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Abstract

Langevin Dynamics is a Stochastic Differential Equation (SDE) central to sampling
and generative modeling and is implemented via time discretization. Langevin
Monte Carlo (LMC), based on the Euler-Maruyama discretization, is the simplest
and most studied algorithm. LMC can suffer from slow convergence - requiring
a large number of steps of small step-size to obtain good quality samples. This
becomes stark in the case of diffusion models where a large number of steps gives
the best samples, but the quality degrades rapidly with smaller number of steps.
Randomized Midpoint Method has been recently proposed as a better discretiza-
tion of Langevin dynamics for sampling from strongly log-concave distributions.
However, important applications such as diffusion models involve non-log concave
densities and contain time varying drift. We propose its variant, the Poisson Mid-
point Method, which approximates a small step-size LMC with large step-sizes.
We prove that this can obtain a quadratic speed up of LMC under very weak as-
sumptions. We apply our method to diffusion models for image generation and
show that it maintains the quality of DDPM with 1000 neural network calls with
just 50-80 neural network calls and outperforms ODE based methods with similar
compute.

1 Introduction

The task of sampling from a target distribution is central to Bayesian inference, generative modeling,
differential privacy and theoretical computer science [48, 20, [17, 25]. Sampling algorithms, based on
the discretization of a stochastic differential equation (SDE) called the Langevin Dynamics, are widely
used. The straightforward time discretization (i.e., Euler Maruyama discretization) of Langevin
dynamics, called Langevin Monte Carlo (LMC), is popular due to its simplicity. The convergence
properties of LMC have been studied extensively in the literature under various conditions on the
target distribution [8, [12} [11} 45} [15 133} [7, [1} |6} 9} [16] 30, 53} I5]]. LMC can suffer from slow
convergence to the target distribution, and often requires a large number of steps with a very fine time
discretization (i.e., small step-size), making it prohibitively expensive.

The Poisson Midpoint Method introduced in this paper approximates multiple steps of small step-size
Euler-Maruyama discretization with one step of larger step-size via stochastic approximation. In
the case of LMC, we show that our method (called PLMC) converges to the target as fast as LMC
with a much smaller step-size without any additional assumptions such as isoperimetry or strong log
concavity (up to a small additional error term). This is a variant of the Randomized Midpoint Method
(RLMC) studied in the literature [40, |18, |50] (see Section for comparison).

*This work was done when SK was a student researcher at Google Research.
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Diffusion models are state-of-the-art in generating new samples of images and videos given samples
[20L 143} 134]. These start with a Gaussian noise vector and evolve it through the time-reversal of
the SDE called the Ornstein-Uhlenbeck process. The time reversed process can be written as an
SDE (Langevin Dynamics with a time dependent drift) or as an ODE (see Section[2). The DDPM
scheduler [20]], which discretizes the SDE, obtains the best quality images with a small step-size and
a large number of steps (usually 1000 steps). However, its quality degrades with larger step-sizes and
a small number of steps (say 100 steps). Schedulers such as DDIM ([42]]), DPM-Solver ([28 29]),
PNDM ([27]) which solve the ODE via numerical methods perform much better than DDPM with a
small number of steps. However, it is noted that they do not match the performance of DDPM with
1000 steps over many datasets ([42, 28} 41]]). Poisson Midpoint Method gives a scheduler for the
time-reversed SDE which maintains the quality of DDPM with 1000 steps, with just 50-80 steps.

1.1 Prior Work

Euler Maruyama discretization of SDEs is known to be inefficient and many powerful numerical
integration techniques have been studied extensively ( [23}132,3,126]). However, higher order methods
such as the Runge-Kutta method require the existence and boundedness of higher order derivatives
of the drift. The Randomized Midpoint Method for LMC (RLMC) was introduced for strongly log-
concave sampling [40] and was further explored in [S0, [18]. It was shown that RLMC, under certain
conditions, can sample with a larger step size for fewer steps compared to Euler Maruyama and yet
obtain the same accuracy. RLMC is popular due to its simplicity, and ease of implementation and does
not require higher order bounded derivatives of the drift function. However, the current theoretical
results are restricted to the case of strongly log-concave sampling, whereas non-log-concave sampling
is of immense practical interest.

1.2 Our Contributions

(1) We design the Poisson Midpoint Method which discretizes SDEs by approximating K -steps of
Euler-Maruyama discretization with step-size # by just one step with step-size o. We show a strong
error bound between these two processes under general conditions in Theorem|I] (no assumption on
mixing, smoothness etc). This is based on a Central Limit Theorem (CLT) based method in [10] to
analyze stochastic approximations of LMC.

(2) We apply our method to LMC to obtain PLMC. We show that it achieves a speed-up in sampling
for both Overdamped LMC (OLMC) and Underdamped LMC (ULMC) whenever LMC mixes,
without additional assumptions such as isoperimetry or strong-log concavity.

(3) When the target obeys the Logarithmic Sobolev Inequalities (LSI), we show that PLMC achieves
a quadratic speed up for both OLMC and ULMC. Prior works on midpoint methods [40, [18 [50]]
only considered strongly log-concave distributions. We also show an improvement in computational

complexity for ULMC from —'5 to ﬁ to achieve ¢ erroﬂ

(4) Empirically, we show that our technique can match the quality of DDPM Scheduler with 1000
steps with fewer steps, achieving up to 4x gains in compute. Over multiple datasets, our method
outperforms ODE based schedulers such as DPM-Solver and DDIM in terms of quality.

1.3 Notation:

Xo.r denotes (X;)o<i<7 and X (0.1 denotes (X;x )o<i<7. I denotes identity matrix over R¥*¥
whenever k is clear from context. For any vector x € R¥, |x|| denotes its Euclidean norm. For
any a,b € Z and a > b, we take the 3°7__ to be 0, and the product []/_, to be 1. Underdamped
Langevin Dynamics happens in R2?. Here, we take vectors named X (along with subscripts and
superscripts) as X = [U V|7 where U,V € R also carry the same subscripts and superscripts (e.g:
X4 corresponds to 04, V4). In this case I represents identity matrix in R24*2¢ and I; denotes the
identity matrix in R%*¢, For any random variable X, we let Law(X ) denote its probability measure.

By TV(u,v) and KL (p| |1/) we denote the total variation distance and KL divergence (respectively)
between two probability measure p,v. O, 2, © are standard Kolmogorov complexity notations

*The prior works considered the compexity for Wasserstein distance Wa (output, target) < ¢ whereas we
consider TV < e. This is a standard comparison in the sampling literature [53]].
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whereas O
asi 1 K

Q, © are same as 0,2, © up to poly-logarithmic factors in the problem parameters such
T,d.
PRER ’

2 Problem Setup

Given a random vector X € RY, consider an iterative, discrete time process (X t)teNu{o} Over R¢,
with step-size a > 0 given by:

Xt-‘rl = AaXt —|— Gab(Xt7 tO() —|— FaZt (1)

Where A,, Gq, 'y are d x d matrix valued functions of the step-size a and (Z;)¢>0 b N(0,1,).
b: R? — R9 is the drift. Call this process S(A, G,T',b, o). We consider Overdamped Langevin
Monte Carlo (OLMC), Underdamped Langevin Monte Carlo (ULMC) and DDPMs as key examples.

Overdamped Langevin Monte Carlo: Consider Overdamped Langevin Dynamics for some
F:RY—R: ~ -
dX, = —VF(X,)dr 4+ V2dB, )

Here B; is the standard Brownian motion in R¢. Under mild conditions on F’ and X, Law(X) TZpe

7 where 7* (X)) o exp(—F(X)) is the stationary distribution.

Picking A, = L, G, = oI, T, = v/2aI and b(x, ta) = —VF(x) in Equation (T) gives us Euler-
Maruyama discretization of Overdamped Langevin Dynamics: X; in (I) approximates X [38][33].
OLMC is the canonical algorithm for sampling and has been studied under assumptions such as
log-concavity of 7* [8L[12] [11] or that 7* satisfies isoperimetric inequalities [45] [15] 33} [7, [1]].

Underdamped Langevin Monte Carlo occurs in 2d dimensions. We write X; = [U; V;]T € R%¢
where U; € R? is the position and V; € R? is the velocity. Fix a damping factor y > 0. We take:

U Ra-e ] -t o R
An = {0 ! e 7, » Cni= %(1 —e "My 0 b( Xt ta) := 0
L (h 21 e M)k (1 e*%h)) I L(1-2e" e M
e ) ¥ (1— e~ 21,

This choice of Ay, T}, Gp,b(,) in Equation gives the Euler-Maruyama discretization of Un-
derdamped Langevin Dynamics (a.k.a. the Kinetic Langevin Dynamics) studied extensively in
Physics[14]):

dU, = V,dr; dV, = —yV, = VF(U,) 4+ \/2vdB. 3)

The stationary distribution of the SDE is given by 7*(U, V') x exp(—F (U)— @) [1319]. ULMC is
popular in the literature and has been analyzed in the strongly log-concave setting [6}19,|16] and under
isoperimetry conditions [30}153]]. We refer to [53]] for a complete literature review.

Denoising Diffusion Models: In this case the stochastic differential equation is given by:

dX, = (X, +2Vlogp,(X,))dr + V2dB; )
This also admits an equivalent characteristic ODE given below:
aX, - S
e =X, + Viogp-(X;) 5)

See [43.[5, 4] for further details. Here p, is the probability density of e X* + /1 — e=2tZ where
X* is drawn from the target and Z is drawn from N(0,1) independently. The drift V log p, is
learned via neural networks for discrete time instants 7, . .., 7,—1 (usually n = 1000). In practice,
the iterations are written in the formﬂ Xiy1 = a Xy + 0, Viogp,, (Xy) + 042, where ay, by, oy are
chosen for best performance. Aside from the original choice in [20], many others have been proposed
([2,42]). Since A, G4, T, in Equation (I) are time independent, we provide a variant of the Poisson
Midpoint Method to suit DDPMs in Section along with a few other optimizations.

3The time convention in the DDPM literature is reverse: X;—1 = a: X + b:V log pr,,_1_, (Xt) + 0¢Zy.
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2.1 Technical Notes

Scaling Relations: We impose the following scaling relations on the matrices A, Gp,, 'y, for every
h € RT,n € N, which are satisfied by both OLMC and ULMC. Whenever b(-) is a constant function,
these ensure that K steps of Equation (I)) with step-size o/ K is the same as 1 step with step-size «
in distribution.

n—1 n—1
(A)" = Apn; O (A))GL=GCray Y _(An)TH(AL) =T3,
=0 1=0

Randomized Midpoint Method and Stochastic Approximation We first illustrate the Random-
ized Midpoint Method [40, [18| 50] by applying it to OLMC (to obtain RLMC) to motivate our
method (the Poisson Midpoint Method) and explain why we expect a quadratic speed up shown in
Section 3] Overdamped Langevin Dynamics (2) satisfies:

B B (t+1)a B
Ksnya = Xia / VF(X.)ds + V2B — Bea) ©)

ta

Taking X; as the approximation to X;,, LMC approximates the integral ft(;ﬂ)a VF(X,)ds with
aV F(X,), giving a ‘biased’ estimator to the integral (conditioned on X; = X;,). This gives the

LMC updates X; 11 = Xy — oVF(X}) + V2aZ;;  Zy ~ N(0,I). RLMC chooses a uniformly
random point in the interval [t«, (¢ + 1)a] instead of initial point ¢« as described below:

Let u ~ Unif([0,1]), Z¢ 1, Zt2 ~ N(0,1I) be independent and define the midpoint Xy, := X; —
uaVF(X;) + v2uaZ, 1 (notice X4, is an approximation for )_((Hu)a). The RLMC update is:

Xt+1 = Xt - OéVF(Xt+u) =+ V 2’U,OéZt’1 + v/ 2(1 - U)OéZt’Q .

Notice that AV QUOéZt}]_ + \/ 2(1 — U)CYZt’2|U7 Xt ~ N(O7 I), and E[avF(Xt+u)|Xt7 Zt,17 Zt,Q] =
o fol F(X;ys)ds which is a better approximation of the integral than aVF(X;). Therefore
RLMC provides a nearly unbiased approximation to the updates in Equation (6).

Intuitively, we expect that reducing the bias leads to a quadratic speed-up. Let Z, Z" ~ N(0,1)
and independent. For e small enough it is easy to show that, KL (Law(Z + e)| | Law(Z)) = O(?)
whereas KL (Law(Z + eZ’)l | Law(Z)) = O(e*). We hypothesize that Z; + error in integral is closer
to (0, I) when the error term has a small mean and a large variance (as in RLMC) than when it has
a large mean but 0 variance (as in LMC). However, rigorous analysis of RLMC has only been done
under assumptions like strong log-concavity of the target distribution. This is due to the fact that Z;
is dependent on the error in the integral, disallowing the argument above.

Our method, PLMC, circumvents these issues by considering a discrete set of midpoints
{0,%,..., E=1} instead of [0,1]. It picks each midpoint with probability - independently, al-
lowing us to prove results under more general conditions using the intuitive ideas described above.
Thus, our method is a variant of RLMC which is amenable to more general mathematical analysis.
The OPTION 2 of our method (see below) makes this connection clearer. PLMC is naturally suited
to DDPM s since the drift function is trained only for a discrete number of timesteps (see Section [2)).

2.2 The Poisson Midpoint Method

We introduce the Poisson Midpoint Method (PLMC) which approximates K steps of S(A, G, T', b, )
with step-size 3 with one step of which has a step-size a. We denote this by PS(A4,G,T',b, o, K)

and let its iterates be denoted by (X;x)i>0 or (X[ )i>0. Suppose H;; € {0,1} be any binary
sequence and Z;x +; be a sequence of i.i.d. N(0,I) for¢,2 € NU{0},0 <4 < K — 1. Given X;x,
we define the interpolation:
. i-1
Xigti = Aei Xy + Gaib(Xix ta) + Z Aw(i—Kj—n F% ZiK+j 7
3=0
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Note that this interpolation is cheap since every one of X, K+i can be computed with just one
evaluation of the function b(). We then define the refined iterates for 0 < ¢ < K — 1 for a given ¢ as:

Kincrins = Aa Kucei + G [b(XtK, to) + K Hy i (D(X o, SHI)  p( Xy, ta))] + T2 Zuct
(®)
We pick H; ; based on the following two options, independent of 7, ;, f(o:
OPTION 1: H ; are i.i.d. Ber(3).
OPTION 2: Let u; ~ Unif({0,..., K —1})iid. and Hy; := L1(u, = i).

Remark 1. We call our method Poisson Midpoint method since in OPTION 1 the set of midpoints
{at + % : Hy; = 1} converges to a Poisson process over [at, ot + 1)] as K — oc.

The Algorithm and Computational Complexity The algorithm PS(A, G, T, b, o, K') computes
X K (t+1) given X ¢ in one step by unrolling the recursion given in Equation (8). For the sake of clar-
ity, we will relabel X;x to be XPF to stress the fact that it is the ¢-th iteration of PS(A4, G, T, b, o, K).
Step 1: Generate I; = {i1,...,in} € {0,...,K — 1} such that H;; = 1iff i € I;. Let
i1 < 19 --- < iy hold. When N = 0, we take this to be the empty set.

Step 2: Let My := 0 and let W, be a sequence of i.i.d. N(0,I) random vectors. For k =
1,...,N,N + 1, we take:

M, = Aa”k*“ﬁ—l) M1 + Fa(ik*ik—ﬂ Wik
K K

We use the convention that ig = 0, iyy1 = K — 1, Ag=Tand 'y = 0.
Step 3: For k = 1,..., N, compute X;x i, = Aai, XI + Gai, b(XF, at) + My
K K

Step 4: Corr := K 301 G (k1 -ipya (B( Xt i, PE22) — b(XP, at))
K

Step 5: X[, | = Ao X +Gob(X], at)+ My 41+ Corr (9)

That is, the algorithm first generates the random mid-points H; ;, computes the interpolation X, K+i

(tK;{_i)a )

only when H; ; = 1 and then computes b(f( LK +is for these points. These computations

are then combined to compute X (¢+1)K - In most applications, it is computationally easy to generate
Gaussian random vectors and perform vector operations such as summation. However, the evaluation
of the drift function b() is expensive. Therefore, in this work, we consider the number of evaluations of
the drift function as the measure of computational complexity. The following proposition establishes
that each iteration of PLMC requires 2 evaluations of b() in expectation.

Proposition 1. When the scaling relations hold (Section , the trajectory (XF)i>o in Equation ©)

has the same joint distribution as the trajectory (Xt K )t>0 given in Equation (). In expectation, one
step of PS(A, G, T, b, v, K) requires two evaluations of the function b(-).

We call PS(A,G,T',b,a, K') as PLMC whenever S(A, G, T, b, %) is either OLMC or ULMC.

3 Main Results

Theorem [I] gives an upper bound for the KL divergence of the trajectory generated by
PS(A,G,T',b, a, K) to the one generated by S(A, G, T',b, ). We refer to Section |C|for its proof.
We note that Theoremdoes not make any mixing or smoothness assumptions on b(-) and that it can
handle time dependent drifts. We refer to Section 4] for a proof sketch and discussion.

Theorem 1. Let X; be the iterates of S(A, G, T, b, 3 ) and XP be the iterates of PS(A, G, T, b, o, K)

with OPTION 1. Suppose that X§ = X,. Let X, K +i be the iterates in Equation (). Define random
variables: .
Bixti = FEG% b(Xextirta+ ) = b(Xextirta+ )]
K

/BtK-H' = ||KFEG%[b(XtK+i7ta + %) - b(XtK7ta)]||
K
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Then, for some universal constant C' and any r > 1:
KL (Law(X§.7) ||Law (Xkt)o<i<T))

(Sh) K Bevi | Bl Bl
<> ) E[|Bek+il’] + CE B oy }(;w St (10)
s=0 =0

We now apply Theorem I]to the case of OLMC and ULMC under additional assumptions, with the
proofs in Sections [E]and [F respectively.

Assumption 1. I : R — R? is L-smooth (i.e., VF is L-Lipschitz). x* is its global minimizer.
Assumption 2. The initialization X is such that E|| Xy — x*||** < Clid".

nit

The assumptions above are very mild and standard in the literature. Specifically, Assumption 2]
shows that the initialization is close to global optimum by O(\/ﬁ) up to 14th moments. For instance,
this is satisfied when the initialization is a standard Gaussian variable with mean p satisfying
| — x*|| = O(\/d). Specifically this is true when p = 0 and ||x*|| = O(v/d). This is a weak
assumption which is implied from common initialization assumptions in the literature as listed below.
It can be replaced with the assumptions in [53, Appendix D and Lemma 27] which considers Gaussian
initializations with the right variance and mean. The original randomized midpoint method work [40]]
considers initializing at x* whereas [45] considers a Gaussian initialization with the right variance at
a local minimum of F'.

We do not make any assumptions regarding isoperimetry of the target distribution 7*(x) o
exp(—F(x)).
Theorem 2 (OLMC). Consider the setting of Theorem[I|with OLMC under Assumptions[I)and 2]
There exists constants c1, co > 0 such that whenever oL < ¢y and o3 L3T < c¢5 then:
KL (Law(X{p)||Law(X k0.7))) < CL*o*(E[F(Xo) — F(x*)] + 1)
+ O(CL*a* Kd>T) (11)

Remark 2. There are lower order terms hidden in the O() notation. These are explicated in
Equation in the appendix. The next theorem gives a similar guarantee for ULMC and the lower
order terms are explicated in Equation[60]in the appendix.

Theorem 3 (ULMC). Consider the setting of Theorem[Iwith ULMC under Assumptions[I)and 2]
Suppose that x* is the global minimizer of F. There exist constants C1, c1, co such that whenever

v>CWEL ay<e, T < & 7215,

KL (Law(Xfy. )| |Law(Xrcomy) ) < S [BF (U + %) = F(x*) + E|[Va* + 1]
+O(KLTE (4 4 log K)?) (12)

OLMC and ULMC are sampling algorithms which output approximate samples (X7 and Ur re-
spectively) from the distribution with density 7* o e~". Given ¢ > 0, prior works give upper
bounds on 7" and the corresponding step-size « as a function of ¢ to achieve guarantees such as
KL (Law(XT)||7r*) < €2 or TV(Law(Xr),7*) < e. By Pinsker’s inequality TV? < 2KL therefore
we guarantees for KL < €2 to those for TV < € as is common in the literature.

Quadratic Speedup Let 7' = O(1/a) as is standard. Choosing K = 6(1 /), our method applied
to OLMC achieves a KL divergence of O(a?) to OLMC with step-size o> Slmllarly, our method
applied to ULMC achieves a KL divergence of O(a*) to ULMC with step-size a?. Whenever the KL
divergence of OLMC (resp. ULMC) output to 7*, with step-size 7 is Q(n) (resp €2(n?)) Theoreml
(resp. Theorem [3)) demonstrates a quadratic speed up.

To show the generality of our results, we combine Theorems [2] and [3] with convergence results for
OLMC /ULMC in the literature ([45} 53]]) when 7* satisfies the Logarithmic Sobolev Inequality with
constant A (A-LSI). We obtain convergence bounds for the last iterate of PLMC to 7* under the same
conditions. A-LSI is more general than strong log-concavity (A-strongly log-concave 7* satisfies
A-LSI). It is stable under bounded multiplicative perturbations of the density [21] and Lipschitz
mappings. A-LSI condition has been widely used to study sampling algorithms beyond log-concavity.
We present our results in Table|l|and refer to Section |G| for the exact conditions and results.
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Table 1: Comparison of LMC and PLMC guarantees. LMC complexity is the upper bound on the
number of drift (b()) evaluations to achieve the error guarantee in the referenced work. PLMC
complexity is the corresponding upper bound for PLMC. PLMC obtains a quadratic improvement in
€, and improved dependence on ¥ L "d. The bounds hold up to poly-log factors.

Algorithm  Reference Cond1t1ons LMC complexity = PLMC complexity
M1 3 1 5

ULMC [53]] A-LSI, Assumptions|1}[2 L/\Z% for TV < ¢ (%)% 1: for TV < e
_-p- 2¢€
M1 3 .3

OLMC [45] A-LSL Assumptions|(1}[2{ &4 for KL < ¢ B for TV < e
- - 2

4 Proof Sketch

Sketch for Theorem [I] For the proof of Theorem[I] we follow the recipe given in [10] in order
to analyze the stochastic approximations of LMC - where only an unbiased estimator for the drift
function is known. The bias variance decomposition in Lemma [I| shows that the iterations of
PS(A,G,T, a, K) can be written in the same form of as the iterations of S(A4, G, T, #):

Xikrinn =Aa Xigri+Ga [b(XtK+i)] +Ta Ziryi
K K K

Where ZtKH ‘= Zik+i + Bt i + Stk +i, Bii+i 1s the ‘bias’ with a non-zero conditional mean,
and Sy 4 is the variance with 0 conditional mean (conditioned on Xt K+i)- They are independent of
Zk +i conditioned on Xt K +i- Note that the sequence (Zt K+i)t.i 1s neither i.i.d. nor Gaussian. If it
was a sequence of i.i.d. N'(0,I), then this is exactly same as S(A4, G, T, ).

The main idea behind the proof of Theorem|[I]is that due to data-processing inequality, it is sufficient to
show that (Z; i 4;)¢ ; is close to a sequence of i.i.d. Gaussian random vectors in KL-divergence. The
bias term can be shown to lead to an error bounded by >, . E|| Byx +;||%, which roughly corresponds to

the KL divergence between A ( By 11, I) and (0, I). We then show that Z; zc i +Sixc4i| Zo:t i +i—1
is close in distribution to N'(0, ). In order to achieve this, we first modify the Wasserstein CLT
established in [51]] to show that Z;x; + Six 4 is close in distribution to A(0,I + 3, ;) when

conditioned on Z():t K+i—1 where 3 ; is the conditional covariance of Syg 1 ;. This CLT step gives us
Tl K1 B ) Ban L B s
the error of the form ) ., >~. ;" CE [ K* + K+ + 2 e } in Theorem

We then use the standard formula for KL divergence between Gaussians to bound the distance
between N(0,I + 3 ;) to A'(0,I). This accounts for the fact that the Gaussian noise considered has

a slightly higher variance than I. This leads to the leading term CE { SK“} .

Sketch for Theorem[2] Applying Theorem[T]to OLMC , note that the term (3 x, depends on how far

the coarse estimate X tK +i 18 from the true value X +ic+;- Indeed, under the smoothness assumption
2 < ~

(L SK)p SUPp<j<Kk-—1 | Xer+j — XtK||2p~ Thus:

El|fercril* S L o™ KPE|VF(Xur )| + Lo K" d".

on F' we show that: BtKH <

Therefore, the proof reduces to bounding Z 'E||VF(X.x)|[?. We observe that X (t+1)K =

Xk — a(VF(XtK) + At) + V2aZ; where At is a small error term appearing due to Poisson
Midpoint Method. Notice that this is approximately stochastic gradient descent on F' with a large

noise v/ 2a. Therefore, using the taylor approximation of F', we can show that:

EF(X(11)x) — EF(Xix) S —al| VF(Xex)|* + ad + o(ad)

T—1 .
= Y E|VF(Xux)|* S F(Xo) _;nf" ) L 1rd+ o(LTd)
t=0

The following sophisticated bound derived in this work is novel to the best of our knowledge:

T-1 s D
S EIVE(R)| < 1 BT X ;nf" FCN" { r1rar(1 + (aLmyr )
t=0
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Sketch for Theorem (3| This is similar Theorem [2| but requires us to bound E Y, | Vix [|?” and
EY, [[VF(Uk)||?P. We track the decay of two different entities across time: (1) ||Vix || and (2)

F(ﬁt K+ ViYK ). Our proof shows via a similar taylor series based argument that PLMC does not allow

either ||‘7tK||2 or F(UtK + ‘ZTK) to grow too large. Letting ¥, := Uk + ‘ZTK we show (roughly):

T—1
SOEIVEOu)” S L [BIVol™ + EIF(¥o) - Fx")IP] + T [47 + (yaT)"~'v*"] &

t=0

~ ya

T—-1
SOEIVikc | S 2 [BIVol” +EI(F(Wo) — Fa)W| + T [ + (raT) ] @7
t=0

S Experiments

We now present experiments to evaluate Poisson Midpoint Method as a training-free scheduler for
diffusion models. We consider the Latent Diffusion Model (LDM) [39] for CelebAHQ 256, LSUN
Churches, LSUN Bedrooms and FFHQ datasets using the official (PyTorch) codebase and checkpoints.
We compare the sample quality of the Poisson Midpoint Method against established methods such as
DDPM, DDIM and DPM-Solver, varying the number of neural network calls (corresponding to the
drift b(x, t)) used to generate a single image.

To evaluate the quality, we generate 50k images for each method and number of neural network calls
and compare it with the training dataset. We use Fréchet Inception Distance (FID) [19] metric for
LSUN Churches and LSUN Bedrooms. For CelebAHQ 256 and FFHQ, we use Clip-FID, a more
suitable metric as it is known that FID may exhibit inconsistencies with human evaluations datasets
outside of Imagenet [24]. We refer to Section [A.3]in the appendix for further details.

We refer to the ODE based sampler with 7 = 0 (see [42]) setting as DDIM and use the implementation
in [39]]. We generate images for number of neural network calls ranging from 20 to 500. For DPM-
Solver, we port the official codebase of [28]] to generate images for different numbers of neural
network calls ranging from 10 to 100 using MultistepDPMSolver and tune the hyperparameter ‘order’
over {2, 3} and ‘skip_type’ over {‘logSNR’, ‘time_uniform’, ‘time_quadratic’} for each instance to
obtain the best possible FID score. This ensures that the baseline is competitive.

For the sake of clarity, we will call all SDE based methods, including DDIM with n > 0 (see
[42]) as DDPM. The DDPM scheduler has many different proposals for coefficients ay, b, c; (see
Section [2][42} [2])), apart from the original proposal in the work of [20] . Based on these proposals,
we consider three different variants of DDPM in our experiments (see Section [A.5]for exact details).
This choice can have a significant impact on the performance (See Figure(l|in the Appendix) for a
given number of denoising diffusion steps. For the Poisson Midpoint Method, we implement the
algorithm shown in Section [A.T]for number of diffusion steps ranging from 20 to 500, corresponding
to 40 to 750 neural network calls (see Section[A.2). This approximates K steps of the 1000 step
DDPM with a single step. For both Poisson Midpoint Method and DDPM, we plot the results from
the best variant in Table [2|for a given number of neural network calls and refer to Section [A.5]for
the numbers of all variants. Poisson Midpoint Method incurs additional noise in each iteration due
to the randomness introduced by H;. This can lead to a large error when K is large. When K is
large, we reduce the variance of the Gaussian noise to compensate as suggested in the literature (see
Covariance correction in [10] and [31, Equation 9]). We refer to Sectionfor full details.

5.1 Results

We refer to the outcome of our empirical evaluations in Table [2] The first column compares the
performance against DDPM. We see that for all the datasets considered, Poisson Midpoint Method
can match the quality of the DDPM sampler with 1000 neural network calls with just 40-80 neural
network calls. Observe that for CelebA, LSUN-Church and FFHQ datasets, the performance of
DDPM degrades rapidly with lower number of steps, showing the advantage our method in this
regime. However, a limitation of our work is that the quality of our method degrades rapidly at around
40-50 neural network calls. We believe this is because our stochastic approximation breaks down
with larger step-sizes and further research is needed to mitigate this.
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The second column compares the performance of our method against ODE based methods. It is
known in the literature that DDPM with 1000 steps outperforms DDIM and DPM-Solver in terms of
the quality for a large number of models and datasets [41} 42]]. Thus, in terms of quality, Poisson
midpoint method with just 50-80 neural network calls outperforms ODE based methods with a similar
amount of compute. Note that we optimize the performance of DPM-Solver over 6 different variants
as mentioned above to maintain a fair comparison. However, in the very low compute regime (~10
steps), DPM-Solver remains the best choice.

6 Conclusion

We introduce the Poisson Midpoint Method, which efficiently discretizes Langevin Dynamics and
theoretically demonstrates quadratic speed up over Euler-Maruyama discretization under general
conditions. We apply our method to diffusion models for image generation, and show that our method
maintains the quality of 1000 step DDPM with just 50-80 neural network calls. This outperforms ODE
based methods such as DPM-Solver in terms of quality, with a similar amount of compute. Future
work can explore variants of Poisson midpoint method with better performance when fewer than 50
neural network calls are used. An interesting theoretical direction would be to derive convergence
bounds for algorithms such as DDPM which have a time dependent drift function. Future work
can also consider convergence rates of PLMC under conditions such as the Poincare Inequality and
whenever V F' is Holder continuous instead of Lipschitz continuous.

7 Societal Impact

Our work considers an efficient numerical discretization schemes for making diffusion model infer-
ence more efficient. Publicly available, pre-trained diffusion models are very impactful and have
significant risk of abuse. In addition to theoretical guarantees, our work considers empirical experi-
ments to evaluate the inference efficiency on publicly available, widely used diffusion models over
curated datasets. We do not foresee any significant positive or negative social impact of our work.
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Table 2: Empirical Results for the Latent Diffusion Model [39], comparing the Poisson midpoint
method with various SDE and ODE based methods.

Dataset vs. SDE Based Methods vs. ODE Based Methods
Latent Diffusion Model (CelebAHQ 256) Latent Diffusion Model (CelebAHQ 256)
—— DDPM —e— DDIM ETA=0
27 —e— Poisson Midpoint (Ours) —e— Poisson Midpoint (Ours)
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A Details of Empirical Evaluations

A.1 Pseudocode

The Algorithm Let a;, b; and o, be the coefficients of the DDPM denoising step at time ¢ as per
Section[2] Let N denote the number of train steps. The main paper used notations and conventions
based on the LMC literature. Here we follow different conventions and notations to connect with the
diffusion model literature.

1. We take the dynamics to go backward in time (i.e., compute X;_; from X;)
2. We use b(Xy,t) instead of b(Xy, at) to denote the neural network estimate of
\Y ]‘ngTN—f,—l (Xt)
DDPM scheduler samples X 1 ~ A(0,I) and iteratively computes X as:
X1 =Xt +b:b(Xy,t) + 00 Zy; Zy ~ N(0,1)

We take N = 1000 as is standard in the literature. The Poisson Midpoint Method approximates K
steps of the iteration above, with a single step. That is, it obtains an approximation for X;_  directly
from X;. The number of iterations deployed by Poisson Midpoint Method to sample X is N/K.

We compute the number of neural network calls required in Section[A.2] The exact description of
Poisson Midpoint Method is given below.

PoissonMidpointMethod(f( +,t, K, b(, ), OPTION):

1. Let (Ag, By, C) < InterpolationConstants(¢, k), for every k € [K].
2. If OPTION = 1:
Define H; ~ Ber(1/K) i.i.d forevery i € [K — 1].
Define p = K.
If OPTION = 2:
Define H; < 1(u = i) where u ~ Unif({1,..., K — 1}) i.i.d.
Definep =K — 1.
3. Foreveryi € [K]|, Z; ~ N(0,1).
4. Perform the update:

K K
Fo g = AxF, 4+ (Z BK> B(Kort) + (z cmzz)
i=1

i=1

K
+ > pHiBiei (b(Xi—ig1,t —i+1) — b(Xy, 1))
i=1
where

Xior = A Xy + <Z Bm> b(Xe,t) + > Cri—j1Zlj], Vre[K-—1].

i=1 =1

5. Return X't_K.

InterpolationConstants(¢, k):

1. Ak Q- Qp—1 - Qp—f41-

_ Jokr e G b, 1“ <k for each i € [k].
bt—k+17 ifi =k
3. Gk, = {atkH e st lfl <k for each i € [k].
Ot—k+15 ifi==F
4. Return (Ag, By, Cy).
Remark 3. In the theoretically analyzed algorithm given in Section 2.2} we take the midpoints to be
{0,%,..., 521}, But here, we take the midpoints to be {+, ..., X2} since the X, = X, making

the correction term pH; By ; (b()?t_i_,_l, t—i4+1)—b(X,, t)) = 0 when i = 0.
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A.2 Number of Neural Network Calls

While each step of Poisson Midpoint Method approximates K steps of DDPM, it can use more than
one neural network calls. Since neural networks calls are the most computationally expensive parts of
diffusion models (4 orders of magnitude larger FLOPs compared to other computations), we compute
the number of neural network calls for the Poisson Midpoint Method given K, N for both OPTION
1 and OPTION 2.

For OPTION 1, b(X,, t) is always computed. b(X;_; 1, — i+ 1) needs to be computed iff H; = 1.
It is easy to show that E|[{i € [K — 1] : H; = 1}| = £=L. Thus, the expected number of neural
network calls per step is 2 — % The total number number of neural network calls is % (2 - %)

OPTION 2 always computes evaluates b() twice per step. Therefore, the number of neural network
calls is %
A.3 FID Evaluation Details

FID scores between two image datasets can vary greatly depending on the image processing details
which do not have much bearing on visual characteristics (such as png vs jpeg) [37]. Thus, we utilize
the standardized Clean-FID codebase [37]] to compute the scores for all the datasets. As is standard,
we generate 50k images for all our evaluations. For CelebAHQ 256, we evaluate the CLIP-FID scores
against the combined 30k training and validation samples of the CelebA 1024x1024 dataset [22],
where the CLIP-FID is invoked by using the flags model_name = clip_vit_b_32 and mode = clean
[37]. For FFHQ 256, we utilize the precomputed statistics of [37] on the 1024 resolution trainval70k
split with the flags dataset_split = trainfull and mode=clean. As for LSUN Churches [49], we utilize
the precomputed statistics of [37] with the flags dataset_split = trainfull and mode=clean to calculate
the FID. And for LSUN Bedrooms [49], we downloaded the training split of [39] which consists of
3,033,042 images and used the codebase of [37] to compute the FID between two folders.

A.4 Hardware Description and Execution Time

For our experiments, we utilized a high-performance computational setup consisting of § NVIDIA
A100-SXM4 GPUs, each with 40 GB of VRAM, an Intel Xeon CPU with 96 cores operating at 2.2
GHz, and 1.3 TiB of RAM. The experiments take about 16 hours to generate 50k images with 1000
neural network calls per image and batch size of 50. The time is proportionally lower when fewer
neural network calls are used.

A.5 DDPM Variant Details

We describe 3 different variants for DDPM, based on 3 different choices of coefficients a, b;, oy used
in Section[A.I] Our observations indicate that each variant performs optimally for different datasets
and for different ranges of the diffusion steps. For example, consider the DDPM variants of LSUN
Churches in Figure [Ib] Note that, Variant 3 outperforms Variant 2 for all steps less than or equal
to 125 and vice versa for larger steps. Similar phenomenon can be observed for CelebAHQ 256 as
shown in Figure[Ta] Variant 2 outperforms the rest of the variants for steps smaller than 125, while
Variant 1 achieves the best performance for larger steps. For FFHQ 256, similar phase transitions can
be observed in Figure[lc|at around 50-100 steps. For LSUN Bedrooms, we observed that Variant 2
outperforms 1 and 3 on all the regimes. Our experiments were carried out on all the variants and on
all the steps, and the best scores are considered for comparison with Poisson Midpoint Method in
Table@ Let oy, B, @y be as defined in [20]].

Variant 1: The first variant uses the following closed form expression to perform the update.

1 (1*\/0%) 2 Bi
X =—X; -2 ————— (X, t)+ o1 - Z where o7 = . 13
t+1 \/@ t @(1_at) ( t ) t - 4t t 1— 3, (13)

Variant 2: The second variant of DDPM uses the default coefficients of DDIM as provided in the

codebase of [39], with = 1 and 02 = %

Variant 3: The third variant of DDPM also uses the default coefficients of DDIM with np = 1, but
uses a modified lower variance 07 = (1 — @) - Bi41.
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Figure 1: Comparison of different variants of DDPM

Poisson Number of Diffusion Steps / Number of Neural Network Calls
Midpoint
Variant
OPTION 2 OPTION 1

20/ 25/ 40/ 50/ 100/ 125/ 200/ 250/ 500/
40 50 80 97.5 190 234375 360 4375 750

Variant la 14.57 329 224 221 226 228 231 230 229
Variant 1b 11.85 275 247 215 248 254 252 250 244
Variant 1c 9.65 244 274 227 276 280 285 286 277
Variant 1d 772 240 313 245 311 3.15 321 3.19 312
Variant 2 1234 290 253 223 252 255 2.6l 259 247
Variant 3 1299 327 256 260 255 251 249 247 238

Table 3: CelebAHQ 256 — Comparison of Poisson Midpoint Variants

A.6 Poisson Midpoint Variant Details

Similar to DDPM, we perform our experiments for different choice of coefficients a,, by, o,. Variants 2
and 3 of Poisson Midpoint are defined with the same coefficients of the corresponding DDPM
variants 2 and 3. Poisson Midpoint Method introduces additional noise due to the randomness
present in H;. This becomes very large whenever K is large. Hence we reduce this randomness
by reducing the variance of the Gaussian as suggested by [31,[10]]. Specifically, for Variant 1, we
consider four sub-variants 1a, 1b, 1c, 1d that respectively correspond to variances U? =71 fzf_ 7, for
i ={-1,0,1,2}, with the rest of the coefficients a, b, defined as in (I3). Note that the variance is
inversely proportional to ¢.
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Poisson Number of Diffusion Steps / Number of Neural Network Calls
Midpoint
Variant

OPTION 2 OPTION 1

20/ 25/ 40/ 50/ 100/ 125/ 200/ 250/ 500/
40 50 80 100 200 250 360 4375 750

Variant la 1244  9.18 6.04 530 412 414 407 405 441
Variant 1b 1260 952 638 550 447 431 424 427 4.69
Variant 1c 1266 992 676 599 479 4.6l 4.61 458 494
Variant 1d 13.04 1039 7.22 645 509 491 493 485 5.27
Variant 2 11.18  8.21 545 475 3.8l 377 3797 375 4.22
Variant 3 359 333 358 365 375 371 377 384 445

Table 4: LSUN Churches — Comparison of Poisson Midpoint Variants

Poisson Number of Diffusion Steps / Number of Neural Network Calls
Midpoint
Variant
OPTION 2 OPTION 1

20/ 25/ 40/ 50/ 100/ 125/ 200/ 250/ 500/
40 50 80 100 200 250 360 4375 750

Variant la 5492 16.87 6.01 5.31 5.14 521 536 533 561
Variant 1b 47.03 1346 498 478 4.69 479 472 4381 4.97
Variant 1c 3858 9.67 473 473 487 491 485 487 496
Variant 1d 3133 757 507 547 558 565 550 558  5.57
Variant 2 46.52 1247 469 446 452 451 456 456 481
Variant 3 39.82  9.17 439 440 455 460 466 465 498

Table 5: LSUN Bedrooms — Comparison of Poisson Midpoint Variants

We observe that lower variance leads to faster convergence when the number of diffusion steps is
small. However, higher variances yield slightly better scores at higher steps, better quality at the
expense of increased neural network evaluations. This phenomenon can be observed in Tables [3|4] 5]
and|[6] where the optimal score for each step-size/neural network calls is highlighted in bold. Therefore,
we evaluate samples on all of the above mentioned variants and choose the best variant for every
number of steps/neural network calls. We see that whenever K is small (2-4), then OPTION 1 uses
fewer neural network calls than OPTION 2. However, the without replacement sampling technique
in OPTION 2 incurs lower variance error in the updates, allowing better convergence with lower
number of steps (See Section . Thus, we use OPTION 2 for smaller number of steps and
OPTION 1 for larger number of steps.

B DPM-Solver Variant Details

For unconditional image generation of high-resolution images, third order (order=3) Multistep DPM-
Solvers with uniform time steps are recommended. To ensure a competitive benchmark, we evaluate
the DPM-Solver on six different settings by tuning the parameters ‘order’ and ‘skip_type’. Our
evaluations are shown in Table |/} where the best score for every setting, highlighted in bold, are
chosen in our plots for comparison. We use the official code of [37] with parameters ‘algorithm_type
= dpmsolver’ ‘method = multistep’ and vary the parameters ‘order’ and ‘skip_type’ accordingly.
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Poisson Number of Diffusion Steps / Number of Neural Network Calls
Midpoint
Variant

OPTION 2 OPTION 1

20/ 25/ 40/ 50/ 100/ 125/ 200/ 250/ 500/
40 50 80 100 200 250 360 4375 750

Variant la 16.08 527 296 282 283 282 289 290 297
Variant 1b 1326 431 279 277 281 280 282 285 291
Variant 1c 11.07 353 280 288 290 295 294 295 3.01
Variant 1d 939 321 304 315 322 324 321 3.18 324
Variant 2 13.79 444 266 2.63 263 265 266 2.64 2.79
Variant 3 13.65 4.11 2.64 265 276 278 280 282 298

Table 6: FFHQ 256 — Comparison of Poisson Midpoint Variants

C Proof of Theorem [T

The proof relies on the Wasserstein CLT based approach introduced in [10] to compare two discrete
time stochastic processes. For the sake of clarity we consider the drift function b(z, t) to be b(z) (i.e.,
time invariant). However, the proof goes through for time varying drifts as well.

C.1 The Bias-Variance Decomposition:

In the Lemma below, we will rewrite the update equations for X, K+i given in Equation (8) in the
same form as the update equations for S(A, G, T, £) given in Equation (TJ). The lemma follows by
re-arranging the terms in Equation (8).

Lemma 1. We can write
Xikait = Aa Xirs + Ga {bf( i] Ta Zigai
tK4it1 2 tK+i T+ 2 (Xirwi)| + a ZiK+
Where ZtKH- ‘= Zik+i + Bixti + Sti+i such that ‘bias’ By +; is defined as
Biyi =T34 Ga [b(Xix i) — b(Xixcr4)]
K K
and the variance Sk 1, is defined as:

StK+i = K(Ht’i — %)FgG% [b(XtKJr’L) — b(XtK)]

C.2 Random Function Representation

By Equation (), the iterates of S(A, G, T, %) satisfy:
Xiktit1 = A%XtKJri + G% (b(Xix+i)] + F% ZiK vi (14)

By Lemmal[I] we can write down the interpolating process as:
Kircrins = Ao Kicri + Ga [M(Kixri)| + T Zuicys 15
it aXiktitGa (Xerti)| + a Zikt (15)

Note that while Z; 1 ; are i.i.d. N(0, I) vectors, Zik +i can be non-Gaussian and non-i.i.d. Below
we will show that the KL divergence between the joint laws of (X;x ;)¢ and (X¢x4i):; can be

bounded by bounding the KL divergence between (Z;x ;) ; and (Zt K+i)t,i- We now state the
following standard results from information theory.

Lemma 2 (Chain Rule for KL divergence). Let p,q be two probability distributions over X x Y
where X and Y are polish spaces. Let p,,q, denote their respective marginals over X and let
Dy|a» Qy|« denote the conditional distribution over ) conditioned on x € X. Then,

KL (p|]a) = KL (p2]|@z) + Eanp, KL (Py12]|241)
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Table 7: Comparison of DPM Solver Variants

CelebAHQ 256
Order =2 [ Order =3
Neural Network
Calls Uniform | logSNR Quadratic | Uniform | logSNR Quadratic
10 3.06 4.05 4.58 3.07 3.44 431
15 2.90 3.13 3.35 2.79 2.82 3.16
20 2.78 2.83 2.99 2.64 2.66 2.84
25 2.72 2.70 2.83 2.60 2.62 2.72
50 2.57 2.56 2.60 2.57 2.55 2.56
100 2.53 2.53 2.55 2.55 2.50 2.55
LSUN Churches 256
Order =2 [ Order =3
Neural Network
Calls Uniform | logSNR Quadratic | Uniform | logSNR Quadratic
10 3.72 8.92 7.62 3.67 7.31 7.60
15 3.42 5.99 5.60 3.48 5.24 5.33
20 344 5.09 4.84 3.55 4.56 4.64
25 3.52 4.64 4.62 3.63 4.29 4.33
50 3.88 4.16 4.19 3.64 4.06 3.97
100 4.03 4.07 4.06 3.65 3.99 4.04
LSUN Bedrooms 256
Order =2 [ Order =3
Neural Network
Calls Uniform | logSNR Quadratic | Uniform | logSNR Quadratic
10 5.85 10.90 9.58 6.40 9.50 9.36
15 5.80 7.07 6.82 5.91 6.44 6.50
20 5.78 6.07 5.90 5.51 5.63 5.64
25 5.65 5.68 5.55 5.35 5.31 5.33
50 5.40 5.07 5.08 5.02 4.95 5.01
100 5.13 4.98 4.98 4.82 493 493
FFHQ 256
Order =2 [ Order =3
Neural Network
Calls Uniform | logSNR Quadratic | Uniform | logSNR Quadratic
10 4.41 4.62 6.05 4.19 4.12 5.73
15 4.23 3.77 4.48 3.80 3.62 4.26
20 4.03 3.55 3.98 3.61 3.44 3.78
25 3.93 3.49 3.77 3.53 3.43 3.61
50 3.68 3.40 3.47 3.37 3.38 343
100 3.50 3.37 3.40 3.28 3.37 3.37

We refer to [44, Lemma 4.18] for a proof.

Lemma 3 (Data Processing Inequality). Let F': R¥1 — R*2 be any measurable function. Let P, Q
be any probability distributions over R¥. Then, the following inequality holds:

KL (FuP||FxQ) < KL (P]|Q)

The lemma below follows from the fact that Equation (T4)) and Equation (T3)) have the same functional
form.
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Lemma 4. Suppose S(A,G,T', %) and PS(A,G,T', o, K) are initialized at the same point X. That
is, Xo = Xo. Then, there exists a measurable function Fr such that the following hold almost surely.

(X)o<r<r = Fr(Xo, Zo, ..., Z7r-1)

and _ _ _
(X)o<r<r = Fr(Xo, Zo, ..., Z1r-1)

By Lemma[3|and Lemmaf] we have:
KL (LaW((XT)OSTST)l|L3W((XT)OSTST))
< KL (Law(Xo, Zor )| |Law(Xo, Zor-1))

= Ex KL (Law(Zo\XO)”LaW(ZO)) +

T-1
S Ex,z. oKL (Law(Z~T|ZOZT,1,X0)||Law(ZT)) (16)

T=1

In the last step, we have used the chain rule (Lemma @)

C.3 Controlling KL Divergence via Wasserstein Distances

We now seek to control the individual KL-divergences in the RHS of Equation (T6) via Wasserstein
distances. We re-state [[10, Lemma 26]:

Lemma 5. Suppose Z ~ N (0,0°1). Let A and B be random variables independent of Z. Then,

1
KL (Law(Z + A)||Law(Z + B)) < QWS(A, B).

The Lemma below follows from the triangle inequality for Wasserstein distance.

Lemma 6. Let A, B, C be random vectors over RF with finite second moments. Then,
Ws(Law(A), Law(B + C)) < Wh(Law(A), Law(B)) + /E||C||?

From Lemma we show that Z, = Z, + B, + S,. Conditioned on Zo.,_1, Xo, Z; ~ N(0,I) and
is independent of B, S,. We now use Gaussian splitting: if Ay, Az ~ N(0,1) i.i.d, then % ~

N(0,T). Therefore, letting Z, 1, Z, 5 be i.i.d from A/(0, T) independent of Zo., 1, X0, S-, B, we
can write:

KL (Law(Zs| Zor 1, Xo)|[Law(Z) )

S W22 (LaW(ZT\/g)v LaW(ZT\/; + S'r + BT|ZO:T717X0))

1 -
= W3 (LaW(ZT,g), Law(Zr.2 + V2(S, + Bo)| Zowr—1, XO))

< W (Law(Zy.2), Law(Zr o + V35, | Zoir 1, Xo) ) + 2E[| B, | Zor 1, Xo] - (17)
In the second step, we have used the inequality in Lemmal[5] In the third step we have used Lemmaf]

C.4 Bounding the Error Along the Trajectory:

In Equation (17)), we note that Z » is Gaussian but S need not be Gaussian (but has zero mean). In

the lemma stated below, we show that Z o + \/iST\ZOZT_l, X is close to a Gaussian of the same
variance by adapting the arguments given in the proof of [51, Lemma 1.6]. The proof is defered to
Section Dl

Lemma 7. Suppose N is random vector such that the following conditions are satisfied:
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1. ||IN|| < 38 almost surely, EN = 0 and ENNT = 3.

2. N takes its value in a one dimensional sub-space almost surely.

Suppose Z. ~ N(0,1) is independent of N. Let P = Law(v/I+ XZ) and Q = Law(Z + N).
Denoting v := Tr(X). Then,
« 2
Ws (P, Q))2 <3(l+v) [641/‘3 + ﬂzyQ] exp(%) (18)

We also have the crude bound:

W2 (P,Q))* < 2v (19)

The next lemma demonstrates the convexity of the Wasserstein distance, which is a straightforward
consequence of the Kantorovich duality [47].

Lemma 8 (Convexity of Wasserstein Distance). Suppose p is a measure over R* and Q(-,-) be
a kernel over R with respect to some arbitrary measurable space Q2 and let M be a probability
measure over §). That is Q(-,w) is a probability distribution over RY for every w € Q.

Wa ([ Q)inr@)) < [ W Q) ane)

Lemma 9 (Wasserstein Distance Between Gaussians, [36]).

1 1
WEN(0,51), M (0, £2)) = Tr(S) + 55 — 2(£25,52)7)

Lemma 10. Let ~
P .= LaW(ZKt+Z‘72) = N(O, I) s

Q= Law(Zgt4i2 + ﬁ(SKt+i)|X0, Z():Kt+i71)
Define the random variable

B=KT4 Gab(Xixti) — b(Xix)]|
K K
W3(P,Q) < CE % + % + 167 BT?’ZO;KHFhXo} (20)

Proof. Note that .
E[V2S:k+ilZo:xt+i-1, Yorctti-1, Xo] = 0
Now, define the random variable 3

B = |KT QG o [b(Xix1i) — b(Xixc)] | @1
K K

Clearly, /3 is measurable with respect to the sigma algebra of Zo: Kt+i—1, 20:Kt+i—1, X0. By the
definition of St 14, it is clear that || Sk 44|| < S almost surely. Define the conditional covariance
(only in this proof) to be:

Y= ZE[StKHStTKH\Zo;KtH—h Zo:Kt+i—1X0) (22)

Thus, almost surely:
232
Tr(X) < —
() < =

\f 25K+ takes its values in a one-dimensional sub-space almost surely when conditioned on
ZO Kt+i—1, 20:Kt+i—1, Xo - It is independent of Z,x 1, conditioned on ZO Kttie1y 20:Kt+i—1s X0-

Let us now define the following random probability distributions measurable with respect to the
sigma algebra of Zy.x¢+i—1, X0

1. Q= Law(Zgipin + V2Skiril Zoxciri1, Zoxiri1, Xo)
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2. P:=Law(VT + 2 Zktriz2l Zorciviot, Zoxiri1, Xo)

First, note that by Lemma[§]and Jensen’s inequality, we have:

Wi (P,Q) <EW; (P, Q) | Zo.kt+i—1, Xo]

< 2EW; (P, P) + W3 (P, Q) | Zo:kt+i-1, Xo] (23)
First consider W22 (}5, P). Conditioned on meﬂ-,l, Zo,Kt+i—1, X0, = has at-most one non-zero

eigenvalue. Without loss of generality, we can take ¥ = veje] for the calculations below. From
Lemmal9] we conclude that:

Wj (P,P) < Tr(2I+ % — 2VI+ %)

2
:2+u—%ﬁi$§%— (24)

In the last step, we have used the following inequality which follows from the mean-value theorem:
Vitv > 1+ 4 — V;. We check that the conditions for Lemmahold for P, ) (almost surely

~ 2
conditioned on Zy. x¢4+;—1,Xo) and v < % to conclude:

SCH"Z#%} 1(631)+K1(6>1)} (25)

Combining this with Equation (24)), we conclude that for any r > 1:

WP, Q) < C |4+ | + 2| 1B < 1) + F1(5 > 1)]
<ClE+ 5+ + 518> 1)
<Cle+bo+ i+ 26)

C.5 Finishing The Proof

We combine Equations (T6)) and with Lemma[I0[to conclude the result of Theorem

D Proof of Lemma/(7l

The crude bound in Equation (T9) follows via a naive coupling argument. We will now sketch a proof
Equation (I8) in Lemma([7]by showcasing how to modify the proof of [52, Lemma 1.6]. Our proof
deals with a specialized case compared to [S1, Lemma 1.6]. This allows us to derive a stronger result.
In this section, by ‘original proof’, we refer to the proof in [52].

Since N is supported on a single dimensional sub-space almost surely, we take this direction to be e
T

almost surely without loss of generality. We thus take the covariance matrix of N to be ¥ = veje;.
We generate jointly distributed random vectors Z, Z’ € R< as follows: Let (Z, e;) are i.i.d. standard
normal random variables for j = 2,...,d and (Z', e;) = (Z, e;) almost surely. We generate (Z’, e;)
to be standard normal independent of ((Z,e;));>2. Let (N, e;) be independent of Z’. We draw

<Z/,61>+<N,61>
Vitr

(Z, eq) to be standard normally distributed and Wasserstein-2 optimally coupled to and

independent of all other random variables mentioned above. We can easily check that (v/I + XZ, Z' +
N) as defined above is a coupling between P, Q.
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Via this coupling, we conclude that:

We (P,Q) < \VEWT T 0(Z, 1) — (2, e1) — (N, e1))?

z, N,
=VItuW, ((Z,q), < €1>1++<V 61>> @7)
Let Z1 == (Z,e1) and Z{ := (Z',e1), N1 := (N, e1). We define m = 142 (and note throughout the
proof that a value of infinity can be easily handled). We see that Zif\/TNyl = — %Z 1+4/1-— %N 1

Note that /1 — =N is denoted by Y in the original proof and the bound is ||Y|| < 4= 7 instead of
IN|| < 8 in this proof

Consider the function f(x), which denotes the ratio of density function of Z+\/7N1 to that of Z; at the
point x.
—(N2 + (N])?) +2mN N; 1
Ef(Z 2 —F ( 1 1 1 _ 28

Where N is an i.i.d copy of Ny and r(n) := m — 2log(1+ ).
Define )1 = —(Vi+ (N(n)ﬁLJzY)Zle i + 2(m2 T — r(m). We modify the estimates in Lemma 4.4 and
Lemma 4.5 in the original proof in the fol]owmg

Lemma 11. 1. Q] < m‘NlN L4

poe +1 + m almost surely

E[Q:] = _m —r(m)

3 E[Q%] S m52+2m2+1

2(m2—1)2
Proof. 1. Note that r(m) < m By triangle inequality, we have:
Ny N{ 2 1
Qu < AL, B (29)

m+1 m+1+2(m2—1)

2. A direct calculation shows the identity for EQ);.

3. Now, consider EQ?. We follow the proof of [52, Lemma 4.5], to conclude the following
inequalities. Since EQ; < 0 and m —r(m) > 0, we have:

1

EQ} <E(Q: — sz r(m))®
_ (m"fly[@Nf(N{F + WJE(MZ +(N7)?)?
— i e BV + (VD
O]

Note that the parameter o; found in the original proof satisfies o; = 1 in our proof. We now proceed

with the proof of Lemma Define R(Q) = exp(Q) — 1 —Q — %2 From the original proof, we
conclude via the Talagrand transport inequality that:
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/ 2
W (e, LB cormear - 1= i1 + gm0 + LRG| O
From Lemma|11] and using the fact that r(m) > 0, we note that:
1 3+ m/3?
E[Q:] + 2]E[Q ] < Am? —1)2

Now, let us bound ER(()1). Via a straightforward application of the taylor series, we have almost
surely:

|Q1]% exp(|Q1])

R(Q:1) < 5

(32)

1

From Lemma. we conclude that |Q1| < B+ Since v < 32, we musthave m = 141

1
2(’m2 1)
1+ 52 Thus, we have |Q1| < 350 ® almost surely. Using this in Equation (32), we have:

<

ER(Q1) < IE'QI' eXp( 3 )

< 2 om0

< |:m64 + m262

In the last step, we have used item 3 of Lemma along with the fact that m32 > 1.

Combining these estimates with Equation (31]), we conclude:

Now, we use the fact that m = 1 + —» which implies —— < W < v2. Thus, we have:

/2 N, 2 4,3 52,2 e gt g2
{W2 (<Z,61>7< e\;}% el))} < [5; + ﬁ; ]exp(dgﬂ—y'zﬁy (34)

Using the fact that 32 > v, we have: M < 283213, Thus, 2(1 + v) %03 < 28203 + 2843 <
2(1 +v)(B%v? + B*v3). Plugging this into Equation (27), we conclude the result.

E Overdamped Langevin Dynamics

In this section, we will prove Theorem 2] after developing some key results regarding OLMC. Recall
that in this case b(x,7) = —VF(x) for some F : RY - R, Ga = 2T and o = /221 Let
K K

N; = Z]K: 51 H; ;. Throughout this section, we assume that V' is L-Lipschitz. We will assume

that 7" is a power of 2 in this entire section, which useful to apply Lemma[26 The results hold for
any T by considering the closest power of 2 above T instead.

Recall By +; from Theorem [I] Instantiating this for Overdamped Langevin Dynamics, we conclude
that for any ¢,7 € NU {0} and 0 < i < K — 1, we must have:

2

L e 2 ~
| Ber+il* < K S [ Xert5 — Xerasll® (35)
SIS
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Here, we have used the fact that V F' is L-Lipschitz.
Now, consider By 1; in Theorem Foranyp > 1,¢,9 € NU{0} and 0 < i < K — 1, we have:

2 2 ~
Beb < (K sup || Xixry — Xexc||? (36)
0<j<K-1

In order to apply Theorem|I] we will now proceed to bound the quantities in the RHS of Equations (33)
and

E.1 Bounding the Moments

The following lemma gives us almost sure control over quantities of interest. We refer to Section[[]]
for the proof.

Lemma 12. Suppose the stepsize oL < 1. Let My j, := \/%"‘ SUPg<j<k—1 H E;‘:o ZtKJer. Then
the following hold almost surely for every 0 < k < K

1.
sup || Xixti — Xix || < | VE(Xex) || + My
0<i<k—1
2. . )
sup ([ Xirti — Xexcyill < LNy sup ([ Xikqi — Xex||
0<i<k i<k—1
3.

P
2

E[M{ k] < C(p)(ad)

We will now prove the following growth estimate for the trajectory X, k. We refer to Section [L.2|for
its proof.

Lemma 13. Let p > 1 be fixed. There exists a large enough constant C'p which depends only on p

such that whenever s —t < ——, we have:
aLC)y

1
sup [E||XhK - XtK||P|XtK] P < 3a(s — t)|VF(Xix)|| + Cpr/ad(s — t)

t<h<s

We apply Lemma [26] along with Lemma [T3] to conclude the following result which is proved in
Section[[4l

Lemma 14. There exists a constant c,, such that whenever oL < ¢, we have:

T T
> EIVF(Xex)|* < CoLPdPT + Cp(aL)PE(Y_ | VF(Xer)|1*)? (37)

t=1 t=1

While Lemma(l4{controlled 7, E[|VF(Xx)||2? in terms of 1, [|VF(X;x)]|%, in the Lemma
below we control 23;1 [VF(Xk)||?. We refer to Sectionfor its proof.

Lemma 15. Suppose p > 1 be arbitrary. There exists ¢, > 0 small enough such that whenever
al < ¢p, we have for some constant C), > 0 depending only on p:

T-1 T-1

. C - .
E(Y IVF(Xix)IIP)P < —2E|(F(Xo) = F(Xir)) P + CTP ' L*Pa™E Y ||VF (X )|
t=0 ar t=0
CP
+ C,LPdPT? + =2 (38)
oP

We combine the results of Lemma T4 and Lemma[T3]to conclude the following result:
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Lemma 16. Given p > 1 arbitrary, there exists a constant ¢, > 0 depending only p such that
whenever aL < ¢, and &P L3P~1TP=1 < ¢ we must have:

T
- C,Lp~1 -
S EIVF(Kux) [ < CoLPd’T(1+ (aLT)" ™) + 22— [E|(F(Xo) — F(Xxr)) | + 1
t=1
Lemma 17. 1. i "
CL*« ~ CL*«
E||Bixc1ll* < % E[|VF(X:x)|” + d
2.
EB%,, <C, [L2pa3prEHVF(XtK)H2p + Lo KPP
Proof. 1. Using Equation (33), we have:
L’a 2 ~
E|Bikill* < —=E  sup [ Xiry; — Xexisll®
2K o<j<k-1
Lia3 2 ~
< S —EN?  sup ([ Xiwy; — Xox|®
2K 0<j<K-1
L4a3 2 ~
S Eosup ([ Xk - Xere?
0<j<K-1
CL4 3 ~
< == [0®B| VF (X | + ad] (39)

2. We use Equation (36) and proceed as in item 1.

E.2 Finishing The Proof

For p > 1, we define A(®?) := E[(F(X,) — F(x*))P]. Let < denote < up to a universal positive
multiplicative constant on the RHS. We now combine Lemma[I7] Lemma|[T3] with Theorem [T] (taking
r = 7) to conclude the following bound:

KL (Law((X])o<e<r)||Law((Xk1)o<i<))
S LA (AW +1) + LPaPK(A® +1) + L8P K2(A®) 1) + LMo K3(A®) 4 1)
+ LY KA +1) 4+ LAa*Kd*T 4+ L7 Kd*T? 4+ LSS K2d°T + LY o K2d3T3
+ LY KT + Lo K2d°T° + LYo KTd'T + LTo* K'd'T" (40)

F Underdamped Langevin Dynamics

In this section, we will prove Theorem 3] after developing some key results regarding ULMC. We
will assume that 7" is a power of 2 in this entire section, which useful to apply Lemma[26] The results
hold for any T by considering the closest power of 2 above 7" instead. Recall that in the case of
ULMC, we have:

[l 2 —eMI o %(h - %(1 —e "Iy 0 [-VFW)
Ah = |:0 v gf'yh]:d 9 Gh = %(1 _ ef,\/h)ld 0 b(Xt) = 0
2 2 —vh 1 —2vh 1 —vh o —2vh
Fi:: ;(h—;l(l—eV)_Fﬂ(l—e 7))Id ;(1_267 + e 2,
Sl =27 e (1—e M),

https://doi.org/10.52202/079017-2109 65997



Throughout this section, we assume that VF'(-) is L-Lipshitz. We let N; := Zfigl Hy,;. WeletII
I, O

be the projector to the first d-dimensions in the standard basis. That is, IT := {0 ol

The 2d dimensional space can be decomposed into position (sub-space spanned by the first d standard
basis vectors) and velocity (sub-space spanned by the last d standard basis vectors) sub-spaces. We

use the convention that X € R is such that X = Kﬂ where U € R is the position and V € R is

the velocity. Throughout this section, we implicity let X, = [gT] . With some abuse of notation, we
letU=M1XandV = (I-1)X

The following lemma collects some useful bounds on Ay, Gy, and 'y, and is proved in Section
Lemma 18.

h exp(2vh)
G,T,FhQGh<{C 7 L 0}

0 0
Forall0 <j < K —1,
A Gyl < 2 exp(32)

Analogous to the analysis of Overdamped Langevin Dynamics, we consider the following dynamics.

F.1 Bounding the Moments:

Using the scaling relations in Section we write down the iteration of PS(A, G, T, b, a, K) for
Underdamped Langevin Dynamics as:

Xk = AaXik + Gab(Xik) + aly + T, (41)
Where, oA, =  SECVKH AL Go [b(f{mﬂ) _ b(f(tK)} and T.V, =
K
Zf:_ol Agk—1-)Ta Zik ;.
K K

Applying the triangle inequality, we conclude the following lemma.

Lemma 19. Suppose that || - ||any is any semi-norm over R%. Then the following hold almost surely
forevery0 <k < K

1.
HXtK-H‘ - XtKHany < H(A% - I)XtKHany + HGLab(XtK)Hany
K
1—1
+HZAO¢(1 1 j)r ZtK+J||any
7=0
2.

1—1

| Xecsi = Xucsillany <Y KH[|AG 1 j)a 1 NaGa o (O(Xerc+1) = D(Xx)) lany
7=0

Define ¢, := U, + ‘7;( t . The following Lemma, proved in Section , gives the time evolution of

.
Lemma 20.
K17 ) )
Yo =t = S VF (i) = 3 = [VF(lucrs) = VE (O] + T
=0

Where Uy ~ N (0, 27("I(i) is independent of X, but not necessarily indepependent of U, K+i for
1> 0.
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Lemma 21. Consider the seminorm given by |z||§ =zl Let M, i
SUp,< 1 HZZ : Aa(i—l—j)F%ZtKJerH- Forany0 <i <K —1.
K

|Otxc+i = Uecl? < Ca®|[Vike|? + Cat |V (Uex)|I* + OME g (42)

F(41) = Fihr) < —%( = L) IVE(Uer)||* + (VE(¢r) = VE(Urc), Ur)

- 3L -~ 3aL?||Vikl?
VR, ) + 2Ly p 4 2oL Vel
2 2y
N2alL? 3aL 2 ~
| Nial? (1 n ) sup NOueri — Ol @3)
0l 2y ) o<i<K-1
3. Forany p > 1, we have:
pye, 2 3P 2
EM} o < Cexp(—— 5 )y2a2 (d+log K)2

We refer to Sectionfor the proof. Analogous to Section' [E} for any p > 1, we define Sop, (V) :=
T:Ol Vi |22, Sop(VF) := T ! o IVF(Ui)||?. The following lemma, proved in Sectlon

bounds the moments of these quantltles

Lemma 22. There exists a constant ¢y such that whenever va < 1, O‘L < ¢o. Then the following

relationships hold:

1.
ESV)P]P < SR + SES(VIP +CyT(d-+log K) + )
2 17%042 1 2 zlyo/l 1
LT 20 (ms,, (V)]P + L[ESQP(VF)]P (44)
Y 72
2.

[

E(S:(VE))]» < L[EI(F (W) ~ F(w2)) 1]
CL?

1
5 [E(S:(V))PIP + Cp [L(d +log K)T + 2]
1 1
O QRS (V)P + Gt L [ES, (VE))P (45)

Suppose additionally that v > Co\/L for some large enough universal constant Cy. Then, the bounds
above imply the following inequalities:

1.
E(S(V)P]P < i[En%Ppﬁ + S im0 - F(wr) P
1
4 O,(T(d +log K) + 1) + ”%[Esm v)e
ST e (v 6)

e
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1 - 1 1
ESR))e < TENTI]r + TEIE ) - PPl
+Cp [L(d +1og K)T + 2]
1 1 1 1
+ C T P L2 [ES,y (V)] P + CpT' P L20*[ES,, (VF) P (47)

The following lemma gives a growth bound for Overdamped Langevin dynamics. We give the proof
in Section [L.10|

Lemma 23. Let s,t € NU {0} such that s > t. There exists a constant ¢, > 0 such that whenever
@ < ¢y, ay(s —t) < ¢, and o®L(s — t) < ¢y, the following statements hold:

1 1
sup [EHUhk — ﬁtKHp} P < 8als —t) [EHV}KHP] Py

t<h<s

1
8ol =D v r @) |?

Tog K
+Cm/d+% (48)

1 1 1
sup [El|Vie — Vixc|*]” < 89a(s — ¢) [E|[Vic|*]” + 8a(s - OF [|IVF(Tu) 7]

t<h<s
d+ log K
+ O (49)

We combine Lemma 23] with Lemma [26] to conclude:

Lemma 24. Let p > 1 be given. There exists ¢, > 0 such that for any N which satisfies the following
conditions:

1. N is an integer power of 2and N < T.

2. # < ¢, ayN < ¢, and o?LN < Cp

The following satements hold:

1.
ESy(VF) < Cp(LaN)PESy, (V) + C,TLY (d +log K)' + <2 B(S:(VF))
(50)
2.
2 P
ESy, (V) < Cp(aN)PESy,(VF) + T B(m log K)} + N:_lIE(Sg(V))p (51)

Proof. We consider a; := VF(ﬁ(t,l)K), by = f/(t,l)K. Let N satisfy the condition in the Lemma.
Since T is a power of 2, clearly, N divides T. Let T, = {(k — 1)N + 1,...,kN} be as defined in
Lemma[26] Consider the following upper bound derived using the results of Lemma 23]

AN 2 2p  2p Ar2p+1 L?Po?P NZPH
> > Ellaj — aj|*” < G, Lo N**TIES,, (V) + CPTIESQP(VF)
W= €T
1>
+ Cp,NTLP (d +log K)” (52)
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Applying Lemma 26 we conclude:

op
ES2,(VF) < Cp(LaN)*PES,, (V) + C,TLF (d + log K)? + WE(SQ(VF))Z’ (53)
Similarly, we have:
T/N
Z Z Ellb; — b;‘HZ < Cp72pa2pN2p+1E82p(V) + Cpa2pN2p+1ES2p(VF)
k=1, €Ty
3>
+C, NT” (d +log K)” (54)

Applying Lemma[26] we conclude:

2

ES2, (V) < Cp(aN)?PESy,(VF) + T { (d+log K)]p + %E(SQ(V))” (55)

O

Combining Lemmas [24]and 22] gives the following theorem.
Theorem 4. Fix p > 1. There exist constants Cy, c,, ¢y > 0 such that whenever: v > CP\E,

3p—1pp—172p

ay < ¢p, QT < Cp, the following results hold:

S2p(VF) <

" BT + B (0) — PP +1] +

(0%
c,T [WL— + (yaT)P ﬂ (d + log K)P

S2p(V) < Gy [BIVOI + EI(F(¥0) = F(¥r))*" + 1
+C,T [ + (yaT)P~ ](d+logK)p

F.2 Bounding the Bias:

Now, consider the following term in the statement of Theoremm

Biti =Ta'Ga [b(Xixsi) — b(Xixti)]
K K

Using Lemma([T8] and under the conditions of Theorem [ holding with p = 1, we have:

2 al? 5 - 2
| Ber+ill* < CKiy sup  ||Uik+i — Usk+il|

0<i<K—1
a®LAN2? 2 .
<C——=L sup ||Uixti — Uk|? (56)

N Ky o<i<k-1

In the second step, we have used item 2 of Lemma[T9)along with the bounds in Lemma [T8]
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Applying item 1 from Lemma[2T]and Theorem @] we conclude:

1K—
CaSL* % 2 ~
Z Z | Bere yill* < Z ENJE  sup  ||Uikyi — Uik ||?
i=0

=0 0<i<K-1

CoPL* ! 2 ~
< E sup |[Uk+i — Ukl

v o O<i<K-—1
CaPLA T . -
< > [o®EIVik|? + o EIVF (0o | + EME |
v t=0
CaPL* | 4 3
< 5 [@’ES> (V) 4+ a*ES>(VF) + Tya®(d + log K)|
773 CafL* 07112 +
< Ca"L*yT(d+log K) + - E|Vo|l* + E(F (Vo) — F(Ur))T +1 (57)

In the first step we have used the fact that Ny is independent of supg<; <51 || Ui +i — Usc||? and

the second step follows from the fact that EN? < 2. In the third step we have used item 1 from

Lemma In the fourth step, we have used item 3 of Lemma 21} In the final step we have used
Theorem

F.3 Bounding the Variance:

Now consider fBix+; = ||KFZG%[I)()~QKH) — b(Xx)]||. Using Lemma |I8| and item 1 of
K
Lemma[21] we have:

CKalL? > -
BtK—H’ < —— sup ||UtK+i - UtKH2
Y 0<i<K-1
CKalL? N -
< = [0Vl + 0 I E @)l + M7 (58)

Therefore, we note that for any p > 1, under the assumptions of Theorem 4] we must have:

v
=

-1
Eﬁtl(+z —

T-1
|02 E||Vexc |22 + 047B||V F (Trsc) |27 + EM7
t=0

Kp+1apL2p

fyp

~
Il

=)
I§

=)

7

KP+iaPL?P 2p 4p P3P P
CPT [a ESgp(V) + ESQP(VF) + TvPa’P(d + log K) ]
Kp+1a3p—1L2p ~
< Gy [EIVOIP + EI(F (o) — F(¥r)) 1 +1]

Kptlg3pr2em
(T

IN

+Cp — + (yaT)P™ ) (d+log K)P (59)

P

F.4 Finishing the Proof
For p > 1, we define A®) = E(F(Uy + VO) — F(x*))? + E||Vo]|?” + 1. By LHS < RHS we denote

LHS < C.RHS for some universal posmve constant C'. We now apply TheoremT] (Wlth r = 7) along
with the bounds in Equations (57) and (39):
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KL (LaW((XtP)QStST)l|L3W((XKt)0§tST))

2 4K+' 1?(+' 6K+' B2§(+'
< E ‘B'5 i CE S ? S 7 S 7 S 2
> [H K+ || ]+ K2 + K3 + K2 + K
K2a8L6 K3a14L10
74 6

< CabL* KaPL

4
AW —— = AP 4 A® A®) 4
g

K720,14
-~ AM
~ 2 8 A

KaLAT?

+ Ca"L*yT(d +1log K) + KaS4?L*T(d + log K )?* + (d + log K)?

KQ 11L6T3

+ K200 L33T(d + log K)? + — == (d +log K) + K33 L4 T(d + log K )°

K3a19L10T5

+ e —
gl

K7a27L14T7

+ N —

(d+log K)° + K'a®L"y"T(d + log K)”

(d+log K)* (60)

G Convergence Under Isoperimetry Assumptions

We now prove the results concerning convergence under the assumption that 7* satisfies the Logarith-
mic Sobolev Inequalities (LSI). We first define the LSI by following the discussion in [46] and refer
to this work for further details.

Definition 1. We say that a measure ™ over R? satsifies \-LSI for some \ > 0, if for every smooth
g : R? = R such that Ex ..+ g*(X) < oo, the following inequality is satisfied:

2
Erg?logg® — Eq-g*logEreg? < XEw*IIVgH2

We note that whenever the density 7*(x) = e~ ¥ ) and F is \ strongly convex, then 7* satisfies the
A-LSI. It is well known that A-LSI implies the Poincare inequality (PI) with parameter A defined
below:

Definition 2. We say that a measure 7 over R? satsifies \-PI for some \ > 0, if for every smooth
g : R? = R such that Ex .- g*(X) < oo, the following inequality is satisfied:

1
Er: g = (Bx+g)® < 3Ex || Vgl

We note the following useful lemma:
Lemma 25. Let 7 (x) o exp(—F'(x)) satisfy \-PI or A-LSI and let F' be L-smooth. Then, L > \.

Proof. Let X, X’ ~ 7* be i.i.d. Applying integration by parts, we have: EVF(X) = 0 and

E(X,VF (X)) = d. Note that LSI implies PI and under A-PI, we must have for any unit norm vector
veR:

var({X,v)) <

> =

Let X be the covariance of X (it exists due to the assumption of PI). Therefore,

1 o B /
= 57 B(X = X/, VF(X) - VF(X'))
1 Tr(E) 1
< = _ /112 — < =
< 2dEHX X' <3 ©1)

In the second step we have used the fact that whenever F' is L-smooth, then F(x) — F(y)
(VE(y),z —y) + Z||z — y||? forall z,y € R™.

LT IA
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We now state [45, Theorem 1] (adapting to our notation) which gives convergence guarantees for
OLMC under the assumption of A\-LSI.
Theorem 5. Suppose n*(x) x exp(—F(x)) satisfies the A-LSI and that F is L-smooth. Consider

OLMC with set size ) which satsifies 0 < n < ﬁ Then, LMC satisfies:
8dL%n

KL (Law(X)||7*) < e VKL (Law(Xo)||7*) + =

Where X, ..., Xy are the iterates of OLMC.

2
Whenever ¢ < 1, we take & = Ae T =

K 16dL2 " T aA €

2KL ( Law (X, "
L log <((20)|) . With the suggested
initialization in [45] i.e Xo ~ A/(x, T) for any stationary point x of ' we have KL (Law(Xy)||7*) <

7 2
- = eomin [ AT\ ACLY and K — _Ca
O(d). Now, take o = co min <Lgd2 ; ngd&),T =0(5y) and K = —2=.

Let Xo, ..., X1k be the iterates of OLMC with step-size % with the parameters as chosen above.
Applying Theorem we conclude: KL (Law(Xrg)||7*) < %.

Let XF, ..., XF be the iterates of PS(A, G, T, o, K) with A, G, T corresponding to OLMC. Apply-
ing Theorem [3] (with the explicit lower order terms given in Equation {#0)), we conclude that:

KL (Law(XF)||Law(X7x)) < &

Now, by Pinsker’s inequality and the triangle inequality for TV distance, we have:

TV(Law(XE), 1) < 1/2KL (Law(X)||Law(X7x)) + \/2KL (Law(Xr)|[7*) <€ (62)
This proves the result in Table I for OLMC.

We now consider the analogous result for ULMC below. The following result is a re-statement of [53|
Theorem 7]. We note that C| g in this work is % in our work.

Theorem 6. Let Xy, ..., Xy be the iterates of ULMC with step-size . We make the following
assumptions:

1. F'is L-smooth and that 7* satisfies \-LSI.

2. Suppose x be any stationary point of F'. Initialize X such that Uy, Vyy are independent with
Uy ~ N (x,CT) (C as given in [33)]) and Vo ~ N(0,1).

3. F(x) — F(x*) = O(d) and By y or+ |U || < O(d).

-~ - 3
Let € < 1. Then, we letn = 9(2‘/\%), VL <~y<CVLT= @(LQ‘/E) then,

3
A2e

TV(Law(Un), ) <€

Let Xo, ..., X7x be the iterates of ULMC with step-size . We take: a = (:)(\/%(ﬁ)ﬁ),

~ 1 ~
K = 6(*22 )and N = 6(¥L). We now consider X©,..., XF to be the iterates of
agire Ao 0 T

PS(A,G,T,a, K) with A, G, T corresponding to ULMC, such that X/* and F satisfy the same
assumptions in Theorem|[6] Applying Theorem [3|along with Pinsker’s inequality, we conclude that:

TV(Law(X{7), Law(X 7k )) < g .

Now, using Theorem [0} along with the triangle inequality for TV, we conclude:

TV(Law(X(TP)), ) <e

This proves the bounds for ULMC in Table
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H Some Technical Results

We state the following technical lemma which will be proved in Section [[.3]
Lemma 26. Let ay,...,ar be random vectors in R%. Consider the partitioning {1,...,T} =

(T/N]E where Ty, := {( — )N +1,...,min(kN,T)}. Assume that N divides T and T > N.
Then we have:

* p—1 T
ZEHa P<EY Y Tl -al? e (5) B el
P =1

15€Tk j €T
3>
Lemma 27. Let Z1, ..., Z be i.i.d. standard Gaussian random variables, and a sequence of random
vectors g1, . . ., g such that g is independent of Zy, . .., Zrp. Then,

T T
I3 o 21 < oy (Y el
s=1 s=1

Proof. Let A € R. Consider the random variable M; = exp(3._, Mgs, Zs) — M) M, isa
super martingale and hence, we have: E[Mr] < 1. Applying the Chernoff bound, we conclude that
for anly A, A > 0 we must have:

T
P(| Z<98a Z ||98||2 ) < 2exp(—h).
s=1
r 1
= P(> (g5 Zs)IP > cpr%Z g 1) + R) < 2exp(—CpARP)
s=1 s=1

Now, for any variable X, P(XT > h) = P(X > h) whenever h > 0. Now using the fact that:
EX <EX* = [[°P(X* > h)dh, and taking X = | Y°0_, (g5, Zs)|P — CoA (3o, [lgs]|?)P:

. i T o
E| Z (221 < Y g + [ 2exp(-e i )dh < CGNE [P + 52
s=1 0 s=1
We conclude the result by choosing AP = ———+——— O

RS leal)E

Lemma 28. Let K be any positive integer. Consider G ~ Bin(K, %) Then for any p > 1, we must
have: EGP < C,, for some constant depending only on p.

Proof. The proof is simple for K = 1. Assume K > 2. Forany 0 < n < K, letp,, := P(G = n).
Then,

In the second step we have used the inequality (1 — )" <1 ¢ and the fact that K > 2.

Note that — is the probability that the standard poisson random variable is n (denote this by py,).
Therefore, We must have: p,, < 2p. Thus, we must have:

EG? < Z 2nPp,, < C)

neN
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I Proofs of Technical Lemmas

1.1 Proof of Lemma[12]

Proof. 1. This follows by applying the triangle inequality to the definition of X, Kti-

2. Consider:
2 it 2 ~
Xy = Xercill < @Y HyjlIVF(Xixe ) — VE(Xix)|
=0
i1 . i
<Y Hp L Xk — X
j=0

<aNiL sup || Xixij— Xk (63)
0<j<K—1

3. This follows by a direct application of Doob’s inequality.

O
1.2 Proof of Lemma[13|
Proof. We will use b() and V F () interchangeably in the proof. Consider the update
X(t+1)K = XtK + O[b(XtK) + OéAt + V 20[}7t .
v, = Ly K-l Ay =5 H (X b(X
Where Yy = —= > i Zikviand Ay = 35 o0 Hi(b(Xix14) — b(Xik))
Therefore, we have for any s > ¢:
~ ~ 571 ~ ~
Xox — Xk = Y ab(Xpk) + aly, + V2aY5,
h=t
~ S_l ~ ~ ~
=a(s - t)b(Xik) + Y a(b(Xnk) = b(Xik)) + alp + V20, (64)
h=t

- 1
In this proof only, for any random variable U, we let M, (U) := (E[||U||?|X:x])?. Using the
triangle inequality for M, we conclude:

s—1

My = Kixe) < als =) My(b(Xer) + S laMy (b(Knic) — b(Xixc)) + M, ()

h=t
s—1
+vV2aM, (Y Yh)
h=t
~ 871 ~ ~
< als = OBl +a > [EMy (Ruie = Ki) + My (An)]
h=t
+ Cpy/2ad(s — t) (65)
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Now, consider A}, = Zfi_ol H;(b(Xpxk4i) — b(Xnk)). We must have

K-1
My(Ap) < My(Y | LH; | Xncss = Xnicl) < Mp(LNy  sup | Xnsers — Xncl)
=0 0<i<K—1
= LMp(Ni)Mp( sup || Xnxeri — Xngll)
0<i<K-1
< LCpaMp(”b(XhK)H) + LO,My,(Mp k)
< LCya|b(Xix)|| + L2CpaM,(Xnk — Xix) + LCyVad (66)

In the second line, we have used the fact that N}, is independent of supg<; <1 | Xnr+i — Xnkll

and the fact that M, (N;) < C, for some constant C), (Lemma.) In the third step we have applied
item 1 from Lemma

Putting this back in Equation[63] we conclude:
s—1

My(Xox — Xixe) < als — t)(1+ aLC,)[b(Xix)| + aL(L + aLCy) S [ (Xnx — XtK)]
h=t

+ Cp(La%\/&(s —t) + /2ad(s — t)) (67)

Therefore, we must have:

sup Mp(XhK - XtK) S OzL(S — t)(l + OZLCP) |:”b(XLtK)I + sup Mp(XhK — XtK):|
t<h<s t<h<s
3
Cp(LVda2 (s —t) + \/2ad(s — t)) (68)

Now, supposing s —¢ < = L + for some large enough constant C_’p which depends only on p. This

ensures that oL(s — t)(1 + aLC,) < 3 in the equation above. Thus, we have:

. - b(X
sup M, (Xpr — Xix) < 3aL(s — t)% + Cp/da(s — t)

t<h<s

1.3 Proof of Lemma 26

Proof. aj, := ﬁ ;. a; Consider the following quantity:

Z lael® =" > llaglI*

k jE€Tk

T
N

<33T @ Yay - anl® + 20 Y] ?)
k=1

JETk

=271 (llay — @) 21’_1NZ I |*?

k je€Tk

<2713 N " (llag — a@kl*P) + 2P N( Z||ak|| (69)

k jETL

Now, by Jensen’s inequality, we must have: ||a||? < m i dieT lla;||?. Therefore, we conclude:
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Zl\atH‘“p <27ty Y (lay —a*) + 20 N ZlIa 1%y (70)

k j€Tk

Now, consider

Z Ella; — | < Z Z Ella; — aj;: /%

JE€Tk JETH €Tk

= 23 S Ellay — ag an

J€Tk §' >

Using this with Equation (70}, we conclude the statement of the lemma.

1.4 Proof of Lemmal[14]

Proof. We now apply Lemmal[26|with a; := b(X (t—1)k )- Whenever aL < ¢, for some small enough
constant ¢, we can take IV to be the largest integer power of 2 lower than [ | for a large enough

1
QLCQP
constant C3,, such that the result of Lemmawith s —t < N. Applying Lemma we conclude:

2
v > Ella; —af|*? <2 E(3aLN|la;|| + CpLVadN)*

JETHI'>) JETH
< Cp L (ad)P NPH! + Cp(aLN)? Y Ella;||* (72)
JETk

Applying Lemma 26|

T T
D Ella]*” < 277 Cu L (adNPT + Cyp(aLN)* Y7 > Ellag||*” + 207 ' NP2 (Y llay||)?

t=1 k JETk j=1
(73)
Note that whenever the constant Cgp defining IV above is large enough, this implies
ZIEHatHQp < CpLPdPT + Cp(aL)P~X( Z lla;[1?)P (74)
= Jj=1
O

1.5 Proof of Lemma|[13

Proof. Since VF'is L Lipschitz, we have:

- L - -
F(Xa4nx) = F(Xix) < (VF(Xix), Xy — Ko + S Xy = Lol 75)

Also note that: ~ ~ B -
X(t+1)K = Xik — OéVF(XtK) + al; + V2aY; .

Where ¥, = — SE Y Zigiand Ay = = KV H(VF(X k1) — VE(X k)

Thus, summing Equation (73) from ¢ = 0 to t = T' — 1, we conclude:
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;q

T-1

. " L
F(X7r) — F(Xo) < (VF(XtK), K — Xex) + Y *HX (i — Xex|?
t=0 t=0
= 13502 - _
(VF(Xix), X(es 1)k — Xerc) + 5 (IVF(Xer)lI” + | Acll?] + 3La||Ye||?
t=0 t=0
T-—1 , ~ ~ ) -
< —(o = 3L | VF(Xex) I + a(VF(Xix), Ar) + 352~ || Ay ||* + 3La| V3|
t=0
+V2a(VF(Xix),Yy)
T—1
<Y —SIVEXux)|1? + 3al|Adl® + 3La|| Vi + V2a(VF (Xk), Vi) (76)
t=0

In the last step, we have used the fact that 2|(VF(X,x), Ar)| < [VF(Xix)|? + ||A¢]|? and the
assumption that o, < ¢;, for some small enough constant c,,.

Therefore, we conclude:

T-1 ~ C T-1 T-1 B

QO IVEXex)IP)? < Ojﬁl(F(Xo) F(Xkr) P + Gyl Z AP + CpLP (Y (1Y)

t=0 t=0
Z VF(Xix), V)| (77)

t=0

The properties of Gaussians show that: (Z LY ]2)r < CpIPdP.
By Lemma[27)and the AM-GM inequality, we conclude that for any x > 0 arbitrary, we have:

1 T—1 B C T—1
—7El §<VF(XtK)7Yt>|p < Z IVE(Xix)|2)P
<£+iEZ\\VFX )2 )
= 9qp tK
T—1 T—1
EC AP < TP T E[A*
t=0 t=0
T—1 N _
< TPV CE(N)PLPE( sup (| Xixyi — Xoxcl)?P
=0 0<i<K—1
T—-1 N ~
< TP} Z LPE( sup || Xixsi — Xex|)? (79)
=0 0<i<K-—1

In the first step, we have used Jensen’s inequality. In the second step we have used the fact that VF

is L-Lipshcitz and that V; is independent of Xt K+i for 0 <37 < K — 1. In the last step, we have
used the fact that E(NN;)? < C,, for some constant C}, (Lemma .

By Lemma([T2] we have:

E sup | Xikcri = Xix|™ < Cua®E|VF(Xix)[[*? + Cpard?
0<:<

Plugging all of these bounds, and taking ~ in Equation (78)) to be large enough, we conclude:
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T-1 T—1
- C - -
(Y IVE(Xe) ) < —LE|(F(Xo) = F(Xier)) P + CpT" L7 Y | VF (Xorc) |
t=0 t=0

+oyrarrr+ 2 (80)
p P

O

1.6 Proof of Lemmall§

(1—x)? 1
—x — 2 <
v \/%(h*mw )Jruz7 )y (1—a2)

Proof. For the sake of clarity, define z = 1 — exp(—vh). p =

Algebraic manipulations show that:

—o
2(1+x) (’yh—(l—@—%)

p= (81)

Now note that yh = —log(1 — (1 —z)) = Y2, @ Therefore, we conclude: vh — (1 — ) —
(1_2””)2 > (1_33”)3 + (1_4‘"’3)4. Therefore,

1
< - <4/ (82)
\/21nft€[0,l](1 =+ t) (% + ﬁ) 7
Now, we note that for scalars A, B > 0 and p € [0, 1], we have:
A2Id pABId . A2(1 - p)Id 0
pABId BQId - 0 B2(1 — p)Id

Thus, we conclude from the above computations that:

T2 > o % (h - %(1 —exp(—h)) + %(1 - exp(—2'yh))) 1, 0
0 (1 — exp(=29h)Ty
=25 (1 — exp(—vh))%14 0
=cl3 = ( = T2
e [ ! 0 (1— exp(—2’yh))1d} Lub 83)
‘We have used the fact that:

2(h 21 — exp(—h)) + 4 (1 e(2h)))>2(1 exp(—h))?

— — —(1 —exp(— —(1 —exp(— — (1 —exp(—

S S p(—y % p(=20h) | > 2 p(—y

Using the fact that for PSD matrices A, B A < B implies B~! < A~!, we have:

_ _ Chexp(2’yh)I 0
GIT %Gl = GIT2Gy, < { 3 d 0 (84)
The second inequality follows easily by elementary manipulations.
O
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1.7 Proof of Lemma

Proof. Explicit computations show that:

Yo == SVFOu) o [l 2] Ak [l 2Ty

Now, note that [Id %d} A, = [I %} and [Id %d} Gp = {%Id 0}. Therefore, from the

definition of A, we conclude that:

a{Id } KZ

=0

[VF Uskeri) — VF(U”{)}

A straight forward calculation shows that: U, = {Id %d] r.Y; ~ M(0, %Id).

1.8 Proof of Lemma

Proof. 1. Note that
~ i—1
Uik i — Ui = T(Ase — 1) Xy + HGW b(Xik) + Y MAaio1-5) 1-) IaZict,
7=0

We bound each of the terms separately.

1(As

o
K

~ o~ ~
—DXix|ln < fHVtKH < al|Vik||

2

(&%
HGzab XtK HH y

2K2HVF Uikl < 7||VF(UtK>||

Plugging these inequalities gives the result.

2. Since VF'is L-Lipschitz, we have:

F(i11) = F(¢r) < (VE(Wr), Y1 — 1) + *||1/)t+1 Pe?

= (VE(y) — VF(Usre), Yrs1 — e + (VF Uik ), 1 — e + |\1/Jt+1 A
(85)
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Using Lemma@to evaluate ;1 — 1, we conclude:
~ o ~ ~
(VE(Uik ), Y41 — ) = —;HVF(UtK)”2 +(VF(Uy), ¥y)

K— 1

-y

=0 'Y
«

< =2 IVFOu) P+ (VF ), )
NtOdL

), VE(Uiic ) — VF(Tixc)

+

HVF(UtK)H sup ||UtK+i—UtK||
0<i<K

i<K—-1
< —%nvnamnz + (VE(U,), ¥y)

Q . NZ2aL? 2
+ %HVF(U“()HQ +

o ~
= —EHVF(UtK)H2 +(VF(U), ¥y)
N?alL? 2 ~
—5— s |[Ukcyi = Ui (86)
Y 0<i<K-1

In the second step, we have use the fact that VF' is L-Lipschitz along with the Cauchy-
Schwarz inequality. In the third step, we have used the AM-GM inequality which states that
for any a, b > 0, we have 2ab < a® + b?

Similarly, we note that:

~ a ~ ~
(VF(tpy) = VF(Uik ), e1 — ) < TIIVF(UtK)IIHVtKII +(VF(¢py) = VF(Uik), ¥y)
NaL 2 -
+ = IIVtKII sup Uik i — Uik
<i<K-—
3aL?|Vikll? . _
< L IVF ()P + Mﬂth)w(mm,w
N2 L2 2 -
+ — sup  ||Uikvi — Uik ||? (87)
27 o<i<K—1

We have again used the AM-GM inequality in the second step above. Convexity of z — 22
implies:

L 3L NZa’L? 2 ~ ~
e —el* = = IIVF(UtK)H2 + = s |Uikri — U |® + || 9]
2 0é 0<i<K-1

(88)
Plugging these upper bounds into Equation (83), we have:

Fr1) = F(¢r) < *%(1 = S2B)|VE(Ue)||* + (VF () = VF (Ui ), Ur)

- 3L, - 3aL?||Vikl?
+<VF(Ut)7\I/t>+7”\IItH2+M
2 2y
N2aL? 3al 2 ~
L i (1+) sup  [[Gicss — OocI” (89)
v 27 ) o<i<K-—1

3. Using the scaling relations (Section 2.T)), it is easy to show that for any i such that 0 <4 <
-1, § i1 HAa(i—l—j) I' a Zyk 45 is a Gaussian with covariance matrix ¥; such that
——— K
K

2
Zij exp('ga)'ya Id-
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Applying Gaussian concentration for Z;;B A o (i—1-5) F% Zi i +; along with the union
bound over all 0 < ¢ < K — 1, we conclude:

P(Myx > Cexp(%)V/va3(Vd+ B+ \/og K)) < exp(—2/2)

We conclude the moment bounds by integrating tail probabilities.

O
1.9 Proof of Lemma[22]
Proof. 1. Let g := e~ 7*. Then, we have:
- - 1— - -
Viernx = Ve — Tgvnum) + (I —T)(alA; +ToYy) (90)
Now, consider:
y 2 27 12 (1*9)2 = 2 o\ (12
IVerykll® = g"[IVirll® + THVF(UtK)” + |(T =) (aA¢ + T Y3) ||
o(l—g) oo . :
-2 5 (VF(Uik), Vir) +29(Vig, I = ) (aA; + T Y3))
(1-9) = -
- 2T<VF(UU<)7 (I—I)(aA; +T'aYy))
- 1— - -
< glVirel? + LS IV F @) + T~ My + DT
+ 29<‘Z§Kﬂ (I - H)(aAt + Faf/t»
1— . .
— 2L O R(Fs), (L- My +TaTh)
- 2(1 — -~ 4
< ValVixl + 2 OG- el
+2(T =Y + 29(Vik, (T = T (TaYy))
1— - -
- 28R, (- (i) o

In the second step, we have use the fact that |M(VF(@K)J~QK>| < g(1 —

Q)W + g(1 — ¢)||[Vix|/®>. 1In the third step, we have used the fact that:

20(Vurc, (1 = Mady) < (/g — )|[Vae])? + LRl 20290 (G (), (T -
Mady) < 2 |VFUi)|? + (1 = g)l|(T = MaA|? and [[(I - TT)(al; + TaY3)|1? <
2[|(T = I (@A) |* + 2[|(T — DT Yz

With extention of notation, let Sy ((I-IT)aA) := S A=A, So(I-I)T,Y) ==
th:ol [|(I—1I)I,Y;||?. Using Equation (1)), we conclude:

IVoll” — I Vere|* | 4 4

S(V) < + ?SZ(VF) + m

ST
25,((I-II,Y) g
1- /g +§21—\/§

(-9 i _ %
7(1—\/§)<VF(U”()’(I I)(Ta V7)) (92)

S,((I—M)ad)

-2
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Note that (I — IT)T', Y; ~ N(0, (1 — e~27%)1,). By properties of Gaussians, it is clear that
~ p

for any p > 1, we must have E (82((1 - H)FQY)) < Cp(yad'd)P. By Lemma we

conclude:

p
2

E| Z Vi, I = I, Y) P < Cp(va) 2 VE(S2 (V)P
T—1 ~ ~ »

E| Y (VF(Uix), (I- T Y,)[P < Cyp(ya) 2 \/E(S>(VF))P
t=0

By L smoothness of F', we have: [|(I —II)(aA;)| < LaN;supg<;<x ||UtK+z Uik |-
Using the result in Lemma[21] we conclude:

T-1
E(Sy((T-T)ad))? < CL*E(Y | o' NE|[Vik|* + a° NPE|VE (Ui )|I* + o NEME i)
t=0
T-1 B ~
< G LPPTPIE(Y | o' NP Vel + o N{PE||VE (Uerc) |*7 + o NP M)
t=0
< O, LPTP L a*ESy, (V) + Cp TP L7 aPES,, (VF) + O, L*PTPaPyP(d + log K)P
(93)

In the second step, we have used jensen’s inequality to show that (£ >, a?)? < £ 3, a’?
In the third step, we have used the fact that /V; is independent of X,k and that ENE P <q,
for some constant C), (Lemma @

We now use the fact that for any two random variables X, Y such that E| X ||P, E||Y||P < oo,
[E||X+Y||p]% < [IE||XHP]% +[E[|Y||P] # . Using the bounds established above and applying
them to Equation @), we conclude:

AR L O(E(S, (I Mad))r)r
[E(S2(V))P]» S|:10||\/§]+,72[E(82(VF))I)}F + (E(Sa(( JaA))P)

[ 0Td |, AEIESV)
S -5
C 1l + oy + CESA Mod)n)?
1
ESO) |, 3 o
TG Tdy G et e \E[ (S2(VF))]

+Cy +Cy

<

)

< CEIT + L SR + oa o, BEI

Yo 72 T

1 1
2T P a2 1 L2T P ot 1
+ C;:%[E%( )P + CPTC“[ESWF)P

2.3 =
N CPTL o (d;r log K) e \/E [E(S2(VF))P] 2 94)

2
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Here, we have used that fact that 1 — /g > Cya whenever ya < 1. We now use the
AM-GM inequality to show that

1 1
[ES (V)12 _ [E(S(V))F]P n &9

C .
P Vo 10 Yo

Similarly, we have:
1
L E(Sy(VF))P|p
A A

Applying this to the RHS of Equation (94) and re-arranging, we conclude the statement of
the lemma.

2. Using similar methods as in item 1 above, we apply Lemma [27]and collect the following
moment bounds:

T—-1 b
E| S (VF() = VE(ic), 1) < Cp s JEG (V)P
t=0 72
T—1 ~ _ a%
E| Y (VF(Uik), U) P < Cp—5 VE(S:(VE))?
t=0 72

By a calculation similar to that in item 1, we have:

N2aL? 3aL 5 . g
E ¢ 1+ ) su Uik +i — Uk ||?
(Z v ( 27 ) o<isr—1 1Utscrs = U]

t

L
< Cpr”? [0 PESy, (V) 4+ a8y, (VE) + TaP4P(d + log K)?]  (95)

Summing item 2 of Lemma[2Tjover ¢ = 0 to ¢ = T' — 1 and applying the triangle inequality
for p-th moments, we have:

1

EI(F () - F(%))ﬂph@ﬁu@(&(w»p]%

LQ
+C, L\/ E(Sy(V 2”+C7

1 1 _1 1
+ CpTl‘pL%?[Esgp(V)} P+ C T P L20*ES,, (VF)|?
+ Cp,TyL?*a®(d + log K)

—

[E(S2(VF))"]? <

Q\Q

[E(SQ(V))Z)]% + Cp LT (d + log K)

< YRI(F(¥o) ~ F(r))* )7 + Oy [2E(S(VF)Y]%

+CpL [ (S2(V))P }ﬁ + C;L;[E(SQ(V))IJ]II’ + Cp,LT(d+ log K)

1 1 1 1
+ (JpTl’zﬂLza2 [ESy,(V)]P + C,T' p L2 [ESy,(VF)]P  (96)

In the last step, we have use the fact that yar < 1 and < < ¢o. Applying AM-GM inequality
1 1
to Cp\/Z[E(S2(VF))?]? and CpLy /= [E(S2(V )) ]2p similar to item 1, we conclude

the result.
O
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1.10 Proof of Lemma23|

Proof.

s—1

Xox — X = (Aa(s—t) — DXix + Z Aa(s—h-1) [Gab(XhK) +alp + Faifh]
h=t
In this proof only, for any random variable T and any projection operator P over R?? we let

- 1 1
M,(W;P) := (E[||PW|]?|X:k])P. We use the convention that M (W) = (E||W||?)?. Using the
triangle inequality for M,,, we conclude:

s—1
MP(XSK - XtK7 H) < MP((Aa(s—t) - I)XtKv H) + Z Mp(Aa(s—lz—l)Gab(XhK)7 H)
h=t
s—1 s—1 ~
+ Z My(Aa(s—n—1yalp, 1) + M;D(Z Ags—h—)LaYn, ) (97)
h=t h=t
Similarly, we have:
5 B _ s—1
Myp(Xoxe = Xore, T=10) < My((Aagsme) — DXire, T-T0) + Y My (Aa(sop—nyody, I—10)
h=t
s—1 ~
+ ) My(Aa(s—n-1)Gab(Xnk ), T—10)
h=t
s—1 _
+ MO Aa(s—n-1)La¥s, T —1I) (98)
h=t

By scaling relations given in Section we have: ZZ; HAa(S,h,l)Faffh ~ N(0, H(F%S_t)a)ﬂ)

and 351 (L~ ) Ay (s n_1yTa Y ~ N (0, (I - I)(T,_,),) (I —1II)). Notice that II(IZ )T S
[4a(s—t)

0 8} and (I -5, _,)(T-T0) £ [8 2704(2 - t)}

Therefore, we conclude:

= - da(s —1t)
My~ Aas—n-1)Ta Vi, IT) < Cpy | ———
h=t v
s—1 B
Mp(Y " Agsmn-1yTaVi, 1= T0) < Cpy/dary(s — 1)
h=t

Notice that [|[TI(Aqs—+) — DX x| < as —t)||Vig]| and ||(I — ) (Aa(s—t) — DXx| < ay(s —
t)||Vik||- This implies:

My ((Aa(s—r) — D Xire, IT) < as — )M, (Vire)

My ((Aa(s—t) — DXk, I-1) < ay(s — )M, (Vik)
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Notice that: [|[TTAa(s—n-1)Gab(Xnk)|| < £ VF(Uns)|| and (T =) Ags—n-1)Gab(Xnk)|| <
a||VF(Ung)|| . This implies:

N - L - - -
My(Aago-1Gab(Xni), 1) < ZMy(VE (i) < == Mp(Xnse =Ko, T+~ My(VE (i)

Mp(Aa(s_h_l)Gab(XhK),I—H) < CVMP(VF(UhK)) < OzLMp(XhK—XtK, H)+OZMP(VF(UtK))

Notice that:  [[IlAy(s—p—1)0An] < %SUpogigK—l |Ungsi — Unkll and [|(T —
) Ag(s—h—1)@An|| < aLNpsupoc;<r 1 |Uns+i — Unk||. Applying item 1 in Lemma we
conclude: T

Co?LNy, . ~ Co3 LN, - CaLN,
IMAae—n—n@nl| € ==L |Vikc|| + ——L| VF(Un)l| + “Mux  (99)
Therefore, we conclude:
C,o2L ~ C,alL ~ C,aL
Mp(An(s—n-1yolp, 1) < L—M,(Vig) + ————My(VF(Urk)) + —2—Mp(Myk)
C,o2L ~ CyalL ~ C,alL? ~ ~
< L M, (Vig) + =M (VF(Usk)) + = My (X — Xpi, II)
C,al
+ LM, (Myk)
Cpa2L - C’pasL - Cpa3L2 ~ ~
< 5 Myp(Vik) + M,(VF(Uik)) + 5 Mp(Xix — Xpi, IT)
+Cpa%L\/(d+logK)
ﬁ
C,a”L ~ C,o”L ~ ~ C,o3L ~
< M (K T T0) + —22E My (Ko — K, = T0) + —2= M, (VF (U )
C,a3 L2 . . CoasL\/(d+log K
+ 222 My (Kixe — X, IT) + =22 %+ os K) (100)

In the first step, we have used the triangle inequality for M, along with the fact that NV}, is independent
of M}, i and Xj i and the fact that its p-th moment is bounded by a constant C},. In the second step,

we have controlled the norm of VF (U}, i) with that of VF (U, ) using Lipschitzness. In the third
step, we have invoked item 3 of Lemma@to bound the moments of M}, k. In the fourth step, we

have controlled the norm 17h  interms of X; 5 and X K — X hEC-

Similarly, we have:

Mop(An(s—n-1y0Ap, I —TI) < Cpa? LM (X, I — ) + Cpa? LM,y(Xix — Xpie, I — IT)
+ Cpa LM, (VF(Usk)) + Cpa® L* My (Xix — X, I0)

+ Cpa? AL/ (d + log K) (101)
Applying the estimates derived above to Equation (97), along with the assumption that @ < ¢p,

ay(s —t) < cpand a?L(s —t) < ¢, for some small enough constant ¢, which depends only on p,
we conclude:

sup M, (Xnx — Xexe, 1) < 2a(s — )My (Xix, T = TI) + o sup My, (Xyx — Xpg, I —10)
t<h<s t<h<s

2a(s d+log K)

+7_t)Mp(VF(UtK))+Cp ( 7 (102)
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Similarly considering Equation (98)), we have:

sup M, (Xnx — Xege, I = TI) < 209(s — )My (Xire, T — 1) + 2a(s — ) M, (VF(Xx))

t<h<s
- - d+log K
+2aL(s —t) sup Mp(Xprx — Xik,II) + Cp’Y\/iOg
t<h<s L
(103)

From Equations (T02) and (T03)), we conclude:

8a(s

~ ~ ~ —t ~
sup Mp(XhK — XtK,H> S 80((8 - t)Mp<XtK, I- H) + ,Y)MP(VF(UtK»

t<h<s
log K
TNeRykan. 2 (104)

sup My (Xnx — Xexe, I = TI) < 8ya(s — )My (Xire, T — 1) + 8a(s — t) M, (VE (Ui ))

t<h<s
d+log K
+Cpyy/ % (105)

O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The contents of the paper match the claims made in the abstract and introduc-
tion.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We have discussed the limitations in a separate section.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification:
Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We explicitly reveal all the hyperparameters and open source models necessary
to reproduce our results.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:

Justification: We do not have institutional approval for code release. We provide detailed
descriptions of the algorithms and hyper-parameters.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: It is common in image generation literature to compute FID over 50k generated
images, without reporting error bars since the fluctuations are usually negligible.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Details regarding the GPU, CPU and the RAM are provided in the paper.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification:
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper is purely technical and we do not foresee any societal impact due to
this.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: We use already open sourced models and datasets, widely used in the research
community.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification:
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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