =7h(s, ) |E| The
sample complexity is the pair (17, 7).

It is worth noting that in Definition [3.2] we are considering a generative model for collecting samples
from the expert’s policy, which represents the easiest learning scenario. The following result shows
that, even in this convenient setting, estimating the feasible set is statistically inefficient.

Theorem 3.2 (Statistical Inefficiency). Let M U {n¥} be a Linear IRL instance with finite state
space S and deterministic expert’s policy, and let €, 6 € (0,1). If an algorithm 2 is (¢, §)-PAC, then

7B = Q(S), where S = |S| is the cardinality of the state space.

In other words, even under the easiest learning conditions (i.e., generative model and deterministic
expert), the sample complexity scales directly with the cardinality of the state space .S, thus, it is
infeasible when S is large or even infinite. Observe that this result extends to any class of MDPs that
contains Linear MDPs. In Appendix we analyze if additional assumptions can drop the ()
dependence. Nevertheless, if 7 is known, it is possible to construct sample efficient algorithms.
Algorithm E] (whose pseudocode is presented in Appendix , under the assumption that 7% is
known, makes use of an inner RFE routine (Algorithm 1 of [62]) to recover the feasible set.

3We exemplify this proposition in Appendix In Appendix we generalize to infinite state spaces.
*For simplicity, we provide the full expression of distance d in Appendix Equation ().
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Theorem 3.3. Assume that TF (along with its support Sp”rE) is known. Then, for any €, € (0,1),
Algorithmis (¢, 0)-PAC for IRL with a number of episodes T upper bounded by:
~(H°%d 1
(2 (a1 10e ).
T 2 + log 5
Limitations of the Feasible Set. We can now conclude that the feasible set suffers from two main
limitations. (i) Sample Inefficiency: If 7 is unknown, it requires a number of samples that depends
on the cardinality of the state space (Theorem[3.2). (i¢) Lack of Practical Implementability: It contains

a continuum of rewards, thus, no practical algorithm can explicitly compute it. We will discuss in the
next section how to overcome both these issues.

4 Rewards Compatibility

In this section, we present the main contribution of this work: Rewards Compatibility, a novel
framework for IRL that allows us to conveniently rephrase the learning from demonstrations problem
as a classification task. We anticipate that the presentation of the framework is completely general
and independent of structural assumptions of the MDP (e.g., Linear MDP).

4.1 Compatible Rewards

In the following, for ease of presentation, we consider the exact setting, i.e., when dj, p, and 7 are
known. In addition, we will drop the dependence on p when clear from the context.

In IRL, an expert agent demonstrates policy 7 assumed optimal under some (unknown) reward

function rZ, i.e., J*(rf) = J™ (rP) . The task is to recover a reward r such that J*(r) = J™ (r).
By definition, IRL tells us that »* makes the demonstrated policy 7% optimal, but what about other
policies? We do not and cannot know. Since there are (infinite) rewards making 7% optimal (but they
differ in the performance attributed to other policies) we realize that there are many rewards equally
“compatible” with 7 P| Clearly, wih no additional information, we are unable to identify r%.

The feasible set considers only these rewards, i.e., r € R for which J*(r) = J w® (r), and it refuses
all the others. This can be interpreted as the feasible set carrying out a classification of rewards
based on a “hard” notion of compatibility with demonstrations. In other words, rewards r satisfying

condition J*(r) = J™ (r) are compatible with 7%, and the others are not. Nevertheless, our insight
is that some rewards are “more” compatible with 7F than others.

Example 4.1. Consider an MDP with one state and H = 1 in which the expert has three actions:
Eating a muffin (M), a cake (C), or some (bad) vegetable soup (S). The true reward rE assigns
rB(M) = +1,7E(C) = +0.99 and v (S) = —1, i.e., the expert has a (weak) preference for the
muffin over the cake, while she hates the soup; thus, she will demonstrate 7 = M. Let Tg,Ty be:

re(M) = 40.99,74(C) = +1,74(S) = —1, ro(M) = —1,1,(C) = —1,7r,(5) = +1.

Intuitively, r, is “more” compatible with ¥ than ry, because it establishes that M and C are much
better than S, while reward 1y, reverses the preferences. Clearly, we make a small error if we model
the preferences of the expert with v instead of the true reward rE. However, the notion of feasible set
is completely blind to the difference between r4 and ry, at modeling rE, and it refuses both of them.

We propose the following “soft” definition of (non)compatibility to capture this intuitionE]

Definition 4.1 (Rewards (non)Compatibility). Let M U {mF} be an IRL instance, and let r € R be
any reward. We define the (non)compatibility C,, .= : R — Ry of reward r w.r.t. M U {rF} as:

Cpnr (1) = J*(r;p) = I (r;p).

SSee Appendi for a visual intuition.

8In Appendix|C.2| a multiplicative alternative definition is presented.
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In words, the (non)compatibility of reward r w.r.t. policy 7 in problem M quantifies the sub-
optimality of 7F in the MDP M U {r}. By definition, rewards r belonging to the feasible set (i.e.,

r € R, 5) satisfy C,, .&(r) = 0, i.e., they have zero non-compatibility with 7% in ./\/l

Example 4.1 (Continued). (Non)compatibility discriminates between rq and ry,. Indeed, we have
that C, .5 (r¥) =0, Cp re(ry) = 0.01, and C, & (ry) = 2. In words, reward r suffers from very
small (non)compatibility, while vy, suffers from large (non)compatibility, thus we say that reward v is
more compatible with =% than ry, as expected.

By definition of IRL, the true reward rE makes the observed 7% optimal, but reveals no information
about the other policies. Thus, it is meaningful that C,, ;= considers the suboptimality of 7% only,
because demonstrations from 7 do not provide information about other policies, as illustrated below.

Example 4.2. Let ry be such that v, (M) = +0.99,r,(C) = —1,7;(S) = +1. Clearly, v} is much
worse than r at modeling rE because it does not capture the fact that the expert appreciates the
cake but she hates the soup. However, demonstrations from ©% alone do not provide information
about C or S, but only about 7P = M (i.e., the expert always eats the muffin). Thus, we have that
Cpre(rg) =Cpre(ry) = 0.0, ie, ry and vy are equally compatible with the given demonstrations.

For a discussion on comparing the (non)compatibility of different rewards, see Appendix [C.4]

4.2 The IRL Classification Formulation

Our goal is to overcome the limitations of the feasible set highlighted in Section[3] Drawing inspiration
from the notion of “membership checker” algorithm in [31], we propose a novel formulation of IRL.

Definition 4.2 (IRL Classification Problem and IRL Algorithm). An IRL Classification Problem
instance is made of a tuple (M, 7% R, A), where M is an MDP without reward, w¥ is the expert’s
policy, R < R is a set of rewards to classify, and A € R is some threshold. The goal is to classify
all and only the rewards r € R based on their (non)compatibility with m% in M w.r.t. A. In symbols:

VreR: if C, z(r) <A then return True, else return False.

An IRL algorithm takes in input a reward r € R and outputs a boolean saying whether @WrE (r) < A

Given r € R, we output whether it makes the expert’s policy 7 at most A-suboptimal or not. Intu-
itively, we classify rewards in R based on how good 7% performs w.r.t. them. A A-(non)compatible
reward guarantees that, among its A-optimal policies, there is 7, but the optimal policy might be
different from 7% (see Appendix for how this relates to (forward) RL). Note that we allow for
R # R to manage scenarios in which we have some prior knowledge on r¥ . ie., ¥ e R .

Remark 4.1. Permitting non-zero (non)compatibility is equivalent to enlarging the feasible set. Let
R = R, and define the set of rewards positively classified as R, i.e., Ra = {r e R|C, z(r) <
A}. Forany A, A's.t. 0 < A < A" < 2H, we have: R, ;5 = Rog € Ra € Rar € Ron = R

Discussion on Reward Compatibility. It should be remarked that:

* The limits of the rewards compatibility framework are the same as the limits of the feasible set.
We cannot identify ¥ from the feasible set or among the rewards with small (non)compatibility.
As aforementioned, this is an inherent limit of IRL and cannot be overcome with a more refined
objective formulation, unless further information on 7 is available (e.g., preferences).

* Rewards compatibility offers advantages over feasible set. Differently from the feasible set, as
we will see in Section [5] it is possible to practically implement algorithms that solve the IRL
classification problem, with guarantees of sample efficiency even when the state space is large.

4.3 A Learning Framework for Online IRL Classification

In this section, we combine the online IRL setting presented in Section 2] with the IRL classification
problem of Definition[d.2] Intuitively, the performance of an algorithm depends on its accuracy at
estimating the (non)compatibility of the rewards, as formalized by the following PAC requirement.

"We use (non)compatibility since a reward r € 9 is maximally compatible when C,, .= (r) = 0. Thus, the
larger C,, .= (r), the more 7 is non-compatible. In this sense, C,, .= (r) quantifies the non-compatibility of r.
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(a) Reward r is classified cor- (b) Reward r can be mis- © Range of uncertain
rectly. classified. (non)compatibility values.

Figure 2: The axis _represents (estimated) (non)compatibility values. (a) Rewards r» whose true
(non)compatibility C(r) := C,, .= (r) is far from threshold A by at least ¢, are correctly classified,
while (b) in the opposite case, rewards can be mis-classified. (c) The red interval [A — €, A + €]

exemplifies the set of rewards {r € R ||C(r) — A| < ¢} that are (potentially) mis-classified. The
length of the interval reduces with e.

Definition 4.3 (PAC Framework). Let ¢, 0 € (0, 1), and let DY be a dataset of TF expert’s trajectories.
An algorithm 2 exploring for T episodes is (¢, §)-PAC for the IRL classification problem if:

B (g -] <) 215

where P pq .= o is the joint probability measure induced by 78 and A in M, and C is the estimate of
C, n& computed by . The sample complexity is defined by the pair (77, 7).

Intuitively, our goal is to estimate the (non)compatibility
of the rewards in R with sufficient accuracy, so that, given
a threshold A > 0, we are able to classify “most” of them
correctly w.h.p. (with high probability). The concept is
exemplified in Figure 2} Note that the estimation problem
is independent of the threshold A, which can be appro-
priately selected to cope with noise in the demonstrations, Collect exploration dataset D
(unknown) expert suboptimality, or to manage the amount
of “false negatives” and “false positives”.

expert dataset DF,
threshold A, set of

Input:
rewards to classify R

Exploration phase

Input:

Remark 4.2. Forn >0, let R, = {reR| Cpre(r) < r*‘:‘&’;i“g’ o

n} and R, = {r € R|C(r) < n} denote the sets of

rewards positively classified using, respectively, the true \ Classification phase
(non)compatibility C,, .= and the estimate C constructed Ectimate JE(r) ~

by an (e, 5)-PA€ algorithm. Then, with probability 1 — 6, J** (rsp) using DF

it holds that: Ra_e € Ra S Rase. Thus, we can 1

trade-off the amount of “false negatives” (resp. “false BEstimate J*(r) ~ J*(r;p)

via planning with D

positives”) by, e.g., choosing the threshold A — A + ¢
(resp. A — A —e¢).

Classify reward

C(r) = J*(r) = JF(r)

5 CATY-IRL: l
A Provably Efficient Algorithm for IRL e ‘® a

In this section, we present CATY-IRL (CompATibilitY for class — True class — False
IRL), a provably efficient algorithm for solving the online

IRL classification problem. We consider three different Outpat.

kinds of structure for the MDPs: tabular MDPs, tabular

MDPs with linear rewards, and Linear MDPs. Similarly to )

RFE, our online IRL classification setting is made of two Figure 1: Flow-chart of CATY-IRL.
phases: (¢) an exploration phase, in which the algorithm

explores the environment using the knowledge of R and

of the expert’s dataset D to collect samples about the dynamics of the MDP, and (i4) a classification
phase, in which it performs the classification of a reward r € R without interactions with the
environment. A flow-chart is reported in Figure[T] (pseudocode in Appendix D).

Exploration phase. The exploration phase collects a dataset D in a way that depends on the
structure of the MDP and of the set of rewards R to be classified. Specifically, for Linear MDPs,
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CATY-IRL executes RFLin [62]]. Instead, for tabular MDPs (with or without linear reward), CATY-IRL
instantiates either BPI-UCBVI [37] for each reward r € R (when |R| = O(1), i.e., a “small” constant
w.r.t. to the size of the MDP, where “small” depends on the size of the state space, see Appendix [D.2))
or RF-Express [37]. Note that CATY-IRL in this phase does not use the expert’s dataset DF .

Classification phase. The classification performs the estimation C (r) of the (non)compatibility
term fp’,rE (r) for the single input reward r € R by splitting it into two independent estimates:
JE(r) ~ J=" (r;p), which is computed with D only, and J*(r) ~ J*(r; p), which is computed
with D only. Concerning JZ(r), when the reward is linear r,(s,a) = (¢(s,a), ), CATY-IRL
uses D¥ to construct an empirical estimate QZE e~ z/;P”’E of the expert’s expected feature count [6]].
Otherwise, it directly estimates dP ~ dP™" the expert’s occupancy measure. Such estimates can be
used to derive JZ (r) straightforwardly. Regarding J* (r), CATY-IRL exploits the planning phase
of the corresponding RFE (or BPI) algorithm adopted at exploration phaseﬂ Finally, CATY-IRL
applies the (potentially negative) input threshold A to the difference J* (r) — JE(r) to perform the
classification. See Appendix [D]for the full pseudo-code. Clearly, CATY-IRL can be implemented in
practice, since it considers a single reward at a time instead of computing the full feasible set, and it
is computationally efficient in linear MDPs, since it uses a computationally efficient algorithm as
subroutine (see [62]).

Sample Efficiency. The next result analyzes the sample complexity (Definition of CATY-IRL.

Theorem 5.1 (Sample Complexity of CATY-IRL). Lete€,d € (0,1). Then CATY-IRL is (¢,0)-PAC
for IRL with a sample complexity upper bounded by:

Tabular MDPs: F < (5(Hi;gA log %), T < 6(Hi;gA (N + log %))7
Tabular MDPs with linear rewards: 7% < O (He—zd log %), T < (7)(HifA (N + log %))7
<o(Biud). o<o((rrua)))

where N = 0if |R| = ©(1), and N = S otherwise.

Some observations are in order. We conjecture that the d> dependence when |R| = ©(1) is unavoid-
able in Linear MDPs because of the lower bound for BPI in [62]. In tabular MDPs with deterministic

expert, one might use the results in [66] to reduce the rate of 72 from O(SAH?log(6~1)/e2) to

O(SH??10g(6~1)/€2). Finally, note that the choice A = € allows us to positively classify all the
rewards in the feasible set R, .= w.h.p. and, in this case, other rewards positively classified have true
(non)compatibility at most 2¢ w.h.p. In light of this result we conclude that rewards compatibility
framework allows the practical development of sample efficient algorithms (e.g., CATY-IRL) in
Linear MDPs with large/continuous state spaces.

6 Statistical Barriers and Objective-Free Exploration

In this section, we show that CATY-IRL is minimax optimal for the number of exploration episodes
in tabular MDPs, and that RFE and IRL share the same theoretical sample complexity. This allows us
to formulate Objective-Free Exploration, a unifying setting for exploration problems.

6.1 The Theoretical Limits of IRL (and RFE) in the Tabular Setting

In CATY-IRL, we use a minimax optimal RFE algorithm for exploration. However, this does not
entail that CATY-IRL is minimax optimal for the IRL classification problem. There might exist
another PAC algorithm with a sample complexity smaller than CATY-IRL. The following result states
that, in the tabular setting, the bound in Theorem [5.1]is tight for the number of episodes 7.

SRFE/BPI algorithms, at planning phase, return a policy, and not its estimated performance. Since BPI-
UCBVI, RF-Express, and RFLin each compute an estimate of J*(7; p) as an intermediate step, with negligible
abuse of notation, we assume that they output such estimate.

https://doi.org/10.52202/079017-1739 54827



Theorem 6.1 (IRL Classification - Lower Bound). Let 2 be an (¢, 0)-PAC algorithm for the IRL
classification in tabular MDPs. Let T be the number of exploration episodes. Then, there exists an
IRL classification instance such that:
H3SA 1 H3SA 1
ifIR|>1: 7> Q(Qlog(S), fR=M: 7> Q( - <S+10g5)>.
€ €

In both cases, the lower bound is matched by CATY-IRL, up to logarithmic factors. Note that
CATY-TIRL explores without using D¥, thus, minimax optimality for 7 can be achieved without the
knowledge of D¥ at exploration phase. As a by-product, we observe that a similar lower bound
construction can be made also for RFE, leading to the following result.

Theorem 6.2 (RFE - Refined Lower Bound). Let 2 be an (¢, 9)-PAC algorithm for RFE in tabular
MDPs. Let T be the number of exploration episodes. Then, there exists an RFE instance such that:

T = Q(HifA (S—i—log(ls)).

This bound improves the state-of-the-art RFE lower bound (£ zf A (% +log %)) (obtained combining

the bounds in [21]] and [[12]]) by one H factor, and it is matched by RF-Express [137]].

6.2 Objective-Free Exploration (OFE)

What is the most efficient exploration strategy that can be performed in an unknown environment?
It depends on the subsequent task that shall be solved. However, if the task is unknown at the
exploration phase, we need a strategy that suffices for all the tasks that one might be interested in
solving. Let us denote by .% the set of RL and IRL classification tasks. Since CATY-IRL is a sample
efficient algorithm for the IRL classification problem, and it uses RFE as a subroutine, we conclude
that the RFE exploration strategy is sufficient (and also minimax optimal in tabular MDPs) to obtain
guarantees for class .%. Are there other problems for which RFE exploration suffices when the
specific problem instance is revealed a posteriori of the exploration phase? We believe so, and in
Appendix [E] we identify two additional problems, i.e., Matching Performance (MP) and Imitation
Learning from Observations alone (ILfO) [34]], that represent potential candidates to belong to .%.

More in general, we formulate the Objective-Free Exploration (OFE) problem as follows:

Definition 6.1 (Objective-Free Exploration). Given a tuple (M, .7, (¢,0)), where M is an unknown
environment (e.g., MDP without reward), and % is a certain class of tasks (e.g., all RL and IRL prob-
lems), the Objective-Free Exploration (OFE) problem aims to find an exploration of the environment
M (e.g., RFE exploration) that permits to solve any task f € F in an (e, §)-correct manner.

This problem is called “objective-free” because it does not require the knowledge of the specific
“objective” f € .Z to be solved. In Appendix[F} we describe a use case for OFE. We believe this is an
interesting problem to be studied in future.

7 Conclusions

In this paper, we have shown that the feasible set cannot be learned efficiently in problems with
large/continuous state spaces even under the strong structure provided by Linear MDPs. For this
reason, we have introduced the powerful framework of compatible rewards, which formalizes the
intuitive notion of compatibility of a reward function with expert demonstrations, and it allows us
to formulate the IRL problem as a classification task. In this context, we have devised CATY-IRL, a
provably efficient IRL algorithm for Linear MDPs with large/continuous state spaces. Furthermore,
in tabular MDPs, we have demonstrated the minimax optimality of CATY-IRL at exploration by
presenting a novel lower bound to the IRL classification problem. As a by-product, our construction
improves the current state-of-the-art lower bound for RFE. Finally, we have introduced OFE, a
unifying problem setting for exploration problems, which generalizes both RFE and IRL.

Limitations. A limitation of our contributions concerns the adoption of the Linear MDP model,
whose assumptions are overly strong to be consistently applied to real-world applications. Neverthe-
less, while the rewards compatibility framework is general and not tied to Linear MDPs, we believe
that Linear MDPs represent an important initial step toward the development of provably efficient IRL
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algorithms with more general function approximation structures. Although a lower bound for Linear
MDPs is missing, we believe that it represents an interesting direction for future works. Finally, we
note that the empirical validation of the proposed algorithm is out of the scope of this work.

Future Directions. Promising directions for future works concern the extension of the analysis of
the rewards compatibility framework beyond Linear MDPs to general function approximation and to
the offline setting. In addition, it might be fascinating to extend the notion of reward compatibility to
other kinds of expert feedback (in the context of ReL), and to other IRL settings (e.g., suboptimal
experts). Finally, we believe that OFE should be analysed in-depth given its practical importance.
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A Related Works

In this appendix, we report and describe the literature that most relates to this paper. Theoretical
works concerning the online IRL problem can be grouped in works that concern the feasible set, and
works that do not.

Let us begin with works related to the feasible set. While the notion of feasible set has been introduced
implicitly in [42], the first paper that analyses the sample complexity of estimating the feasible set in
online IRL is [39]. Authors in [39] adopt the simple generative model in tabular MDPs, and devise
two sample efficient algorithms. [33] focuses on the same problem as [39], but adopts a forward
model in tabular MDPs. By adopting RFE exploration algorithms, they devise sample efficient
algorithms. However, as remarked in [68]], paper [33] suffers from a limitation in the definition of
the dissimilarity between feasible sets. [38] builds upon [39] to construct the first minimax lower
bound for the problem of estimating the feasible set using a generative model. The lower bound

is in the order of Q(H ;S A4(S + log 1)), where S and A are the cardinality of the state and action
spaces, H is the horizon, € is the accuracy and § the failure probability. In addition, [38]] develops
US-IRL, an efficient algorithm whose sample complexity matches the lower bound. [44]] analyze a
setting analogous to that of [38]], in which there is availability of a single optimal expert and multiple
suboptimal experts with known suboptimality. [31] analyse the problem of estimating the feasible set
when no active exploration of the environment is allowed, but the learner is given a batch dataset
collected by some behavior policy 7°. Interestingly, [31] focuses on two novel learning targets that
are suited for the offline setting, i.e., a subset and a superset of the feasible set. Authors in [31]]
demonstrate that such sets are the tightest learnable subset and superset of the feasible set, and
propose a pessimistic algoroithm, PIRLO, to estimate them. [68] analyses the same offline setting as
[31], but instead of focusing on the notion of feasible set directly, it considers the notion of reward
mapping, which considers reward functions as parametrized by their value and advantage functions,
and whose image coincides with the feasible set.

With regards to online IRL works that do not consider the feasible set, we mention [36]], which
analyses an active learning framework for IRL. However, [36] assumes that the transition model is
known, and its goal is to estimate the expert policy only. Works [28]] and [29] provide, respectively, an
upper bound and a lower bound to the sample complexity of IRL for 3-strict separable problems in the
tabular setting. However, both the setting considered and the bound obtained are fairly different from
ours. Analogously, [11] provides a sample efficient IRL algorithm for /3-strict separable problems
with continuous state space. However, their setting is different from ours since they assume that the
system can be modelled using a basis of orthonormal functions.

A.1 Additional Related Works

In this section, we collect additional related works that deserve to be mentioned.

Identifiability and Reward Learning. As aforementioned, the IRL problem is ill-posed, thus, to
retrieve a single reward, additional constraints shall be imposed. [5] analyses the setting in which
demonstrations of an optimal policy for the same reward function are provided across environments
with different transition models. In this way, authors can reduce the experimental unidentifiability,
and recover the state-only reward function. [10] and [26] concern reward identifiability but in
entropy-regularized MDPs [70, [15]. Such setting is in some sense easier than the common IRL
setting, because entropy-regularization permits a unique optimal policy for any reward function.
[LO] uses expert demonstrations from multiple transition models and multiple discount factors to
retrieve the reward function, while [26] analyses properties of the dynamics of the MDP to increase
the constraints. With regards to the more general field of Reward Learning (ReL), we mention [19],
which introduces a framework that formalizes the constraints imposed by various kinds of human
feedback (like demonstrations or preferences [65]]). Intuitively, multiple feedbacks about the same
reward represent additional constraints beyond mere demonstrations. [56]] characterizes the partial
identifiability of the reward function based on various reward learning data sources.

Linear MDPs and Extensions. As explained for instance in [23]], since lower bounds to the sample
complexity of various RL tasks in tabular MDPs depend explicitly on the cardinality state space S,
then we need to add structure to the problem if we want to develop efficient algorithms that scale to
large state spaces. For this reason, the works [67, 23] analyze the Linear MDP model, which enforces
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some linearity constraints to the common MDP model. In this way, authors are able to provide
efficient algorithms for RL in problems with large/continuous state spaces. However, there are other
settings beyond Linear MDPs that are analysed in the RL literature. [20] introduces the notion of
Bellman rank as complexity measure, and provides a sample efficient algorithm for problems with
small Bellman rank. [64] analyzes general value function approximation when the function class has
a low eluder dimension. [22] generalizes both the eluder dimension and Bellman rank complexity
measures by defining the Bellman eluder dimension and providing a provably efficient algorithm.
[L3] introduces bilinear classes, a structural framework that, among the others, generalizes Linear
MDPs.

Reward-Free Exploration (RFE) in Tabular and Linear MDPs. The RFE problem was intro-
duced in [21], where authors provided a sample efficient algorithm and a lower bound for tabular
MDPs. Later on, the state-of-the-art sample-efficient algorithms for RFE in tabular MDPs have been
developed in [24, 137, 132]]. It should be remarked that RFE requires more samples than common RL
in tabular MDPs. [63]] proposes a sample efficient algorithm for RFE in linear MDPs. [62] improves
the algorithm of [63] and, interestingly, demonstrates that RFE is no harder than RL in Linear MDPs.

Online Apprenticeship Learning (AL). The first works that provide a theoretical analysis of the
AL setting when the transition model is unknown are [3} 60]. Recently, [S3] formulates the online AL
problem, which closely resembles the online IRL problem. The main difference is that in online AL
the ultimate goal is to imitate the expert, while in IRL is to recover a reward function. [66] improves
the results in [S3] by combining an RFE algorithm with an efficient algorithm for the estimation of
the visitation distribution of the deterministic expert’s policy in tabular MDPs, presented in [47]. We
mention also [46, 159] for the sample complexity of estimating the expert’s policy in problems with
linear function approximation. In the context of Imitation Learning from Observation alone (ILfO)
[34], the work [57] proposes a probably efficient algorithm for large-scale MDPs with unknown
transition model. [35]] provides an efficient AL algorithm based on GAIL [18] in Linear Kernel
Episodic MDPs [[69] with unknown transition model.

Others. We mention work [27], which considers a classification approach for IRL. However, this is
fairly different from our IRL problem formulation in Section 4]

B Additional Results and Proofs for Section 3

In this section, we provide additional results beyond those presented in Section[3] and then we report
the missing proofs. Specifically, in Appendix [B.T] we provide two numerical examples that explain
Proposition [3.1] in Appendix [B.2] we show that some additional regularity assumptions beyond
the Linear MDP cannot remove the dependence on the cardinality of the state space in the sample
complexity. In Appendix we report and describe the sample efficient algorithm mentioned in
Section 3] while in Appendix [B.4we collect all the missing proofs of this section.

B.1 Some Examples for Proposition 3.1]

The following examples aim to explain Proposition [3.1]in a simple manner.

Example B.1 (Non-degenerate feasible set). Let M = (S, A, H,dy) u {7F} be an IRL instance
such that S = {s1,s2}, A = {a1,a2}, H = 1,do(s1) = do(s2) = 1/2,7F(s1) = 7F(s2) = ay.
Consider the feature mapping ¢, s.t. ¢1(s,a) = 1{a = a1} for all s € S. Then, we have
o = {1} and ® = {0}. Clearly, these sets can be separated by any hyperplane w € R~, since
1-w > 0-w, and so R, .z # {T}, with T(s,a) = 0Y(s,a,h) € S x A x [H]. Actually,
Rpne ={reR|3I0 e (0,1]: ri(s,a) = (#(s,a),0)¥(s,a) € S x A}.

Example B.2 (Degenerate feasible set). Consider the same IRL instance as in the previous example,
but this time consider the feature mapping ¢ s.t. ¢2(s1,a) = 1{a = a1}, and Ppa(s2,a) = 1{a =

as}. Then, we have ®™ = {0,1} and ® = {0, 1}. Clearly, the two sets coincide, thus they cannot
be separated, and R, v = {T}, withTy(s,a) = 0V(s,a,h) € S x A x [H].
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B.2 Additional Regularity Assumptions of the State Space do not Make the Problem
Learnable

In tabular MDPs with small state space S, collecting samples from every state s € S is feasible, and
it is exactly what previous works do:

* Under the assumption that 7% is deterministic, [39} 38]] collect one sample from every
(s,h) € S x [H] using a generative model, obtaining 7 exactly.

o If 7F is stochastic, under the assumption that all actions in the support of the expert’s policy
are played with probability at least i, (see Assumption D.1 of [38]]), both [38] |68] are
able to learn the support of 7 exactly w.h.p. using oc1 /7, samples in the online settingﬂ

* In the offline setting, assuming that the occupancy measure of the expert’s policy is at least
dmin in all reachable (s,a) € S x A, then [31]] learns the support of 7% exactly w.h.p. using
ocl/d i episodes.

However, when S is large, even under the Linear MDP assumption, this is not possible. In Section E}
we have formalized this fact with the following proposition:

Theorem 3.2 (Statistical Inefficiency). Let M U {r¥} be a Linear IRL instance with finite state
space S and deterministic expert’s policy, and let €, 6 € (0,1). If an algorithm 2 is (e, §)-PAC, then
7 = Q(8), where S := |S| is the cardinality of the state space.

Theorem 3.2]tells us that the Linear MDP assumption is too weak for the feasible set to be learnable
using the PAC framework of Definition [3.2] with a number of samples independent of the cardinality
of the state space. Therefore, we can try to introduce an additional assumption on the structure of
the IRL problem M U {7¥} and see whether it helps in alleviating the issue. Let us consider the
following first assumption.

Assumption B.1. We assume a Lipschitz continuity property between features and states:
V(s,a,8)eSx AxS: |é(s,a) — ¢(s',a)|2 < Llls — 5’|,

for some L > 0 and some distance | - — - || in S.

The intuition is that, based on the fact that in Linear MDPs the Q-function of any policy = is linear in
the feature mapping Q7 (+,-) = (4(-,-), w]) for some parameter vector w} € R? (see [23])), then if
we are able to e-cover the state space S, we can approximate the ()-function Q7 (s, ) inany s€ S
with the Q-function Q7 (s, -) of the closest point s’ int the covering, so that |Q7 (s, a) — Q7 (s',a)| =
[(¢(s,a) — @(s',a))Twf| < [P(s,a) — (s, a)|2|wf |2 < Le|w||2. However, this assumption is
not sufficient.

Proposition B.1. Under the setting of Proposition[3.2] even under Assumption[B.1} then an algorithm
is (€,6)-PAC only if T¥ = Q(9).

Assumption [B.1|fails because it does not provide any information about how the knowledge of the
expert’s policy at a state can be “transferred” to other states, and thus we still need to sample almost

all the states of SP™" to get an acceptable feasible set.

We devise another assumption to attempt to fix this issue.
Assumption B.2. We assume the following Lipschitz continuity property:

¥(s,s) €S xSt (s, my(s) — s, 7y ()2 < Llis — &),

for some L > 0 and some distance || - — - || in S.

This assumption says that states that are close to each other cannot have the features corresponding
to the expert’s action too far away from each other. From a high-level point of view, it says that the
features are “somehow” regular with 7, so that when the expert lies in s’ which is really close to s,
then she plays an action which has the same “effect” (i.e., same transition model and same reward,
due to the Linear MDP assumption) as the expert’s action in s.

Assumption B.2]is not comparable with Assumption since, on the one hand, it does not hold for
all actions in .4, but only for those corresponding to 7w, but, on the other hand, provides information
on how to transfer knowledge about 7% to neighbor states.

°Actually, [68] makes use of a concentrability assumption too.

54836 https://doi.org/10.52202/079017-1739



Let A’ := milges q,a7edip(s,a)2d(s,a') |P(5,a) — @(s,a’)||2, i.e., the smallest non-zero distance
between the features of different actions. Clearly, when S is finite, since in Linear MDPs also
A = |A| is finite, then A’ is finite too. So we can define a new quantity A to be any number
0<A<A

Proposition B.2. Under the setting of Proposition under Assumption then a number
E _ A ; ; E ;
of samples % = |N(5;S, | - )| is sufficient to recover " exactly in any (s,h) € S, where

|N(%; S, | - D] is the A/(2L)-covering number of space S w.r.t. distance || - |.

Intuitively, by constructing a covering with a sufficiently small radius in the state space S, then we
are able to retrieve the exact expert’s action in the neighborood of each state of the covering. Doing
so, we are able to construct e-correct estimates of the feasible set. Of course, this is possible as long
as A’ is not too small, and L is not too large. When S is infinitely large or continuous, it might be
possible to construct feature mappings in which A’ — 0, and so the approach would still require too
many samples.

However, even for cases with finite and not too small A’, the result in Proposition 1S not
satisfactory, because it just allows to retrieve 7% under a stronger assumption than Linear MDPs,
but not to perform an interesting learning process. We observe that the feasible set is an “unstable”
concept, in the sense that, based on Proposition [3.1] changing the expert action in a single state might
reduce the feasible set from a continuum of rewards to a singleton, or vice versa.

Remark B.1. If we want to be able to recover the exact feasible set efficiently, we need to recover
the exact expert’s policy almost everywhere.

B.3 Algorithm

By exploiting an RFE algorithm as sub-routine like that of Algorithm 1 in [63] or Algorithm 1 in
[62], we are able to construct estimates gf the transition model p, that can be used to compute an
“empirical” estimate of the feasible set R ~ R; .= (since ¢ and 7 are known). The algorithm is
presented in Algorithm [T}

Algorithm 1: IRL for Linear MDPs (known expert’s policy)

Data: failure probability § > 0, error tolerance € > 0, expert policy 77, all sets Z € S x [H]

that coincide with SP™" almost everywhere based on measure ar"”
D — RFE_Exploration(J, €) /* Various choices */
forhin{H H—1,...,2,1} do

s | ATt 3 olshiafolshabT
k=1

4| () <AL k; o(sfi, ap)d (-, 55 11)

end

6 Pr(-|s,a) — (@(s,a),ip(-)) forall (s,a,h) e S x A x [H]

R {?e%)ﬂZ,V(s,h) eZVaeA: K Qi(sdip7) = Qi(s,a:5,7)

a’~7r,?(~|s)

(S

wn

N

Return 7@

o

Simply put, Algorithm[TJuses the dataset collected by an RFE algorithm to compute a least-squares
estimate of the transition model p, and then it returns the feasible set defined according to it (recall
that ¢ and 7% are known). Notice that this algorithm cannot be implemented in practice due to
various reasons, like the presence of the Dirac delta 6 measure in the definition of some quantities
(see Appendix [B.4.3), and the fact that the feasible set is, potentially, a set containing infinite rewards.
Nevertheless, Theorem [3.3] states that this algorithm is sample efficient. The proof of the theorem is

provided in Appendix [B.4.3]

It should be remarked that Algorithm I]takes in input also the true support of the visit distribution
of the expert policy S in case S is finite, and all the possible sets Z that agree with SP” ae.
based on the measure dP™" in case S is infinite. Intuitively, this set (S? VWE) of (s, h) pairs represents
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the domain in which 7 is defined. Indeed, since the expert in the true problem p never visits pairs
(s',1) ¢ S its expert policy might reasonably be non well-defined there. When S is infinite, we

require all sets Z because otherwise we cannot know which are the sets S”'™ \ Z with zero measure,
i.e., in which the reward can induce an optimal action different from the expert’s one, since the overall
contribution to the expected return is zero.

The proof of Theorem [3.3]is obtained by using Algorithm 1 of [62] at Line 1 of Algorithm|[I] In
Appendix [B.4.3] we demonstrate an upper bound also if we use Algorithm 1 in [63].

B.4 Missing Proofs

Before diving into the proofs, we recall some important properties of the feasible set and of the
Linear MDPs that will be useful in the proofs. First, we provide an explicit form for the feasible set
presented at Definition 3.1}

Lemma B.3 (Lemma E.1 in [31])). In the setting of Definition[3.1] if S is finite, then the feasible set
Ry xre satisfies:

Ryt = {rei)‘{’V(s,h) eSp’”E,VaeA: E  Qi(s,d;p,r) = Q;"L(s,a;p,r)}.

a/~mp7 (-]s)
Notice that we have extended Lemma E.1 in [31] to consider stochastic expert policies (the extension
is trivial). We can easily extend it to problems with large/continuous S.

Lemma B.4 (Feasible Set Explicit). In the setting of Definition then the feasible set R, =
satisfies:

E

Ryne ={re®|vhe [H],3S < Sp™ dp™ ()= 0 A Vs ¢ S,Vae A:

Qii(s,a’sp,r) = QF (s, a5 p, T)}-

a/~m 7 (|s)

Simply, Lemma B.4]improves on Lemma [B.3| by allowing the reward to enforce the “wrong” action
(i.e., different from the expert’s action) in a subset with zero measure based on the visitation
distribution.

Proof. The proof is completely analogous to that of Lemma E.1 in [31]. We just need to observe that
if set S has zero measure (and the set of rewards R contains bounded rewards), then it does not affect
the expected return. O

Another useful property that we need is that the Q)-function is always linear in the feature map for
any policy in Linear MDPs.

Proposition B.5 (Proposition 2.3 in [23])). For a Linear MDP, for any policy 7, there exist weights
{w}; Ynegm) such that, for any (s,a,h) € S x A x [H], we have Q} (s, a) = {¢(s,a), w} ).

We can combine the results of Lemma[B.4Jand Proposition[B.5]to obtain the following characterization
of the feasible set in Linear MDPs.

Lemma B.6. In the setting of Definition 3.1} the feasible set R, .= satisfies:
Ry re = {1 €R[3wnbuegm, V(s,0,h) € S x A x [H] s ra(s,a) = (d(s,0),00)
AVhe [H],3S < Sﬁ’”E : dﬁ’”E(E) =0AVs¢S Val e AP (s):
(@(s, "), wn) = max(o(s, ), wn)}.
acA
where 0y, == wy, — § s maxaeald(s’, '), wh1)dun(s") for all h € [H], and AF(s) = {a €
AlrE (als) > 0}.

Proof. From [43]], we know that in any MDP there exists an optimal policy. Therefore, thanks to
Proposition we know that the optimal @)-function Q* is linear in the feature map too. So, there
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exist parameters {wy, }p, such that, for any (s,a,h) € S x A x [H], the optimal Q-function can be
rewritten as Q} (s, a) = {(¢(s, a), wy, ). From the Bellman equation, we know that:

Q;l:(sa a;p,r) = Th(sva) + fvh*+1(s/;pv T)dph(5/|sa a)
S

= (¢(s,a),0n) + {((s,0), fﬁggﬁ(qb(s’, a'), wh1)dpn(s)).
5

By rearranging this equation, and removing the dot product with ¢(s, a), we obtain that:

On = wy — J max{(¢(s’,a’), wn1ydun(s’).
s a'eA

Now, this holds in any Linear MDP. If we desire to enforce the constraints in Lemma[B.4] we simply
have to impose the constraint on the optimal Q-function using parameters {wy, }, outside some S.
This concludes the proof. O

It is useful to introduce the following definitions. First we define the set of parameters that induce a
Q-function compatible with :

Wy = {w . [H] —» R|Vh e [H],3S < S,’l””E :dﬁ’ﬂE(g) =0AVs¢S Vat e AP (s):

(6(s,0"),wn) = max((s, a),w) .

Next, we define the set of parameters of the reward function obtained by using ()-functions
parametrized by w € W, . »:

Oy re = {0 [H] > R | 3{wi}n € Wy s+ 6 = wy — L max(é(s',a'), was)dpn (1) .

Irrespective of the transition model {p, };, and the feature map ¢, we see that it is always possible
to construct a surjective map from ©,, .= to W, = (the map in the definition of ©,, ). Thanks to
these definitions, the feasible set can be rewritten as:

Ryre ={reR|IHOntn € Opp,V(s,a,h) € S x Ax [H] : ry(s,a) = {¢(s,a),0n)}.

We are now ready to provide the proofs of the various results of this section.

B.4.1 Proof of Proposition3.1]

Proposition 3.1. Let M be a Linear MDP without reward with a finite state space, and let ¢ be a
feature mapping. Let {@ZE Ynepry and {®p} ey be the sets of expert’s and non-expert’s features,

defined for every h € [H] as:
@ZE = {¢(s,a”)|se S,’:’WE, a¥ € AF(s)}, O, = {¢(s,a)|s € Sﬁ’”E, ae AAf(s)},

where AP (s) = {a € A|rE(-|s) > 0} for every s € S. If for none of the H pairs of sets (<I>ZE, Dy)
there exists a separating hyperplane, then R,, v = {T}, withTp,(s,a) = 0Y(s,a,h) € S x Ax [H]
i.e., the feasible set with linear rewards in ¢ contains only the reward function that assigns zero
reward everywhere.

Proof. From [8]], we recall that two sets Yy, Vs, are separated by a hyperplane H = {z|aTx = b} if
each lies in a different closed halfspace associated with H, i.e., if either:

alyr <b< alys, Yy € V1,Vy2 € Vs,
or:
alyo <b< aTyr, Yy € V1, Vy2 € Vo,
By definition of W, .=, for each stage h € [H], we are looking for vectors wy, € R? such that
V(s,h) € 8P it holds that:
wlp(s,a) < wld(s,a”) Va¥ € AF(s),Va e AAE(s).
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In words, for each (s, h) € SP T we are looking for non-affine separating hyperplanes between
features of expert and non-expert actions. However, since the hyperplane parameter wy, is common

E
to all states s € S’" , then it must separate expert from non-expert actions at all states. This is
equivalent to finding the separating hyperplanes to the sets <I>;;E and ®;, which contain all the points.
Clearly, when the separating hyperplanes do not exist at all » € [H], then the condition in W, . is

satisfied by the zero vector alone. As a consequence, set ©,, .= contains only the zero vector, and so
does Ry, re. O

Remark B.2. By using the result of Lemma we can easily convert Proposition|3.1|into a more
general result by considering the impossibility of separating any pair of sets constructed by varying
at will some subsets with zero measure. We will not provide such result explicitly.

B.4.2 Proofs of Proposition 3.2]and Appendix [B.2]

In the PAC framework of Definition we have not specified formally the inner distance d:

1
d(r,7) =

sup E Th 87a)_?h S,a)|, (1)
r,7 mwell h;[;“l]] (s,a)~dP" () | ( ( >|

where:
o= 0,
M, = max{V/d, o 16512 e 10412}/,

where {01, },, and {6},}, are the (unbounded) parameters of rewards r and 7. As explained in [31]],
such normalization term allows us to work with unbounded reward functions. In practice, we are
relaxing the Linear MDP assumption presented in Section [2]about the boundedness of the parameters
0 of the rewards to avoid the issue described in [38] and [31]. We still assume that the feature mapping
is bounded. Observe that this relaxation does not affect the results we present, which would hold
even if we considered bounded parameters 6. Indeed, as visible in the proofs, the instances do not
need to be constructed with unbounded 6.

Theorem 3.2 (Statistical Inefficiency). Let M U {7} be a Linear IRL instance with finite state

space S and deterministic expert’s policy, and let €, 6 € (0,1). If an algorithm 2 is (e, §)-PAC, then

7 = Q(8), where S := |S| is the cardinality of the state space.

Proof. We construct two problem instances that lie at a finite Hausdorff distance, and show that, with
less than S calls to the sampling oracle, we are not able to discriminate between the two instances.

Let S be the finite state space with cardinality S, A = {a1,a2}, H = 1,do(s) = 1/S Vs € S,
qbgg a) = 1{a = a,}, and consider two deterministic expert’s policies ¥ (s) = a; Vs € S, and
7¥(s) = a1 Vs € S\{3}, and 7 (3) = ay, for a certain 5 € S. The set of parameters compatible
with ¥ is:

@pm{f = {96R|9 = 0},

since Q1 (s,a1) > Q™ (s,a2) == r(s,a1) = 1(5,02) = ¢(s,01)0 > §(5,02)0 >
1-0 > 0-6. Observe that, for 7r2E , due to the presence of 5, we have:

@pmg ={feR|6 =0},
since s imposes 6 < 0, and the other states impose 6 > 0.

Therefore, the Hausdorff distance between the two problems is:
1
H(R,e,R = ——f0 = —0 =1
( i ”5) 2;18 max{1, 6,0} 2;1% max{1, 0}

Obviously, we need a ©2(.S) samples to spot, if it exists, state 3, and thus distinguish between Rﬂ{s
and R, 5. O

Proposition B.1. Under the setting of Proposition[3.2} even under Assumption|B.1| then an algorithm
is (€,8)-PAC only if T¥ = Q(9).

Proof. The same proof of Proposition [3.2] works here.
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In particular, we now show that Assumption[B.T]does not help. The Hausdorff distance between the
instances in the proof of Proposition [3.2]can be written as:

1
H(R.p,Ror) = sup inf —— E
( 1E 2E> 91>po 62=0 max{l 01, 92} -n—ell‘)[ s~do(-),a~m(:|s)
= sup inf ————su E s,a)01 — ¢(s,a)b
912% 02=0 max{l 91} ﬂeg s~do(-),a~m(+|s) |¢( ) ! (b( ) 2
+ ¢(S/a a)01 + ¢(S/a a)02|

< su E s,a) — ¢(s,a)|+0
s RS TR e

|r1(s,a) — ra(s,a)|

+ sup sup ——————— in E s',a)0; — (s, a)d
T P (L, 2] oo ey [P0 1 9 )6

= sup E s,a) — ¢(s',a)| + sup E o(s',a),

mell s~do(+),a~m(:|s) |¢( ) ( )| mell s~do(-),a~7(-|s) ( )

where s is the state in the covering closest to state s; while the first term can be bounded, the
assumption does not help us with the second term. O

Proposition B 2. Under the setting of Proposition 3.2} under Assumption [B.2] then a number
of samples TE = |N(£::S,| - )| is sufficient to recover 7% exactly in any (s,h) € S, where

NV (5:S, |- )] is the A/(2L)-covering number of space S w.rt. distance | - |.

), there always exist another
%3S, ||+ |) such that |s — s| < £;. By Assumptlonwe know that:

[6(s, 7 (5)) = o', 7y ()2 < Llls" = s <

and since ¥ (") and thus ¢(s’, 7F (s')) is known, then the fact that A is finite guarantees us that
7E(s) is equal to the action a that minimizes the distance to ¢(s’, 7 (s")). Notice that if, by
contradiction, there were two actions a1, as with |¢(s, a1) — ¢(s', 7E(s")) |2 < 4§ and | ¢(s, az) —

¢(s',mE(s"))[2 < 5. then by triangle inequality and finiteness of A, we would have:
A < (s, a1) — ¢(s, az)2
< [é(s,a1) = o(s' w7 ()2 + [ 6(s, a2) — o(s", 7 ()12

Proof. For any state s € SP™ | by definition of covermg NS, |-
state s’ € N/ (

A A
< — = A,
2 2
which is clearly a contradiction. O

B.4.3 Proof of Theorem 3.3

The proof is based on deriving an upper bound to the Hausdorff distance between the true feasible set
and its estimate. To do so, first, using the notation of [23], let us define the following quantities:

Pr(-[s,a) = <{o(s, a), un(-)),
f@)h("saa) = d)(s’a)TA}:l Z ¢(527a2)6('532+1)7

k=1

Py (|5, a) = Z (st» an)Pr(-|sk, ai),

where (-, ) is the Dirac measure, and (s¥,a¥) represents the state-action pair visited at stage h
of exploration episode k € [7]. In words, P denotes the true transition model, P denotes the least
squares estimate computed by Algorlthml 1| and P represents a bridge between the two. As we will
see, the core of the proof consists in upper bounding the term ’ (Py — )Vh+1 (s, a)| atall h e [H]
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and reachable (s,a) € S x A, for all the bounded linear functions V' in class V), defined as:
V= {V .S x [H] — [-H, +H] ‘ V() = maxg(- a)Tw, fuwls < 2H\/ﬁ}. 2)
ae

To achieve this goal, it will be useful to apply triangle inequality and to bound the following two
terms separately:

‘(]P’h — @)Vh+1<5,a)‘ < ‘(Ph - ﬁ)Vh+1(S7 a)’ + ‘(@h — I@)Vhﬂ(s,a)‘.
Lemma [B.7]and Lemma[B.8] which we now present, serve exactly this purpose.

Lemma B.7. For any value function V in the class V, for any (s,a,h) € S x A x [H], it holds that:
‘(ﬁh — Ph)VhH(s, a)‘ < min {H\/ﬁ”q’)(s, G)HA;172H}.

Proof. We have:

(ﬁh - ]P)h>Vh+1(37a) = ¢(s,a)TA, Z d(sk, af )P Vii1(sy, ai) — PhVig(s, a)

I, — Y o(sk, ab)(sh, af) T |

k=1

3 _
2605, )AL | Y @5k ah)PuVisa (sh, af)

-

b
Il
—

,
- Z QS(S;CN a’ﬁ)Ph,Vh-&-l(Sﬁv ai) - ah]
k=1

= 7¢(57 a’)TAglwh?
where at (1) we have defined vector @y, := §¢ Vi41(s")dpn(s’), at (2) we have used the definition of
Ay, and at (3) we have recognized that qﬁ(s’,j, a’,ﬁ)Tzﬁh = IP’;,,VhH(s’fL, aﬁ).

By taking the absolute value, we can write:
‘(Fh - Ph)Vthl(sva)‘ = |¢(s,a)TA}, M|
@
< @nlp-1 1605, @),
6
< [ @nl2]é(s, a) |-
6
< H\/EW(S» a’)HA;l )
where at (4) we have applied Cauchy-Schwarz’s inequality, at (5) we have bounded the quadratic form

with the 2-norm and the largest eigenvector of the matrix, i.e., Hﬁjh”A}—l = A/ WT A} M < Jo | @2

where o is the largest eigenvalue of matrix A;l, and then we have upper bounded o < 1, since 1 is
the smallest eigenvalue of invertible matrix Ay, (see [23]); finally, at (6) we have used the fact that

[Visr(-)] < H, and so that [z = | T Vi1 () djan ()2 < Hlua(S) > < HVA.
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The result follows by noticing that the quantity to bound cannot be larger than 2H. O

Lemma B.8. Lerd € (0,1). For any value function V. in the class V, for any (s,a,h) € S x Ax [H],
with probability at least 1 — §/2, it holds that:

’(],I\Dh - @h> Vit1(8, a)‘ < min {CH\/dlog (1+7) +log %Hgb(s, a)|Ah1,2H},

fOF some constant c.

Proof. We can write:

‘(ﬁih - Fh)VIH-l(S,a)‘ = ‘fb(&a)TA;l Z ¢(S§,aﬁ)[vh+1(5§+1) - PthH(SIZ,aZ)]’
k=1

T

(D
< H Z o(sy, af [Vh+1(5]i+1) - Pth+1(Sli€ua§)]HAfl
k=1

/

(s,0)

—1
Ah,

2) d
\/4H2 ilog 1+7) +logTN) + 872¢2

\/4H2(C2i log(1 + 7) + 2dlog (1 + HT\/E) + log %) + 87’262H¢(3, (JL)H/V1
h

N

o)

—1
h

3)

N

d
@ \/4H2( log(1 + 7) + 2d log (1 + 47) + log 5) + 8H2dH¢ (s, ) H

—1
Ah

(5) 1
< cHi/dlog(1 + 7) + log 5H¢(s, a)”

_10
Ay

where at (1) we have applied Cauchy-Schwarz’s inequality, at (2) we have applied Lemma[B.13] at
(3) we have upper bounded N, using Lemma[B.12] at (4), similarly to [62]], unlike [23], we see that

no union bound is needed (because there is no dependence on A), thus by choosing ¢ = H \/E/T we
get the passage. Passage (5) follows for some constant c.

The result follows by a union bound over h € [H], and by noticing that the quantity to bound cannot
be larger than 2H. O

We are now ready to upper bound the Hausdorff distance using the two lemmas just presented. Recall
that we work with unbounded rewards (parameters 6), and that the definition of inner distance d is
provided in Equation ().

Lemma B.9. With probabllzty at least 1 — §/2, the Hausdor{f distance between the true feasible set
Ry e and its estimate R returned by Algorzthmcan be upper bounded by:

H(Rp,TrE7R) < 4.J* (uap)a
where up(s,a) = min{p|¢o(s, a)HA;l JHY for all (s,a,h) € S x A x [H], and =
cH+/dlog(1 + 7) + log(H /0) for some absolute constant ¢ > 0.

Proof. Let us begin to bound the first branch of the Hausdorff distance.

sup inf d(r,7) = sup inf sup Z E  |ru(s,a) = 7u(s, a)|
TERP,WE reR TGRP,T&'E reER r,7 mell hEHH]] (s,a)~dh’ (1)
@ .
Y supinf ——sup Y 17 (s asp.7) = PaViz (s, asp.)

TE'RPJE reR Mrr well he[H] (S,G)Ndp (s

7Qh(5 a; p7 )+thh+l(s a; p7 )’

) 1
< sup 27 S Z pw ‘Qh s,a;p, 1) — PRV (s, a;p,7)
reR,. _E r, 7 well he[H] (s,a)~dp" (-

b,

- Q;‘;(Sa a;i)\a ?/) + ]P)th*Jrl(S: a;ﬁa ?{)|a
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sup Z ]Epw ‘QZ(Sva;pa 7") 7thh*+l(saa;p7 T.)
reR B r,7 mell he[H] (s,a)'vdh’ ()

— Qi (s a;p,m) + BuViE (s, a5p,7)

1 A~
S E P, — P, V¥ ,a;p,
TE%UPE g :lelgh;[;”] (s.0)~d ™ (1) |(Ph —Pn) Vi1 (s, a5 p,7)|

b,

@ ~ VE (s a;p,r
@ up E  |(Ba—py)— 80P
TR, e Lt )T ) max{L, max, [0 |2/ V)
(©) 3 * T
= sup E Py, — Pp) Vi1 (s, a5p, =)
reR, B he%ﬁl]] (s,a)~dP7 () |( ) h+1 K |
(6) ~
< sup sup E Py, — Pr) Vit1(s,a)l,
VeV rell h@z[l“{]] (s,a)~dff(,7‘) |( ) +1 )}

where at (1) we have simply applied the Bellman optimality equation twice w.r.t. the reward
function, at (2) we have upper bounded the infimum over the second set of rewards R with the
specific choice of reward 7 € R provided by Lemma at (3) we use the property of 7 de-
scribed in Lemma at (4) we bring term 1/M, ; inside, and then we upper bound it by:
/M, =1/ max{+/d, max, |62, max;, ||§h\|2}/\/& < 1/max{1, maxy, |0y 2/V/d}, i.e., by sim-
ply removing one of the terms inside the maximum operator at denominator. At (5) we define
K = max{1, maxy, |0}]2/+/d}, and, since the value function is linear in the reward, we apply
K directly to the reward. At (6) we realize that the possible optimal value functions that can be
constructed in p using rewards in R, .= normalized by K are a subset of the value functions in class

V, i.e., of all the possible optimal value functions with parameters |wy, |2 < 2H+/d. This is not trivial
since we are working with unbounded rewards r, and thus their parameters {6}, }, can be any. The
normalization by K permits this in the following manner. For any h € [H], we have 7, (-, -)/K =

(p(,-), 0/ K = {o(-,-), 0/ max{1, maxy |0n||2/v/d}). Therefore, if max, |02 > +/d, then
the normalization makes sure that maxy, ||} |2 = v/d, while if maxy, [0} |2 < v/d, then the nor-
malization is by 1 and it has no effect. In this way, we see that value functions Vh*+1(87 a;p, )

can be created by a simple 7' with parameters {¢} }, with 2-norms bounded by +/d. This guaran-
tees that, since by hypothesis of Linear MDPs |¢(-, )2 < 1, the value function never exceeds
H, and that the norm of the Q-function parameters {w] }, for any policy 7 can be bounded as:
lwhlz < 160/K |2 + | §s Vi1 (8" )dpn(s") 2 < vV + H|un(S)|2 < vV + HVd < 2HV/d (simi-
larly to Lemma B.1 of [23]]). It should be remarked that class V is more general than the actual set of
optimal value functions that can be obtained using 7 € R, .= in p, since such rewards induce optimal

value functions for which the optimal action in s s always the expert’s action/s 7 (s).
Notice that the same derivation can be carried out also for the other branch of the Hausdorff distance,

ending up with the same expression. Therefore, the last line is an upper bound to the Hausdorff
distance:

Hd(Rp,ﬂ.E77/?\,) < sup sup E |(I§’h - Ph)Vh+1(s,a)|

Vevrell Sy (s,a)~dp ™ (1)

) 3

= sup E sup|(Py, — Pp) Vihi1(s,a
rell hez[[;{]} (S7a)~dﬁ’7r(w')V€V‘( ) +1( )‘

= su E sup |(B, — P,)V; s,a)+PLV; S, a
Wegh;ﬂ;ﬂ] (s,a)~dﬁ’“(-,-)v€g‘( h = Pn)Vii1(s,a) P, Viga (s, )|

®) — N —

<sup ) E  sup |(Ph —Pr)Vier(s,a)| + | (Pn — Pr) Viea (s, a)|
mell S (s,0)~dp’" () Vey

© . H

< sup Z E min clH\/dlog(l +7) +log —|o(s,a)| ,-1,4H
mell Sy (@) ~di 7 () g "
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. H
< 4sup E NIEP,W ~ min { czH\/dlog(l +7) + log 5 |o(s,a) \|A;1,H}
mell (s,a)~dp™ ()
he[H] h

=

= 4sup Z E ~ min {5||¢(S,G)HA;1,H}
mell hEﬂH]] (sva)'”dh (7)

=up (s,a)

= 4sup E up(s,a
well he%‘l]] (s,0)~dp™ (") ()

= 4J%(u;p),

where at (7) we have noticed that class V contains the cartesian product of H sets, one for each stage,
and therefore the supremum can be brought inside the summation, at (8) we have applied triangle
inequality, at (9) we have applied Lemma and Lemma [B.8] and used some absolute constants
¢1,¢e > 0, and also the fact that for any numbers z, y, w, z, we have min{z, y} + min{w, z} <
min{z + w,y + z}.

O

To conclude the proof of the main theorem, we simply have to observe that any RFE algorithm
provides a bound to J*(u’; p) for some v’ similar to u. Depending on the RFE algorithm instantiated
as sub-routine, the sample complexity of Algorithm [I] varies.

Theorem 3.3. Assume that TF (along with its support Sp’”E) is known. Then, for any €, € (0,1),
Algurithmis (€,0)-PAC for IRL with a number of episodes T upper bounded by:

T<(5<H6—zd(d+log%)).

Proof. To get the result, we instantiate Algorithm 1 of [62] as RFE sub-routine. Simpli, observe that

[62] sets 3’ so that 3 > B p— H\/d log(1+ dHT) +log(H/d) = . By Lemma | we know
that:
H(Ry e, R) < 4dsup 3 E  min{f|é(s,a)| -1, H}
mell helH] (s,a)~dy7 () h

< 2c18 sup E &(5,a)| 1,
1 h@%—]]] well (s,a)~dp " (+°) I )HAh,

for some absolute constant ¢; > 0. It should be remarked that the quantity in the last line is, modulo
c1, the quantity that [62] bound in the proof of their Theorem 1 using their algorithm. Specifically, by

taking:
~( H°d 1\  HSd? 1
T<O<e2(d+10g5)+ . log 5),
and a union bound over the two events that hold w.p. 1 — 6/2, and re-setting ¢ < c1¢, we get the
result. H

Notice that if we run Algorithm 1 of [63]] for exploration instead of Algorithm 1 of [62]], we obtain:

Theorem B.10. If we use Algorithm 1 of [|63)] at Line 1 ofAlgorithm then for any €,0 € (0, 1),
such algorithm is (€, §)-PAC for IRL with a number of episodes T upper bounded by:

~( HSd? 1
T<O< = 10g5>.

Proof. By Lemmal[B.9] we know that:
H(Rp ., R) < 4T*(us )
=dsup ) E  min{g|¢(s,a)|-1, H},

mell helH] (s,a)~dP 7 (-,-)
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for B == cH+/dlog(1+ 7) + log(H/5). Now, let us define, similarly to Appendix A of [63],
the quantities u},(s,a) = min{ﬁ’Hqﬁ(s,a)HA;l,H} for all (s,a,h) € S x A x [H], and ' =

c'dH+/log(dH /4 /e) for some absolute constant ¢’ > 0. In addition, set the number of exploration
episodes 7 to 7 = ¢’d*H%log(dHJ e~ 1) /€2, and notice that, for appropriate choices of ¢, c”,
it holds that: ' > ¢/dH/log(dHT/5) > B := cH/dlog(1 + 7) + log(1/5). This entails that
uy,(s,a) = up(s,a) atall s, a, h, and so:
H(Rymm, R) < eJ*(u';p)
= cHJ*(u'/H;p)

o) d3H* log ¢2H
<cH araoe Ty
-

)
< C2€,

where at (1) we have applied Lemma 3.2 of [63] (reported in Lemma [B.14]for simplicity) with some
new constant c¢; > 0, and at (2) we have simply replaced 7 with its value defined in Algorithm 1 of
[63]].

The result follows by union bound between the two events that hold w.p. 1 — 6/2 to get 1 — 4, and by
noticing that ¢, is a constant, thus setting € < coe provides the result. O

Lemma B.11. Let R, & be the feasible set of policy 7F wort. transition models p, and let R be its

) . ; ) B ~
estimate constructed as in Algorithm|l|using the true 7 ,SP™" (or sets Z) and some p. For any
reward r € R,, ., the reward 7 such that, for all (s,a,h) € S x A x [H]:

?h(sva’) = Th(S,CL) + f ph($,|S,CL)Vh*+1(S/;p,7‘) - J ﬁh(sl‘saa)vh*-}—l(sl;ﬁa ?)a
s'eS s'eS
belongs to R. Moreover, observe that: Qi (s,a;p,r) = QF(s,a;p,7) atall (s,a,h) € S x Ax [H].

In addition, for any reward 7 € 'R, it is possible to construct a reward r in analogous manner so that
7 € Ry rE, and such that Qj (s, a;p,r) = Qf(s,a;p,7) atall (s,a,h) € S x A x [H].

Proof. First, we consider the case when S is finite. By rearranging the terms in the definition of 7,
we see that, for all (s,a,h) € S x A x [H]:

’Fh(sﬂa‘) + Z ﬁh(s/\s,a)vh*+1(s/;ﬁ, ?) = Th(S,a) + Z ph(sl‘saa)vht»l(sl;pv T)a
s'eS s'eS

which, by the Bellman optimality equation, entails that Q;: (s, a; p,r) = Q5 (s, a; D, T)
We recall that R is defined as:
R={Fen|¥(snes ™ vacA: E  Qisdih) > Qh(sap}

a/'~mE(|s

while thanks to Lemma|[B.4] the feasible set R, .= can be written as:

RP,ﬂ'E = {7" € m ‘ V(S, h) € Sp’ﬂEa va € A : E )Q;l:(sﬂ a/;pa 7‘) > QZ(Sv a;p, T)}

a'~mE (s
Itis clear that, if Q} (s, a;p,r) = QJ (s, a;p,7) forall (s,a,h) € S x Ax [H], thensince r € R,, ;=
we necessarily have 7 € R.
The proof of the opposite case is completely analogous.

In the case with infinite S, notice that both the feasible set R, ;= in Lemma and the definition of

R in Algorithmmake use of the same sets Z. Thus, we simply make the choice of reward with
same Z and proceed like in the finite case. O

Lemma B.12 (Covering Number of Class V). Let V be defined as in Equation [2), and define distance
distin'V as dist(V,V') := sup,.5 |V (s) — V'(s)|. Then, the e-covering number |N (¢; V, dist)| of

54846 https://doi.org/10.52202/079017-1739



set V with distance dist can be bounded as:

4H~/d
log [N (& V, dist)| < dlog (1 + \f)

€
Proof. The proof follows that of Lemma D.6 of [23], but is simpler because of the different form of
V.

For any V1, V5 € V parametrized by w1, w2, we write:

dist(V1, V2) = sup
seS

Igg@(s, a),w) — rgea}@(s, a),ws)

1)
< T(wy — )
(sglea‘gww(s,a) (w1 — ws)

@
< sup ‘(bT(wl—U&)‘
#illlla<t

3
Dy — wy,

where at (1) we have used the common bound that the absolute difference of maxima is upper bounded
by the maximum of the absolute difference of the two functions, at (2) we have used the fact that the
feature map is always bounded by 1 in 2-norm, and at (3) we have recognized the dual norm of the
2-norm, i.e., itself.

If we construct an e-cover of W := {w € R? | |w|y < 2H+/d} w.r.t. the 2-norm, we get a covering

number bounded by [N (e; W, | - ||l2)| < (1 + 4H+/d/e)?. Clearly, this value upper bounds the
covering number of class V and the result follows. [

Lemma B.13 (Lemma D.4 of [23]])). Let {si}}"_, be a stochastic process on state space S with
corresponding filtration {F }{_. Let {¢1,}?_, be an R%-valued stochastic process where ¢y, € F,_1,

and |¢yll2 < 1. Let Ay = I+ Y, _, ¢r¢}. Then, for any 6 > 0, with probability at least 1 — 6, for
all 7= 0, and any V € V so that sup,.s |V (s)| < H, we have:

kg‘l ou (Vo) ~E[V(su)IFi])| | < 41 Flog(1+7) + log NT] + 877,

AT?
where N is the e-covering number of V with respect to the distance dist(V, V') == sup,.s |V (s) —
VI(s)l-

Lemma B.14 (Lemma 3.2 of [63]]). With probability 1—46/2, for the function v’ defined as u}, (s, a) =
min { ]| ¢(s, a)|\A;1,H}, with ' == ¢/dH+/log(dHd~1e~1), we have:

d3H4 log 4=
J*(UI/H)<C o8 8 5
\/ T

for some absolute constant ¢ > 0.

C Additional Insights on Compatibility

In this appendix, we collect and describe additional insights to the notion of rewards compatibility
introduced in Section[d] The appendix is organized in the following manner: Appendix [C.I]provides a
visual explanation to the notion of rewards compatibility, in Appendix[C.2|we analyse a multiplicative
alternative to the definition of rewards compatibility, and Appendix [C.3]discusses the conditions
under which a learned reward can be used for “forward” RL, by comparing rewards with small
(non)compatibility with rewards learned in previous works.

C.1 A Visual Explanation for Rewards Compatibility

In this appendix, we aim to provide a visual intuition to the notion of rewards compatibility. For this
reason, the reader should keep in mind Figure
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dpP>T1 dp

dprP:™

dr " dp"

Figure 3: In this figure, the point at the center represents the initial state sg = dg of the environment
M, and each ray starting from it represents the occupancy measure d”™ of some policy m. The
figure aims to provide the intuition that policies with rays close to each other induce similar visit
distributions (e.g., both point towards the same direction in some grid-world), and policies with rays
far away from each other point toward very different directions (i.e., they have different occupancy
measures). The red area in the right denotes the set of directions (occupancy measures d”™ for some

) that are close in | - ||; norm to the direction of the expert ",

As explained in Section [} even in the limit of infinite samples, i.e., even if we know M =
(S, A, H,dy,p) u {rF} exactly, and even if we assume that the expert is exactly optimal, i.e.,

J*(rE;p) — J™° (rP;p) = 0 (where 7% is the true reward optimized by the expert), then we still do
not have idea of how other policies perform. Expert demonstrations only provide information about
the performance of a single policy, 7%, w.r.t. to the reference J*(r; p) under the unknown ¥, i.e.,
demonstrations say that 72 in ¥ performs as good as J*(r¥; p). But what about other policies?
Demonstrations provide no information.

To see this, consider Figure 3| in which each line exemplifies the visitation distribution induced by
some policy 7 € II, and the point in the middle represents the starting state sg = dy. Intuitively,

observing ar® along with knowing that J m* (r®;p) is good (i.e., because of expert demonstrations),
does not tell us anything about the distribution d”°™ induced by some other policy 7 potentially

arbitrarily different from ar". Indeed, it might be the case that J™ (r¥; p) is acceptable, or that it is
as good as J " (r¥;p), or that it is very bad. We cannot know from demonstrations only.

For this reason, if we consider the set of rewards with 0-(non)compatibility, i.e., the feasible reward
set, we notice that it contains the rewards 7 that make 7 optimal J™ (r; p) = J*(r; p), but also the
rewards 7’ that make 7 nearly optimal J7(r";p) ~ J*(r’;p), and also the rewards " that make
T a very bad-performing policy J™ (r”; p) « J*(r";p). Indeed, as long as both r, 7, r”” make the
direction pointed by aP" in Figurea good direction, then they are in accordance with the constraint
imposed by the demonstrations. The additional Degrees of Freedom (DoF) provided by policies
beyond 7% (e.g., 7, . ..) permit the ill-posedness of IRL.

We said that expert demonstrations provide information just about the performance of a single
policy, 7. However, to be precise, in the context of IRL, this is not correct. Indeed, differently
from the mere learning from demonstrations setting, in which we just assume that 7 is a very
good-performing policy, in IRL we assume that the underlying problem is an MDP, i.e., that the
expert agent is optimizing a reward function ¥ ET] This additional structure (i.e., that the underlying
environment is indeed an MDP), makes sure that the performances of various directions d”>™ in
Figure |3| are measured through a dot product with a fixed reward function 7, i.e.:

JT(r;p) = Z dy™ ).
he[H]

For this reason, we have the guarantee that the directions in the red area surrounding dP™" are almost
E
as good as d”™" . Indeed, for all policies 7 such that Dnep 1dR ™ —dp™ 1 < e, i.e., for all policies

"%When this assumption does not hold, we incur in model misspecification [35} [51].
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e-close to 7% in 1-norm, we can write:

E 7TE ™ T .TI'E
) = i) = | X T =D < Y T - <
he[H] he[H]

In other words, policies 7 and ¥ have similar performances.

However, it should be remarked that, since we aim to recover the rewards explaining the expert’s
preferences, then we are guaranteed that policies close in 1-norm perform similarly under any reward
function (by definition of 1-norm), and so we do not risk to incur in the error of representing d”>™
and a direction d”°™ inside the red area of Figure|3|with very different performances.

C.2 A Multiplicative Compatibility

In Section[d] we have defined an additive notion of (non)compatibility, based on the difference of
performance between 7% and 7* (the optimal policy). Here, we analyze a multiplicative notion of
(non)compatibility, based on the ratio of the performances

We make the following observation. Any reward r € R induces, in the considered environment p, an
ordering in the space of policies II, based on the performance J™ (r; p) of each policy 7 € II. It is
easy to notice that for any scaling and translation parameters o € R~ ¢, 8 € R, the reward constructed
as7’'(-,-) = ar(-,-) + B induces the same ordering as r in the space of policies

For this reason, it seems desirable to use a notion of (non)compatibility such that rewards r and
r'(-,-) = ar(-,-) + f for some a, §, suffer from the same (non)compatibility w.r.t. some expert
policy 7. However, observe that, for the notion of compatibility C in Definition we have that,
for any r € fR:

Cpne(r+p5)=Cpe(r) VB e R,
Cpre(ar) =aCy,  &(r) # Cp.e(r) Va € Rsg.

Simply put, for the additive notion of (non)compatibility C, the scale («) of a reward matters, and
rescaling the reward modifies the (non)compatibility.

To solve this issue, one might introduce a multiplicative notion of compatibility F (defined only for
non-negative rewards and setting F,, .= () = 0 when the denominator is 0):

_ g (r;p)
]:p’.n-E (7“) = W

Clearly, the larger F,, = (r), the closer is the performance of 7¥ to the optimal performance. Observe
that, for this definition,we have:

Fprel(ar) = F,  5(r) Va € Rog

‘Fp,ﬂ‘E (T + 5) # ‘Fp,ﬂ'E (T) Vﬂ € R,
i.e., this definition does not care about the scaling « of the reward, but it is sensitive to the actual
position S of that reward.

Therefore, both C and F suffer from some “rescaling” issues. Is it possible to devise a notion of
compatibility, i.e., a measure of suboptimality, for a policy, that is independent of both the scale «
and position 3? Formally, we are looking for a function (notion of distance) f : R x R — R~ such
that, for any J1, J5 € R:
f(OéJl + B, ads + 5) = f(Jl, Jg), 3)

for all @ € R.g, 8 € R. Unfortunately, this is not possible, since it is easy to show that all the
functions f of this kind are of the following type:

K if J1 > Jy

le,J2eR><R: f(Jl,JQ): Ky if J1 = Js y
K_ if 1 <Jsy

11E.g., see Theorem 7.2.7 in [45], which is inspired by [43].
"Indeed, simply observe that, for any 7 € IL: J™(r';p) = J™ (ar + B;p) = aJ” (r;p) + B.
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for some reals K, Ko, K_. In words, any function f that satisfies Equation (3) is able to express
just an ordering between inputs .J; and .J5, but not an actual measure of sub-optimality/compatibility.

We conclude by stating that we prefer to use C instead of F for the following reasons:

* First, most RL literature prefers the additive notion of suboptimality towards the multiplica-
tive one.

* The additive notion of suboptimality is simpler to analyze w.r.t. the multiplicative one.

C.3 When can a learned reward be used for “forward’ RL?

In this appendix, we exploit the intuition developed in Appendix [C.T]to discuss under which conditions
we can exploit demonstrations alone to recover a single reward that can be used for “forward” RL,
i.e., to recover a single reward r for which we have the guarantee that any e-optimal policy 7 to r in
the true environment p has similar performance in the same environment p under the true reward r,
that is, policy 7 is an f (e)-optimal policy to 7 in p, for some function f.

Applications of IRL range from Apprenticeship Learning (AL), to reward design, to interpretability
of expert’s preferences. Concerning AL, it is common to “use” the reward r learned through IRL
to optimize our learning agent. But what properties r should satisfy in order to obtain performance
guarantees on our learning agent w.r.t. the true (unknown) r? We now list and analyze various
plausible requirements.

* First, we might ask that, being 7 optimal w.r.t. 7F, then 7¥ € argmax,_ J™(r), i.e., that
the expert policy ¥ is optimal under the learned reward r. However, this requirement is not
satisfactory for the following reason. Reward r might induce more than one optimal policy
(e.g., it might induce both 7, 7% as optimal), and optimal policies other than 7% (e.g., 77)
are not guaranteed to perform well under ¥ (actually, 7 can be any policy in II). Clearly,
this is not satisfactory. Observe that there are rewards in the feasible set R, = for which
multiple policies are optimal (thus, not all the rewards in the feasible set are satisfactory).

» We might additionally ask that 7% is the unique optimal policy of reward r (similarly to
what happens in entropy-regularized MDPs [70, [15]]). However, this is not satisfactory
for the following reason. In practice, it is really difficult (almost impossible) to compute
the optimal policy of a given reward. Thus, what is usually done in RL, is to settle for an
e-optimal policy. Since any policy can be e-optimal under reward 7, then no guarantee we

can have for such policy w.r.t. .

» What if we ask that 7% is at least e-optimal under r (i.e., the requirement provided by
e-(non)compatible rewards)? Well, this is not satisfactory because optimal policies can be
any, and because there might be other e-optimal policies that can perform arbitrarily bad
under .

All the three requirements described above on r do not provide guarantees that optimizing the
considered reward r provides a policy with satisfactory performance w.r.t. the true . However, as
mentioned in Sectiondand in Appendix expert demonstrations do not provide any information
about the performance of policies other than % under r¥.

Remark C.1. If we want to be sure that an e-optimal policy 7 for the learned reward r in p is if
f(€)-optimal for v¥ in p (for some function f), then, clearly, we need that all the (at least) e-optimal
policies under the learned r have visitation distribution close to that of 7 in 1-norm (see Appendix

7).

We stress that many IRL algorithms for AL, like max-margin [2], learn a reward function just as a
mere mathematical tool to compute a policy 7 which is close in 1-norm [|d™ — d™ | to 7Z.

A remark about works on the feasible set. If we look at recent works about the feasible set
(38, 31} 68]], it might seem that these works are able to provide guarantees between 7, ¥ under
distance d* (see Section 3.1 of [68]), defined as:

da”(r, rE) == sup |J(r) — J’T(TE)\.

mell
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If d* (r, rF) is small, then the performance of any policy in r, not just optimal policy or e-optimal
policy, is similar also under rE. In other words, if we use/optimize reward r, then we have the
guarantee that the performance of the retrieved policy under ¥ is more or less the same as its
performance in r. Therefore, clearly, rewards r with small distance to rE wort. d“ can be used for
“forward” RL. However, we have the following result:

Proposition C.1. Let M = (S, A, H,dy,p) be a known MDP without reward, and let 7% be a
known expert’s policy. Let v the true unknown reward optimized by the expert to construct w°.
Then, there does not exist a learning algorithm that receives in input the pair (M, %) and outputs a
single reward r such that d*"(r,r¥) < ewp. 1 — 4.

Proof. The proof is trivial. Indeed, since the feasible set R, .= contains an infinite amount of reward
functions along with ¥, and the learning algorithm cannot discriminate ¥ inside R, ==, then the
best it can do is to output an arbitrary reward function r € R, .». However, since R, = contains, for
any reward r € R, =, at least another reward 1’ € R, = such that d*"!(r,7’) = c is finite and equal
to some positive constant ¢ > OE]then we can simply construct the problem instance with 7% = 7/
to make the learning algorithm not able to output rewards that can be used for forward learning. [

Nevertheless, [38, 31} 168] seem to provide sample efficient algorithms w.r.t. da”E'] By looking at
Proposition|C.1] we realize that this is clearly a contradiction. What is the right interpretation?

The trick is that the algorithms proposed in works [[68} 38}, 131]] are not able to output a single reward r
which is close to rZ w.r.t. d*, but, for any possible reward r¥ = rF(V, A) pammetrize by some
value and advantage functions V, A, they are able to output a reward r such that d* (r, ¥ (V, A)) is
small. In other words, it is like if these works assume to know the V, A parametrization of the true
reward . Simply put, these works are able to output a reward r that can be used for “forward” RL
just under such assumption. Otherwise those algorithms do not provide such guarantee.

Conclusions. To sum up, we conclude that, in general, an arbitrary reward function with small
(non)compatibility can not be used for “forward” learning (see Proposition|[C.I), because we cannot
know given demonstrations alone whether the performances assigned by such reward to policies
other than the expert policy are meaningful. In addition, for the same reason, we realize that also an
arbitrary reward with zero (non)compatibility, i.e., an arbitrary reward in the feasible set, can not be
used for “forward” learning.

C.4 Comparing the (non)compatibility of various rewards

In Section 4| we said that rewards r with smaller values of C,, = (r) are more compatible with 7% in
M = (S, A, H,dy,p). However, one might provide the following “counter-example”:

Example C.1 (Question by Reviewer KyLX). Let r',7? be two rewards such that r3(s,a) =
2r}(s,a) = 0 forall (s,a,h) € S x A x [H]. Then, clearly, C,, .&(r?) = 2C, & (r'). Therefore,
based on Sectionld| we say that reward v is more compatible than > w.r.t. T in M. However; since
72 is just r! re-scaled by a constant, the two MDPs M U {r'} and M U {r?} should be “equivalent”,
thus, ' and 12 should be, intuitively, equally compatible with .

However, Example [C.1| misleads the correct interpretation of the notion of reward function in MDPs,
and in particular about the scale of the rewards. Let us explain better our point.

The MDP is a model, i.e., a simplified representation of reality, which is commonly applied to 2
different kinds of real-world scenarios: (i) problems in which the agent (learner in RL or expert in
IRL) actually receives some kind of scalar feedback from the environment, which can be modelled as
areward function; (7¢) problems in which the agent does not receive a feedback from the environment,

BThis is immediate from the considerations in Appendix

14 Actually, 38} [31] use different notions of distance, like deo(r,7") == |r — r'||co. However, we can write
|7 =7l = |r — 7|1 /(SAH), and by dual norms we have that d*"(r,7') = sup, o [{dP™,r — )| <
SUPg. )., <1 [<d> 7 —7")| = |[r —7'[1. Therefore, the guarantees of [38.[31] can be converted too d*"" guarantees
too.

SWhile [68] makes this parametrization explicit, [38l [31]] keep the parametrization implicit, but everything is
analogous.
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but its objective, i.e., its structure of preferences among state-action trajectories (which trajectories
are better than others), satisfies some axioms that permit to represent it through a scalar reward [52, 9]
(this is referred to as the Reward Hypothesis in literature [58]]).

There is an enormous difference between scenario (z) and scenario (i¢). In () the notion of e-optimal
policy is well-defined for any fixed € > 0, because the reward function is given and, thus, fixed.
Instead, in (1), the notion of reward function is a mere mathematical artifact used to represent
preferences among trajectories, whose existence is guaranteed by a set of assumptions/axioms
[52,19,158]]. As Example @] shows, positive affine transformations of the reward do not affect the
structure of preferences represented (see [52] or Section 16.2 of [50] or [30]). Therefore, in (i¢), the
notion of e-optimal policy is not well-defined, because rescaling a reward function 7 to kr changes
the suboptimality of some policy 7 from € to ke. In other words, for fixed € > 0, any policy can be
made e-optimal by simply rescaling a reward r to kr for some small enough & > 0.

In IRL, this issue is even more influential because, although we are in setting (¢), we have no idea
on the scale of the true reward function. For this reason, our solution is to attach to any reward r a
notion of compatibility C(r) which implicitly contains information about the scale of the reward r.
Compatibilities of different rewards (e.g., 7! and 72 in Example cannot be compared unless the
rewards have the same scale (e.g., r1 and 72 have different scales, thus their compatibilities shall not
be compared).

It should be observed that in Appendix [C.2] we discuss a notion of compatibility independent of the
scale of the reward. However, we show that it suffers from major drawbacks that make the notion of
compatibility introduced in the main paper (Definition [4.T)) more suitable for the IRL problem.

In conclusion, to settle Example rewards 7! and 72 should not have the same compatibility,
because they have different scales, and the notion of compatibility (i.e., suboptimality) is strictly
connected to the scale of the reward. To carry out a fair comparison of compatibilities, one should
rescale the compatibility of each reward based on the scale of the reward.

D Missing Proofs and Additional Results for Section

This appendix is organized as follows. First, we report the full pseudo-code of CATY-IRL. Then, we
provide the proof of Theorem [5.1]in Appendix [D.2]

D.1 Algorithm

In this section, we provide the extended version of CATY-IRL containing the explicit conditions under
which we shall instantiate one BPI/RFE algorithm instead of another.

Algorithm 2: CATY-IRL- exploration

Data: Failure probability 6 > 0, target accuracy € > 0, expert demonstrations D, set of rewards
to classify R, problem structure 2 € {tabular, linear rewards, Linear MDP}

1 if v € {tabular, linear rewards} then

2 if |R| is a small constant then

3 D {}

4 for v’ € R do

5 | D < D u BPI_Exploration(d, ¢/2,1") /* Algorithm BPI-UCBVI [37] */

6 end

7 else

8 | D < RFE_Exploration(, €/2) /* Algorithm RF-Express [37] */

9 end

10 else

11 | D « RFE_Exploration(d, ¢/2) /* Algorithm RFLin [62] */
12 end

13 Return D

54852 https://doi.org/10.52202/079017-1739



—

N AW

10
11
12
13
14
15
16
17
18
19

20

2
22

=4

Algorithm 3: CATY-IRL- classification

Data: Failure probability § > 0, target accuracy € > 0, expert demonstrations D, classification
threshold A € R, reward to classify r € R, problem structure ¢ € {tabular, linear rewards,
Linear MDP}, dataset D

// Estimate the expert’s performance . (r):
if ¢ = tabular then

df empirical estimate of dP™" from DE
JE (r) < Zh<dfa Th)

else
< .. . E
¥ « empirical estimate of 1/»™ from D¥

TE(r) « S bF )

end
// Estimate the optimal performance J*(r):

if « € {tabular, linear rewards} then
if |R| is a small constant then
J*(r) < BPI_Planning(D, ) /* Algorithm BPI-UCBVI [37] */
else
J*(r) < RFE_Planning(D, r) /* Algorithm RF-Express [37] */
end
else
J*(r) < RFE_Planning(D, r) /* Algorithm RFLin [62] */
end

// Classify the reward:

C(r) < J*(r) = J5(r)

class « True if C(r) < A else False
return class

D.2 Proof of Theorem [5.1]

Notice that, according to Deﬁnition an algorithm is (e, §)-PAC for IRL if it computes an estimate
e-close to the true (non)compatibility w.h.p.. Such definition does not depend on the specific strategy
adopted by the algorithm to actually classify the input reward using the computed estimate of
(non)compatibility.

Before diving into the proof of Theorem [5.1] we make the following considerations.

In the common tabular MDPs setting without additional structure, we know that the expected utility
J™(r;p) of policy 7 under reward r in environment with dynamics p can computed as:

T (rip) = Yl di™,
he[H]
where d}'™ is the occupancy measure of policy 7 in p. It should be remarked that both 7, and d}’"
have S A components for all h € [H].

In tabular MDPs with linear reward functions and in Linear MDPs, the reward function is linear in
some feature map ¢, i.e.:

Th('f) = <¢('a')>9h> Vhe [[H]],

where | ¢(s,a)||z < 1forall (s,a) € S x A and maxy, |01,]2 < +/d. Using this decomposition, we
can rewrite the expected utility J7 (r; p) as:

T (rip) = ) o di™)

he[H]
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alDIRUL A

he[H]
= 2 0] E  ¢(s,a)
hefry (SO~
N
he[H]

where we have defined the feature expectations {1} " } ey as ¢} " = E(s,ay~arm ¢(s,a). Observe
that vector ¢;"" has d components instead of the S/A components of each d}’™ vector.

Since in our setting the IRL algorithm receives in input the reward function (or its parameter § € R?),
to estimate the expected utility J7 (r; p) we must estimate the visit distributions {d}"" }, or the feature
expectations {¢)}""}),. However, because of the different dimensionalities of such quantities (SA
versus d), the estimates might require different amounts of samples.

Theorem 5.1 (Sample Complexity of CATY-IRL). Lete€,6 € (0,1). Then CATY-IRL is (e,0)-PAC
for IRL with a sample complexity upper bounded by:

Tabular MDPs: F < (5(Hi;9A log %), T < (5(HifA (N + log %))7
Tabular MDPs with linear rewards: 7% < O (He—zd log %), T< (’3(HifA (N + log %))7
o(Thuel). reo(Th(ssum))

where N = 0 if |[R| = O(1), and N = S otherwise.

Proof. To prove the theorem, we aim to find a bound to the number of samples 7% such that the
estimate JE(r) ~ J s (r;p) is €/2-correct with probability at least 1 — §/2. Next, similarly, we

A

aim to bound 7 so that J*(r) ~ J*(r; p) is ¢/2-correct with probability at least 1 — 6/2. Then, the
conclusion follows after performing a union bound and observing that, for any r € R:

Cprre (1) = C)| = | (T5(rsp) = T (1)) = (T* (1) = TE ()|

< |J*(r;p) — JA*(T)’ + ‘J”E(T’;p) - jE(”)‘

Estimating jE(T) ~ J (r;p)

E
To estimate J”E(r; p), CATY-IRL simply computes the empirical estimate of {d};’™ } in case of

E
tabular MDPs, and the empirical estimate of {¢}"" } in case of tabular MDPs with linear rewards
and Linear MDPs. Notice that by empirical estimates we mean:

>, 1{si =snral =a}

L?E(&a) | , V(s,a,h) € S x A x [H],
" >, sy = s}
E€[TF]
and:
3, dlshoad)
n 1E|T
O =S Vhe[H].

Concerning the estimate of the visit distribution dr , we can use the result of Lemma 6 in [53] (we
are working with bounded rewards), to obtain that:

B~ | SAH3 log 8541
Z ldy™ —dilh < ZT—E6 <
he[H]

N
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Solving w.r.t. 7¥ we get the bound on 7.

In a completely analogous manner, we can bound the feature expectations as:

5o~ dH3log 844 ¢
DR = <\ —5— <=

E ~
hel] 27 2

Again, solving w.r.t. 7¥ we get the bound on 7.

Estimating J* (1) ~ J*(r;p)

Let us begin with the case in which R is large. As explained for instance in Definition 4 of [66], both
algorithms RF-Express [37]] and RFLin [62] satisfy the uniform policy evaluation property, i.e., they

guarantee that, for any €, 0 € (0, 1), after having explored for 7 < 9] (% (S +log %)) in case of

RF-Express [37], and 7 < O ( hl Zd (d + log %)) for the algorithm in [62] (we omit linear terms in

1/e), they compute an estimate p ~ p of the true transition model such that:

IP’( sup ‘Jﬂ(r;p) — Jﬂ(r;ﬁ)‘ < e) =>1-9.

reR,well

Clearly, if such property holds, then by computing the performance of the policy 7 outputted by the
RFE algorithm we are able to obtain an €/2-correct estimate of J*(r; p)

Concerning the case in which |R| is a finite small constant, for tabular and tabular with linear rewards

MDPs, we can simply use algorithm BPI-UCBVI of [37] as sub-routine, and run it as many times as

there are rewards in R. When |R| is a small constant, we can proceed with a union bound over R:

]P’( sup |J™(r;p) — J"(r;D)| < 6) >1- Z P(sup’J”(r;p) — J"(r;p)| > e) = 1—|R|o.
I reR mwell

reR, e

This allows us to formally distinguish between small and large |R| based on the following inequality:

R

S+log%<1og7 = S <log|R]|.

E Missing Proofs and Additional Results for Section [6.1]

This appendix is organized as follows. First, in Appendix [E.I| we introduce two problems that share
similarities with RFE and IRL, and we characterize the main differences among them. In addition,
we enunciate a lower bound to the sample complexity that is common to some of these 4 problems.
Next, in Appendix we provide the missing proofs.

E.1 Four Problems

The 4 problems that we consider here are Reward-Free Exploration (RFE), Inverse Reinforcement
Learning (IRL), Matching Performance (MP), and Imitation Learning from Demonstrations alone
(ILfO). MP represents a novel generalization of RFE, while ILfO, introduced in [34], represents an
exemplification of MP. Before enunciating the minimax lower bound, it is important to formally
define each of these problems, as well as what we mean by learning in each problem.

E.1.1 Definition of the Problems

In all the 4 problems, the learner is placed into an unknown MDP without reward M =
(S, A, H,dy,p), i.e., an environment whose dynamics (dy, p) is unknown to the learner. For simplic-
ity, w.l.o.g., we assume that there is a single initial state sy := dy. In each problem, the learner can
explore the environment at will to collect samples about the dynamics p, whose knowledge improves
the performance of the agent at solving the task. However, at exploration phase, the learner does not

1 Actually, for Linear MDPs, instead of evaluating the policy returned by Algorithm 2 of [62], we can simply
consider the optimistic estimate of the V'-function computed by such algorithm, which has the property of being
e-close to the true optimal V -function.
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know which is the specific task it has to solve. It just knows that the specific task belongs to a given
set of tasks T (e.g., set of reward functions). The agent can use the knowledge of ¥ to engage in a
more efficient task-driven exploration. For any €, § € (0, 1), the goal of the agent is to being able to
ouputting, for any task in ‘T a quantity o (e.g., a policy) that solves that specific task in an e-correct
manner with probability at least 1 — §. The ultimate goal of exploration is to collect the least number
of samples that permits (e, §)-correctness for all the tasks in T.

Now, let us see what the quantities ¥ and o represent in each of the 4 problems. In Table [I} we
provide a sum up of the various definitions.

Reward-Free Exploration (RFE). In RFE, the learner receives a set of reward functions ¥ = R <
fR in input, and the goal is to exploit the information about p collected at exploration phase to output,
for any reward r € R, an e-optimal policy 0 = 7, w.p. 1 — 6. When T = {r} is a singleton, the RFE
problem is commonly termed the BPI problem. In symbols, any RFE algorithm must guarantee that:

]P’(sup J*(r;p) — J™ (r;p) < e) >1-4,
reR

where 7, is the estimate of the algorithm for reward r.

Inverse Reinforcement Learning (IRL). In IRL, the learner receives in input an occupancy
E

measur {d}’™ }nepmy and a set of reward functions R < R: T = (dp”TE ,R), but it does not know

which specific reward it will have to classify. Under the assumption that the occupancy measure

ar" is known the problem reduces to exploiting the information about p collected at exploration

A~

phase to output, for any reward r € R, an e-correct estimate o = J(r) of the optimal utility J*(r)
w.p. 1 — 4. In symbols, under these conditions, any IRL algorithm must guarantee that:

P(sup’J*(r;p) — j(r)’ < e) >1-19,
reR

~

where J(r) is the estimate of the algorithm for reward .

Matching Performance (MP). In MP, the learner receives in input a set of reward functions R < R
and a measure of performance for each of them J : R — R: T = (J,R). For any r € R, the utility
J(r) represents a performance measure for which we aim to find the policy that achieves closest
performance. Thus, in MP, the goal is to exploit the information about p collected at exploration
phase to output, for any reward r € R, a policy 0 = 7, such that, if we denote the policy with
performance closest to J(r) by 7, € arg min,. |J7 (1) — J(r)|, then the utility of policy 7, is e-close
to the utility of policy 7, w.p. 1 — 4. In symbols, any MP algorithm must guarantee that:

P(sup|J™ (rip) = J* (rip)| <€) =16,
reR
where 7, € arg min,, |J™(r) — J(r)|, and 7. is the estimate of the algorithm for reward 7.

Imitation Learning from Demonstrations alone (ILfO). In ILfO, the learner receives in input a set
of state-only reward functions R < R and a state-only occupancy measure {dj, } neyr): T = (d, R).
Under the assumption that d does not leak any information about the true transition model p, the goal
is to exploit the information about p collected at exploration phase to output, for any reward r € R, a
policy o = 7. such that, if we denote the policy with performance closest to J(r) = >3, c(z<rn, dn)
by 7, € argmin, |J7(r) — J(r)|, then the utility of policy 7 is e-close to the utility of policy 7,
w.p. 1 — 4. Simply put, ILfO, as defined in this manner, exemplifies the MP setting by providing a

functional form to .JJ : R — R as an inner product between a certain state-only occupancy measure
and the input reward. It should be remarked that the assumption made for ILfO is mild, because it is

17 Actually, as explained in Section the knowledge of d? gt exploration phase is useless. The visit
measure might be provided after the exploration along with the true reward to classify.

18The assumption that d? = is known is useful to reduce the estimation problem of the (non)compatibility
ofareward C,, = (r) = J*(r;p) — J " (r;p) to the problem of estimating the optimal utility J*(r; p) only.

Indeed, if d? s known, then, for any reward r, the utility J = (r;p) is known.

54856 https://doi.org/10.52202/079017-1739



BPI IRL MP ILfO

Set of Tasks T R (d»™" | R) (J,R) (d,R)
Assumptions / d»=" known  J can be non-realisable state-only, d no info
Output o 7 J 7 7
Goal JF(rip) ~ J¥(rp)  J = J*(r;p) J(r;p) ~ T JE(r;p) ~ 3, {dn, h)

Table 1: Summary of the problems.

satisfied by the setting in which the expert and the learner have the same state space but different

action spaces (or different dynamics). Indeed, in such case, the visit distribution d of the expert would
not leak any information about p. In symbols, any ILfO algorithm must guarantee that:

P(Sup|]ﬁr(r;p) — J%T(T;p)| < e) >1-9,
reR

where 7, € argmin, [J™(r) — J(r)| and J(r) == 3, cay(rh, dn), and 7, is the estimate of the
algorithm for reward 7.

E.1.2 Lower Bound

We now present a minimax lower bound rate that is common to RFE, IRL, and MP. We report here
the lower bounds presented in Section

Theorem 6.1 (IRL Classification - Lower Bound). Let 2 be an (¢, 0)-PAC algorithm for the IRL
classification in tabular MDPs. Let T be the number of exploration episodes. Then, there exists an
IRL classification instance such that:

H3SA 1

: . H3SA 1
UC|R|>1~T>Q( 2 10g5>7 lme-T>Q( 2 <S+10g5)>.

Proof. The proof is similar to that of [38]]. We split the proof in two parts, by considering two classes
of difficult problem instances in Lemma[E.2]and Lemma[E.3] Next, we combine the two bounds
through max{a, b} = (a + b)/2 for all a, b > 0. For the proof, we will assume that the expert visit
distribution is known. The obtained bound represents a lower bound to the more general setting in
which it is unknown. O

Theorem E.1 (RFE - Refined Lower Bound). Let 2 be an (¢, 0)-PAC algorithm for RFE in tabular
MDPs. Let T be the number of exploration episodes. Then, there exists an RFE instance such that:

T>Q<HifA(S+log(ls)>.

Proof. The proof of this result is analogous to that of Theorem [6.1] and it employs Lemma[E.2]and
Lemmal[E3] O

Some observations are in order. First, since MP is a more general setting than RFE, then this lower
bound is a lower bound for MP too. However, this is not guaranteed for ILfO. We observe that, while
for RFE and IRL the bound is tight, for MP we cannot say so because we do not have the upper

bound. Notice that, in case the expert state-only distribution d was unknown at exploration phase,
and revealed afterwards, then the lower bound of Theorem@]holds for ILfO too, because we might

a posteriori reveal the state-only distribution d of the optimal policy, and thus, in such manner, ILfO
would be reduced to RFE.

E.2 Missing proofs

Lemma E.2. Let IRL and RFE be the learning problems defined as in Appendix[E-1} Then, for each
problem, any (e, §)-PAC algorithm must collect at least the following number of exploration episodes:

H3SA, 1
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Proof. Observe that the proof for RFE is present in [[12]. Thus, we have to prove just the result for
IRL. For doing so, we will use both the results of [12] and [38]]. Notice that for the sake of this proof
we consider R = {r} that will reduce our problem to s1mple RL as, in order to compute the functlon

Cp »2(r), we just need to compute J*(r; p), being J w” (r; p) known from the availability of dP: s
and 7.

1 action = a.,

SE Sw
action = 77 (s,)

action # Q.

Figure 4: Hard instances.

Instances Description The hard instances considered are exactly the same as [[12]], and are reported
in FlgureE]for simplicity. The only difference is the presence of state sy, to which the expert’s policy
7 brings, Wthh is absorbing. Such state is needed to make the knowledge of the expert’s visit
distribution dP™" useless at inferring information about the transition model in other parts of the
state-action space. Based on [[12], we describe such hard instances. Similarly to [12]], we assume that
S > 17,A > 2, and there exists an integer d such that S = 4 + (A% —1)/(A — 1), and we assume
that H > 3d. Note that [[12] show how to relax the assumption on the existence of d.

There are the initial state s,,, from which the agent starts, and states s, s, respectively, the “good”
and “bad” states which are absorbing. Moreover, there is state sz, which is reached by the expert,
and is absorbing. The remaining S — 4 states are arranged in a full A-ary tree of depth d — 1 with
root Sroot. We denote by H < H — d acertain integer parameter, and by £ := {s1, $2,..., s} the
set of leaves of the tree. We define Z := {1 +d,...,H +d} x £ x A. For any 2 € Z, we define
and MDP M, as follows. In any state of the tree, i.e., in states S\{sy, 4, S, Sg}. the transitions are
deterministic, and the a-th action of a state brings to the a-th child of that node.

The transitions from sy, are given by

ph(3w|SW7G) = ]l{a = aW7h < F} and ph(sr00t|swza) =1 _ph(sw‘sw;a)-
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In other words, action a,, allows the agent to remain in the initial state s, up to stage H. After stage
H, the agent is forced to leave s,, and to traverse the tree down to the leaves. Action ap = 7r1E (Sw)
is the only action that brings to state sg, which is absorbing. The transitions from any leaf s; € £ are
given, as in [12], by:

Ph(sqglsi,a) == % + A o ax)(hy si,a)  and  pp(sp|si,a) = % = Ak 0% %) (hy 8i,a), (4)
where A g% o) (h, si,a) == 1{(h, s;,a) = (h*, spx,a*)} - €, for some € € [0,1/2]. For this
reason, there exists a (single) leaf £* where the agent can choose an action a* at stage h™* to increase
its probability of arriving to the good state s,, which provides higher reward. We define states s, and
sp to be absorbing, i.e., they satisfy py, (sp|sp, a) := pn(sg4|sq, a) := 1 for any action a. The reward
function is state-only and is defined as

Vae A, 1y(s,a) =1{s=s5h>H+d+1},

so that even though the agent decides to stay at s, until stage H, it does not lose any reward. Observe
that state sg does not provide any reward, so that to estimate the (non)compatibility, any algorithm
must provide a good estimate of the optimal performance.

Finally, we define a reference MDP M, which is an MDP of the above type but for which
Ag(h, s;,a) = 0 for all (h,s;,a). For certain ¢ and H to choose, we define the class M to be
the set Ml := {Mo} U {M, } ez

Distance between problems We will prove the lower bound for instance M. Observe that, in M,
the optimal utility is:

1 _
J(T = i(Hfod)v
because there is no triple with additional bias towards s,. Instead, for any other M, € M, the optimal
utility is:
— 1
JF = (H—H—d)(5 +e/>.

Therefore, if we choose € := 2¢/(H — H — d), we have that, for any 1 € Z:

|J§ — JF| = 2e.
Thus, in particular, for any estimate .J € R we necessarily have |JE — j| <e = |JF-— f| > ¢,
and vice versa, i.e., we cannot provide an estimate J that is e-close to both J and J;*.

Identifying the underlying problem Following [38]], let us consider a generic (¢, d)-correct algorithm
2A that outputs the estimated optimal utility J. Then, for all « € Z, we have:

J}Q—ﬂ?e)

1) = sup ]P)MQ[(

all problem instances M

> sup Py <‘J/”\‘4 — j‘ > e)
MeM

> max P (J e ‘ >e).
Zgg,)i(} Mg, 2 ( /4 €
For every » € Z, we define the identification function U, as the index of the problem “recognized” by
algorithm 2(. In symbols:

U, = arg min
£e{0,2}

J;‘—f‘.

In words, given estimate J returned by algorithm 2(, the identification function ¥, returns the problem

between M and M, whose optimal utility is closest to the estimate J. For what we have seen in the
previous paragraph, problems M and M, lie at a distance of at least 2¢ for all « € Z. Therefore, for
7 € {0,12}, we have the following inclusion of events:

(W, # 3y < {lJ] = J| > €}
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Figure 5: Hard instances.

Thanks to this fact, we can continue lower bounding the probability as:

P ‘*—A‘> > Prs oW, # 0
(o) MM(“]Z |2 ) > mex Pl # 4

M1

= 2[[@/\4079((\1/7, #* 0) + ]P)M“Q((\Ijz # Z)]

1

= 2[ Mo2t (¥, # 0) + Pag, o (V, = 0)]

@1

> 1 eXp*KL(PMO,u P, o) ,

where at (1) we have lower bounded the maximum with the average, i.e., max{a, b} > (a + b)/2 for
all a,b > 0, and at (2) we have applied the Bretagnolle-Huber’s inequality [38].

KL-divergence computation The proof can be concluded by upper bounding the KL divergence
KL(P a1, 20, Pag, o) as in the proof of Theorem 7 in [12]], and then summing over all the ©(SAH)
instances to retrieve the result.

O

Lemma E.3. Let IRL and RFE be the learning problems defined as in Appendix For each
problem, if the set of reward functions R in input is R = R, then any (¢, )-PAC algorithm must
collect at least the following number of exploration episodes:

3Q2
o154

€

Proof. Instances description The hard instances that we use for the proof of this lemma are obtained
by combining the hard instances in Lemma@] (i.e., the hard instances of [12]), with those in [38)]].
Specifically, this construction is based on the intuition described in [21] that, if we want to increase
the sample complexity, we have to learn transitions also ro ©(S) states, and not just from ©(.S) states.
Observe the presence of state s (only for IRL), which plays the same role as in the proof of Lemma
Any action in such state receives always reward —1, thus it is meaningless for the estimate of
the (non)compatibility, which reduces to the estimation of the optimal performance. In this manner,

the expert distribution dP™" does not provide additional information about the transition model of
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other portion of the state-action space. Therefore, in the following, we will present the lower bound
construction as if such state did not exist.

presented in the proof of Lemma|E.2| with the difference that, from the S leaves (differently from
earlier, we now denote the number of leaves through S instead of L), we do not reach just two states
g, b, but we reach O(S) absorbing states, i.e., s}, 5, ..., s’g. The transitions from the leaves to
such states is the same as in [38]], and we report a description below.

The hard instances are reported in Fiiure B] Notice that they are exactly the same instances as those

Let us introduce the set Z = {sq,...,sg} x Ax {1 +d,...,H +d}. Let7:= (s1,a1,1 +d) € L
be a specific triple of set Z, and denote Z := Z\{7}. Let us also introduce set V := {v e {—1,1}" :
Zle v; = 0}. Thanks to Lemma E.6 of [38] (that we report in Lemmafor simplicity), we know
that there exists a jubset V <V (of transition models) Wiih cardinality at least 25/5 guch that, for
every pair v, w € V with v # w, we have that [|[v — w|; > S/16. In other words, we know that there

exists a S /16-packing of V with cardinality at least 25/°.

Following [38]], we denote by v = (v*),ez € VI the generic vector of VI. Now, for any v € VI, for
any triple 7 € Z, and for some parameter € € [0, 1/2] to choose, we construct problem instance M,, ;
as follows.

First of all, we define the transition model at triple 7 as:

vie [9],

Ul =

Phi(sg |87, a7) =

where observe that we use notation ¢ = (s,,a,, h,) € 7T to denote triples in Z. Instead, for the generic
triple ¢ € Z (including triple j), the probability distribution of the next state is given by:
!

1 € —
ph, (85|84, a,) = 5 + §v§ Vi e [S],

where v; represents the i-th component of the ¢-th vector in v. In words, the i-th component of
vector v* € V creates a bias of €//S towards the next state s; for all ¢+ € [S]. Since v* € V, then

phz('|slua2) € A[[g]] forallz e 7.

We consider non-stationary reward functions. Specifically, all the rewards r € R that we consider
assign reward 1 to both triples 7 and 7, i.e., 74, (57, az) = 1 and rp,_(s3, a7) = 1. Next, for any other

triple (s,a, h) € S x A x [H] with state different from s, s5, .. ., s%, we assign reward 0. For states
81,8, ..., 8%, we consider state-only rewards whose value is always 0 in stages [1,H + d], and

whose vaiue is stationary and arbitrary afterwards. Intuitively, as in [12]], forcing the reward to be 0
up h = H + d guarantees that we cannot obtain a higher expected return .J by reaching the leaves
states earlier (i.e., by exiting from s, before H).

Given the definition above, we construct the class of instances Ml := {M,,, : 1 € Z,v € VI}.
Moreover, we will use the notation Mvéw,g to denote the instance in which we replace the 2
component of v, i.e., v*, with w € V and va—o,g the instance in which we replace the » component
of v, i.e., v*, with the zero vector. Since we will always use this notation when substituting triple 3,
i.e., we always use this notation in situations as /\/lmg_ e then we omit the second parameter, and

write just M . = M

. .
—w vew,)

w

Distance between problems Consider an arbitrary problem instance M,, , € M, for certain: € 7

=z . . . . . .
and v € V. Let r € R be an arbitrary reward function that satisfies the constraints described earlier.
Let 77 € II be the deterministic policy that brings to triple 2. Then, its expected return is:
Hfﬁfdi

JT(ry My,) =1+
S

)
=1
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where r; == 7, 4., (s;) forall i € [S]. Let policy , € II be the deterministic policy that brings to
triple 2. Then, its expected return is:

7 s il E
JTM(T.;M’U’Z) =1+ H_g—dzri_'_ﬁl('H_gl_d);v;ri.

Finally, let policy 7, € II be the deterministic policy that brings to any other triple y € Z\{}. Then,
its expected return is:

T (1 Myy,) = 0+ w S+ e’W;vin-

It should be remarked that (v, 7) = Y, g viri € [—S, 5] for any r € R and v € V), therefore, as
long as:

1—e¢
20H—-H —d)’
then any policy 7, is cannot be e-optimal in problem M,, ,, in which, thus, the optimal policy shall
be searched for between 7; and T,.

f(H-H—-d)<1-€(H-H—-d)—¢ < ¢ < ®)

Now, consider an arbitrary pair v, w € V such that v # w, and an arbitrary triple » € Z and vector
€ VI. We now compare problem instances M . and M, . . Among all possible reward functions
that satisfy the definition provided in the construction of the hard instances, we find reward v’ such
that, in every component i € [[S], satisfies:
+1 ifv,=+1Aw; =—1
ri=< -1 ifv;=—1Aw; =+1
0 if Vi = W;

For what we have seen before about class V, we know that [v — wly = X, =y [vi — wi| = S/16,

thus, since v, w € V, i.e., their components belong to {—1, +1}, we know that there are at least S/32
components of v, w that differ from each other. By using reward 7/, we have that:

E p—
S
E ===
VT 5 0,
=1
g J—
S
7 < — o5 < 0.
Zwm D) 0

@
Il
—

As a consequence, the expected returns of policies 77 and 7, in problems M_ . and M_. are:
VU VW

-5 S
H—-H-—-d
Jﬂ-T T/;M v :Jﬂ—T TI;M v :1—}—77 7’;7
( 'v<—v) ( vew) S 1221
H-H-d (H—H —d)
T (o] / /
Jr Mo )21+ 5 ;17‘&4—6 >
P g P—
H—-H-d (H—H —d)
T (] ;o
Jo(r s M. )<L+ < ;rl—e = 7
from which we infer that:
JT(r My )= T (M s ) =TT M) = T M ).

Now, let us choose ¢ > 64¢/(H — H — d). To satisfy also the constraint in Equation (5), we can
roughly assume € < 1/256 and set €’ = 65¢/(H — H — d). Thanks to this choice, observe that:

J (M) > T (s M + 2,
T Mo ) > T M e )+ 26

v

L)
VU
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In words, policy 7, is optimal in problem M, . . and policy 77 is worse than 2e-suboptimal in such
problem. In addition, observe that policy 77 is optimal in problem M, . . and policy 7, is worse
than 2e-suboptimal in such problem. We stress that any stochastic policy in-between 7, and 77 cannot
be e-optimal for both problems.

To sum up, for the choice of ¢’ made earlier, for arbitrary pairs of problems M, . —and ./\/lv w?
we have seen that there exist rewards in PR for which a policy e-optimal for problem M, ,, is not
e-optimal for problem M, ,,, and vice versa.

Identifying the underlying problem: RFE. We consider first RFE, and then IRL.

Let us consider an (e, d)-correct algorithm 2A for RFE, that outputs, for any reward function r € R, a
policy 7,.. For simplicity, we consider as output of Algorithm 2( a function 7 : /& — TI, that takes in
input a reward and outputs a policy.

Forany:e Z and v € VI, we can lower bound the error probability as:

5> sup PM&(sup Ty — T (r) = e)

all problem instances M reR

@ ~
> sup PM7m<sup Jha(r) = Jpi(r) = e)
MeM reR

(2) ~
>max]P’M . yg[(supJ}'\‘,l GRS (r)?e),
weY “w re} = vew vew

where at (1) we have lower bounded by replacing all possible RFE problem instances with problem
instances in M, and at (2) we have lower bounded by replacing all instances in M with just instances
{M_ ., +we V} for the fixed triple ¢ and vector v.

Z . . . . .
Forevery 1€ 7 and v € V', we define the identification function ¥, ,, as the index of the problem
w €V “recognized” by algorithm (. In symbols:
U, o= argminsup Jy, | (1) — J}\?}[‘ ().
wev T‘Em vVew vVew

In words, given estimate 7 : 98 — II returned by algorithm 2, the identification function ¥, ,, returns
the problem in {M_ . —:w € V} whose solution 7 : SR — I is closest to the estimate 7. For what

. . = . =z
we have seen in the previous paragraph, for any v, w € V with v # w, for any fixed2€e Zandv e V",
there exists a reward function 7’ € 9 such that no policy can have expected utility e-close to the

optimal expected utility of both problems M . ~and M . . Therefore, for w € V, we have the
following inclusion of events:

{U,, #w} < {supJM . (r) — J}\?jl o (r) > e}.
,,em —w ve—w
We can continue to lower bound the probability as:
max P . ,m<SupJ;\kA o (r) - Jirj[ (r) = e) > il Z Pm, . (U, # w)

wey reR vew v

@ 1 ( 1
= l——| = KL(PM . )Q[,]PM N 791)—10g2>,
log ‘V| |V| 1; vdw v

where at (3) we have lower bounded the maximum over V with the average, and at (4) we have
applied, similary to [38]], the Fano’s inequality, reported in Theorem [E.5|for simplicity.

Identifying the underlying problem: IRL. For IRL, it is possible to carry out a similar derivation.
However, we remark that, now, the error is measured based on the expected utilities, and not on the
policies.

Let us consider an (¢, ¢)-correct algorithm 2 for IRL, that outputs, for any reward function r € R, a

utility J For simplicity, we consider as output of Algorithm 2( a function J : R — R, that takes in
input a reward and outputs a utility.
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Forany:eZ andv € VI, we can lower bound the error probability as:

§= sup IPM,g[<sup Jiq(r) — ADY:

all problem instances M reR
6)
= 6) .

(r) = J,
Forany:reZ and v € V , we define an identification function V¥, ,, as:

> sup IP’MQ[(sup Jq(r) — Jo| =
MeM reR

vew

wey reR

= max P , ,m(

U, , :=argminsup (Jx, | (r) —Jp
wey TER vew

and by a reasoning analogous to that for RFE, we can continue to lower bounding as:

)

P RECE A fr P! \Ilz # W
wev ““”Ql(rem ”@”( ) ) il u%; Mo v )
1 ( 1 Z KL(P P ) —1 2) )
B Y\ [yl 3 ’ . —lo ,
log[VI\ V] 2 Mo, A EM A g

which represents the same lower bound obtained also for RFE.

KL-divergence computation The following derivation is analogous to that of [38]]. To bound the
KL-divergence term, for any + € Z, we can write:

) - Mo, Mo
KL(PMv&wﬂlaPMl’LD,m): E Q[[Nhl(sszZ)]KL(ph, ('|Szvaz)vph, °(-[84,a))

2o¢2 B[N (s10)]
Mv(iw,gl hz 52; al ]

where at (1) we have applied Lemma|E.7] and at (2) we have applied Lemma [E.6| (having observed
that the transition models differ in 2 and defined N} (s,,a,) = D1 H{(se, ap, he) = (80, a0, ) }).

P]ugging into Equation (6)), we get:

ZPM e \Iln,;éw): ! 2

|V‘ wey

- (1—6)log|V| —log?2
R e e

v<—u7’

Notice that, since [V| = O(e®) and ¢ = O(e/H), then this bound is in the order of €( H;S ). To get
the additional (S AH) dependence, we can make the same observation as in [38]], i.e., that ince the

AT . =z .
derivation is carried out for every 2 € Z and v € V', we can perform the summation over 2 and the
average over v. By noticing that we get a guarantee on a mean under the uniform distribution of the
instances of the sample complexity, we realize that there must exist one v € V for which it holds

the desired €2 (H 3 A) dependency.

E.2.1 Technical Tools

We report here some results from other works. The notation adopted is the same as the original works.
Lemma E.4 (Lemma E.6 of [38]). LetV = {ve {—1,1}": Z 1v; = 0} Then the & -packing
number of V w.r.t. the metric d(v,v') = ZJDZI |vj — v}| is lower bounded by 2%.

Theorem E.5. (Theorem E.2 of [38]) Let Py, Py, ..., Pa be probability measures on the same
measurable space (0, F), and let Ay, ..., Ay € F be a partition of Q. Then,

M 1 M . _
i Z PZ(AC) >1- M Zi:l DKL(]P)Z,]P)()) 10g27
“— ! log M
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where A¢ = Q\A is the complement of A.

Lemma E.6 (Lemma E.4 of [38]). Let ¢ € [0,1/2] and v € {—¢,€e}” such that Z?Zl v; = 0.
Consider the two categorical distributions P = (5, 4%,..., %) and P = (1 e 1)),
Then, it holds that:

Dir(P,Q) < 26> and  Dg(Q,P) < 262

Lemma E.7 (Lemma 5 of [12]). Let M and M’ be two MDPs that are identical except for their
transition probabilities, denoted by py, and p),, respectively. Assume that we have ¥ (sa), py(-|s, a) «
P, (:|s, ). Then, for any stopping time T with respect to (Fl; )11 that satisfies Pp7 < 0 =1,

KL(PAPE) =20 2 E[NLaJKL(piCls,0).ph(ls,a),

seS ace A he[H—1]

where NY . = > 1{(S},A}) = (s,a)} and If; : Q@ — Jps Ty * w = 179 (w) is the
random vector representing the history up to episode T.

F A Use Case for Objective-Free Exploration (OFE)

Consider the following setting. You are given a certain MDP without reward M = (S, A, H, do, p),
in which you do not know neither d nor p. Your job is to explore the environment to collect samples
that allow you to construct estimates dy ~ do and p ~ p, that will be subsequently used to perform a
task in a given class .% in an (e, §)-correct manner. Of course the number of samples should be as
small as possible. How do you explore? It depends on which problems are contained in class .%.

A use case for OFE is the following.

Example F.1. Assume that we are given a single fixed environment (for instance, a warehouse),
in which there are many tasks to do (e.g., labelling objects, putting stuff on the shelves, bringing
products from one side to the other), and assume (it is reasonable) that it is desirable to have one
robot for each task. To teach these robots how to behave, we decide to use RL. Since all the robots
work in the same environment (warehouse), then the (unknown) transition model is the same. For this
reason, an efficient exploration (potentially through RFE) is meaningful. However, we realize that
some tasks are difficult to design (i.e., the rewards of such tasks). For these tasks, we prefer to use a
human expert to exhibit demonstrations, and then use RelL (in particular, IRL), to learn the reward,
that will be subsequently used for AL. To perform IRL nicely, the samples collected at the beginning
shall be used. To sum up, we might be interested in performing multiple RL and IRL tasks in the same
unknown MDP, and, for efficiency reasons, our exploration of the environment has to be performed
only once (before) being given the tasks to solve.
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* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
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* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]

Justification: The paper does not include experiments.
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Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper does not harm human subjects or par-
ticipants, and there are no data-related concerns. In addition, we believe that there are no
noteworthy potential harmful consequences of our research.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:

Justification: This paper represents foundational research, and it is not tied to particular
applications. In addition, we believe that there is no direct path to any negative applications.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
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12.

13.

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:
* The answer NA means that the paper does not use existing assets.

 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

» At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
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14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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