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Abstract

We study the complexity of heavy-tailed sampling and present a separation result
in terms of obtaining high-accuracy versus low-accuracy guarantees i.e., samplers
that require only O(log(1/¢)) versus Q(poly(1/¢)) iterations to output a sample
which is e-close to the target in x2-divergence. Our results are presented for
proximal samplers that are based on Gaussian versus stable oracles. We show that
proximal samplers based on the Gaussian oracle have a fundamental barrier in
that they necessarily achieve only low-accuracy guarantees when sampling from a
class of heavy-tailed targets. In contrast, proximal samplers based on the stable
oracle exhibit high-accuracy guarantees, thereby overcoming the aforementioned
limitation. We also prove lower bounds for samplers under the stable oracle and
show that our upper bounds cannot be fundamentally improved.

1 Introduction

The task of sampling from heavy-tailed targets arises in various domains such as Bayesian statis-
tics [GIPS08, GLM18], machine learning [CDV09, BZ17, NSR19, $SZTG20, DKTZ20], robust
statistics [KN04, JRO7, Kam18, YER22], multiple comparison procedures [GBH04, GB09], and
study of geophysical systems [SP15, QM16, PBEM23]. This problem is particularly challenging
when using gradient-based Markov Chain Monte Carlo (MCMC) algorithms due to diminishing
gradients, which occurs when the tails of the target density decay at a slow (e.g. polynomial) rate.
Indeed, canonical algorithms like Langevin Monte Carlo (LMC) have been empirically observed to
perform poorly [LWME19, HMW21, HFBE24] when sampling from such heavy-tailed targets.

Several approaches have been proposed in the literature to overcome these limitations of LMC and
related algorithms. The predominant ones include (i) transformation-based approaches, where a
diffeomorphic (invertible) transformation is used to first map the heavy-tailed density to a light-tailed
one so that a light-tailed sampling algorithm can be used [JG12, YER22, HBE24], (ii) discretizing
general It6 diffusions with non-standard Brownian motion that have heavy-tailed densities as their
equilibrium density [EMS18, LWME19, HFBE24], and (iii) discretizing stable-driven stochastic
differential equations [ZZ23]. However, the few theoretical results available on the analysis of
algorithms based on approaches (i) and (ii) provide only low-accuracy heavy-tailed samplers; such
algorithms require poly(1/¢) iterations to obtain a sample that is e-close to the target in a reasonable
metric of choice. Furthermore, quantitative complexity guarantees for the sampling approach used in
(iii) are not yet available; thus, existing comparisons are mainly based on empirical studies.

In stark contrast, when the target density is light-tailed it is well-known that algorithms like proximal
samplers based on Gaussian oracles and the Metropolis Adjusted Langevin Algorithm (MALA) have
high-accuracy guarantees; these algorithms require only polylog(1/¢) iterations to obtain a sample
which is e-close to the target in some metric. See, for example, the works by [DCWY 19, LST21b,
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v>1 ve(0,1)
Oracle Gaussian (Alg. 1) | Stable (Alg. 2 & 3) Gaussian (Alg. 1) | Stable (Alg. 2 & 3)
Complexity | Q(s~+) (Cor. 2) | O(log(e™!)) (Cor. 5) | Q(c~+) (Cor. 2) | O(e~+*1) (Cor. 5)

Table 1: Separation for Proximal Samplers: Gaussian vs. practical Stable oracles (o= 1): Upper and lower
iteration complexity bounds to generate an e-accurate sample in x*-divergence from the generalized Cauchy
target densities with degrees of freedom v, i.e. 7, oc (1 + |z|?)~(4*)/2 Here, Q, O hide constants depending
on v and polylog(d, 1/¢). For the proximal sampler with a general a-Stable oracle (Algorithm 2), the upper
bound for v € (0,1) is O(log(1/¢)) when a = v. The lower bounds are from Corollary 2 via 2TV? < 2.

WSC22a, CCSW22, CG23]. Specifically, [LST21b] analyzed the proximal sampling algorithm
to sample from a class of strongly log-concave densities and obtained high-accuracy guarantees.
[CCSW22] established similar high-accuracy guarantees for the proximal sampler to sample from
target densities that satisfy a certain functional inequality, covering a range of light-tailed densities
with exponentially fast tail decay (e.g. log-Sobolev and Poincaré inequalities). However, it is not clear
if the proximal sampler achieves the same desirable performance when the target is not light-tailed.

In light of existing results, in this work, we first consider the following question:

Q1. What are the fundamental limits of proximal samplers under the Gaussian
oracle when sampling from heavy-tailed targets?

To answer this question, we construct lower bounds showing that Gaussian-based samplers necessarily
require poly(1/e) iterations to sample from a class of heavy-tailed targets. These results complement
the lower bounds on the complexity of sampling from heavy-tailed densities using the LMC algorithm
established in [MHFH*23]. With this lower bound in hand, we next consider the following question:

Q2. Is it possible to design high-accuracy samplers for heavy-tailed targets?

We answer this in the affirmative by constructing proximal samplers that are based on stable oracles
(see Definition 1 and Algorithm 2) by leveraging the fractional heat-flow corresponding to a class of
stable-driven SDEs. We analyze the complexity of this algorithm when sampling from heavy-tailed
densities that satisfy a fractional Poincaré inequality, and establish that they require only log(1/¢)
iterations. Together, our answers to Q1 and Q2 provide a clear separation between samplers based on
Gaussian and stable oracles. Our contributions can be summarized as follows.

e Lower bounds for the Gaussian oracle: In Section 2, we focus on Q1 and establish in Theorems 1
and 2 respectively that the Langevin diffusion and the proximal sampler based on the Gaussian
oracle necessarily have a fundamental barrier when sampling from heavy-tailed densities. Our
proof technique builds on [HailO], and provides a novel perspective for obtaining algorithm-
dependent lower bounds for sampling, which may be of independent interest.

* A proximal sampler based on the stable oracle: In Section 3, we introduce a proximal sampler
based on the a-stable oracle, which fundamentally relies on the exact implementations of the
fractional heat flow that correspond to a stable-driven SDE. Here, the parameter v determines the
allowed class of heavy-tailed targets which could be sampled with high-accuracy. In Theorem 3
and Proposition 1, we provide upper bounds on the iteration complexity that are of smaller order
than the corresponding lower bounds established for the Gaussian oracle. We provide a rejection-
sampling based implementation of the a-stable oracle for the case a = 1 and prove complexity
upper bounds in Corollary 3. Finally, in Theorem 4, considering a sub-class of Cauchy-type
targets, we prove lower bounds showing that our upper bounds cannot be fundamentally improved.

An illustration of our results for Cauchy target densities, 7, o< (1 + |z|?)~(@+*)/2 where v is the
degrees of freedom, is provided in Table 1. We specifically consider the practical version of the stable
proximal sampler with oo = 1 (i.e., Algorithm 2 with the stable oracle implemented by Algorithm 3),
and show that it always outperforms the Gaussian proximal sampler (Algorithm 1). Indeed, when
v > 1, the separation between these algorithms is obvious. In the case v € (0,1), Algorithm 2 & 3
has a poly(1/¢) complexity, nevertheless, it still improves the complexity of the Gaussian proximal
sampler by a factor of . We also show via lower bounds (in Section 3.4) that the poly(1/e) complexity
for Algorithm 2 & 3, when v € (0, 1), can only be improved up to certain factors. We remark that
for the ideal proximal sampler (Algorithm 2), the upper bound when v € (0, 1) is also O(log(1/¢)).
These results demonstrate a clear separation between Gaussian and stable proximal samplers.

Related works. We first discuss works analyzing the complexity of heavy-tailed sampling as charac-
terized by a functional inequality assumption. [CDV09] analyzed the connection between sampling
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algorithms for a class of s-concave densities satisfying a certain isoperimetry condition related to
weighted Poincaré inequalities. [HFBE24] undertook a mean-square analysis of discretization of
a specific Itd diffusion that characterizes a class of heavy-tailed densities satisfying a weighted
Poincaré inequality. [ALPW22] and [ALPW23] analyzed the complexity of pseudo-marginal MCMC
algorithms and the random-walk Metropolis algorithm respectively, under weak Poincaré inequalities.
As mentioned before, [MHFH 23] showed lower bounds for the LMC algorithm when the target
density satisfies a weak Poincaré inequality. [HBE24] and [YER22] analyzed a transformation based
approach for heavy-tailed sampling under conditions closely related to the same functional inequality.
This transformation methodology is also used to demonstrate asymptotic exponential ergodicity for
other sampling algorithms like the bouncy particle sampler and the zig-zag sampler, in the heavy-
tailed settings [DBCD19, DGM20, BRZ19]. These works provide only low-accuracy guarantees for
heavy-tailed sampling and do not consider the use of weak Fractional Poincaré inequalities.

Recent years have witnessed a significant focus on (strongly) log-concave sampling, leading to an
extensive body of work that is challenging to encapsulate succinctly. In the context of (strongly) log-
concave or light-tailed distributions, a plethora of non-asymptotic investigations have been conducted
on LMC variations, including advanced integrators [SL19, LWME19, HBE20], underdamped LMC
[CCBJ18, EGZ19, CLW23, DRD20], and MALA [DCWY 19, LST20, CLAT21, WSC22b]. Outside
the realm of log-concavity, the dissipativity assumption, which regulates the growth of the potential,
has been used in numerous studies to derive convergence guarantees [DM17, RRT17, EMS18, EH21,
MFWB22, EHZ22, BCET22].

While research on upper bounds of sampling algorithms’ complexity has advanced considerably, the
exploration of lower bounds is still nascent. [CGL"22] explored the query complexity of sampling
from strongly log-concave distributions in one-dimensional settings. [LZT22] established lower
bounds for LMC in sampling from strongly log-concave distributions. [CBL22] presented lower
bounds for sampling from strongly log-concave distributions with noisy gradients. [GLL20] focused
on lower bounds for estimating normalizing constants of log-concave densities. Contributions by
[LST21a] and [WSC22b] provide lower bounds in the metropolized algorithm category, including
Langevin and Hamiltonian Monte Carlo, in strongly log-concave contexts. Finally, [CGLL22]
contributed to lower bounds in Fisher information for non-log-concave sampling.

2 Lower Bounds for Sampling with the Gaussian Oracle

In this section, we focus on Q1 for both the Langevin diffusion (in continuous time) and the proximal
sampler (in discrete time), where both procedures have the target density as their invariant measures.
Our results below illustrate the limitation of the Gaussian oracle' for heavy-tailed sampling in both
continuous and discrete time, showing that the phenomenon is not because of the discretization effect,
but is inherently related to the use of Gaussian oracles.

Langevin diffusion. We first start with the overdamped Langevin diffusion (LD):

dX, = —-VV(X,)dt + v2dB,. (LD)
LD achieves high-accuracy “sampling” in continuous time, i.e. a polylog(1/e) convergence rate in
the light-tailed setting. We make the following dissipativity-type assumption.

Assumption 1. The target density is given by 7% (x) o< exp(—=V (z)), where V : R? — R satisfies
(d+ v1)l=f” (d + vo)|z[?
14+ |z|? 14+ |z?
Remark 1. The upper bound on {(x,VV (x)) ensures that V grows at most logarithmically in |z|.
Consequently, ™ is heavy-tailed and in fact does not satisfy a Poincaré inequality. The lower bound

on (x,VV(x)) is only needed for deriving the dimension dependency in our guarantees. If one is
only interested in the £ dependency, this condition can be replaced with 0 < (x, VV (z)).

vz € RY, <(x,VV(z)) < Sfor some vy > vy > 0.

A classical example of a density satisfying the above assumption is the generalized Cauchy density
with degrees of freedom v = v; = v» > 0, where the potential is given by

_d+v
2

V,(x): In(1 + [z[?). (1)

The following result, proved in Appendix A, provides a lower bound on the performance of LD.

"Here, for the sake of unified presentation, we refer the use of Brownian motion in (LD) as Gaussian oracle.
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Algorithm 1 Gaussian Proximal Sampler [LST21b]

Input: Sample zg, andstepn > 0. for k=0,1,--- /N —1 // Gibbs sampler
Sample yi, ~ 7Y X (-|z) = N (g, nla) // Heat flow
2
Sample 241 |yx ~ 75 (|yx) o< 75 (+) exp (%) /l calls to RGO

return x

Theorem 1. Suppose ™% o< exp(—V') satisfies Assumption 1. Let X; be the solution of the Langevin
diffusion, and p, = Law(X}). Then, for any 6 > 0,

v —v va(149)
TV(X, 1) > Copppd 2 O (Cs(po) + rst) ™ 2,

where ks i= 1V g2V 2L Cy(o) = 75 B[(1 + | Xo[?))YY with y = ks(d + 12) /2, and

Cy, v, is a constant depending only on vy and vs.

2ln1nt/\ 2Inind

volnt (vo—v1)Ind’ we obtain

If we assume | Xo| < O(v/d) for simplicity, then by choosing § =

vi—V2 V2

t72).

TV(T‘-Xv Ut) > QV17V2 (d
Thus, LD requires at least 7' = €, ,, (d e (1/£)?/¥2) to reach ¢ error in total variation. While
this bound may be small in high dimensions when 5 > v, for the canonical model of Cauchy-type
potentials with v5 = 1y = v, it will be independent of dimension, as stated by the following result.
Note that Assumption 1 can also cover a general scaling by replacing |z| with ¢|z| for some constant
¢, which would introduce a multiplicative factor of 1/c? for the lower bound on 7. This is expected
as e.g., mixing to the Gibbs potential ¢?|z|? can be faster than mixing to |z|? by a factor of 1/c?.

Corollary 1. Consider the generalized Cauchy density ©}¥ o exp(—V,) where V, is as in (1).
Let X be the solution of the Langevin diffusion, and p, ‘= Law(X,). For simplicity, assume the

initialization satisfies | Xo| < O(v/d). Then, achieving TV (7 X, ur) < € requires T > Q,, (5*%)_

The above lower bound implies that LD is a low-accuracy “sampler” for this target density in the
sense that it depends polynomially on 1/e; this dependence gets worse with smaller v as the tails
get heavier. It is worth highlighting the gap between the upper bound of [MHFH ™23, Corollary 8],
which is O(1/£%/%), and the lower bound in Corollary 1.

Gaussian proximal sampler. In the remainder of this section, we prove that the Gaussian proximal
sampler, described in Algorithm 1, also suffers from a poly(1/¢) rate when the target density is
heavy-tailed. In each iteration of Algorithm 1, the first step involves sampling a standard Gaussian
random variable y;, centered at the current iterate x; with variance 7I; this is a one-step isotropic
Brownian random walk. Alternatively, since the Fokker-Planck equation of the standard Brownian
motion is the classical heat equation, this step could also be interpreted as an exact simulation of the
heat flow; see, for example, [CG03] and [Wib18]. Specifically, the density of ¥y, is the solution to
the heat flow at time 7 with the initial condition being the density of x;. The second step is called
the restricted Gaussian oracle (RGO) as coined by [LST21b]; under which (x, yi ) is a reversible
Markov chain whose stationary density has z-marginal 7X.

Assumption 2. For some vy > vy > 0, the target 1% (x) o< exp(—V (z)) with V : R — R satisfies

d+v1)lz[? (d+vy)|z| (d+12)?
voeR? <(x,VV(2)), [VV(z)l < , AV(z) < :
The first condition above also appears in Assumption 1 and the second condition implies the upper
bound of Assumption 1; thus, the above assumption is stronger. Note that the generalized Cauchy
measure (1) satisfies this assumption with 1y = v = v. Under Assumption 2, we state the following
lower bound on the Gaussian proximal sampler and defer its proof to Appendix A.

Theorem 2. Suppose ©% x exp(—V) satisfies Assumption 2. Let x}, denote the k™ iterate of the

Gaussian proximal sampler (Algorithm 1) with step 1 and let pi( := Law/(xy). Then, for any § > 0,

TVRX XV > O, a5 20+ (o k —V2(12+6)
V(ﬂ- ) Pk ) = Yvy,va ( 5(M0) + KM ) ’

where k5, C5(po), and Cy, ., are defined in Theorem 1.
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Above, assuming | Xo| < O(v/d) with the same choice of § as in Theorem 1 yields TV (7,5, pi¥) >
vi—vy

Quhyz (d = (kn) —=* ) Note that in order for the RGO step to be efficiently implementable, we
need to have a sufficiently small ). The state-of-the-art implementation of RGO requires a step size of
order n = O(1/(Ld"/?)) when V has L-Lipschitz gradients [FYC23]. With this choice of step size,
the above lower bound requires at least N = €,,, ,,, (Ld/>T(11=v2)/v2(1 /e)2/72) jterations. The
assumptions in Theorem 2 once again cover the canonical examples of generalized Cauchy densities,
where we have L. = d + v, which simplifies the lower bound as follows.

Corollary 2. Consider the generalized Cauchy density ;X o exp(—V,)) where V, is as in (1).
Let x, denote the k™ iterate of the Gaussian proximal sampler, and define pf = Law(xy), and

choose the step size 1 = O(1/(Ld"/?)). If we assume | Xo| < O(v/d) for simplicity, then achieving
TV(rX, pj)\(,) < € requires N >, (dgs’%) iterations.

We emphasize that the above lower bound is of order poly(1/¢) as advertised. Thus, the RGO-based
proximal sampler can only yield a low-accuracy guarantee in this setting.

3 Stable Proximal Sampler and the Restricted o-Stable Oracle

Having characterized the limitations of Gaussian oracles for heavy-tailed sampling, thereby answering
Q1, in what follows, we will focus on Q2 and construct proximal samplers based on the a-stable
oracle, and prove that they achieve high-accuracy guarantees when sampling from heavy-tailed targets.
First, we provide a basic overview of a-stable processes and fractional heat flows.

Isotropic a-stable process. For t > 0, let Xt(a) be the isotropic stable Lévy process in R, starting

from z € R?, with the index of stability o € (0, 2], defined uniquely via its characteristic function

; () a . . . .
Exe“f’xt @) = ¢~ " When o = 2, Xt(Q) is a scaled Brownian motion, and when 0 < a < 2, it

)

becomes a pure Lévy jump process in R%. The transition density of X t(a is then given by

Pty =P o) with ) = o) [ exp(-tlge s @)
R

where the second equation above is the inverse Fourier transform of the characteristic function, thus
returns the density. The transition kernel and the density in (2) have closed-form expressions for the

special cases a = 1, 2. In particular, when o = 1, pgl) reduces to a Cauchy density with degrees of

freedom v = 1, i.e. p{” (y)  (|y|? + #2)~(@*+1/2 We finally note that the isotropic stable Lévy

process X\ displays self-similarity like the Brownian motion; the processes X\ and a1/ X

have the same distribution. This property is crucial in the development of the stable proximal sampler.

Fractional heat flow. The equation d;u(t,z) = —(—A)®/?u(t,z) with the condition u(0,z) =
uo(x) is an extension of the classical heat flow, and is referred to as the fractional heat flow. Here,
—(—A)?/2 is the fractional Laplacian operator with a € (0, 2], which is the infinitesimal generator
of the isotropic a-stable process. For o = 2, it reduces to the standard Laplacian operator A.

Stable proximal sampler. Let 7(z, ) be a joint density such that 7(z, %) o 7% (z)p(®) (n; 2, 7),
where ¥ is the target and p(® (n; z, y) is the transition density of the a-stable process, introduced in
(2). It is easy to verify that (i) the X -marginal of 7 is 7%, (ii) the conditional density of Y given X is
Y IX(|z) = p@ (n; 2, -), (iii) the Y-marginal is 7¥ = 7% * p{™, i.e. 7" is obtained by evolving
7~ along the a-fractional heat flow for time 7, and (iv) the conditional density of X given Y is
aXIY (|y) oc #X()p(®) (n; -, ). Based on these, we introduce the following stable oracle.

Definition 1 (Restricted a-Stable Oracle). Given y € R, an oracle that outputs a random vector
distributed according to XY (-|y), is called the Restricted a-Stable Oracle (RaSO).

Note that when o = 2, the RSO reduces to the RGO of [LST21b]. The Stable Proximal Sampler
(Algorithm 2) with parameter « is initialized at a point 2y € R and performs Gibbs sampling on
the joint density 7. In each iteration, the first step involves sampling an isotropic a-stable random
vector yy, centered at the current iterate x, which is a one-step isotropic a-stable random walk. This
could also be interpreted as an exact simulation of the fractional heat flow. Indeed, due to the relation
between the fractional heat flow and the isotropic stable process, the density of y;, is exactly the
solution to the a-fractional heat flow at time 1 with the initial condition being the density of zy.
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Algorithm 2 Stable Proximal Sampler with parameter o

Input: Sample zg, stepn > 0, and @ € (0, 2).

fork=0,1,--- ,N—1 // Gibbs sampler
Sample y, ~ 7Y X (-|zy) = p() (n; 24, ) /[ Fractional heat flow
Sample 241 |yx ~ 75 (Jyr) o< 75 ()p' ) (15 -, yx) /l calls to RaSO

return x

When a = 2, the first step reduces to an isotropic Brownian random walk and a simulation of the
classical heat flow. The second step calls the RSO at the point yy.

3.1 Convergence guarantees

We next provide convergence guarantees for the stable proximal sampler in y2-divergence assuming
access to the RaSO. Similar results for a practical implementation are presented in Section 3.2. To
proceed, we introduce the fractional Poincaré inequality, first introduced in [WW15] to characterize a
class of heavy-tailed densities including the canonical Cauchy class.

Definition 2 (Fractional Poincaré Inequality). For ¥ € (0,2), a probability density u satisfies a
Y-fractional Poincaré inequality (FPI) if there exists a positive constant Crpyy) such that for any

function ¢ : R* — R in the domain ofé'w), we have
Var,(¢) < CFPI(ﬂ)E,Sﬁ)(¢)~ (FPD)

where 559) is a non-local Dirichlet form associated with p defined as

z) — 2 , 29T ((d +v)/2
a0 = cd,ﬂ//{mf‘i’i)y@(fg)) douly)dy  with  ca0 = wd/2(|(r(+z9%)l)'

Remark 2. FPI is a weaker condition than Assumption 2. In fact, any density satisfying the first 2
conditions in Assumption 2 satisfies V-FPI for all 9 < vy [WWI15, Theorem 1.1]. In Proposition 2,
we show that as 9 — 27, FPI becomes equivalent to the standard Poincaré inequality.

In the sequel, pg( denotes the law of zy, pky denotes the law of yy, and p,, = pf"y is the joint law of
(zk, yx ). We provide the following convergence guarantee under an FPI, proved in Appendix B.2.
Theorem 3. Assume that T satisfies the a-FPI with parameter Crpi(a) for o € (0,2). For any step
size n > 0 and initial density pi, the k™ iterate of Algorithm 2, with parameter o, satisfies

(o 7)< exp (—kn (Corgey +1) ™ ) X2 (o 17,

As a consequence of Remark 2 and Proposition 2, we recover the result in [CCSW22, Theorem 4], by
letting o« — 27. While our results in Theorem 3 are based on Algorithm 2 which requires exact calls
to RaSO, the next result, proved in Appendix B.3, shows that even with an inexact implementation
of RaSO, the error accumulation is at most linear, and Algorithm 2 still converges quickly.

Proposition 1. Suppose the RaSO in Algorithm 2 is implemented inexactly, i.e. there exists a positive
constant ey such that TV(/S?'YHy), pfly(~|y)) <ervforally € R and k > 1, where ﬁfly(~|y)
is the density of the inexact RaSO sample conditioned on y. Let [)kX be the density of the output of
the k™ step of Algorithm 2 with the inexact RaSO and pi( be the density of the output of k™ step
Algorithm 2 with the exact RaSO. Then, for all k > 0,

TV(5 o ) < TV (fg ,p5 ) + kerv.

Further, ifﬁff = pgf,for any K > K, we get TV(ﬁ)Ig, 7X) < ¢, iferv < €/2K, where the constant
Ko=(1+ C’Fpl(a)n_l) log (X2 (o |7rX)/52) with Crpy(o) being the a-FPI parameter of mX.

3.2 A practical implementation of Ra.SO

In the sequel, we introduce a practical implementation of RSO when o = 1. For this, we consider
the case when the target density 7% o e~V satisfies the 1-FPI with parameter Crpi(1)- A more
thorough implementation of Ra:SO for other values of « will be investigated in future work.

Assumption 3. There exist constants 3, L > 0 such that for any minimizer z* € arg min, cga V(y)
and for all x € R, V satisfies V (z) — V(2*) < Llz — x*|P.
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Algorithm 3 RaSO Implementation for @ = 1 via Rejection Sampling

Input: V,z* € argminV,n > 0,y € R%

while TRUE // Rejection sampling
Generate (Z1, Za,u) ~ N(0,14) @ N (0,1) @ U[0, 1]
x < y+nZi/|Zs| /l Cauchy random vector
return z if u < exp(—V (z) + V(a*)) /l Accept-reject step

Algorithm 3 provides an exact implementation of RaSO for o« = 1 via rejection sampling. Inputs to
this algorithm are the intermediate points ¥y, in the stable proximal sampler (Algorithm 2). Note that
Algorithm 3 requires a global minimizer of V, which is always assumed to exist, which guarantees
that the acceptance probability is non-trivial. It generates proposals with density p(*) (n; -,4) and
utilizes that p(*) is a Cauchy density and Cauchy random vectors can be generated via ratios between
a Gaussian random vector and square-root of a 2 random variable. Finally, the accept-reject step
ensures that the output = has density 75" (-]y) o e=Vp()(n;-,y). This makes Algorithm 3 a
zeroth-order algorithm requiring only access to function evaluations of V. Under Assumption 3, by
choosing a small step-size, we can control the expected number of rejections in Algorithm 3. We now
state the iteration complexity of our stable proximal sampler with this RSO implementation in the
following result, whose proof is provided in Appendix B.3.

Corollary 3. Assume V satisfies Assumption 3. If we choose the step-size 1 = @(d_%lfﬁ), then
Algorithm 3 implements the RaSO with o = 1, with the expected number of zeroth-order calls to V' of
order Elexp(L|yx|?)]. Further assume 7 satisfies 1-FPI with parameter Crpy(1). Suppose we run
Algorithm 2 with RaSO implemented for with o = 1 by Algorithm 3. Then, to return a sample which
is e-close in 2-divergence to the target, the expected number of iterations required by Algorithm 2 is

O (Crpi1yd2 L7 log(x (o [75) /€)).

Note that the above result provides a high-accuracy guarantee for the implementable version of the
stable proximal sampler (Algorithm 3) for a class of heavy-tailed targets, overcoming the fundamental
barrier established in Theorem 2 for the Gaussian proximal sampler (i.e., Algorithm 1). A numerical
illustration of this improvement is provided in Appendix D by sampling from student-t distributions.

Remark 3. (1) Finding a global minimizer of the potential V' can be hard, which could be avoided if a
lower bound on the potential V is available; see Appendix B.3. (2) A trivial bound for E[exp(L|yx|?)]
is exp(LM) for M = E_ x[|X|°] + x2(p¥ |7 )E,x [| X |2]2. Since our main focus is high vs low
accuracy samplers, deriving a sharper bound is beyond the scope of the current paper.

3.3 Illustrative examples

To illustrate our results, we now apply the proximal algorithms to sample from Cauchy densities and
discuss the complexity of both the ideal sampler (Algorithm 2) in which we can choose any « € (0, 2)
and the implementable version with & = 1 (Algorithm 3). For the ideal sampler, we can choose
a < v for any degrees of freedom v > 0, and apply Theorem 3 since 7, satisfies a a-FPI [WW15].

Corollary 4. For any v > 0, consider the generalized Cauchy target 7,, x exp(—V,,) with V,, defined
in (1). For the stable proximal sampler with parameter o € (0,2) and o < v (i.e., Algorithm 2),
suppose we set the step-size n € (0,1) and draw the initial sample from the standard Gaussian
density. Then, the number of iterations required by Algorithm 2 to produce an e-accurate sample in
x2-divergence is O(Cppl(a)n’l log(d/¢c)), where Cgpy(q) is the a-FPI parameter of ,,.

For the implementable sampler, since the parameter « is fixed to be 1, whether a suitable FPI is
satisfied or not depends on the degrees of freedom v. Specifically, when v > 1, 1-FPI is satisfied
and Corollary 5 applies. When v € (0, 1), on the other hand, 1-FPI is not satisfied. To tackle this
issue, we prove convergence guarantees for the proximal sampler under a weak fractional Poincaré
inequality; the next corollary, proved in Appendix B.4, summarizes these results.

Corollary 5. For the Cauchy target 7, x exp(—V,) where V,, is defined in (1), we consider
Algorithm 2 with a = 1, a standard Gaussian initialization, and RaSO implemented by Algorithm 3.

(1) When v > 1, if we set the step-size n = @(d_% (d+ 1/)_4), the expected number iterations
required by Algorithm 2 to output a sample which is e-close in x*-divergence to the target is of
order O(Cppl(l)d% (d+v)? log(d/s)), where Crpy(1) is the 1-FPI parameter of T,.
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(2) When v € (0,1), if we set the step-size n = @(d_%(d + V)_%), the expected number of

iterations required by Algorithm 2, to output a sample which is e-close in x?-divergence to the
. A 1144 1,4 1 : . .
target is of order (9( max {c vdzr T editvem vl }), where c is the positive constant given

in (16). Here, O hides the polylog factors on d and 1/¢.

The stable proximal sampler (Algorithm 2) is a high accuracy sampler for the class of generalized
Cauchy targets, as long as @ < v, meaning that it achieves log(1/¢) iteration complexity. The
improvement from poly(1/¢) to log(1/¢) separates the stable proximal sampler and the Gaussian
proximal sampler in the task of heavy-tailed sampling. When we use the rejection-sampling imple-
mentation with parameter o = 1 (Algorithm 3), iteration complexity goes through a phase transition
as the tails get heavier. When the generalized Cauchy density has a finite mean (v > 1), we achieve
a high-accuracy sampler with log(1/¢) iteration complexity. However, without a finite mean (i.e.,
v € (0, 1)), the algorithm becomes a low-accuracy sampler with poly(1/e) complexity. Even in this
low-accuracy regime, the implementable stable proximal sampler outperforms the Gaussian one, as
originally highlighted in Table 1. Last, we claim that the poly(1/e) complexity of Algorithms 2 and 3
is not due to a loose analysis, as we show poly(1/¢) lower bounds in the following section.

3.4 Lower bounds for the stable proximal sampler

We now study lower bounds on the stable proximal sampler to sample from the class of target densities
satisfying Assumption 2, which includes the generalized Cauchy target. Recall that Assumption 2
implies the FPI used in Theorem 3. The result below, proved in Appendix C, complements Theorem 3,
showing the impossibility of achieving log(1/¢) rates for a sufficiently large «.

X oc exp(—V) with V satisfying Assumption 2 and %‘:2) <a<2. Let

x}, denote the k™ iterate of Algorithm 2 with parameter o and step size 1, and let pi( = Law(xg).
Then for any T € (m, @), and g(d,v1,v2,7) = va/{7(d + 11) — v2(d + 12)}, we have

d+uvq
T(d+v1)g(d,v1,v2,T) T T T\ —(dtv U1 Vot
TV(WX,pi() > Cyl,ug,ad ) (E[(l + ‘.’E0|2)2] +m_(r(¥)k;2+1na) (d+v2)g(d,v1,v2, )7

)

Theorem 4. Suppose 7

where Cy, ., o is a constant depending only on vy, v3, o, and m(TQ is the ™ absolute moment of the
a-stable random variable with density pga) defined in (2).
Remark 4. The parameter T in Theorem 4 can be chosen arbitrarily close to a. Specifically, if we

assume | Xo| < O(\/&), then with the choice of T = o — (loglggid) A loilg(gn@;)l)), we have

7(d+vy1)g(d,vi,ve,a)
2

)

TV, ) 2 O (d (@4 i g~ )

where Q hides polylog(d/n) factors.

The 7" absolute moment of the a-stable random variable depends on the choice of « and the
dimension d. It is hard to find an explicit formula of m(Ta) in general. An explicit formula is only
available in some special cases, such as aw = 1, 2. Specializing Theorem 4 for the generalized Cauchy

potential (i.e., ¥1 = 15) we obtain the following explicit result.

Corollary 6. Let o € (0,2]. Suppose m, x exp(—V,) where V,,(x) is as in (1) for some v € (0, ).
Let (1) k>0 be the output of Algorithm 2 with parameter « and step-size > 0, and p;\ = Law(zy,)
forall k > 0. Then for any T € (v, @),

TV(p,m,) > Coad27) (B[(1+ |20[?) 2] + m@ k2 ) 77,

where m(Ta) is the 7™ absolute moment of the a-stable random variable with density pga) as in (2).

For the rejection sampling implementation in Algorithm 3, « = 1 and mg) =0O(d2) forall T < 1

(see Appendix B.1). Notice that to implement the Ra:SO in the Stable proximal sampler efficiently,

we need a sufficiently small step-size . When the target potential satisfies Assumption 3, i.e. V
1

is 8-Holder continuous with parameter L, we require 7 = @(d_%Lfﬁ) to ensure RaSO can be

implemented with O(1) queries. Therefore, if we choose 7 = ©(d ™2 L% ), the minimum number
of iterations we need to get an e-error in TV is
B 2(t—v) r 2
O (5 @+ g2+r B )
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For the generalized Cauchy potential with v € (0,1), we have 8 = v/4 and L = (d + v)/v, which
leads to the following corollary.

Corollary 7. Suppose 7:X oc exp(—V,,) is the generalized Cauchy density with v € (0,1). Let x,

denote the k-th iterate of the stable proximal sampler with o = 1 (Algorithm 3), and ka = Law/(xy).
If we choose the step sizen = ©(L~™vd~2) where L = 4L s the v /4-Holder constant of Vi, and as-

T487 /v _ 2(r—v)

zo| < O(Vd), then, TV(rX, px) < € requires N > Q,, ,(d 2% &~ »&),

or any T € (v, 1). Further, by choosing T = max(v,1 — log(log(d/c)) , we obtain
log(d/<)

sume, for simplicity,

~ v+8  2(1-v) x X
N > Q,,(d 3v e 3w )7 in order for TV(n] ,pn) <e

The above result shows that when implementing the RaSO in Algorithm 2 with Algorithm 3, to
sample from generalized Cauchy targets with v € (0, 1), we can at best have an iteration complexity
of order poly(1/¢), matching the upper bounds in Corollary 5 up to certain factors.

4 Overview of Proof Techniques

Lower bounds. We build on the techniques developed in [Hail0]. Let ;; denotes the law of LD
along its trajectory. To proceed, we need some G : R? — R for which we can upper bound p;(G) :=
J Gduy, and some f : R? — R that satisfies 7% (G > y) > f(y) forally € Ry. After finding the
candidates G and f, Lemma 1 in Appendix A guarantees TV (7%, 11;) > supyer, f(y) — m(G)/y.

This technique relies on choosing G such that it has heavy tails under 7% leading to a large f(y),
while having light tails along the trajectory, thus small 1, (G). By picking G = exp(kV') with k > 1,

one can immediately observe that 7% (G) = oo, thus G indeed has heavy tails under 7.

To control u;(G) along the trajectory, one can use the generator of LD to bound 0, (G). Recall
the generator of LD, L1p(-) = A(:) — (VV,V:). Therefore, with a choice of G = exp(xV),
controlling 9, 11 (G) requires bounding the first and second derivatives of V. To avoid making extra
assumptions for V' in the analysis of LD, we instead construct G based on a surrogate potential
V(z) = ‘”T’Q In(1 + |z|?), which is an upper bound to the potential V. We then estimate f based on
this surrogate potential in Lemma 2, and control the growth of 1;(G) in Lemma 3. Combined with
Lemma 1, this leads to the proof of Theorem 1, with the details provided in Appendix A.

For the Gaussian proximal sampler, bounding p;i (G) requires controlling the expectation of G
along the forward and backward heat flow. For the particular choice of G = exp(kV'), we show
in Lemma 4 that the growth of p;X (G) can be controlled only by considering a forward heat flow
with the corresponding generator Lyp = %A. Therefore, given additional estimates on the second

derivatives of V, we bound the growth of pi (G) in Lemma 5. Once this bound is achieved, we can
invoke Lemma 1 to finish the proof of Theorem 2.

Upper bounds. Our upper bound analysis builds on that by [CCSW22] in the specific ways discussed
next. We consider the change in x? divergence when we apply the two operations to the law pf to
the iterates and the target 7% : (i) evolving the two densities along the a-fractional heat flow for time
71 and (i¢) applying the RaSO to the resulting densities. For the step (i), it is required to show that
the solution along the fractional heat flow of the stable proximal sampler at any time, satisfies FPI. To
show this, (a) the convolution property of the FPI is proved in Lemma 6, and (b) the FPI parameter
for the stable process follows from [Cha04, Theorem 23]. In Proposition 3, it is then shown that
the x? divergence decays exponentially fast along the fractional heat flow under the assumption of
FPI. The aforementioned results enable us to prove the exponential decay of x? divergence along
the fractional heat flow under FPI in Proposition 3. To deal with the step (ii) above, we use the data
processing inequality; see Proposition 3. These two steps together, enable us to derive the stated
upper bounds for the stable proximal sampler.

5 Discussion

We showed the limitations of Gaussian proximal samplers for high-accuracy heavy-tailed sampling,
and proposed and analyzed stable proximal samplers, establishing that they are indeed high-accuracy
algorithms. We now list a few important limitations and problems for future research: (i) It is
important to develop efficiently implementable versions of the stable proximal sampler for all values
of a € (0,2), and characterize their complexity in terms of problem parameters, (ii) Gaussian
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proximal samplers can be interpreted as a proximal point method for approximating the entropic
regularized Wasserstein gradient flow of the KL objective [CCSW22]. This leads to the question,
can we provide a variational intepreration of the stable proximal sampler? A potential approach is
to leverage the results by [Erb14] on gradient flow interpretation of jump processes corresponding
to the fractional heat equation, (iii) It is possible to use a non-standard Itd process in the proximal
sampler (in place of the a-stable diffusion); see, for example, [EMS18, LWME19, HFBE24]. With
this modification, it is interesting to examine the rates under weighted Poincaré inequalities that also
characterize heavy-tailed densities. There are two difficulties to overcome here: (a) How to generate
an exact non-standard It6 process? (b) How to implement the corresponding Restricted non-standard
Gaussian Oracle, which requires the zeroth order information of the transition density of the It
process? In certain cases, non-standard It6 diffusion can be interpreted as a Brownian motion on an
embedded sub-manifold; thus, the approach in [GLL*23] might be useful.
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A Lower Bound Proofs for the Langevin Diffusion and the Gaussian
Proximal Sampler

While research on upper bounds of sampling algorithms’ complexity has advanced considerably, the
exploration of lower bounds is still nascent. [CGL122] explored the query complexity of sampling
from strongly log-concave distributions in one-dimensional settings. [LZT22] established lower
bounds for LMC in sampling from strongly log-concave distributions. [CBL22] presented lower
bounds for sampling from strongly log-concave distributions with noisy gradients. [GLL20] focused
on lower bounds for estimating normalizing constants of log-concave densities. Contributions by
[LST21a] and [WSC22b] provide lower bounds in the metropolized algorithm category, including
Langevin and Hamiltonian Monte Carlo, in strongly log-concave contexts. Finally, [CGLL22]
contributed to lower bounds in Fisher information for non-log-concave sampling. In what follows,
we take a different approach and rely on the arguments developed in [HailO].

We begin by stating the following result which drives our lower bound strategy.
Lemma 1 ([Hail0, Theorem 5.1]). Suppose u and v are probability measures on R?®. Consider some
G :R?* =Ry and f : Ry — Ry satisfying (G > y) > f(y) forally € R,. Then,

Gdv
TV(uv) > sup fly) — LC.
yeR L Yy

In particular, suppose Id - f : Ry 3 y— yf(y) € Ry is a bijection, then

V(i) > (1) (2m)),

forany m > [ Gdv.

Proof. By the definition of total variation and Markov’s inequality, for any y > 0
J Gdv
o

When Id - f is invertible, choosing y = (Id - f)~(2m) implies y f(y) = 2m and yields the desired
result. O

TV(p,v) > (G > y) —v(G >y) > f(y)

To apply Lemma 1 when the target density satisfies Assumption 1, we need to establish tail lower
bounds for this density, which we do so via the following lemma. In the following, let wy =

F(($/22)/2) denote the volume of the unit d-ball.
Lemma 2. Suppose % (z) oc exp(—V (z)) satisfies Assumption 1. Then, for all R > 0,
2dev1/d
X
™ (2| > R) > ——————
S A CYE)

When focusing on dependence on R and d, we obtain,

(d/2)y1/2<1 4 R—Q)—(d-‘rVQ)/ZR—VQ.

X (jz] > R) > C,,,d" /(14 R7?)~ ()2 R,

ol—v1/24-11

where Cy, = (10T 72)"

Proof. Without loss of generality assume V' (0) = 0. Via Assumption 1, we have the estimates for V/,

/1 tlz[?dt  d+w
vo L4+ |tz|2 2

V(z) = /t:0<x, YV (t2))dt < (d+ v) In(1+ |of?),

and similarly
d + 141

V(z) > In(1 4+ |z|?).
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Consequently, using the spherical coordinates,

1
71_X(|x‘ > R) > E/ (1 + |x‘2)*(d+uz)/2dx

|z|>R
_ % (1 +r2>—(d+u2)/2,rd—1dr
r>R
—2 7(d+ljg)/2
> dwd(l +R ) / Tfugfld,r
Z r>R
_ dwa(1+ R;)*(‘””WQ Rove
d

Next, using the lower bound established on V' and spherical coordinates, we obtain,

Rd

= dwd/ (14 r2)~(dF11)/2pd=1q,
0

1 o0
= §dwd/ w271 —w) 2
0

%dde(Vl/Z d/2)

dwgl'(v1/2)I(d/2)

O ((d+mn)/2)
where B denotes the beta function. Plugging back into our tail lower bound, we obtain,
' ((d+11)/2)
L(w1/2)T(d/2)
Moreover, by [MHFH 23, Lemma 32] we have

T((d+1)/2)  d T((d+w+2)/2) _ 2de/d
F(d/21) S d+n r((d4:2)/2) >

which completes the proof. O

™ (jz| > R) > (14 R2)~(@Hv)/2p-vs.

Another element of Lemma 1 is controlling the growth of E[G(X})] throughout the process. The
following lemma achieves such control under the Langevin diffusion.

Lemma 3. Suppose (X;);>o is the solution to the Langevin diffusion starting at X, with the
corresponding potential V (x) satisfying Assumption 1. Let G(x) = exp(kV (z)) where V(z) =
42 1n(1 + |2)?) and k > ﬁ V 1. Then,

r(d+vg)

E[G(X0)] < (EIG(Xo)] 7 + 4k(d + 1)t

Proof. Recall the generator of the Langevin diffusion £(-) = A - —(VV, V+). Then,

dE|G(X,
w = E[LG(X})]
t
= KE [(KWV/P +AV — (VV, vv>) G]
< kE |:<I<L|VV|2 + AV) G] (Assumption 1)
G(X)
< 942 2
<2k°(d+10)°E [1 TIXE
2
= 2x%(d + 1»)°E [G(Xt)1 "”v(d-‘ruz)]
2
< 2k%(d + VQ)QIE[G(Xt)]k r(dtv2) (Jensen's Inequality).
Integrating the above inequality completes the proof. O
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With the above lemmas in hand, we are ready to present the proof of Theorem 1.

Proof of Theorem 1. To apply Lemma | we choose G () = exp(kV (z)) where V (z) = iz In(1+
|[?) with k > 1V 72~ By Lemma 2 we have

_ —(d+wv2)/2 —v
™ (G(z) > y) > ¥ <|x| > yiﬁwim) > C,,ld’jl/z (1 4 yimdfm) ’ yn‘(d+12/2)'

Moreover, define
r(d+vg)

g(t) = (g(())”(%w +4k(d + 1/2)15) o

with g(0) := E[G(Xy)]. Then by Lemma 3 we have E[G(X;)] < g(¢) and we can invoke Lemma 1
to obtain

)7(d+1/2)/2 —vg g(t)

TV(7™, ) > sup C,,d"/? (1 —l—y“dfm Y@ —
yERY Y
d + vy T V1
CCE= _ vV
> sup C,,ldm/2 exp <_(—|—U2)2y> ym(.ﬂig) _ M7
yER Y Y

where we used the fact that 1 + 2 < e® for all z € R and ¢(t) is non-decreasing in ¢. Choose

e (g@w))m

y — V1,V dyl /2

for a sufficiently large constant C! > 1. For simplicity, let

vi,V2

g(t v 1)@

g(t) .=
90 = =+ )
and notice that
. , sldivy) s(dtvg) vy o RParup?
Yy = CV],VQ 2 K(d+vo)—vo (4/{(1 + y2/d)g(t)) 2(k(dFvz)—vg) | (3)
Using the fact that
K2 (d+vy)? r(dtvg) r(dtvg)—vy

y* > (4H>2(N(d+v2)ﬂ/2)d 2 m(dtva)—vy

we have
TV, ) >y, exp ( - 1+ w/d s /2y s — g(tv1)
- 8k y*
> C'Vl VQdV1/2y* Tare M’
, v

where é’uwz =Cye” gl . By plugging in the value of y* from (3), we obtain,

TV(va Nt)

~ —v _ vy —v —vo y M gy
2 {CVlgVZClI/IJJQ N(d+72/2) - Cl//1,l/2 1} {d 12 : (2'%(1 + V2/d)g(t))72} e ’ N

Thus for sufficiently large C/,

|1 vy there exists C) |, such that
; :

vi—v —vo \ M=
TV(ﬂ-X7ut) > C’I’j’hy2 {d s (4r(1 + v/d)§(1)) 22} (dFvy)—va .
Choosing x according to the statement of the theorem completes the proof. ]

In order to prove a similar theorem for the Gaussian proximal sampler, we control the growth of
E[G(xy)] for the iterates of the proximal sampler via the following lemmas.
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Lemma 4. Suppose (xy, yi)x are the iterates of the Gaussian proximal sampler with step size n and
target density 7~ oc exp(—V) for some V : R? — R. Let G(x) = exp(kV (z)) with k > 1. Then,
forevery k > 0,

E[G(zr41)] < E[G(xr + v/ 212)],
where z ~ N (0, 1) is sampled independently from xy..

Proof. Recall that XY (z|y) o exp (— V(z) — %) Therefore,

xp (5 — )V (x) — Leowl
E[G(zr11) | ] ZCyk/e il (2)7r77()d)/2 - )dm

= Cy E[G(yr + viiz) ™" |yl

where z; ~ N (0, I;). Furthermore,

Cy, = W /exp ( - V(z) - |x_2;)gk|2)dx
= E[G(yx + v121) """ | ui).
Therefore,
E[G(@k+1) | yx]
:E[G(yk + \/521)171/'{ | yr]
E[G (yr + v/N21) 7" | yk]
Gy + vn21) | yk]lfl/“E[G(yk +/n21) | yk]l/“ (Jensen’s Inequality)

<E[G(
=E[G(yr + 121) | yk)-

Recall y, = x), + /22 Where z; ~ N(0, 1) is independent from z. By the towering property of
conditional expectation,

E[G(zr41)] < E[G(zr + n21 + /122)]
=E[G(z1 + /202)],

where z ~ N/(0, I) is independent from z, which completes the proof. O

In order to provide a more refined control over E[G(z})], we need additional assumptions on V. In
particular, when considering the generalized Cauchy density, we arrive at the following lemma.

Lemma 5. Suppose (xy, yi)x are the iterates of the Gaussian proximal sampler with step size n and
target density T~ oc exp(—V') satisfies

(d 4 vo)?

(d+ va)|z|
< - =7
V@) il

<SS o AV (z) <

forall z € R Let G(x) = exp(kV (z)) with s > 1V ﬁw. Then, for every k > 0,
E[G(a111)] 7@ < E[G(x1)] @72 + dknk(d + v2).

Proof. From Lemma 4, we have

E[G(zr11)] < E[G(2x + /2n2)),

where z ~ N (0, I;) is independent from z. Consider the Brownian motion starting at z, denoted
by Z; = B; + x), where (By) is a standard Brownian motion in R<. Notice that the generator for the
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process dZ; = dB,; is L = %A. Therefore,

dE[G(Z:)]
a4 E[LG(Z;)]
- g]E[G(Zt)(m\VVF +AV)]
k(k+1) (d+1r)?
<SS ElE) ]

2
< 262(d + 1) ?E[G(Z,) ") |

2
< 2k%(d + 1) 2E[G(Z,)]' Fd+va) (Jensen’s Inequality).

Integrating the above inequality yields

E[G(Z:)] @) < E[G(Zy)] FGEE + 26(d + o)t
The proof is complete by noticing that Zy = x and Z; = zy, + /252 for t = 2. O

Proof of Theorem 2. Notice that the statements of Lemmas 3 and 5 are virtually the same by changing
t to 2kn. Using this fact, the rest of the proof follows exactly the same as the proof of Theorem 1. [J

B Proofs for the Stable Proximal Sampler

B.1 Preliminaries

In this section, we introduce additional preliminaries on the isotropic «-stable process, the fractional
Poincaré-type inequalities, the fractional Laplacian and the fractional heat flow.

The Lévy process is a stochastic process that is stochastically continuous with independent and
stationary increments. Due to the stochastic continuity, the Lévy processes have cadlag trajectories,
which allows jumps in the paths. A Lévy process Y; is uniquely determined by a triple (b, A, )
through the following Lévy-Khinchine formula: for all t > 0 and ¢ € R,

E[6¥0] = exp (t(z'<b, o-cagr [ (een o1 z'<57y>1{y|§1}<y>>v<dy>)), @

A\{0}

where b € R? is a drift vector. A € R?*? is the covariance matrix of the Brownian motion in the
Lévy-Itd decomposition[App09, Thereom 2.4.16] and v is the Lévy measure related to the jump parts
in the Lévy-Itd decomposition.

The rotationally invariant(isotropic) stable process is a special case for the Levy process when b = 0,
A = 0 and v is the measure given by

v(dy) = caalyl ™Y, caa =2T((d +a)/2)/ (7?0 (~a/2))). (5)

Based on the Lévy-Khinchine formula (4), if we initialize the process at x € R?, its characteristic
function is given by

E,ei&XiV=2) — o~tl® 4 e R ¢ >0. 6)

The index of stability o € (0, 2] determines the tail-heaviness of the densities: the smaller is «, the
heavier is the tail. The parameter ¢ in (6) measures the spread of X; around the center. When oo = 2,
the stable process pertains to the Brownian motion running with a time clock twice as fast as the
standard one and hence it has continuous paths. When « € (0, 2), the stable process paths contain
discontinuities, which are often referred as jumps. At each fixed time, unlike the Brownian motion,
the a-stable process density only has a finite p"-moment for p < a, i.e.

E[|x ()] = { ’

o0 p € o, +00),a € (0,2),
mé“) < 400 p € (0,a),a € (0,2).
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When d = 1, the fractional absolute moment formula for mz(ja) can be derived explicitly, see [Nol20,

Chapter 3.7]. When d > 1, the explicit formula for m§ﬁ> is only known in some special cases. For
example, when o = 1, ms) = F“ﬁ{’%;g}:g%g )/2) for all p < 1. Another good property of a-stable

process is the self-similarity. By examining the characteristic functions, it is easy to verify that the

isotropic a-stable process is self-similar with the Hurst index 1/, i.e. X ((1?) and a'/ O‘Xt(a) have the
same distribution. Or equivalently, p\® (z) = t=& p{®) (t~%2) forall z € R and ¢ > 0.

The fractional Laplacian operator in R? of order « is denoted by —(—A)”/ 2 fora € (0,2]. It
was introduced as a non-local generalization of the Laplacian operator to model various physical

phenomenons. In [Kwal7], ten equivalent definitions of the fractional Laplacian operator are
introduced. Here we recall two of them:

(a) Distributional definition: For all Schwartz functions ¢ defined on R?, we have

| =8 oty = [ @) (<(-8)"20(a) de

Rd
(b) Singular integral definition: For a limit in the space LP(R?), p € [1,c0), we have

IEUN I o o My R (CR ko b (]

— = dz.
=0t T20(=3)| Jrayp,  [24Fe

where B, is the unit ball with radius r centered at the origin.

The fractional Laplacian can be understood as the infinitesimal generator of the stable Levy process.

More explicitly, the semigroup defined by the transition probability p§a> in (2) has the infinitesimal

generator —(—A)O‘/ 2 i.e. the density function pga) satisfies the following equation in the sense of

distribution, [BHJ08]:
0™ (@) = =(=0)**pi (x). ™
(7) is usually referred as the a-fractional heat flow. When o = 2, —(—A)®/2 is the Laplacian

operator and (7) becomes the heat flow.

Proposition 2 (From FPI to PI). When 9 — 27, the 9-FPI reduces to the classical Poincaré
inequality with Dirichlet form £,,(¢) = [ |Vé(z)|>dz for any smooth bounded ¢ : R? — R

Proof. 1t suffices to prove that 5,819) (¢) converges to £,(¢) as ¥ — 2~ for any smooth function ¢.
Recall the definition of 5};9) (¢):

) = ¢(y))? . 2T ((d + ) /2
81519)(425) = Cd,ﬂ//{Iindmﬂ(y)dy with  cg9 = Ma

where ¢g9 = O(2 — ) as ¥ — 27. Now we rewrite the inside integral in 5;(;9) (¢) and split the
integral region into a centered unit ball, denoted as By, and its complement:

[ G, [ Gt s,
TH#Yy z#0

|:L‘ _ y|(d+19) |Z|(d+19)

BYRCULE EVO) S g CUELEE O
By R\ By

|Z|(d+19) ‘Z|(d+19) z.
L 4
For I,, we have
2 L Algls dr [ 4|\l dr*
QSMW@/ oz = e /7ﬂﬂwzgi%4i
ri\B, || r(¢+1) A I0(L + 1)
As a result, the term in 5};9) (¢) that is induced by I5 satisfies
4| ¢ll3, dmt ~
I dy <cio—— g —0 asd—2".
Cd,0 /Rd 20(y)dy < cao ﬁf(g 1) as

https://doi.org/10.52202/079017-2084 65279



For I;, we have when 9 > 1,

NELZOS
I /B1 d

|Z|d+19

_ / (6(y+2) — o(y) — (Vo). 2)) (S + 2) — $) + (Vo(y), 2))

2|d+7 dz

< 6lleqae 19llen e /B |2+ 9-9)q;

1
d
2

dm 1
= 118l e gy 11l gty e / =24y
c2wn Pl peg 7y )

dr®
= ¢l c2 gy 10l o mey OBV WCESS

where [|¢]| i (ga) = SUPycpa |¢() ()| for i = 1,2. As aresult, the term in 5,519)(¢)) that is induced
by I satisfies

4
2

|<v¢(y)7z>|2 ||¢||C2(Rd) H¢||Cl(Rd)d7T _
L= @ 4 dy < —0 as?— 2.
o /R (£ /B AR < a0 r ) as

Therefore we have Sl(ﬁ)(gb) = €d Jpa [, %u(y)dzdy as 9 — 2. Last, we prove the
limit is equivalent to 2&,,(¢). For i # j, we have

/ 0id(y)9;9(y)zizjdz = */ 0id(y)0;9(y)ziZ;dz,
Bl Bl
where Zj, = zj, for all k # j and Z; = —z;. Therefore, fBl 0i9(y)0;0(y)ziz;dz = 0. As aresult,
2 d ) 2.2
/ (Vo). )" _ [ Ziz(0i0(y)"27
B

|2|d+0 |2]d+0

By

|2

d 1
_E : ) 2- T
- A (az¢(y)) d B |Z‘d+19 dz
=1 1

d
T2

= |V¢(y)|2m,

d
and the proof follows from cdﬂgm —2as9 — 27, O
2

B.2 2 convergence under FPI

In this section, we study the decaying property of x2-divergence from p;X to 7, where p;* is the

law of z. In the following analysis, we denote p, = p?’y as the law of (x, yi ), pky the law of y.
We will analyze the two steps in the stable proximal sampler separately.

Step 1. In the following proposition, we study the decay of x2-divergence in step 1.

Proposition 3. Assume that © satisfies the a-FPI with parameter Crpi(«), then for each k > 0,
-1
X(py |7 < exp (—77 (Crpi(a) +1) ) X (oi |7,

Proof of Proposition 3. For the simplicity of notations, we will write p(®) and pga) as p and py

respectively in this proof. Since z, ~ pi and yi|zx ~ p(n; z, ), we have

P (y) = /Rd p(n; 2, y)pp ()dw :/

. pi (@)py(y — 2)dz = pi * py(y).
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Therefore, we can view p}, as pjx evolving along the following factional heat flow

Ohpr = —(—A)% py.
That is if gy = pi, then p,, = pY . Similarly, since 7¥° = 7% x p,, if o = 7%, then p,, = 7¥. For
any t € [0,7)], define m;X = 7% % p, and pX = piX * p;. The derivative of ¢-divergence from p;X to

7% can be calculated as

2 <z>(”’f e da

¢’ (’%) (fm amx%) dz
t

t

\
&
3

Nx‘b
_|_

X b'e
:7/]1@ d’(%)(*A)fﬂther/Rd ¢/(%) (frix (,A)Eﬂ—tx ,(7A)§th) da

U
B pi a P a (P P o pi] x
7/Rd {_3(_& ¢(7T5)+(_A) (th (Trtx)) - =4) ¢(7TtX):| T

where in the second identity we used the distributional definition of the fractional Laplacian. Next according to
the singular integral definition of fractional Laplacian, we have

—(=A)% f(2) = cao lim flatz) = f@) ®)

r—0+ Jpd\ B, |z|d+e

where B, = {z € R*: |z| < r} and ¢y, is given in (5). With (8), we have

d
= ¢(”’f )i de
X X X X X X
py (e42)\ _ L opp (@) pp (xt2) 10 pp (2+2) py (@) 110 pp (2+2)
= 4o lim ¢(“5‘<I+Z>) ¢(ﬂf‘<z>) ﬂf‘<z+z)¢ (m"<z+z>) + w§<z>¢ (”§<I+Z))dz7rx(m)dx
= G r—0+ R4 Rd\BT ‘Z‘d+a t ’
When ¢(r) = (r — 1), [oq (2 ) dz = x*(pi |7 and we have

g (pgimz) _ pim)Q

2, X X . i (z+2) i (x) b'e

— T ) = —Cq.o lim ¢ ¢ dzmy dx := =&

th (ot |7%) d, 70H0+‘/]Rd /IRd\B |z]d+e t 7r,X( X)

According to [Cha04, Theorem 23], p; satisfies a-FPI with parameter ¢ for all ¢ € (0, 7]. Since 7% also satisfies
the a-FPI with parameter Crpy(), Lemma 6 implies that 7t = 1% % p, satisfies the a-FPI with parameter
Crpi(a) +n for all t € (0, n]. Therefore we have

L)
dt

Last, according to Gronwall’s inequality we have

-1
(ol 177) =X I ) < exp (=1 (Crmigay +1) ) (0 7).

X
-1
¥ (2 1) = =&, x (B2) < = (Comeey +1) 75 (01 I)-
t

O

Step 2. In this step, we study the decay of y2-divergence in step 2. building on the work by
[CCSW22]. According to the RaSO, we have pjY, ; () = [pa 751 (z|y)p} (y)dy. Also notice that
X(2) = [pa ™Y (z]y)7Y (y)dy. According to the data processing inequalities, x? divergence
won’t increase after step 2, i.e. x2(pp, 7)) < X% (o}, |7Y).

Combining our results in Step 1 and Step 2, we prove Theorem 3.

Lemma 6. Let pi1, 1o be two probability densities satisfying the ¥-FPI with parameters Cy,Cy
respectively. Then i1 * uo satisfies the 9-FPI with parameter C + Cs.

Proof of Lemma 6. Let X,Y be two independent random variables such that X ~ p; and Y ~ po.
Then X +Y ~ pq * pso. According to variance decomposition, we have for any function ¢,

Var,, ., (¢) = Var (¢(X +Y)) = E[Var (¢(X +Y)|Y)] + Var (E [¢(X + Y)|Y]).

https://doi.org/10.52202/079017-2084 65281



Since X ~ pup and p satisfies the 1J-FPI with parameter C'y, we have

2
Var (¢(X +Y)[Y) < Crega //{ N Gz +Y +Z|Z()d+_19§b(x ) i (),

therefore we have
E [Var (¢(X +Y)|Y)]

+y+2) - @ +y)’ ©)
<Clcda///{z¢o} G’ |Z|Z81+19§b(x v) dzp (z)dzps(y)dy.

Since Y ~ po and ps satisfies the 99-FPI with parameter C5, we have
Var (E [¢(X +Y)[Y])

([ oz +y+ 2 (@)de — [ ¢(z +y)p (z)de)’
< (g, //{z;eo} |2|(@+9) dzpe(y)dy

2
< Cacy,a // / (@+y Tzf<d+ﬁ?(x +9)) w1 (z)dzdzus(y)dy (10)
{z#0}

where the last inequality follows from Jensen’s inequality. Combining (9) and (10), we have

B 2
Vi g (9) < Cicao / / /{#o} e Tz?dw?w )" iy () dpa (9) dy
(z+y+2)—o(z+y)?
+ Cacd,a //{z;so}/ 2|+ pi(z)dzdzps (y)dy
_ 2
<G+ G eae ///{2?50} e J|r2|z<)d+q9?(x v dzp (z)dzps (y)dy

2
Cl +CZ Cd « /A <0} UTZ‘Z(deﬁ)QS(U)) dZ/j«l *M2(u)du
z#0

(Ol + CQ) gﬂl *uz(

where the second inequality follows from Fatou’s lemma. O

B.3 Implementation of the Stable Proximal Sampler

In this section we discuss the implementation of the RaSO step in our stable proximal sampler. We
introduce an exact implementation of the RSO step without optimizing the target potential and the
proofs for Corollary 3 and Proposition 1.

Rejection sampling without optimization. Suppose a uniform lower bound of the target potential
is known, i.e. there is a constant CLey such that inf, cga V() > CLow > —00, RaSO at each step
can be implemented exactly via a rejection sampler with proposals Ty following p%a) (- — yg) and

the acceptance probability exp(—V (Zg4+1) + CLow). Then the expected number of rejections, N,
satisfies

- T -1 — T «
N = ( /R e ez, y)d) T and - log N = ~Croy — log ( /R eV Wp (g2, yp)da)

d

Without loss of generality, we assume z* = 0, which always hold if we translate the potential V' by
V(0). Then we have

log N < —Clow + /d (V(z) = V(0))p' (1; 2, yp,)dw
R

< _CLow+L/ ’I+yk’ p(a) )d

< —Clow + LEx px [|X|%] + LnPd? + LEx.ox [| X222 (o |72 + ——2 2
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where the second inequality follows from Assumption 3 and the last inequality follows from

the proof of Corollary 3. With the above estimation, we can pick n = @(Cfow _EL_%)
and the expected number of rejections satisfies logN = O(CLow + LM) with
M = Eox[|X1°] 4 x2(pg |7 Erx | X]7]5.

Proof of Corollary 3. The expected number of iterations conditioned on yy, in the rejection sampling

1S
-1
N = (/ eV@HV( )p(”‘)(n;%yk)dff)
]Rd
and log N = -V (z*) —log (/ €_V(I)p(a)(ﬁ§$ayk)dx)
R4
< / (V@) = V) (2, ye)d

- /Rd (V(z + i) — V(x*))pga)(x)dx.

WLOG, assume z* = 0. Since V satisfies Assumption 3, we have

LT(4t .
osN <1 [ o bl e = E D [ el ol )
T2 Rd
Lr(i) B 2 _d+1
guykmfjn/ o) (2 +n?)~ - de
T2 Rd
Lr(d+l) 2 _d+1-8
SLka\ﬂeri?n/ (|l +9»)~ "7 da
T2 Rd
d 1-8
— ojyl? + 22 (S L6,
D(H5=2)ms

Therefore, when n = ©(d~2 L~ 5 ), the expected number of rejections N is of order E[exp(L|yx|”].
Since 7% satisfies a 1-FPI with parameter Crpi(1), according to [Cha04], p; satisfies the 1-FPI with
parameter 7 for any ¢t € (0,7). Last it follows from Theorem 9 that for any > 0, to achieve a
e-accuracy in x? divergence, we need to perform the stable proximal sampler K steps with

20 X| X o XX
K > (Crpyyn™ " + 1) log (X('OO!W)) O (Cran) 43 L7 log (%))

Proof of Proposition 1. For all k > 0, we have
V) = TV [ B Cnal v, [ Al ek w)d)
<1v( [ B A @y, [ ALl )
+TV( [ A L v, [ ol )

~X|Y XY ~
< By [TV (5pty (o) oty Cly)) + TV(3Y o))
<erv + TV, pi),

where the last two inequalities follow from the data processing inequality. Therefore, TV ( ﬁf, p? ) <
kery + TV (5, pi) forall k > 1.
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Next, the iteration complexity of Algorithm 2 with an inexact RSO can be obtained from Proposition
1. Since g = pg, according to Pinsker’s inequality, we have

TV(5i,7%) < TV(AR i ) + TV (o 7)) < TV, i) + /33 (o [7¥) /2
< kery + \/exp(—kn(Cppl(a) + 1)~ X2 (| mX) /2.
For any € > 0 and any K satisfies
K = (Copigoyn ™" + 1) In (2 (g [7) /%),

. . . . . th .
if the RSO can be implemented inexactly with epy < ﬁ, the density of the K iterate of
Algorithm 2 is e-close to the target in the total variation distance, i.e. TV(/S§ , X ) <e. O

B.4 Convergence under Weak Fractional Poincaré Inequality

Our main result for Algorithm 2 in Theorem 3 is proved under the assumption the target satisfying
«-FPI. Furthermore, for the rejection-sampling based implementation of the Ra:SO in Algorithm 3,
the parameter «v is set to be 1. In order to use Theorem 3 for the case of generalized Cauchy targets,
one has to check if the a-FPI is satisfied or not, which depends on the degrees of freedom parameter
v of the generalized Cauchy desity. Specifically, when v > 1, 1-FPI is satisfied and we hence
have Corollary 5, part (i) based on Theorem 3. When v € (0, 1), 1-FPI is not satisfied and hence
Theorem 3 no longer applies.

To tackle this issue, we now introduce a generalization of Theorem 3 to the case when the target
satisfies a weak version of Fractioanl Poincaré inequality (WFPI) and provide convergence guarantees
for the stable proximal sampler in y2-divergence.

Definition 3 (weak Fractional Poincaré Inequality). For ¥ € (0,2), a probability density 1 satisfies
a J-weak fractional Poincaré inequality if there exists a decreasing function Bwrpy(g) : Ry — Ry

such that for any ¢ : R — R in the domain ofé’,(,,ﬁ) with p(¢) = 0, we have
1(6?) < Burpoy(EL (@) +rlI8l1%,  Vr >0, (WFPI)

where 5,(;9) is a non-local Dirichlet form associated with |1 defined as

z) — 2 . 29T ((d + ) /2
EN () = cd,g//{#ymdxu(y)dy with  cq9 = M.

The wFPI is satisfied by any probability density that is locally bounded, and is hence extremely
general. Setting the parameter r = 0, wFPI reduces to FPI with Cgpy(9) = Bwepi(s)(0).
Theorem 5. Assume that T satisfies the a-wFPI with parameter Bwrpi(a) (1) for some o € (0,2).

Then for any step size ) > 0 and initial condition p§ such that R (p |7X) < oo, the k™ iterate of
the stable proximal sampler with parameter o (Algorithm 2) satisfies

X2(0§|7TX) < exp ( — (Bwrpi(a) (1) + U)flkn)Xz(PéqWX)
+ 4r(1 — exp ( — (Bwrpi(a) (1) + n) "tk + 1)77)) exp (ZROO(pé(MX)).

The proof of Theorem 5 follows the same two-step analysis as it is introduced in the beginning of
Section B.2. The convergence property corresponding to Step 1 is stated in the following Proposition.

Proposition 4. Assume that T satisfies the a-wFPI with parameter Bwepi(a) for some o € (0,2),
then for each k > 0,7 > 0,

oy |7Y) < exp (= (Bwreiga) (1) + 1) ') X2 (pix |7)

(1D
+47(1 = exp (= (Bwrpi(a) () + 1)~ ') exp (2Rec (o 7).

Proof of Proposition 4. In the stable proximal sampler with parameter o, we have p} = pX * pS,“)

and 77 = 7% % p%a). Therefore we can view pi/ and ¥ as ka and 7% evolving along the fractional
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heat flow by time 7 respectively. For any ¢ € [0, ], define 7} = 7% * pﬁa) and pX = piX * pff‘). We

have
d o x x Pg( Pf(
EX (pp |7 ) = _575’((?) = _gmx(ﬁ -1

According to [Cha04, Theorem 23], pff‘) satisfies a-FPI with parameter ) for all ¢ € (0, 77]. According
to Lemma 7, ¥ satisfies the a-wFPI with Bwepi(a) () + 1. Therefore we get

ok ImY) < (5WFPI(a)(7“) +77)71X2(pf(|7rtx)+T(5WFPI(a)( )+ ) Hpt /m - 1”

< (Bwrpi(a) (1) + 77)71X2 (pi¥|mi) + 4r (Bwrpi(a) (1) + 77)71 exp (2Roo (pi|m™ )

where the last inequality follows from the definition of Renyi-divergence and the data processing
inequality. Last, (11) follows from Gronwall’s inequality. O

dt

Proof of Theorem 5. According to Proposition 4, the y? decaying property in step 1 of the algorithm
is as follows,

o 7)< exp (= (Bwreie) (1) + 1) 7 0) X2 (o |[77)
+4r (1 — exp (= (Bwepi() (1) + 1) ~'n) exp (2Roo (o [77)).

Xy Y oy o XY

In step 2, we have piy,; = pp * #X¥ and 7% = 7 . Therefore according to the data

processing inequality, we get
X Py Im) < X2 (oi I7)
< exp ( — (Bwrei(o) () + 77)_177)X (Pge |
+4r(1 —exp (= (Bwrpi(a) (1) +1)7'n) exp (2Ro0 (ppy [77))
< exp ( — k(Bwrpi(a)(r) + 77)_177))( (pg )
+ +47”(1 — exp ( - (5WFP1(a) (r) + n)_l(k + 1)77)) exXp (2Roo(Pé<|7TX))7

where the last inequality follows from the data processing inequality. Last, apply the above iterative
relation k times and we prove (11). O]

wlm)

Lemma 7. Let iy be a probability density on R? satisfying the 9-wFPI with parameter Bwrpi(s) (7)-
Let ji3 be a probability density on R? satisfying the ¥-FPI with parameter Crpi(9). Then pu1 * pio
satisfies 9-wFPI with parameter Bwgpi(9) (1) + Crpi()-

Proof of Lemma 7. Let X,Y be two independent random variables such that X ~ pus and Y ~ py.
According to variance decomposition, we have for any function ¢ such that pq * o (@) = 0,
Vary, wp, (¢) = Var (9(X +Y)) = E [Var (¢(X +Y)[Y)] + Var (E [6(X +Y)[Y]).

Since X ~ p2 and po satisfies the ¥-FPI with parameter Crpy(g), we have

E[Var (¢(X +Y)|Y)] 12)
oty +2) — gz +y)’
< Crp1(v)Cd,a / / /{ ) 2[(@+D) dzpso(z)dzp (y)dy. (13)
Since Y ~ 1 and p; satisfies the -wFPI with parameter Swgpi(y), following the proof of Lemma 6,

we have
Var (E [¢(X +Y)[Y])

(x4+y+z z+y))’
<5WFP1(0)Cda// }/ Y |Z|(d+ﬁ?( b)) p2(z)dzdzpu (y)dy
{z#0

[ ote+mstern = [[ 6+ ymom sy (1

(x+y+=z z+y))°
<tvmoae [[ [ e ) I ez )y -+ 0
{z#0

+r
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where the last inequality follows from the fact that 11 * u2(¢) = 0 and the convexity ||-|| ... Combining (12)
and (14), we have

Vary «p, (¢)

olr+y+2)— oz + 2
<CFPI(19)Cda///{ o) Y ‘Z‘()dﬂf( v) dzps(z)dzp (y)dy

2
(x+y+=z T+
T I y|z| LD ) dedzgn (ay + 7 101,
{z#0

u+2) - ¢(u)’ 2
= (BWFPI(ﬁ)(T) + CFPI(m?)) Cd,o (o) [ dzpr * po(u)du + r||o||2,
z#0
= (Bwrpi(0) (1) + Crpi(9)) Epyona (8) + 7 10112
Lemma 7 is hence proved. O

B.5 Proofs for the Generalized Cauchy Examples

In this section, we provide proofs for the two corollaries in Section 3.2.

Proof of Corollary 4. According to [WW15, Corollary 1.2], m, satisfies a-FPI with parameter
Crpiy) for any o < min(2, v). Therefore it follows from Theorem 3 that

-1
(o m) < exp (<kn (Comngay +1) ) (0 Im). (1s)
According to [MHFH*23, Corollary 22], when pf = N(0,1) and d > 2, Roo(pf|m,) <

In(2"/2I'(v/2)) + In(4%) which implies x?(p{ |7,) = ©(d). Therefore Corollary 4 follows
from (15) andn € (0, 1). O

Proof of Corollary 5. We prove the two part in the Corollary separately:

(i) When v > 1, according to [WW135, Corollary 1.2] 7, satisfies the 1-FPI with parameter Crpy(1)
Corollary 3 applies with L = 4(d + v) and 8 = 1/4 and the iteration complexity of Algorithm 2 is
of order O (Crpi(1yd? (d + v)* In(x2(pf |70) /€)).

(ii)) When v € (0, 1), according to [WW 15, Corollary 1.2], there exists a positive constant ¢ such
that 7, satisfies the 1-wFPI with parameter

Bwepiy (1) = (1 + r~ A=/, (16)

Theorem 5 implies that
kn
n+cl+r-

X (pi |m) < exp (- (1,V>/V))x2(p5(|7fu)

(k+1)n X _X
+r(l—exp(— T Tf(lfu)/u))) exp (2R (pp |77))
kn 2/ X
<ewp (- N+ c(1+r—(=v/v) ) (e [mv)
(k+ D)nr

exp (2Ru (95 7).

N+ c(1 4 r—A=)/v)

exp *QVRQQ(PX“ITU) cVe? .
( Grnyvn ) , we have x*(pir |1,) < eif

1 —-vyr 201 = V) Reo(p5 | v 2 (P |
N I exp(( V)RV (po\f))]lnl/(x(p;JIW))_

Corollary 3 applies with L = (d + v)/v and 8 = v/4. Therefore, by choosing n = @(dié (d+ 1/)7% ), the
iteration complexity in Algorithm 2 is of order

. _ X 2, X
O(maX {C"dQVJr 2 Cd2+4 IV exp (2(1 V)Roo(po |7TV))}1n%(2X (pO |7TV))>

Foranye > 0and k > 1, pickr =

v €
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C Proofs for the Lower Bounds on the Stable Proximal Sampler

In this section we introduce the proofs for the lower bounds for the stable proximal sampler with
parameter o when the target is the generalized Cauchy density with degrees of freedom strictly
smaller than «. The lower bound is proved following the idea introduced in Section 2.

Lemma 8. Suppose (xy, yx )i are the iterates of the stable proximal sampler with parameter «, step
size 1) and target density % o exp(—V) for some V : R? — R. Let G(z) = exp(kV (x)) with
€ (0,1). Then, for every k > 0,

E[G(zk11)] < E[G(x + 2577 2)),
where zy, with density pga), is sampled independently from xj.
Proof of Lemma 8. Recall that 7X1Y (z]y) oc 7% (2)p(®) (n; z, ). We have
B(G (1)) = EBG(s)lul] =E[Z,! [ G @) (o~ w)da]

= E[Z, E[G(yk + 07 2e)7 (g1 + 17 2) ys]]

where Z,, = [xX(x)p\ (z — yp)dz = E[xX (yx + 0> 2)|yx] and 2 is the a-stable random

vector with density p§“>, which is independent to yj, 2. Let T : Ry — R be T(r) = r~*. Since

€ (0,1), T is convex and r ~ rT'(r) is concave. According to the fact that G(z) = T(7%)(x)
and Jensen’s inequality, we have

E (7 T(r)) (yi + 0= 21) |y
E[7X (y + 0= 21) |yk]
<E[T(B[x* (yx + nézk)‘yk])]'

Since T is convex, apply Jensen’s inequality again and we get

E[G(zr11)] =

E[G (zy41)] < E[G(yk + 17 2)] = E[E[G(x), + 07 2 + 1= 2)|2y]
= E[G(zy, + 2577 23) |71],
()

where z;, is the a-stable random vector with density p;~’, which is independent to x, zj, and the last

()

identity follows from the self-similarity of c-stable process with Z, ~ p;” which is independent to

Tk. ]
Lemma 9. Suppose (xy,y X)k are the lterates of the stable proximal sampler with parameter o, step
size 1) and target density m*  exp(—V) satisfies
(d+ vo)|x| (d + vp)?
\A% < — d AV(r) < —-5,
V@)l < T and AVE) <

for some v € (0, ) and for all x € RY. Let G(x) = exp(kV (x)) with
K€ (a(d+ o) ald+ve)™h).
Then, for every k > 0 and for all r > 0,

l{(d+u2 k(d+ve) r(d+vo)

) K (dtvy)
E[G(ersn)] < (1+7) " F2EG()] + 27 = @ (14 r ) 5, an
where mgj(zzprw) = E[|zx|*t¥2)] with 2, being an a-stable random vector with density pga).

Moreover, for every N > 0,

- r(d+vo) r(d+vo)
E[G(l‘N)] 5 E[G(.’L‘o)] + m'(ﬁ() N ;—2 +1,’74;r 2

dtvz) (18)

where < is hiding a uniform positive constant factor.
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Proof of Lemma 9. Without loss of generality assume V' (0) = 0. Then, we have that,

1 1
t|.’L‘| d+ Vo
V(z)= V(tz))dt < (d ——dt =
@)= [V s @i [0 -
Therefore G(z) = exp(kV (z)) < (1 + |z|2)"(4+72)/2 Since k € (va(d + o)L, a(d + v2) 1),
G(z) = O(|z|*(@+¥2)) when |z| > 1 and E[G(z), + 25 0= 2;)] in Lemma 8 is finite. We have

E[G(zy, + 2577 21))]

In(1+ |x|2)

k(d4vg)

<E[(1+ |z + 257 5 [2) " = ]
r(d+v9)
<E[(1+ (1 + r)|ax> + 450 (1 +r Y2 ) "2 ]

r(d+vg) k(d+vy) k(d+va)
<(1+7r)" 2 a

E[G(zp)]+27 =
<(14r)" 2 E[G(zx)]+2" = 17

(1+ ril) mldtva) E[|2k‘m(d+uz)]

r(d+vg) r(dtvy)  r(dt+va) mldtva) (@)
a 2

1
<1 r ) mli(d-‘rl/z)’

where the first inequality follows from the Young’s inequality and mfj& . E[| 21| #(4+72)] with

2k, being an a-stable random vector with density p§°‘>. (17) follows from Lemma 8. Furthermore, by
induction we have

E[G(zn)] < (1+7) 2N 2E[G a0)]
(1 + 7n)fﬁ(OHt/z)N/? _ 12m(d+u2) k(d+va) 1 1
Atre@rmz_1- 1T ° (L4777

and (18) is proved. O

r(d+vg) (@)
5 Mi(dtry)

. _ 2
Pick r = W

Proof of Theorem 4. To apply Lemma 1, we choose G(z) = exp(kV(z)) with x € (vo(d +

vo) L a(d + v2)71) C (0,1). Without loss of generality assume V (0) = 0. Via Assumption 1, we
have the estimates for V,

V(z) = /0 (x, VV (tz))dt > (d + ul)/o

By Lemma 2 we have

t|l‘| dt: d+V1

_tw 2
T+ 2] 5 In(1 + [z]).

d+uv.
T (G) 2 y) = 7 (o] 2y ) > Cd? (14 yﬁ)_i Y=
We then invoke Lemma 1 and Lemma 9 to obtain
TV(px,7)
n(dtvg) 1) mldtvy)

, oo\t L, E[G(zo)]+m), N
> supC,d? (1 + szn> = c (G @)+ Mo
y

y=>1
The fact that & € (vo(d +11) ™!, a(d + v2) 1) ensures that the supremum on the right side is always

positive. In particular, picking y such that

v o o r(dtry) s (d+vy)
y' It = 0(Cptd# (B[G(e0)] + mi§),,,, N5 SR,

we obtain that

X X
r‘[‘\/(pN’Tr )
_rlddry)  (dtug)vg 2(d4vg) (d+vp) vy
(A1) —v2 J5mrdTo —a05 () Rl 4, BN ae =
chl 1 2 J2r(d+vy)—2v2 (E[G(CL‘O)] + mm(d+V2)N 2 n ) ) (d+v1) 2,

where > is hiding a uniform positive constant factor. Therefore, for any a € (“2l4t"2) 9] and

d+vy
va (d+v: —5
0€(0,a— 725+V12)), we can choose k = =7 € (2, 77 -) and get that

TV(px, 77)

vo(a—8)(d+vy) _s 5. _ vo(d+vo)
> CVlle,6d2(&—5)(d+u1)—2u2(d+u2) (E[G(Z‘O)} + m(a)(sNOT_HnnT) (@=8)(d+v)—va(dFrz)

a—

Theorem 4 then follows by taking 7 = o — 4. O
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Figure 1: Comparison between Gaussian and Stable Proximal Sampler: target is chosen to be one-
dimensional student-t with center 0 and 4 degrees of freedom; initialization is chosen zy = 20.

C.1 Further Discussions on Lower bounds of the stable proximal sampler

To derive a lower bound for the stable proximal sampler with parameter «, it is worth mentioning
that there is an extra difficulty applying our method when v > «. Recall that when v € (0, a), 7,
has heavier tail than p;X does. Therefore, when we apply

TV(pi¥,m) > |71, (G > y) — pik (G > y)], (19)

to study the lower bound, it suffices to derive a lower bound on 7, (G > y), and an upper bound
on pi (G > y) which is smaller than the lower bound on 7, (G > y). Deriving these bounds is not
too hard: the lower bound can be obtained by looking at an explicit integral against 7, directly and
the upper bound is derived based on the fractional absolute moment accumulation of the isotropic
a-stable random variables along the stable proximal sampler.

However, when v > «, we expect that ka has heavier tail than 7. Therefore, to apply (19), we need
to find an upper bound on 7, (G > y), and a lower bound on p;* (G > y) which is smaller than the
upper bound on 7, (G > y). Notice that pix (G > y) is a quantity varying along the trajectory of the
stable proximal sampler. Deriving a lower bound along the trajectory is essentially more challenging
than deriving an upper bound.

In order to derive a satisfying lower bound in this case, it hence remains to characterize the stable
proximal sampler as an approximation of an appropriate gradient flow, just as that the Brownian-
driven proximal sampler can be interpret as the entropy-regularized JKO scheme in [CCSW22];
see also Section 5. To understand this kind of gradient flow approximations itself is an interesting
future work as it may help us to understand and characterize the class of MCMC samplers that utilize
heavy-tail samples to approximate lighter-tail target densities, which is non-standard compared to
commonly used MCMC samplers such as ULA, MALA, etc.

D Numerical Illustrations

In this section, we present numerical results that illustrate the improved performance of the proximal
sampler with stable oracles (av = 1) compared to that with Gaussian oracles. We first sample from
the one-dimensional student-t distribution with center zero and 4 degrees of freedom by running
the proximal samplers with different oracles in parallel for 100 times. Each individual chain is run
for 100 iterations with step-size n = 0.1. Figures 1,2,3 present the convergence results for different
initializations x¢y = 20, 5, —5 respectively. In each figure, the first column shows the means and
variances of the iterates along the trajectories; the center column shows the histograms of the last
iterates and the target density (red curve); the last column shows the convergence of Wasserstein-2
distance along the trajectories. We also sample from the two-dimensional student-t distribution with
center at the origin and 4 degrees of freedom by running the proximal samplers with different oracles
in parallel for 30 times. Each individual chain is run for 20 iterations with step-size n = 0.1 with
the initialization at xy = [5, 1]. In Figure 4, we present the convergence results, the first column
showing the means and variances of the first-coordinates along the trajectories, the center column
showing the histograms of first-coordinate in the last iterates and the first-coordinate marginal density
of the target distribution (red curve), and the last column showing the convergence of Wasserstein-2
distance along the trajectories.
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Figure 2: Comparison between Gaussian and Stable Proximal Sampler: target is chosen to be one-
dimensional student-t with center 0 and 4 degrees of freedom; initialization is chosen zg = 5.
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Figure 3: Comparison between Gaussian and Stable Proximal Sampler: target is chosen to be one-

dimensional student-t with center O and 4 degrees of freedom; initialization is chosen x¢ = —5.
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Figure 4: Comparison between Gaussian and Stable Proximal Sampler: target is chosen to be two-
dimensional student-t with center (0, 0) and 4 degrees of freedom; initialization is chosen o = [5, 1].
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claim in the abstract and introduction is the separation result between
Gaussian and Proximal Sampler. The rest of the sections are exactly stating (and proving)
the aforementioned separation result.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Please see Section 5.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

e The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: The assumptions are listed in the respective theorem. The (correct) proofs are
provided in the appendix.
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* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

 All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA|
Justification: Our work is primarily theoretical.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: Our work is primarily theoretical.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: Our work is primarily theoretical.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA|
Justification: Our work is primarily theoretical.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: Our work is primarily theoretical.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The authors have read the Ethics Guideline and followed it in the paper
preperation.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: Our work is primarily theoretical.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA|
Justification: Our work is primarily theoretical.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: Our work is primarily theoretical.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

https://doi.org/10.52202/079017-2084 65295


paperswithcode.com/datasets

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA|
Justification: Our work is primarily theoretical.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our work is primarily theoretical.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA|
Justification: Our work is primarily theoretical.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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