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Abstract

Multi-modal contrastive learning with language supervision has presented a
paradigm shift in modern machine learning. By pre-training on a web-scale dataset,
multi-modal contrastive learning can learn high-quality representations that exhibit
impressive robustness and transferability. Despite its empirical success, the theoret-
ical understanding is still in its infancy, especially regarding its comparison with
single-modal contrastive learning. In this work, we introduce a feature learning
theory framework that provides a theoretical foundation for understanding the
differences between multi-modal and single-modal contrastive learning. Based
on a data generation model consisting of signal and noise, our analysis is per-
formed on a ReLLU network trained with the InfoMax objective function. Through
a trajectory-based optimization analysis and generalization characterization on
downstream tasks, we identify the critical factor, which is the signal-to-noise ratio
(SNR), that impacts the generalizability in downstream tasks of both multi-modal
and single-modal contrastive learning. Through the cooperation between the two
modalities, multi-modal learning can achieve better feature learning, leading to
improvements in performance in downstream tasks compared to single-modal
learning. Our analysis provides a unified framework that can characterize the
optimization and generalization of both single-modal and multi-modal contrastive
learning. Empirical experiments on both synthetic and real-world datasets further
consolidate our theoretical findings.

1 Introduction

Large-scale pre-trained models have achieved unprecedented success, including GPT series (6} 41,
LLaMa [53]], among many others. CLIP [42]] as a typical example, uses a multi-modal contrastive
learning framework to learn from a massive scale of image-caption data. The multi-modal contrastive
learning in CLIP has shown significant capabilities to learn high-quality representations, which are
ready to be adapted to a wide range of downstream tasks, forming the backbone of generative models
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like DALL-E2 [43]], prompt learning [61]] as well as general purpose multi-modal agents [62} [35].
Given the huge success of models like CLIP that have stellar zero-shot and few-shot capabilities
on a wide range of out-of-distribution (OOD) benchmarks, they have been widely recognized as
foundation models (FMs). More similar examples are given by ALIGN [28]], Florence [59]], BLIP
[33], Flamingo [1]].

Despite the unprecedented success achieved by multi-modal contrastive learning, the fundamental
mechanism that leads to greater performance, especially compared to single-modal contrastive
learning is still under-explored. Recently, several seminal works provided theoretical explanations for
either single-modal [4} 1514, 148,24, [7,,150, 49, 20] or multi-modal contrastive learning [38} 37,144, [12].
For example, [56] studied how single-modal contrastive learning learns the feature representations for
neural networks by analyzing its feature learning process. As for multi-modal contrastive learning,
[12, 58] provided explanations for why multi-modal contrastive learning demonstrates zero-shot
transferability, and robustness to distribution shifts, than supervised learning, which offer valuable
insights. Although both lines of the existing works provide valid theoretical insights under the
respective settings, rare work has compared the optimization and generalization of the two types of
contrastive learning under a unified framework. This motivates us to establish a systematic feature
learning analysis for both single-modal and multi-modal contrastive learning.

In particular, we consider a data generation model that contains two modalities of data, which are
generated from signal and noise features. The signal feature correlates in different modalities, while
there is no correlation between noise features among modalities. We then study the optimization
of single-modal and multi-modal contrastive learning under gradient descent training. By studying
the trajectories of signal learning and noise memorization, we establish the convergence conditions
and further characterize the generalization ability in the downstream tasks. The results show that,
through the cooperation between modalities, multi-modal contrastive learning can achieve better
generalization in the downstream task. In contrast, without the help of the second modality, single-
modal contrastive learning concentrates on learning noise from the data, and thus generalizes poorly
on the downstream tasks. The main contributions of this work are summarized as follows:

» This work establishes the first systematic comparative optimization analysis for single-modal
and multi-modal contrastive learning under gradient descent training in non-convex settings. We
show that both single-modal and multi-modal can achieve near-zero training error under InfoMax
contrastive loss after polynomial number of iterations, by overcoming the non-convex difficulty.

* By a trajectory-based analysis of the signal learning and noise memorization of the ReLU network
from the data, we successfully characterize the difference in generalization between single-modal
and multi-modal contrastive learning. The distinct SNRs of different modalities lead to a divergence
in the generalization of downstream tasks for the two contrastive learning frameworks.

* Our theory suggests that the advantage of multi-modal over single-modal contrastive learning
comes from the high quality of the second modality and the cooperation between the two modalities
through contrastive learning. This divergence is ultimately reflected in the difference in feature
learning and the final gap in downstream task generalization. Experimental results on both synthetic
and real-world datasets confirm our theoretical findings and understanding.

2 Related Work

Theoretical Understanding of Single-modal Contrastive Learning. The seminal work [4] started
theoretical research on single-modal contrastive learning. They assumed that different positive
samples are independently drawn from the same latent class, making a connection to supervised
learning. [53]) identified two key properties related to the contrastive loss: alignment and uniformity.
Alongside, [32]] illustrated that predicting auxiliary prediction tasks helps in learning representations
effective for downstream prediction tasks, and [52] provided a theoretical analysis of contrastive
learning in the multi-view setting. Besides, [S1] proposed a theoretical framework to understand
contrastive self-supervised learning from an optimization perspective. [21] proposed a loss that
performs spectral decomposition on the population augmentation graph and can be succinctly written
as a contrastive learning objective on neural net representations. [46] pointed out the importance of
inductive biases of the function class and training algorithm in understanding contrastive learning.
The most related work to us is the work by [56]]. Similar to them, this work studies ReLU networks
and considers the signal-noise data model. However, we do not require the adjustable bias term in
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the activation function, which plays a critical role in [56]. Furthermore, this work adopts a unified
framework to compare with multi-modal contrastive learning, which is out of scope in [56]].

Understanding of Multi-modal Contrastive Learning. As the multi-modal contrastive learning
approaches such as CLIP received great success, recent works have been proposing explanations
from empirical perspective. [36] empirically showed that high train-test similarity is insufficient to
explain CLIP’s OOD performance. [60] illustrated that CLIP behaves similarly to Bags-of-words in
language-based image retrieval, i.e., the order of words in the input sentence does not largely affect
CLIP to find the corresponding image. Besides, [[16] demonstrated that training data diversity and the
ability to leverage the diversity as supervised learning is the key to the effective robustness of CLIP.
Theoretically, [13] proved that multi-modal contrastive learning can block-identify latent factors
shared between modalities by the a generative data model. [44] analyzed the training dynamics of
a simple multi-modal contrastive learning model and show that contrastive pairs are important for
the model to efficiently balance the learned representations. Furthermore, [38] showed that each
step of loss minimization by gradient descent can be seen as performing SVD on a contrastive
cross-covariance matrix. Similar to us, [25] tried to answer why multi-modal learning is better than
single model learning. However, they did not consider contrastive learning and thus cannot explain
the success of multi-modal contrastive multi-modal learning.

Data Quality Matters for Multi-modal Contrastive Learning. Aligned with our theoretical
results, there is a lot of empirical evidence showing that improving the alignment quality with
more descriptive captions improves multi-modal contrastive learning. [16] show that the training
distribution mostly determines the generalizability of CLIP. Furthermore, [47,140}|18}[17] find filtering
poorly aligned image-caption samples used for training leads to further improvements. Besides,
[450 39, [15]] demonstrate that improving the descriptiveness of the captions could further boost
the performance of CLIP. Besides, [34]] demonstrated that the caused by a combination of model
initialization and contrastive learning optimization. However, their results do not take neural network
architecture into consideration, and do not provide an analysis of test errors either.

3 Problem Setting

Notation. We use bold-faced letters for vectors and matrices otherwise representing scalar. We
use || - || to denote the Euclidean norm of a vector or the spectral norm of a matrix, while denoting
| - ||= as the Frobenius norm of a matrix. For a neural network, we denote o(+) as the activation
function and we adopt ReLU activation where o(z) = max{0,z} in this work. To simplify, we
denote [n] = {1,2,...,n}.

Data Model. In this work, we consider the following data model, which consists of signal and
noise. In the first modality, example (x,y) ~ D is generated as follows:

x=[xO" x@ T ZpuT €17,y ~mif({-1,1}). )

where x € R?? is the input feature and y € {—1,1} is the corresponding label generated from
Rademacher distribution. In particular, x(!) = yu € R% is the task-relevant signal vector, and
x() = & ~ N(0,02T) € R is the task-irrelevant noise vector. Intuitively, if a network learns
primarily from signal, it can effectively generalize to unseen data and vice versa. Similar data models
have been adopted in recent theoretical works on supervised learning [2} 26} 18, 23} 131}, 163} 22} [11]]
and self-supervised learning [561 50, 30].

Similarly for the second modality, a sample (X, y) ~ D is generated as
~ ~ ~ ~T =T .
X= [XU)T,XQ)T}T - [yMwa ]Ta Yy~ unlf({flv 1})7 2

where the input feature x € R24 and the label y is shared with the first modality. Besides, the signal
is a given vector 1 € R?, and noise follows E ~ N(0, O‘?I) € RZ. The linear data models for
multi-modal learning have also been studied in previous work [44]]. To simplify the analysis, we set
d= g, o = 0g. However, we highlight that extensions to deal with unmatched dimension and noise
level is possible.
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3.1 Single-modal Contrastive Learning

We use a single-layer neural network h : R?? — R™ with ReLU activation as our encoder, where m
is the number of neurons, which represents the embedding dimension. More precisely,

h(x) = [h1(x),..., hm(x)]T € R™,  where h,(x) = b (xV) + h,.(x?), 3
here we let h,.(x(")) = o((w,.,x)) for r € [m], i € [2], and o(-) is the ReLU activation function.
We adopt a Gaussian to initialize the weights wg ~ N(0,021), where o severs as the strength.

Given a pair of positive data samples, the contrastive loss function is based on the similarity measure
defined as the inner product between the representation of two samples x, x’ € R24:

Simyp, (x, x') Zh ’(1 Zh hy(x /(2))), 4

where the sg(+) is the stop-gradient operation, which is inspired by recent empirical works [[19} [10]
and theoretical work studying contrastive learning [56]. Here we define positive sample as

=RV O = [yu" ¢" + €17, e ~ N(0,070). )

In particular, we consider the form of augmentation where the signal stays invariant while the noise
vector is corrupted with added independent noise. Similar setup has been considered in [57]. We
consider the contrastive loss presented as follows:

:_721

where T is the temperature parameter, n is the number of training samples, and M is the number of
negative pairs. In this work, to efficiently optimize the loss to near zero, we require negative sample
pairs do not share the same label, i.e., y; # y; in (6). Note that this setting is aligned with supervised
contrastive learning [29} 27]].

Simn (x:,%:) /7

), (6)

eSimh xi,%;)/T + Z eSimh(xi,x]')/T

We use gradient descent to optimize the contrastive learning loss, which leads to the gradient update:

Wit = w) — ¥y, W) = w® L Z R & (o yyape
nmTt

LS - OO GO e, - L 30 EORO (DO (g

nmt “ nmt
i=1 i=1 j#i

__n /(t) () (x (27 /() (5(2)
WZZé WO ) (x2)g:, @

i=1 j#i

where we denote A" (x) = 0(<W7(~t), X)), 1 as the learning rate, and we define the loss derivatives as

Simh(xi x;)/T

() & A ®)
¢ eSimn (xi,%:) /T + Z;\;jéz eSimn (xi,x;) /7 tJ eSimn (x;,%;)/7 + Z Simh(x“xJ)/‘r

eSim11 (x4,X:)/T

Intuitively, when the similarity between positive pair is high, and the snnilarity between negative time

is low, We can see E’ ~ 1 and K/(t) ~ 0, fori € [n] and j € [M]. Therefore, the gradient descent
in Eq. (/) is close to zZero, 1ndicat1ng the near convergence result. Furthermore, from Eq. (7)), we
observe that the evolution direction of weight is composed of signal vector p and noise vectors &; for
i € [n]. This observation plays a critical role in our following theoretical analysis.

3.2 Multi-modal Contrastive Learning

We use two neural networks h : R? — R™ and g : R? — R™ to encode two input modality x and X
respectively. Both neural networks use ReLU activation function. More precisely,

h(x) = [h1(X), ..., hpm(x)]T € R™, where hy(x) = hp(x™) + . (xP)
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g(X) = [71(%), ., gm(X)] T € R™,  where g (X) = g, (X)) + g,(x*))
we let h,.(xV) = o((w,, x(i)>2 and g, (X)) = o((w,,x?)). Here o(-) is the ReLU activation

function, w,. € R? and w,. € R? for € [m)] are the weights in two networks. Given the embedding,
the similarity function of the two modalities is defined as

Simng(x,X) = 370 he(xW)sg (g (XW)) + 7 307 he (xP)sg (g, (X)),

Simg n(®,x) = £ Y7, g, (KD)sg(h (x D)) + L S0 g, (XD )sg(h (x)).
The two similarity functions defined above are modality-centered with stop-gradient operation applied.
The objective function of contrastive multi-modal learning can be expressed as

n eSimh,g(xi,SEi)/T

1
L=—— lo
n ; g(ESimhwg(xi,ii)/‘r 4 ngéz eSimhﬁg(xi,ij)/T)

1 n eSinlg,h(ihxt)/T

- 1 ) ?
o Z og( Simg,n(%i,x:) /T 4 Zj‘;l eSimg,h(ﬁi,xj)/-r) 9

Same to the single-modal learning whose objective function is governed by Eq. (6), the objective
function for multi-modal contrastive learning adopt one positive pair and M negative pairs. Besides,
we require the negative pairs do not share the same label. To optimize the objective function (9) for
multi-modal learning, gradient descent is applied to train two encoders simultaneously. The gradient
descent rule for the first modal network is governed by the following expression.

(1) = (D — 1)y — w(® n /<t> ®) (W71 (D),
wittt = NV, LW®) = wl +anZ Yo (%D (x W)y

. (04O &0 - £ g @O (xDy,
an Z ) (g nmr ; ; ()i
__n ZZEIE?QT %2 h/(t)( ())gi_ (10)
nmr £

Here with a slight abuse of notation, we use /, ) L (t) to represent the loss derivatives for both
modalities. Compared to signal-modal learmng, the main difference for the multi-modal learning
is that the corresponding embedding is from another modality. The gradient update for the second
modality can be derived similarly, which we omit here for clarity.

3.3 Downstream Task Evaluation

To evaluate the out-of-distribution generalization of single-modal and multi-modal contrastive learning
for downstream task, we consider a test distribution Dyst, Where a sample X¢est = [y - v, ¢ T]T

~ Diegt is generated as follows. The test signal v satisfies (v, ) = O(||||3d~"/2) and the test
noise follows ¢ ~ N(0, 0’51) and y follows Rademacher distribution. After the training is complete,

we introduce a linear head on top of the learned embedding h(x¢.st ) for adapting to test distribution,
i.e., f(Xtest) = (W, h(Xtest)). Specifically, we consider the task of classification and define the

population 0-1 test error as Lp,.,, = Px,...~Dyo. [U.f (Xtest) < 0].

4 Main Results

In this section, we introduce our key theoretical findings that elucidate the optimization and general-
ization result for both single-modal and multi-modal contrastive learning through the feature learning
analysis. We use a trajectory-based analysis for the iterations induced by gradient descent, following
a post-training analysis for the performance on the downstream test set. Below we provide the main
assumption and main theorems.

Assumption 4.1. Let SNR, = ||||2/(0¢V/d). Assume (1) d > ﬁ(max{nQ,noo_logl, o5 2llpllz % D).
(2) n < O(min{m|p|3* nmog?d~"}). (3) oo < O((max{oeVd, [|ull2}) ™). (4) m,n > Q(1).
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(5) oc < min{O([|ull2), oe/Q(1)}. (6) n - SNR? = O(1). (7) Cpullell2 = ||Fa]|2> where C,, > 2.66
is a constant.

(1) We adopt a high dimensional setting to ensure enough over-parameterization. (2,3) The learning
rate and the strength of initialization are chosen to make sure the that gradient descent can effectively
minimize the contrastive loss. (4) The choice of hidden size m and number of training sample n
is to provide adequate concentration. (5) The strength of augmentation is set to keep the similarity
between two positive samples. (6) The relation between number of sample and SNR is to distinguish
the feature learning process between single-modal and multi-modal contrastive learning. (7) To
differentiate single-modal and multi-modal contrastive learning, we introduce a constant C,,, which
enables the cooperation between the two modalities in multi-modal contrastive learning.

Theorem 4.2 (Single-Modal Contrastive Learning). Under the single-modal learning setup, suppose
Assumptionholds. Then after T* = é(n_lmnGEQd_l + n_lmnagZd_le_l), the with proba-
bility at least 1 — 1/d, it holds that (1) Training error L(T*) < € and (2) Test error at down-stream
task Lp, ., (T*) = ©(1).

Theorem [4.2]states that despite the small training error achieved by single-modal contrastive learning,
the test error is large in the downstream task.

Theorem 4.3 (Multi-Modal Contrastive Learning) Under the single-modal learning setup, suppose
Assumptionholds. Then after T* = @(77 1mna a4 n_lmnade_le_l), the with proba-
bility at least 1 — 1/d, it holds that (1) Training error L(T*) < e and (2) Test error at down-stream
task Lp,... (T*) = o(1).

Theorem [4.3] demonstrates that trained multi-modal contrastive learning can achieve both small
training error and downstream test error. Compared to Theorem {.2] Theorem [.3] shows that the
generalization of multi-modal contrastive learning in downstream tasks is better than single-modal
contrastive learning. The reason behind this difference is that the two modalities can cooperate with
each other; the higher quality in one modality can boost the feature learning in the target modality,
helping to generalize to the downstream task. On the contrary, augmentation often maintains the
same SNR as the original data, so single-modal learning hardly benefits from the augmentation and
can only memorize the noise from the data, which is not applicable to downstream tasks.

5 Proof Roadmap

5.1 Proof Sketch for Single Modal Contrastive Learning

The proof is constructed by a optimization analysis followed by a generlization analysis in the
downstream task. Through the application of the gradient descent rule outlined in Eq. (7)), we observe
that the gradient descent iterate Wrt is a linear combination of its random initialization WTO), the
signal vector p and the noise vectors in the training data &; for ¢ € [n]. Consequently, for r € [m],
the decomposition of weight vector iteration can be expressed:

> %€, (11)

w = w + 5O ll5 % + Zp

where %(f) and pﬁtf serve as coefficients and represent signal learning and noise memorization
(t) (®)

respectively. Based on the the gradient descent update (7), the iteration of v and p, ; are given:

Lemma 5.1 (Single-modal Contrastive Learning). The coefficients 77(. ) pﬁz in decomposition

satisfy the following equations:

n
W=t TZ KOO ~ 3 LM IO il (12
J#i
AT = s [0 = O R -3 O OO e I (13)
J#i

© 0 _

where the initialization vy, p,. ;| =
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Lemma [5.1] tells how the coefficients evolve under gradient descent update. In the following, we
introduce a two-stage dynamics to characterize the whole training process based on Eq[12)and Eq[T3]

First Stage: Exponential growth. During the first stage, we show before %(n ) or p( ) grow to O(1),

the embedding (3) is close to zero, suggesting the similarity is bounded by 1 < Slmh (x,x") < Cy
for some constant Cy > 1. The loss derivatives defined in (§) can thus be bounded within some
constant range.

Signal learning. According to the update for signal learning in (I2), we see the prop-
agation can be simplified based on the hard-negative sampling strategy, i.e., the negative

pairs do not share the same labels. This suggests the negative term is always zero as
Dy Z] ity O ((w,(«t),yjm) ((W,(»t),yzu)) = 0. The resulting update of v reduces to
W = 4 (1 = 6o (wi i) o’ (Wi, yiga) )il 3. Examining the prop-
agation of fy,(- ), we can divide the dynamics into two groups depending on the sign of weight
initialization <W7(~0), w). Let Z/l_(f) N <w£t), ) > 0} and ") £ £ {r: <Wr , ) < 0}. Then for

r e Z/{io), we can show fyy(,t) > 0 increases exponentially and thus the sign of inner produce stays

invariant with LIJ(:) = LIJ(FO) for all t > 0. On the other hand, for r € L[ﬁo), we can show %@ < (0and
decreases exponentially with U =1y forall t > 0.

Noise memorization. Compared to signal learning, the behaviour of noise memorization requires more
detailed analysis. This is mainly because the negative pairs can not be eliminated simply based on
label difference, as the noise patch &, is generated independent of label ;. In addition, the added noise
€; by augmentation can also contribute to the noise dynamics. We first show when the noise level o
is much smaller compared to o¢, the dynamics of noise memorization is largely remains unaffected.
By the sign of <W7t ,&,;), we partition the samples into two sets, i.e., I(t+ = {z (wff), ;) > 0},

and Ift)_ ={i: <w£t) ,&;) < 0}. We can verify for ¢ € Iﬁ?l, the value of p stays at zero based

on the update (I3) with an induction argument. For samples i € I(J)r with posmve initialization,

we analyze the noise memorization based on the joint dynamics of samples with the same label.
In particular, we define total noise memorization of positive and negative samples respectively as

0 0
B, £ Zo il W T g and BIL A S (o) (wi €0) 1y, The
update of pm- in (T3) then implies the dynamlcs of Bﬁl and Bﬁl as follows

nagd

2
(BY 1y, B L BY 4 noed
T T, 9 r,—) r,— r,—

(t+1) o g® (1)
BT ~ B, + (B

r,—

B(t) )

nmr

where the coefficient of 1 / 2 appears as a result of the randomness of the sign of initialization. This
() ()

result suggests, individual p, ;.. _; =

cannot grow too slow compared to the p

similar induction argument, we are able to show pE 2 .—1 has an exponential growth lower bound. On

the other hand, for samples with y; = —1 but with ifferent neuron, we can use the same strategy to
show an exponential growth lower bound for some neurons that satisfy the initialization conditions.

_,. Following a

Lemma 5.2. Under the Assumption let Ty = log (20/(09o¢V/d))/log (1 +0.96 nogd ), we have

nmTtT

A = O(1/\/n) forall € [m) and 0 < t < Ty and max, pi 11) = Q(1) foralli € [n)].

Second stage: convergence and scale difference. At the end of first stage, the noise grows to a
constant order while signal learning remains negligible. As a result, the loss derivatives are no longer
bounded within some constant range. In the second stage, we aim to show the loss is able to converge
to an arbitrarily small value €. Despite the unsupervised learning setup, we are still able to show loss
convergence thanks to the hard negative samples. Let Fy(W, x;) = Sim(x;,X;) be the similarity
to the argumentation and F;(W,x;) = Sim(x;,x;) for j = 1,..., M be the similarity between
the negative pairs. Then we can show there exists some W* such that (VFy(W® x;), W*) >
2log(2M /€) while (VF;(W® xz) W*} < log(2M/e) for all j = 1, ..., M. Then we can bound
(VLs(W®) WH —W~) > L5 | (W(t)) —¢/2. This as a result allows to show a monotonic
decrease in the loss function as L(W(t)) < Lw® — w2, — [WED — W*||2) 4 ¢ which
guarantees convergence by telescoping over the inequality. Upon the convergence, we can also show
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the scale difference obtained at the end of the first stage is maintained, i.e., v\ = O(1//n) while

max, p( 11) = (1) for all ¢ € [n]. This suggests the non-linearly separability for the resulting

embeddings and thus the downstream test error is non-vanishing. The formal convergence result is
established in Lemma Combined with the generalization error demonstrated in Appendix
this completes the proof of Theorem[4.2]

5.2 Proof Sketch for Multi-Modal Learning

Similar to single-modal contrastive learning, we decompose the decomposition of weight vector
iteration for the network in the second modality and subsequently provide a two-stage analysis.

Wi = w0 +30 a5 Zp” (14)
where %(»t) and ﬁfﬁtz serve as coefficients for the weight decomposition in the text modal.
Lemma 5.3 (Multi-Modal). The coefficients 'yﬁ ), pgtz, iﬁt), f)f L) in decomposition satisfy
M
D =40 4 Z G (yip) = 3 05 1 (yaa) gy (o3B3, (15)
j=1
n n
o = ol (1= g @R €I - Ze’f; 6@ €& (6
nmr
AR D) (LS A LAY Ze O anlo- w3 a7
i=1
n n
P = P (L= () ()91 (€0)IIE 3 - Ze’“ ENEN a8

where the initialization satisfy %EO), /75«01)7 %(ﬂo), ﬁ{rol) =0

First Stage: Exponential growth The first stage of multi-modal learning shares similar characteristics
as single-modal learning.
Signal learning. For signal learning, we analyze the trajectories for both fyﬁt) and %Et). To this

end, we partition the neurons depending on their initialization status. Apart from Z/l_(:) and 4"

defined in the single-modal learning, we additionally define ZZ(:) 24w ) >onLut e
{r: (wr , ) < 0} for the other modality. Then for r € UJ(:]) N 2/74(:]), we can show ) > 0,
qﬁ ) > 0 and are increasing. For neurons r € Z/l(_f’) N L~{(_f) we can show 'yr(t) <0, ﬁﬁt) < 0 and are
decreasing. Furthermore, the sign of inner product stays invariant, i.e., L{_(f) N LN{S) = uio) N ZL(_O)
and Z/l(f) N Z/NI@ = LIEO) N LN{SO). For neurons with only one of the modalities activated initially, i.e.,
re U(f) N Hﬁo) orr € Z/{(,O) N ﬁi‘”, we can show there exists some time ¢/ > 0 such that the neurons
are either positively or negatively activated with r € Z/L(f/) N Z/le) andr € Z/I(_t ) N 1/7(_t /).

This shows synchronization of the signal learning patterns of two modalities. The pre-synchronization

phase reduces the speed of learning and thus we can only focus on neurons with the same sign for the
initialization in order to decide the lower and upper bound.

Noise memorization. For noise memorization, we partition the samples into two sets for both
modahtles according to the initialization, namely, 7., = {i : (wit), ;) > 0}, I(t) = {i:

<WT ,&;) < 0}, and similarly for the second modality Iﬁtjr, f () Because the noise memorization
are correlated in the two modalities, we separately analyze the samples as follows.

(1) Fori e I(O) N IT( 2, we can show p(t) =0, I(t) = I(O) and p Am =0, fﬁtz = ff,ol
(2) Fori e I(O) ﬂIﬁ 3_, we can show p( ) = =0, I(t I(O) and ﬁfaz <0.

(3) Fori € I(O) OI(O) we can show [)ftg =0, I( 7(02 and pﬁ? <0.

r,—°

)
D=
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Figure 1: Training loss, test accuracy, signal learning and noise memorization of single-modal and
multi-modal contrastive learning.

(4) For: € Iﬁ?}r N i(g)r, without loss of generality, we consider upper bounding noise memorization
for the first modality and y; = 1. To this end, we first define the individual and joint noise
o . t t 0 t t
memorization for the first modality as \1152 = ,052 + (w?, &;), and B£73r,+ = Ei;yiﬂ(/%(«,z)‘ +
0 t t 0 . e
(w! )a€i>)]lielff}rmfffﬂr’Bﬁs‘)h— L Zi;yiﬂ(ﬂ(,g + (w0, i»%aﬂrﬁﬁfl' Similar definitions
exist for the other modality. The joint dynamics of noise memorization can be first upper

bounded by the other modality as v ffz > 11\041& (Bffi L+ Bfflf) Then we can upper bound

the individual noise memorization by

1.06770§d
1 — Jr -
’ nmTt
We show the combined dynamics of %@ and pgf) exhibits exponential growth while the magnitude of
their difference shrinks exponentially. The results are summarized as follows
2
Lemma 5.4. Under the Assumption let Ty = log (20/(00||u||2))/ log (1 + 0.486@%), we

have p(j;l) = O(1/y/n) forallr € [m), i € [n], and 0 < t < Ty and max, AT = Q(1).

717

v < (1 O +wl)).

Second Stage: Convergence and scale difference. The second stage presents similar patterns
compared to single-modal learning. Thanks to the correlation between the two modality during
gradient descent training, the two neural network converge at the same time, minimizing the training
loss. Besides, The scale difference at the end of the first stage is carried over throughout the second
stage until convergence. Therefore, it allows to show a monotonic decrease in the loss function

as LOW®, W) < [WO = WeF 4 [WO = W, — [WEED = We [ — [WD
W*||2, + 2¢, which guarantees convergence by telescoping over the inequality. At the same time,
until convergence, we can show the scale difference obtained at the end of the first stage is maintained,

namely max,.; pf,tz = O(1/+/n) and max,. 'yﬁt) = (1). This suggests the signal learning dominates
the noise memorization and thus the resulting embeddings are linearly separable, which guarantees a
small test error for downstream tasks. The formal convergence result is established in Lemma[D.15]
Combined with the generalization error demonstrated in Appendix this completes the proof of

Theorem

6 Experiments

Synthetic experiments We conduct synthetic experiments to verify the theoretical results obtained
in the previous sections. We generate samples following the theoretical setups, where we set the data
dimension d = 2000, number of training samples n = 100, number of test samples ntest = 200,
and the hidden size of all encoders as m = 50. We adopt gradient descent with a learning rate
of 0.01 as the optimizer to train the model by 200 epochs. In the single-modal setting, the
is set to be [5,0,...,0]7 and the & ~ N(0,I) for the in-distribution data, and the augmentation
vector € ~ N(0,0.01  I). For the multi-modal setting, fr = [0, 15,0, ..., 0]7. In addition, for the
00D test data Xyess = [V 7,¢ |7, we set v = [2,0,...,0] and ¢ ~ N(0,T). We perform logistic
regression based on the learned features h(x¢st) and apply the learned classifier head to evaluate
OOD generalization error in terms of prediction accuracy.

Results. In Figure[T] we see the training loss of both single-modal and multi-modal learning converges
rapidly. At the same time, OOD test accuracy of multi-modal learning converges to nearly 1.0 while
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that of single-modal learning stagnates around 0.5. This is primarily because under the setup where
the other modality £i has a higher SNR, signal learning of p is lifted. This can be verified from the
third plot of Figure[I} where the signal learning of multi-modal framework is significantly higher
than single-modal. Further, it can be observed that single-modal contrastive learning exhibits more
severe noise memorization, which suppresses signal learning. In contrast, multi-modal contrastive
learning exhibits less severe noise memorization which would further encourage signal learning.
These phenomena again support and align with our theoretical results.

Real-world experiments We now extend the comparison of single-modal and multi-modal learning
to realistic image data, ColoredMNIST [3, 154]], which is a typical benchmark studying the generaliza-
tion capability under distribution shifts. The ColoredMNIST dataset is a variation of the standard
MNIST dataset, where each digit is assigned a specific color based on its label. The two modalities
are image, and text that describes the images. The task is a 10-class classification that recognizes
the number of the colored MNIST images. Specifically, we have 10 colors to color 10 digits, and
introduce spurious correlations via label noises following the literature:

e For the training set, 10% of labels will be clipped to a random class. For images with class ‘0’ (or
‘1’), they will be colored as red (or green) with a probability of 77.5%, and as another random
color with a probability of 22.5%. The coloring scheme introduces a spurious correlation.

* For the fest set, 10% of labels will be clipped to a random class. For images with class ‘0’ (or ‘1’),
they will be colored as green (or red) with a probability of 77.5%, and as another random color
with a probability of 22.5%. The coloring scheme can be considered as reversing the training
spurious correlations. Therefore, the evaluation on test set can reflect to what extent the model
learns to use the spurious features, i.e., colors, to classify images.

We implement the multi-modal learning following the practice in [54], where we consider
an ideal language encoder that successfully encodes the caption of the images into one-
hot labels of colors and digits. For single-modal learning, we follow the implementa-
tion of the SimCLR [9] to construct a set of augmentations to learn the representations.

Results. Under the distribution shift, we
verify that multi-modal learning archives
an out-of-distribution test accuracy of

Table 1: Performance comparison for single and multi-
modal contrastive learning.

82.13%, which outperforms that of single-  Model Train Accuracy  Test Accuracy
modal learning 12.68%. As a result, we  Sjngle-modal 88.43% 12.68%
can claim that the effective SNR of invari-  Multi-modal 87.77% 82.13%

ant features (the shape of the digit) will be
degraded under the impact of the injected
color. Therefore, the performance of single-modal may be suboptimal as it cannot effectively utilize
the information of the digit’s shape. On the other hand, multi-modal demonstrates a better capacity
for handling this scenario.

7 Conclusions

In this work, we have established a comprehensive comparison of the optimization differences during
the pre-training stage and the generalization gap between single-modal and multi-modal contrastive
learning for downstream tasks. With the cooperation between modalities, multi-modal contrastive
learning can achieve better feature learning and generalization on downstream tasks compared to
single-modal learning. On the other hand, data augmentation alone can hardly improve data quality
and thus cannot boost the performance of single-modal contrastive learning. Together, these results
quantitatively demonstrate the superiority of multi-modal learning over single-modal learning and
emphasize the importance of data quality in multi-modal contrastive learning.
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A Limitations and broader impact

While our theoretical analysis is novel in terms of optimization and generalization, the data model can
be further modified to be more practical. Our theoretical analysis may be further used for empirical
and theoretical studies of contrastive learning, especially multi-modal contrastive learning. However,
we do not foresee a direct social impact from our theory.

B Preliminary Lemmas

Before the proof, we introduce lemmas that are useful in proving our main theorem.

Lemma B.1. Let x ~ N(0,02). Then P(|z| < ¢) = 2erf (\/%U) <24/1— exp(—ggi).

Proof. The probability density function for z is given by

fa) = e (;g) |

Then we know that

Pel <) = [ o (-ay )d
x| <c¢)= exp | —=— | dz.
- V2o J_¢ P\ 202
By the definition of erf function
2 ¢ 9
erf(c) = — exp(—x*)dz,
© == [ esp(=a?)
and variable substitution yields
c 1 ¢ x?
erf ( — | = — exp | —— | dzx.
<\/§0> 2770'/0 p( 202)
Therefore, we first conclude P(|z| < ¢) = 2erf ( < )

V20
Next, by the inequality erf(z) < /1 — exp(—422/7), we finally obtain

2¢2
P <ec) <241 — —— .
(ol < ) < \/ e (-2

Lemma|[B.T]introduces an anti-concentration result. In later sections, this lemma will be used to show
that with a relatively large initialization for the weight vector, some initial properties hold.

O

Lemma B.2. Under condition that d > 400”\/ log(6n/9) and d >

= 0o0¢ —mlog(1—62/(4m?))’
ig—gz \/77'r ]Ogﬁ(fgz//‘s&mQ)), then with probability at least 1 — §, we can show for all v € [m),

[(w @, )| > 100 - SNR %‘?”mn,
(W, fa)| > 100 - SNR %g?/&n

Proof of Lemma[B.2} By Lemma because (w'” | p) ~ N (0, 02| ]|2), we can show

P(|(w!”, )| < ¢) s2\/1exp( 262)

o |||z
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Let ¢ = 100 - SNR %‘?n/é)n = 100n||u||20g1d’1\/810g(6n/5) and plug it into the RHS of
the above inequality, which becomes:

160000 log(6m/8)n2
RHS=2,|1—exp (— 20%(271/ n > .
O'OO'Ed T
: : 400n log(6n/9) :
Then we can verify that when d satisfies that d > v \/ — 1og(g1;— 52 (Tm) it holds that RHS <

d/m. This suggests for a single neuron r € [m], we have P(|<W7(~O), w)| < ¢) < §/m. Applying
union bound, we can show the desired result.

Similarly, with the same procedure, we can prove the result for the other modality.

(#9, f)| > 100 SNR, | S1086n/0)
O

Lemma B.3 ([31]). Let Sy = {i € [n] : y; = 1} and S_1 = {i € [n] : y; = —1}. Then with
probability at least 1 — 9,

1], 181 € B - ,/g log(4/6), g + ,/% log(4/6)} .

Lemma states that when the label is randomly sampled, the number of positive samples and
negative samples is close to 5, adequately.

Lemma B.4 ([8]). Suppose that d > Q(log(mn/9d)), m = Q(log(1/0)). Then with probability at
least 1 — ¢, it satisfies that for all v € [m], i € [n],

(Wi, )| < /2log(8m/8)av||p|2
(W, £.)] < 2y/log(8mn/8)ooeVd
(w0, €)| < 2¢/log(8mn/8)ogocVd.
and for all i € [n)
oollpll2/2 < g%(wg’),u) < v/ 2log(8m/8)ool| |
oooeVd/4 < mfu(](wg,o),fi) < 2¢/log(8mn/d)agoeVd.
relm

Lemma B.5 ([8]). Suppose that 6 > 0 and d = Q(log(6n/6))). Then with probability 1 — 9,
0gd/2 < |I&]3 < 30¢d/2,
|(€i, €ir)| < 20¢+/dlog(6n?/5)
(& )] < [|pll20¢ v/ 210g(6n/6)

0ld/2 < ||eil3 < 307d/2,

eir€0)] < 20,0¢\/dlog(6n7/3)

[{ei, )| < [[pell2oer/210g(6n/0)
foralli,i' € [n].

C Single-modal Contrastive Learning: Proof of Theorem [4.2]

In this section, we provide the proof for Theorem [4.2] which states main results of single modal
learning. The training dynamics are based on the coefficient iterations presented in Lemma [5.1]
Below, we provide a proof for this lemma:
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Proof of Lemma[5.1} Recall that the weight decomposition is expressed as

i

w = w® + 5O ulz u+zp
=1

We plug it into the gradient descent update as described by Equation[I0] yields

Wl = wl® D]l Zp“”“&"f? %

n = ¢! 1
wl® 90l %+ 3 o5 e B A A VR C RO T

i=1 =1

n /(t Rt A(2) B (2) NN g/(t ) (x 1) Yh'® SCHI
anZ ) (678 anZ; (xiJyipe

=1
fl(t)h(t) (2) h/(t) (2) Ny
RS s

i=1 j#i
By comparing the coefficients in front of p and &, on both sides of the equation, we can obtain

n

n t ING! 1 1

D DI (GO - S MO GO
J#
1 n ,\2 2 2
A = 00 ) - 3 O
nmt
J#i
which completes the proof. O

According to the behavior of the defined loss derivative (), we split the entire training dynamics into
two phases. In the first stage, the loss derivative remains close to its initial value as the similarity is
small from initialization. Later, as the similarity grows to a constant value, the loss derivative is no
longer close to the initial value, and the dynamics transition to the second stage. In this stage, the
similarity increases logarithmically, and the empirical loss converges.

C.1 First Stage

In the first stage, the derivative of the loss is close to its initial value because the similarity is small.
Below, we provide a useful lemma for establishing such a result.

Lemma C.1. Suppose that ’yr = O(1) and p,.; ) = O(1) for all v € [m] and i € [n]. Under
Assumptiond.1} then for any 6 > 0, with probablln‘y at least1 — ¢

1 2
w® —w® g — £t2| <5 og(6;1 /6)n
) — w0, ) 0] < sy | 2200,

forallr € [m], i € [n].

(t)

Proof of Lemma|C.1] From the signal-noise decomposition of w,’, we derive

(w® —w® €)= pO1 @ |0 (g )]l +Zp<” (€ ED1IE 2]

/=1

b) _ log(6n2/8
< 1l o/ 2Tom(En/0) + 41/ 22O,
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1 2
0g(6n?/9) "
- d
Equation (a) results from the weight decomposition (seeuation [TT). In the first stage, we used the
B.5

upper bounds for |7$t)| and \pgt) |, and applied Lemma
follows from the condition nSNR? = ©(1).

Further,

(Wi — - = \Zp

where we have used Lemma|B.3] O

.5|in inequality (b). Finally, inequality (c)

2log(6n/0)
d )

22(&. )| < 2n - SNR

Now, we proceed to the lemma concerning the derivative of the loss as follows:
Lemma C.2. If max{’y s Pr, )} O(1) and under Assumption there exists a constant Cp > 1
such that

v G 1 </ < Ce

Col+M) =" —1+M C(M+1)~ ™ —14+M’

foralli € [n].

Proof of Lemma|[C.2} From the update of wgt) , we have

(a) lo(6n2/5
(w®, &) < [(w?, &) +p!) +5 %n

(®) IO

< 2y/log(8mn/S)ovocVd + p;!) +5 Mn

o),

where (a) is by Lemma@ and (b) is by Lemma@ Finally, in inequality (c) we have used the
2
condition that oy < 5 \/log(8mn/6)05 73 and d > n*log(6n-/J) according to Assumptlon L and

(t)

max{"y; 7[77-,¢} = O(1). At the same time,
@ 8log(6n/0
.0 2 [0, ] + 700 + SNy 20O/,

b) I
< /21og(8m/8)oo |l + SNR %ﬁn/%

© 0(1),

where (a) is by Lemma , (b) is Lemma and (c)is by g9 < 2\/W”u”2 and d >

SNR?n?log(6n2/6) according to Assumption 4.1, and max{'yﬁt), Pr. 2} O(1). Besides,

— t —
(Wi e = (Wi &) + 1D ullz > e) + > o l€NZ (6 €]

=1

(a) 2

< 1w €] + il e/ 210a(6n73) + 4/ B 5 gy

(b) B log(6n2/8 _
< 2¢/log(8mn/8) oo Vd + ||pl|y L oc/210g(6n/6) + 4w/¥aea§ 'n

2 oq),
where (a) follows from Lemma [B.3} (b) from Lemma [B:4] and (c) from the conditions ¢ <
L oo < —=2__ 4> n2log(6n2/6), and o, < o.

2\/log(8mn/5)0'5\/3’ = \/210g(6n/5)
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Next, we calculate the upper bound of the similarity measure. First, we examine the negative pair.
For any i, j € [n], we have

Simn (xi, %) = (B ), sg(hx) + - (n(x(2), sa(n(x())
-2 Zo«w?%si»o«w“%€]>>+12 (W, yip))o (Wi, 1))

< max{|(w, yi) (W g, (Wi, &) (wi) €)]} = O(1).

Similarly, for positive pair,

) . 1 — 1 —
Slmh(xzaxj):mZU(<W9,&>)0(<W$),&+€z +EZU O yip))o (Wi, yip))
=1

r=1

<ma’X{|< Wy apr’>< 5 ayjp’H?‘<W1(~t)a€z><w7("t)a€1+€’L>|}:O(l)

According to the above result, we can say that 1 < Simn (x,x") < CYy, where Cy is a positive constant.
Then we can provide the upper bound for £; and /; ;

eSimn (xi,%:)/7 Cy

E’_(t) — <
i eSimh(xi,ﬁi)/T + Z;\;Z eSimh(xi,x]-)/'r -1+ M7

6Simh(xi,ii)/'r 1

i eSimh(xi,ﬁi)/T + Zj\il eSimh(x“xJ-)/‘r - CZ(l -+ M)
4@ _ _ GSImh(xi;j)/T. - 1 |
5] eS1mh(xi,x,;)/‘f' + Zj;éi 6Slmh(xi,xj)/'r CZ(M + 1)

g/(t) B eSimh(xi7xJ-)/T Cy

VA Simp (x4,%) /7 M Simp(xi,%;)/7 = M+1
e i, Xi +Z];&’Le iy Xj

This completes the proof. O

C.1.1 Dynamics of Signal Learning: Upper Bound

In the first stage, the growth rate of signal learning is exponential. We establish an upper bound for
the growth of signal learning.

Then we consider the growth of signal learning coefficient v, ) . Depending on the initialization, we
define U\ = {r € [m] : (w" ) > 0} and U = {r € [m] : (w'", ) < 0}.

Lemma C.3. Under the condition d > iogz \/ — 10;?%(—6;12//6()4m2)) and Assumption forallt >0,

we have U'" = U, U = U and v > 0 is an increasing sequence for all v € U” and
+ + q h

’yﬁt) < 0 and is a decreasing sequence for all v € USO).

Proof of Lemma We prove the claims by induction. To better understand the dynamics, we first

derive the propagation for signal learning from the first step. For r € U (O), ie., <W£O), w) >0, we

can see

n - 0
A = O S0 7)o (W i) o () igad i3

=1
n
LSS (g (o, i) 1
nmr
77 n
A4S (1 ) () (9, g
2y =1
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Z Z O (W, ;1)) (W0, 10 il |22

nmr
wy;=1jy;=—1
__n 7(0)y /- (0) 2
= 1-2¢. , > 0,
— Z:< 0wl ) 1
where last equality is by (w o ), w) >0, 7(0) = 0, and the fact that negative samples satisfy y; # y;.

Thus, we verify that the sign of %( ) follow its initialization and fyﬁl) > 0.

Next, we show the propagation of inner productat¢ = 1, forr € U (0), we have

@
w0y D (W g _SNR %6”/5)”

(b)
> 0.99(w(®, )+ >0,

where inequality (a) is by Lemmalgg the second inequality (b) is by Lemma|[B.2] and the last by
(1) > 0. Hence we verify Z/{(l) Z/{+O .

Now suppose at iteration ¢, the claims are satisfied, namely <w£f), @) > 0and %(at) > %(«t*l) > ( for

re L{io). Then following similar argument, for r € Uio)

n

(1) _ 0, T 1 g® 250 >0
~t A +ani,yZ;1( ENWO ) pl)3 =40 >0,

where we use the induction condition that <W£t), ) > 0. Further by Lemma and

(Wi ) > 0.99(w, p) + 40D > 0,

where we use ’yﬁtﬂ) > 0. This completes the induction for r € Z/lio).

Similarly, for those neuron r that satisfies (w9, ) < 0, i.e., 7 € Z/{(_O), we have

n
= ﬂWZ (O (), ga))o (W o)l

n = 0
‘rmTZZf;f)o«w&O%yju» o' (W, g3
i=1 j#i
___n - 1_5() (0) 2 0
S0 Wyl < 0.

nmrt .
LY==

where the last equality is by <w,(«0), p) < 0,y; = —1, the property of ReLU activation, and the fact

that y; # y; in the negative pair term. Hence we see %(,1) < ry,(uo) =0.

Similarly, for the inner product att = 1,

(Wil ) = (w ()u>+%”+zp €2 )

=1

N

810g(6n/5)n

(w0, ) + 7 + SNRy | =5

IA

—0.99/(w®, )|+~ <0,

where the first inequity is by Lemma[C.1] the second inequality follows from Lemma[B.2] and the
last inequality follows from 77(}) <0.
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Now suppose at iteration ¢, the claims are satisfied, namely (Wﬁt), p) < 0and 'yq(nt) < %(«t*l) < 0 for

re Z/l(f). Then following similar argument, for r € I/ISO)
77 n
AN =40 — L S (1 ) wl ) ull3 < <0,

LY =—

where we use the induction condition that (wﬁt), p) < 0. Further

(WD gy = (wlO )+ 37 o e 152 )
=1
8log(6n/0) (b)

(WO p) 444 £ SNR <0,

where inequality (a) follows from Lemma we use 'yﬁtﬂ) < 0 and Lemma in deriving
inequality (b). This completes the induction for r € u®.

IAE

O

With Lemma|[C.3]at hand, we are ready to demonstrate the upper bound of the growth rate for signal
learning.

Lemma C.4. With the same condition as in Lemma and Lemma and n > 25001og(4/9),

define A,(f) = ﬁt) + <w£0),u> forr € Z/I(O); and Art) = —'yﬁt) — (wﬁo),u> forr € U(,O). With
probability at least 1 — §, we have

2
AW < (1 n 0-5277||N||2> AO),

mT

Proof. Lemma suggests that for r € [m], we can upper bound for |77Et)|. Without loss of
generality, we consider r € Z/lJ(rO). By Lemma , we can see

(Wi, ) <A 4+ (wi®, p) + SNR %ﬁn/é)n

< 101 (v + (w®, w)), (19)
(w0 11) 250 + (w0, ) — SNRy 8O0,

>0.99(v{" + (w®, w)), (20)

where we use Lemma and 'y,(,t) > 0.

Then, the update equation for fyﬁt) follows

n

(t+1) _ () n PO s () 2
Y =y + > @ =) w0, )|pall3.
nmTt ol
Then we find that
A+ — 70 n 1—¢® (t) 2
¢ O o 20 (= Dl
(a) 1
< AWy T 1o — 21,0140
a0+ 3 (1 G Lol
® [pl3 (1 1
< A o MRl [ 1 . 01A®
< AV + mr 3TV 35, log(4/6) | 1.01 A}
©) . 2
2 (1 052t g0 o
mT
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where the ﬁrst inequality (a) is by (I9) and Lemma@} The second inequality (b) is by Lemma|B.3]

and1— (M+1) < 1. The last inequality (c) is by the condition n > 2500 log(4/4).

O

C.1.2 Dynamics of Noise Memorization: Lower Bound

To establish the lower bound of noise memorization in the first stage, we require that the added noise

level o, < o¢/C" for sufficiently large, with C" > Q(1). We prove the following result that upper

bound the scale of (wg ), €;).

Lemma C.5. Under the same condition as Lemmaand d = Q(max{oy 2|52, naalogl}),
there exists a sufficiently large constant C¢ > 0 such that

(Wi, &) > Cel(wi?), &)
foralli € [n].

(®)

Proof of Lemma|C.5] According to the decomposition of w;. ', we can show

(Wi, €)= (W', &) + 40| pll3 (. €5) + Z P €l (€ )]

< (Wi, €| + 20 llz | (e, €0)] + Z € 1221 €]
=1
(a) :
< 24/log(8mn)/doooVd + |15 toe/210g(6n/0) +4‘7€U£—1 Mn
<1/CHw, &),

where the second inequality (a) follows from Lemma [B.5]and the last inequality is by the following
anti-concentration result.

Because <w( ) ;) 18 a Gaussian random variable with mean zero and variance oo V/d, by Lemma
B.1] we compute

]P’(|<w(O £) <c)<2 l—exp< 27 )

nod e 2d

When d > “Tog(1— 522/6(477,2))710'20-2 , we have ]P’(\ <W£0), I < c) < ¢/n and by union bound, we have
with probability at least 1 —4, it holds |<W£O), | > c. Here weletc = C(Q\/log(Smn)/éooaex/g+

lplly toe/21log(6n/0) + 4aeag1\/ Wﬂ) > C|<w7(f)7 i)|- Then we can show the desired

result with the condition d = Q(max{ao_QHMHQ_Q, noy P 1. O

Define that I,(,tl = {i: <w$t)7£i> > 0} and I(t = {i: <w£t),§i> < 0}. To show the result

(t) 7®

regarding 7, 4 and 7, _, we prepare the following anti-concentration result:

Lemma C.6. Under the condition d > \/ — 10;’(010 lggﬁiﬁé?‘j? =, then with probability at least 1 — §,
it satisfies

|(w(® €.} > 150+/log(6n2/0)/d

Proof of Lemma|C.6] Here we want to show |<w£0), O > 1504/log(6n2/8)/dn = c with high
probability. To see this, because <w7(«0), &) is a Gaussian random variable with mean zero and
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variance ogoZd, by Lemma we compute

P(|<w£0),£i>| < c) <2,|1—exp ( 2c? )

’7TO'0 oF: 2d

Thus when d > \/ — log’ﬁojggﬁi’;zgizgag , we have P(| (W ¢ < ¢) < &/n and by union bound,

we have with probability at least 1 — d, it holds |<wr &) > 1504/log(6n2/5)/ O

We then show that neurons with negative inner products with the noise at initialization would stay
negative and the corresponding p stays zero.

Lemma C.7. Under the same condition as Lemma and Lemma for all t > 0, we have
7 =1 and ') = 0 forall i € ).

Proof of Lemma|[C.7} The proof is by induction. We first consider i € 17(02 Att =1,

prl =Pl + %(1 — Mo (w, &+ €)o' (W, ))&

mT
__n 1(0) o ((wr(©) (0) ¢ 2 —
anZé W E >) (<Wr 757,>)H€2H2 _07
J#i
where we have used the condition that (wﬁo), &,) < 0 and the property of ReLU activation.

Next we consider

(wil) &) = (w! Oy +ZPMHE 15°€:,€:)
=1
= (W, &)+ (1, &) |5 ‘*‘Pm +ZP €z (€, &)
i #£i
< w0, &)+ 5/ O, D

d
where inequality (a) is by Lemmaand pgll) = 0, and inequality (b) is by Lemma

Suppose at iteration ¢, the claim is satisfied, i.e., <W7(-t), &) <0, p(t)- =0, forallz € I(O) Then

ot = £t2+n” (1= D)o((wl), &+ e))o' (Wi, &) &3

mT

_n /(1) ¢ t 2
LS (D, ) (w0, DN <
J#i
Next we consider the update of inner product as

<W7(nt+1)a€i> = (w! (0) +’>/Tt+1)/1,||u||2 + Zp(t+1)||€i||2_2£ia€i>

i=1
1 1
— ) A )l + A+ 30 A e 26 )
/#7
(41 -
< (W &)+ 6) 2 +ZI,0J €121 €)1
i £
log(6n?/4
< (w0, &) +5y/ O o,
where the last inequality is by a anti-concentration analysis shown in Lemma[C.6] This completes the
induction for i € Iﬁt)_ O

https://doi.org/10.52202/079017-2592 81572



Before formally stating the main lemma on the lower bound of noise memorization, we prepare
several lemmas that will be useful.

Lemma C.8. Suppose that § > 0. Then with probability 1 — 6, for all r € [m], we have:

n n
D Lz = | <4/ 5 los(4/9).

2yi=1

Proof. The proof is by Hoeffding’s inequality, for arbitrary ¢ > 0, we have that

2t2
P Z Liez, , — Z Tiez, || <t < 2exp (_n> .
By =1 zyl_l

By the randomness of initialization and Rademacher d1stributi0n, we have:

E aneIH :%

1 yi=1

Setting ¢t = +/n/2log(4/9) and taking a union bound over r € [m], we conclude with high
probability at least 1 — ¢, it holds:

n n
Z Liez, , — 1 <4/ 5108;(4/5)-

iy, =1

To establish the lower bound for noise memorization we define
t
B2 YT () (W e . B E DT (o) + (W €T, g
iy =+1 ' iyi=—1 ’

Lemma C.9. Suppose 6 > 0, the with probability at least 1 — §, we have
BY) < agoeVdn(1+/og(1/6)/2), B < aggoeVdn(1 + /log(1/6)/2).

Proof. By Bernstein’s inequality, for arbitrary ¢ > 0, we have
t2

P(BY — Vnd| > t) < SR S
(I1By 1 — gooeVnd| > t) < exp( 2n/40(2)0§d)

Setting t = ogo¢+/ndlog(1/5)/2, we further have
B < aooeVdn(1 + /log(1/6)/2).
Similarly, the same result holds for Bff)z. O

8C? log(1/6)

Tog(1/(A—(6/m)2))’ then with

Lemma C.10. For arbitrary constant C > 0, under the condition n >
probability at least 1 — 6, it satisfies

cBY) cB”
|<W£O)7£z>| > Tr#a |<W$0)7£z>| > .

Proof of Lemma[C. 10, Here we want to show \(wr JE| > 2 * with high probability. To see this,
because (w( ) ;) is a random variable with positive mean and variance o agd. Besides, by Lemma

[C9] we have
B _ oooeVdn(1 + /10g(1/)/2)

n n
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By Lemma [B.I] we recall

P(|<W$0)’£i>| < t) < |1—exp ( 8¢2 )

Tog agd

8C? log(1/96)
Thus when n > m, we have

P(|(w®, €] < CogoeVdn(1 + w/log(l/é)/Q)) < §/m

(0)
B4
n

(0)

and by union bound, we have with probability at least 1 — 4, it holds [(w, ", &;)| > and

(0)
(W g > Zo= 0

Besides, we define
\1/“) A p<t> + (w0 ¢,), withy; = 1,4 61&
31 2 ) 1 (w0 &), withy; = —1,i € )

With all the results (lemmas) and definitions outlined above at hand, we are ready to state the lemmas
that provide the lower bound for noise memorization as follows.

Lemma C.11. Under the same condition as Theorem[d.2] then with probability at least 1 — 6,

0.96n02d
v > (14— g0, @2)
101C,
vz B 23)
psz)':yizllliezﬁtjr 2 0. (24)

Proof. The proof is by induction. We can check
0.96770§d

nmTt

(0)

0 0
pO iz, =0, ¥ >(1+ 0w

Besides, by LemmaandM € 2(1 +o(n~1/2)), it holds that

Ce
v = (w® g>>1o1MHB<°>

Assuming that the results hold at ¢, we continue the proof by calculating the propagation of B, ( l and
B respectively. First, we can see by Lemma and by induction, fory; = land i € Z, .,

log(6n?/4) N

(Wi, &+ ei) > (wi?.&) + o) — [(wil) )] = 61/ =

> (1- o) (w®.¢,) + ") > 0.
‘We can show that

BV =p® + Ty [(1—4<”><w$),ei+el WD ez, | Liez, |13

iry;=—1 J#i

<y 1y [CMED L o) gy 04w, ey + 6,/ 28/

- 0T nmr | 4= ) Co(M +1) t o d
1 (t) log(6n2/5)
- Z Ljez, | m((wp, &) +p;—6 Tn) (03d + oZ+/dlog(6n?/0)) Liez, ,
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M+1 1
<B® 41! [Og( +1) - 101B,E 3 ]lzeerrmOQQB (02d + 02+/dlog(6n2/3))

ntm | Co(M +1) it
Lo 062/0) 12 s o2 aToa 6]
) gﬂ G B T Oy T (o b dlog(0n/8)
0 99
< B + {1 018 } 1.03503d
’ nmTtT
<BY 4 {1 058" — 0. 5B£ 1] od
7 nmTtT
S B’,(‘t)_ + 1.05/’70—6(1 ’,(‘t)_7
’ nmTtT ’

where the first inequality is by Lemma[C.2} Lemma[C.T|and Lemma B3] Furthermore, the second
inequality is by Lemma ie., (wgt), €)] < 1/C§|<W(O) ) <W O >
6+/log(6n2/6)d~1n, the definition of B£)+ and B( ) and the induction B(t) > Bﬁo), (f) > B(O) .
The third inequality is by M > 100C, — 1, M € 2(1 + o(n=1/2)), d > 100001log(6n?/5) and
Lemma The last inequality is by B( ) > 0.

As a result, we conclude that

1.05n02d
L %% p o)

r,—"

T nmTt
Finally, the induction step for \I/Efz can be calculated as follows:

n
U =0l - WO 6 e) = Myer, A5 (W, 8)) | Liez, €113
J#

log(6n?/0) N

>0+ (Wi, &) + pl2) = (Wi, €)] = 6] =52 =m)

nmt

U [(M+1)—Ce
(M+1)

G log(6n2/6
=X e g (06 4 + 0y PR (o2 ot oo ) e,

JF#i
M+ 1) - Cy (t Cy ¢
> g4 1| PO Ay B e
m T M+1 0.99 M 41 0 r,— (Ug o¢ og(6n2/0))
>0+ 090w - 101 B |0.9902d
’ nmTt ’ M+1""

o2d
> gt 4 178 [0 96\1/“)}
nmT

where the first inequality is by Lemma[C.2] Lemma [C.I]and Lemma [B.3] Furthermore, the second
inequality is by Lemma L i.e. |<w£t)7 €)] < 1/C§|<W(O) ) <w,(«o),§'i>\ >
6+/log(6n2/6)d~1n, the definition of B(Zr and B( ). The third inequality is by M > 100C, — 1.
The last inequality is by induction 23).

Then we check induction induction (23)) through following inequalities:

2

T nmTr r
2

ri = T i

Together it confirms that \Ilit) > 1}\0410’ B, (t)
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Finally, we check the sign of p( ) fori : y; =1landi € I,(,tjr

ngd

d
\I’(t) 0) (t) 0.
2nmrt ) < £) > 2nmTt -

(X r,z

Pl =) — (w9, 8) > (1+
This completes the induction proof. O

C.1.3 Noise Memorization: Proof of Lemma [5.2]

Before proving Lemma L we require a lower bound for the initialization. Define that Z/{io) ={r:
<WT ,€) >0} fory, =1, andZ/{(0 ={r: <w 0 ;) <0} fory;, = —1.
Lemma C.12. Suppose that § > 0 and m > Q(l) Then with probability at least 1 — 0, we have

1 0 1 0
= 3 0% > 0.2000¢ V4, — > 0% > 0.2000¢Vd.

reuﬁf” reu'®
Proof of Lemma[C.12} Consider y; = 1. Note that <w(0) ;) ~ N(0,02],]13). We define that
the event A = {r € [m], (wﬁo), ;) > 0}. Then we can compute that <W(O) ) 1(A) becomes a
half-normal distribution with the expectation
V200]&;]2
E[(w?, ¢)1(A)] = ALy
(i 1)) = 20

We then apply the sub-Gaussian concentration inequality that with probability at least 1 — §

Z \Ilg?i) B m0'0||£i||2 < 6(77171/2).
7‘61/{5:)) ﬁﬂ

Then we have
1
— > 0 > 0do0]i&i]l2 = o0oe Vi,

(0)
reu;

where we have used Lemma Similarly, we can show that for y; = —1, the same result holds.
O]

Proof of Lemma[5.2] From the upper bound on (ZI)), we take the maximum over r € U ©) which
gives

2\t
max A(Y) < (1 +0.52M) max A(®)
T mT T

(1 +0. 52”””’”2) ol tll2 /2 Tog(8m/9).

Under the SNR condition n - SNR? < 1.8, we can see there exists a scale difference between
max ; \I/£t2 and max, ; Agt) at the end of first stage.

At the same time, for noise memorization, from the lower bound established in Lemma [C.T1] we

have that
— v > (14 —)"— v
w2 Mz ) %
re + re +
0.96n02d
> (1+ #) 0.2000:Vd,
nmT

where the second inequality is due to Lemma
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Let
2

nozd
T, = log (20/(0005\/(3))/ log (1+ 0.96%).

Then we have % ZT cu® \Ifitz reach 3 within 77 iterations by (22)). Similarly, we can also show that
{ ,

1 (t) - . .
s ZT cu® @m reach 3 within 7] iterations.

On the other hand, we compute the scale of max,. Agl) as

2. Ty
max AT < (1 +o.5zw) ool ]|z /2 Tog(8m/5)

T

:exp(og( * Wzd>log(12/(000§\[)00HuH /2 log(8m/3)
log(1+ 0.96 )

< exp ((0.55-n - SNR? + O((%‘:‘_‘%)z) 10g(20/(0005\/&))UO||N||2\/2log(8m/6)

< exp ((0.55 - n - SNR* +0.01) log(SO/(angx/g))a()Hqu\/2 log(8m/§)
< exp (IOg(go/(Uoﬁg\/g))O'o||[,LH2\/210g(8m/(5)

= 20+/21log(8m/6)SNR

= O(y/log(m/d)/n)

=0(n~'?)

nmT

where we choose 7 sufficiently small for the third inequality. The last inequality is by the SNR
condition. Because we can choose n > C'log(m/J) for sufficiently large constant C, max, AT =
o(1).

O

C.2 Second Stage

Proposition C.13. Let T* be the maximum admissible iteration and let o = log(3MT™*). Then we
can show

WO <a, [p)] <a.

Proof of Proposition|[C.13] We need to show ,05 2 < «. We prove the claim by induction. It is clear
(t)

when t = 0, p(t) =0 < a. Suppose forall 0 < ¢ < T — 1, we have p
claim holds for 7.

< «. We aim to show the

(t)

7,0

Ui
pUHD < oM (1 o ((wlh) €, + €)) 16113

nmt

By the update of p

Here without loss of generality, we consider the r, % pairs such that s € 7, ( J)r, Le., <W(O) ;) > 0 with

y; = 1. Let t,.; be the last time ¢ such that pi’? < 0.5a. Then we have

T U i
éﬁfﬁ7+7gﬂ—ﬂ“5dmﬁ%¢+amm@

+ Y @M)W, g + e &3 (25)

tr 1<t<T

The second term can be bounded as

”ufdmwdw&%&+@ma@sJL<<@s>+mzmub

nmt nmt
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3nogd
2770 (0.3 + 0.50x)

< 0.25a, (26)

<

where the first inequality is by 1 — E;(m < 1 and modified Lemma with pgtz = O(a). The

second inequality is by <W£O), &) <02aandn < 2 'f;;g

For notation convenience, we let

Fo(W,x;) = Simp (x;,X;)/7

= S o )l (i) + D (e €58 ((wr €+ )
r=1 r=1

Fj(W,Xi) = Simh(xi,ﬁj)/T
= LS (Wi et (W y12)) + S 0wy £))s8(0 (W €,))), for j =1, .

mr £ s ot
Next, we show the bound for Fy(W®), x;) and F;(W®) x;) for j = 1,..., M as

By (W) 2 = > ol(wi? €))a(wi'). & + €i)).
Further, we have for j = 1,.... M

F(W® x,) :iza O gNo((wld,£,)).

Then we can bound the difference between Fy(W*), x;) and F;(W®) x;) as

M

1 « 1
Fy(W® x;) — F;(W® x;) > %;a«wgﬂ,gi»a«wgt),sz +e)) - Erzlg« D.€))o (Wi, €;))
= > oW ED) (o €+ e) — o (i, €,))
r=1

> 050(5(w® &)+ o — > (wl®,&;) — o)/
> 0.50(5(w®, &) + 5p) — 5w, €))7
> 0.5a-0.1a/7
> a, 27)

0)
).
Further o((w\", € + €;)) > 2<w$f”, D+ o((wi g))) < < © ) + o). The fourth

7,02

where the second inequality is by a((wﬁt), &) >3 (wﬁo), O+ (t) p( ) > 0.50a fori € Iﬁ

inequality is by induction and §<wr ) — %(wﬁo),ﬁ ;) = —0.15a.. The last inequality is by the
condition that o > 207.

Further, we bound the loss derivative as

1_¢® _ 1
! 1 + Z _ exp(F; (W0, x;) — Fy(W®), x;))
<1
- 1+ M exp(—a)
<1-— r
- 1+T*
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1

_ 28
T+ 1 (28)
where the second inequality is by 27).
Finally, we bound
2
T O ® Wie 2 < Snoed o
Y O, eI S S a3 (- dY)
b <t<T b <t<T
3na§d T*
a .
 nmrt T+ 41
< 0.25a (29)

where the first inequality is by Lemma and a((w &t €)) < %(w£0)7 B p(tz < 2« by

Tv

< 1 nmt

induction. The last inequality is by the condition n < 75 o%d"

Combining (26) and (29) with (23) gives
png < 0.50+ 0.250 + 0.25a = a,
which completes the induction. O

Lemma C.14. Under Assumption[d.1} for 0 < t < T*, we have
IVLs(WO)[|F < O(max{||pll3, 0Zd}) Ls(W™).

Proof of Lemma First, we can write the gradient of V, L;(W) as

M

OL;(W)
Vo, Li(W) = S 220 ) g F(W,x,),
r 1( ) ~ aFj(W,XZ) r _7( Xl)
where
OL;(W) _ 14 eFo(W,x;)
0Fy N eFo(Wxi) Zjle e (W x;)
L, (W Fj (W ,x;)
0L )Z < i yforj=1,.... M
OF eFo(W,xi) 4 Zj:l eFi (W.x;)
By the derivation of the gradient,
IVLs(W®)|[3 < Z IV Li(W)|r)’
=1
1 « )\ 2
= (2 Z [V, LW O)3)
=1
< (52 IV LW D))
i=1r=1
1 n m M a
:(EZZHZ(QFJ )erF (W, xi)|2 )
i=1r=1 5=0
1 n m M a
<G XX Wy LV BWxlk) G0
i=1r=1j= J

where the first inequality is by triangle inequality and second inequality uses Y, a? < (3>, a;)? for
a; > 0 and the last inequality is by triangle inequality.
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Now we upper bound ||V, F;(W,x;)||2 as
1
IV, Fo (W, xi)ll2 = —[|o" (W, yie))o (W yis) Jyite + 0 (Wi, €5))o (W, &; + €3)) &2

< (o ltwr )l + o({wr & + € &]12)
< (oW yi)) + o((wy & + €)) O(max{ a2, ocV/d}).

mT

where the first inequality is by triangle inequality and the second inequality is by Jensen’s inequality.
Similarly, we can obtain for j = 1, ..., M

1
IV, EsW,xi)l2 < — (0 ({Wro ;1)) +o((wy,€;))) O (max{| ullz, o¢ Vd}).
For clarity let

zr0 = o((Wr,yip)) + o((Wr, & + €))
zrg = o((Wr,yjpm)) +o((wr, &), forj =1,... M

Substituting the above results into (30) gives

n m M

IVLs(W®)|2 < (anZZZ|3 . )2O(max{uu\|§,agd})
=14=0
m M
< (- Z Z|3F s %ZZM) (max{|ull3, o2a}),
i) r=1j=0

where the second inequality is by > . a;b; < (3, a;)(>_, b;) for a;, b; > 0.
Next we can verify that

eFo(W.x;) M eFi(W,xi)

Z|8F W Xz eFo(le)—f—Z]W oF3 (W x,) +216F“(Wx1)+zlw oFi (W x:)

efo 0(W,x;)

2(1—
( eFO(W,xi) + Z;Vil eFj(vai) )

eFO(W7xi)
< —61log(

=6L;(W), (€29
eFo(Wx;) 4 Zj&il eFj(w,xj,)) (W)

where the last inequality is by 1 — z < —3log(x) for € [0, 1]. Furthermore, we can show

2(1 -

eFO(ngi) m

M
1
(7 ZT‘V )2 = 0(1)7
eFo(W.xi) 4 Z;\/il eFj(w,xi)) m ZIJ;) J

r

which leads to

n M m M
1 OL;(W®) | 5 1 2
(t) 2 o L ) 2 2
[VLs(WY)% (m - (;Japj(wu),xi)’) (m;_l;_ozw)z) O(max{||p|3, o2d})

3

M
DL(W) 2
Z‘m’) O (max{]|p[|3, o¢d})

i=1 \ j=0

~—
T

~.

1 n
< O(max{]|p3, Ugd})ﬁ Z Li(W®)

< O(max{||p]3, 02d}) Ls (W),
where the third inequality is by and Cauchy-Schwartz inequality. O
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We define

* = £i
w’ = w4 271log(2M /€) Z R
i=1 15112

Recall in the first stage

_ T _
Wi = w4 T )72+ 3 o0 61172,
=1
and we have

e max, |[1\7| = O(n=1/2) forall 0 < t < T1.

. maxm-p( ) > 2.

T,

Lemma C.15. UnderAssumption we have ||[WT) — W*||p < 5(m1/2n1/2051d*1/2).

Proof of Lemma We have

W) — W p < [WT) - WO g [WO — W
(73)

Yr T
el + max”zp 5

< 5(m1/2n1/205—1d 12y,

Hé-iH% 2 + O(m'/*n'/?log(1/e)og *d~"/?)
2

Lemma C.16. Under Assumption we have for all t € [Ty, T*]
(VEy(WW %), W*) > 2log(2M /),
(VE; (W x;), W*) < log(2M/e).

Proof of Lemma Based on the definition of W* and F; (W® x;), we can derive for j = 0,
(VEy(W®, x;), W)

ZV FOW()XZ)W>

_%ZU (92 ) (A2 ) 0 )+ = D (w2, €0 (w0, €+ €)(wy. £)
r=1

n

= EZ 0, g (w?, yopa)) (w0, o) + 27 log(2M /) D€, i) €132
=1
—Za wid, €0)o((wiD, & + ) (W, &) + 27 log(2M/e) + 27 log(2M/€) 3 (€, £ 6, 1172)
i £
> o Do (i o (w0 €+ rlos(20 /) = S ol(wi e Ol
I Iz
_niT;U« w® g >)2710g(2M/e) n||/,LHQU§ T;;g £t),£i+6i>)6(0005\/a)
I3 Iy
1 m

> o((wih, € + )27 log(2M/€)O(nd~/?)

mT
r=1

I
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where the inequality is by Lemma B3]

Next, we bound I, I, Is, 14, I5 separately. For I, we take maximum over 7, which results in

72 (W€ +e)) > ;0<;<w<0>6>+p$3>_2~

Thus we obtain
I, > 4log(2M/e).

In addition, we can show by upper bound on p( ) and 'y( )
3
(Wi, & +e) < SIwi?.&)] + [pyl)| < O(D),

(Wit ) < 2w, ) + 0] < O).
This implies
I < O(oo|ull2). Is < log(2M/)O(nml|pllaog '), Is < O(ouoeVd)., I < O(nmd~/2).
Based on the conditions on o, d, we can show
(VE(WW %), W*) > dlog(2M/e) — I — I3 — I, — I5 > 2log(2M /).
Now we prove for the claim for Fj (WO W*) for j = 1,..., M as follows.
<VF-(W<f> x;), W*)

1
- (t) (®) 4. * ( (t) * g
mr Z >y IJ/ ) (< ’l“ 7yju>><wr7ylu mr ;0 (< é >)<Wr’£z>
t t *
—EZU wi) €)o (Wi, €;) (W) &)
< I3+ Iy + Is <log(2M/e),
where the second equality is by y; # y;. O

Lemma C.17. Under Assumption[d.1} we have
WO — W [~ [WOD - W | > g Lg (W) — e

Proof of Lemma|C.I7] First, we verify that for j = 0,
(VE(WY, x;), W) =3 (v, Fy( W x;), wi)

r=1

1
= E ) ) (t)
mr mez g(0(<wr,ylu>))yzu,wr >

+%ZWW&MWW&ﬁ@%w%
= LS o) (e i)
1 m

3 o, €))se(o (W €, + €0)))

= FO(W(t),xZ-). (32)
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Similarly, we can show for 7 = 1, ..., M, it satisfies that

(VE; (WP x;), W) = F;(W" x). (33)

By the update of W), we have
WO — W5 — [WED — W13

= 2)(VLs(W®), W - W*) — ?|VLg(W)[|3
n M

2 OL;(W®) .
= YD e (T W) WO - W) — [ TLs (W)

1 0
M LL AL (WD) F;(W® TF(W® %) W* 2T Lo (WO 2
n;joww< j( 7Xi)7< j( 7Xi)a >>*77|| S( )”F
21 — OL;(W t)) ® M OL(W t)) .
> n OFy(W® x;) B A e ~w N N s . —_
= g(apo(wa) x;) (Fo(W . x;) — 2log(2M/e)) +ZaF WO X)(F (W x;) log(2M/€)))
- IIVLs(VV(”)II2
277 e2log(2M/e) , .
§ Z ) +108( iz 4 araseis) ~ 1 IVLs(WOIlE

2 Z ~log(1+ 5)) — 1P [VLs(W)

> WLS(W(t))
where the third equality is by (32) and (33). The first inequality is by Lemma[C.16] The second

inequality is due to the convexity of negative log-Softmax function. The last inequality is by Lemma
(and the conditions on 7) and log(1 4+ ) < x for z > 0.

(T1) _xrr* ~
Lemma C.18. UnderAssumption letT = T1—|—LHWI777€W”2FJ =T —&—O(ande_ln_le_l).
Then we have max, |7£t)\ < O(1/y/n) forall Ty < t < T. In addition, we have

1 (W W) — W3
- L (s) F
t—T1+1Z )< n(t—T1+1) Te

forall Ty <t < T. Thus there exists an iterate W'®) for s € [Ty, T) with training loss smaller than
2e.

Proof of Lemma[C.18 By Lemmal|C.17} for t € [T1,T],
W — W7 — [WEHD — W > nLs(W®) —
for all s < t. Summing over the inequality and dividing both sides by ¢ — T + 1 yields

(Ty) _ * _T 1 (T1) _ x (]2
t7T1+1s:T1 ﬂ(t*Tlﬁ’l) n(t*Tlﬁ’l)

where the last inequality is by the definition of 7', for all 7} < ¢ < T'. In addition, we have

T
21W(T) — W*||2 ~
> Le(WW) < ! ; Il _ O(n™'mnd ™" ). (34)
t=T1

Next we prove the claim that max, |*y7(nt)\ < 38, where § = | max, %(,Tl)| = O(1/+/n) for all
Ty <t < T. Without loss of generality, we only consider r € L{g_o). First it is evident that at t = 17,
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we have max, % = /3 < 3. Next suppose there exists T' € [Ty, T) such that max, fyr ) < 3 for
all t € [Ty, T — 1]. Then we let ¢ = max, %( ) and we have by the update of 7,2 ),

3
D < 60 4 L ST (1= ) max(S (wl®), ) + 60

iy =1
n 3
<o+ o 3 0= 6O VIR ol + o)l

3
< o) + L Ls(W®) (5 v/21og(8m/d)oollplz + 6|3
where the third inequality is by (BT).

Now summing over t = 77, ..., T — 1, we have

T-1
= 3
o) < T 4 37 L Lg(WO)(5/2log(Bm/8)oo il + 6 13

t=T1

< o™ 4 O(TIHMH% )8 Tzl I (W(t))
=< o s
t=T1

<o)+ O(n|pll3d o ?)p

< ¢(™) + O(nSNR?)3

<o) +26 <35
where the second inequality is by induction and the third inequality is by (34). The last inequality is
by the condition of SNR. O

C.3 Downstream Task Performance

Recall that after the pre-training stage on the training data at time 7', the signal learning and noise
memorization satisfy

max AT = O(1/+/n),
max ¥ = Q(1) for i € [n).
Then, on the downstream task, the corresponding embedding can be calculated as follows:
e (xied) = o (Wi x42}y)) = O(1/Van),
h(xied) = o (Wi %)) = Q(1/Va).

Then, it is straightforward to check that the embedding of a finite size of samples during the fine-tuning
stage is not linearly separable. Thus, the downstream task performance follows Lp,__ (T*) = ©(1).

D Multi-Modal Contrastive Learning: Proof of Theorem [4.3]

D.1 First Stage

Similar to the single-modal case, in the first stage, the loss derivative is close to its initial value for
both modalities.

(0) 50 F0y

Lemma D.1. IfrnaX{’Yr s Pryis VT 75 P, O(1), there exists a constant Cy > 1 such that

1w Ce
C(1+M) " +
. 7 < Ce
Codl 1) = =1

IA
=

_|_
S

foralli € [n].
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Proof of Lemma([D-1] The proof follows from Lemma[C.2] O

Lemma D.2. Suppose that %E ), 'y(t) O(1) and pgz, [){th o(1 )for allr € [m] and i € [n].

Under Assumption[d1] then for any 6 > 0, with probability at least 1 —

‘<W£_t) _ W’go) T )| < /log 6’[’},2/5
‘<W£t) (0 > ‘ < SNR (810g 67?,/5

‘< (0)5 ~(t‘<5 IIOg n2/5
(0 — WOy ‘< /8log 6n/6

forallr € [m], i € [n].

D.1.1 Dynamics of Signal Learning: Lower Bound

We first analyze the dynamics of signal learning for both two modalities. Similar as in the single-

modal learning, we partition the neurons, depending on the initialization, i.e., U/ ® = ={r € [m]:
(wi ) > 0} and U = {r € [m] : (W ) < 0}, U = {r € [m] : <w£t),u> > 0} and
u® — {rem]: (wﬁ),p,) < 0}.

Lemma D.3. Under Assumption[#.1|and the same condition as Lemma([D.2] for all t > 0, we have
(1) UJ(:) N Zj{_(f) = U( ) OL{(O) and 'y,(,t) >0, N(t) > 0 and are increasing.
(2) Z/l(_t) ﬂljlit) = UEO) ﬁljlﬁo) and ’yﬁt) <0, %t) < 0 and are decreasing.
(3) Forr € Z/{io) mﬁi‘” orr € Z/{(,O) ﬂljlio), there exists a time t' > 0 such that r € Z/{J(:/) ﬂﬁf/)

orr € Z/l(_t/) N Zjl(_t/).

Proof of Lemma[D.3] We first analyze the neurons r € Z/{f) N Zjlf) By the update of 7"

T

U
A =4 4 mTZ W, yig))o’ (W, yipe) i | 13

N — /(t) ~ (t) (1) 2
_ f 3 4
anE E (W yim)) o’ ((wi s yip) il el

i=1 j#i

— A0 N (5 > A0
=9+ = N (= o (@O, )l = A (35)

i:yj:l

where the second equality is by y; = y; and the derivative of ReLU activation. Similarly for the other
modality,

~ n - - ~ -
D =30 4 31— D)o (W yi)o’ (0w il |l

=1
77 n
— LSS Do ((w, )’ (WO, i) i 113
nmt — o
- n - -
=50+ S (1= D)o, ) [l > 3. G6)
By =1
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Hence we see at t = 0, the claim is satisfied as 7(1) (0) for r € Z/{(O N U . Then we prove
the claim by induction. Suppose at iteration ¢ the clalms are satisfied, i.e., 'yﬁ ) > vﬁt_l) > 0 for
re Z/{J(FO) andr € Z/{_(:). Then we can see from (33)

Y 240 2 0.

Similarly, we can show from (36) that 7. > 3" > 0,
Then for the inner product, we have

( ) 810g(6n/6)n

D (Wi, ) — SNRy 22

< (t+1) N>

Q)
> 0.99(w® ) > 0,
where inequality (a) is by Lemma|[D.2] and inequality (b) is by Lemma|[B:2] Similarly, the same result

holds for the other modality. Together, it shows r € U} (1) A Uy 4" and the induction is complete.
Similarly, we can use the same strategy to prove claim (2) for r € Ui e HSO).

Next, we analyze the case where r € Uf) N Hg)

3

n
WD =90+ S (1 =)o (T, i)’ (w0, ars) i3

i=1

n M
n ~ ~
S S Do (o (v, i)l

i=1 j#i
n
/() ~
== S (o0, il <0, (37)
ity =1 j#i

where the second equality follows from y; # y;. Similarly,

) o
W =30+ ner D)o (WD, yuga))o' (50, )i | 3

7’] n
- ZDQE? Wy p))o' (WD, g i) )ys| a2

nmt 4 —
i=1 j#i

O S S gl > G8)

py;=—17=1

Then it is clear that the change of wﬁt), %t) does not align with the sign of its initialization. Therefore

there exists some time ¢' > 0 such that either r € Uf/) N L?Srt/) orr € Z/{f/) N a(_t/). We prove
this claim by contradiction. Suppose for all t > 0, r € Z/lf) N ", then by (37) and (33), we
see wﬁtﬂ) < vﬁt) < 0 and ”iﬁtH > %(f) > 0. Because <w£t)7u> < 1.01<W£0),p,> + v(t) and

<v~v,(f), ) > 0.99(%$0), ) + %(-t), this raises a contradiction as either (w,(»t), ) < 0or <W7(~ )7 ) >
0.

With Lemma [D.3]at hand, we are ready to demonstrate the lower bound of the growth rate for signal
learning.

Lemma D.4. With the same condition as in Lemma and Lemma and n > 25001og(4/6),
define Aﬁf) = y(t) +(w 0), w) forr € Z/I(O); and Ag) = _,ngt) — (w,(«() ,p,) forrelU” © . Similarly,

we define E&*) ﬁ(t) + (wﬁo),;ﬁ forr € Zj_(‘_o) and AY = —ﬁﬁt) <v~vr ) forr € L{( ). Then
with probability at least 1 — §, we have

2 ¢ ~
A&t) > (1 + %) (ASO) + Aio)/CH) —

mT
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- 2 t ~
A0 > (1 n %) (CLA®) 4 A0 1

Proof. Without loss of generality, we consider r € U} ) A Uy 7). Then by the update of %( ), v(t), we

have from (33)) and (36)

. o -
A = ® 4 LS (1 O (w0, i) )2 (39)
nmT Pt
~ ~ n I
A =30+ 3T (1= 6o ((wl), )73 (40)
iy =1

To achieve the lower bound, we define
AD 20 4 (O, AO =50 1 @0, ).
By (39), we have the lower bound of update equation,

A£t+1) _ Agt) + _n Z (1 %;(”) (<W(t m)llell3

iyi=1
C ~
> A® non_ _ Y NTO 12
> A0+ L (2 o(m)(1 - ) A
2
> AW 4 0'4877||H||2A'7(nt)
mT
The inequality is by Lemma Lemma where we recall co = 1 — M - Similarly, by @0) we

arrive at

A 5 50 4 C48IBIE 4o _ g OASICUllRl: )
— T mT T T

mT

Then by combining the above two inequalities, we conclude that
2
CLAMY L AGD — ¢, AW 4 AW 4 %(CMZ@ +C2AW)
mT

2 ~
> (1 n 0.487||p[|3C ) (C«MAgt) AW,
mrT
Thus, we see the joint dynamics of %Et) and %(nt) exhibits exponential growth, i.e.,

- 2 t ~
C’“Aff) + A7(f) > (1 + %) (A,(no) + Agp)). 41)
mT

To characterize the dynamics of 'y( ) individually, we next track the dynamics of C#Agt) — E&” by
subtracting (40) from (39), which gives

2
A Jer) o a0 - o el 0 o (lw®
C1/ r T O/L r r + nmr iyz_l )(C U(< >) C;/,U(<Wr a/j'>))
- (1 nC ||u||2 S (-4 ) (€, AD — A0,
By =1

Then from the the propagation, we notice that the gap C’MA(rt) — Z&” exhibits exponential decay
regardless of the sign. Thus, we have

CHAQ) _gg) > ( 770 ||HH2 Z /(t) ) C A(o g&o)» (42)
iy =1
Therefore, combining (#T)) and @2) yields:

0.48n|| p3C,.
mrT

~ t ~
Al + A0 > (1+ ) (€A + A0,
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C,AD — AW > (1 nj:& S -6 ) (C,AQ — D),
1y =1

Then it concludes that

2 t ~
AW > (1—1— 04877HN||2C ) + A0 c,) + ( nllells Z ) (A© — A0)/0,)
nmTt
=
4 2 t ~
> (1+ 0. 877\|N||2Cu) 04 A0/0,) — |AQ — A0/,
~ 2 t
A0 > (1+0 877\|N||2Cu) CLAD 1 0 (1 777!:1[2 Z ) (€, AL — FO))
1y, =1
t ~ ~
> (1 04877”#” u) © 4 ) |0, 4O — A0

where we use the fact that (1 — % D=1 (1 — Kg(t)))t < 1. Next, we derive an upper bound on
|A$O) — E§.°>/Cu|, \CMAg.O) — ﬁ$0)| as follows.

1A — AV /0| < |AD| + AP /C, < 2/210g(8m/8)o0||p]l2 < 1

where we recall that C,||u|l2 = ||ft||2 and the second inequality is by the condition on oy <
0.5(2log(8m/6))~1/2||u|l5* = O(||p||7"). Similarly, we can show \C’MAgo) — A”| < 1 and thus
we obtain
4 2 t ~
~ 4 2 t ~
A0 > (1 n %) (CA©) 4 A0) 1 (44)
mr
O

D.1.2 Dynamics of Noise Memorization: Upper Bound

In order to characterize the growth of pg, ﬁffz, we partition the samples according to its sign of inner
product.
70 = fic o] (wih. &) >0}, Y = (i e o] (&) > 0},
IV ={ien]: (wh, &) <0}, I ={ien]: (v €) <o}
We further define
t t
B2 T (0 + (W e g 5
1y; =1 ’ ?
t
'r(’<)|’, 2 Z (piz < 7("0)7£i>)]1i61£2rmf7(“>7a
1y; =1 ’ ?
t t
B7(‘,) ,+ 2 Z (pfﬂ,z)' + < ) £ >) Z(f) mI(f) )
1y;=—1
t t
Bv(”’)*’* = Z (p£,2 + <W7(“0)7£7,>)]11€I:_)*_mf7(‘f)_a
i:yi=—
On the other hand, we define
~t . o
B 2 30 G+ (W6 z0
1y, =1
~ . o
B2 G+ <W£0),€¢>)]1iefg>mzﬁfl,
1y, =1
~ 8 ~
B 2 S G+ (w0 &Lz Az s
1y;=—1 ’ ’
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B2 3 B+ WG g g

iy =—1

Before we state the main result, we provide some useful lemmas.
Lemma D.5. Suppose 6 > 0, the with probability at least 1 — §, we have

1 1
ret S 5000eVdn(l + y/log(1/6)/2), BY | 50005\/%(1+ log(1/6)/2).
~ ]_ - 1
B,(,?4)_7+_§000£~\/dn(1+ log(1/8)/2), BY . 50005\/%(1+ log(1/8)/2).

Proof. By Bernstein’s inequality, for arbitrary ¢ > 0, we have

=
©

A

A

A
IN

PBE. . = 5ovoe/l > 1) < exp(c i),
Setting t = 20q0¢\/ndlog(1/8)/2, we further have
BY) < aoa@ﬁ 1+ +/log(1/6)/2).
Similarly, the same result holds for Bﬁ?z. ]

.. 3004/2n3 log(6n2/5) . e
Lemma D.6. Under the condition d > sove/mlog(1/(1=(3/m)7))’ then with probability at least 1 — 6,

it satisfies

log(6n?/6)

2
; log(6m2/4) n2

BY) . > 150 y

n?, BY) > 150
Proof of Lemma([D.6] Here we want to show Eﬁo}r 4+ > 1504/ Mrﬂ with high probability. To

see this, because B,E +,+ 1s arandom variable with positive mean and variance oo dn /4, by Lemma
[B-1] we compute

~ 2
BB <)< 1o (- o)

T 252dn’’

3004/2n3 log(6n2/8) (0) 1 6n §
Thus when d > sovev/m g/ =(5/m)m)) > We haveIF’ BT+Jr < 1504/ oal6n?/d) n?) < 6/m and by

union bound, we have with probability at least 1 — &, it holds Bﬁo_i)r 4 > 1504/ log(G” O

Lemma D.7. Under the condition n > %, then with probability at least 1 — 0, it

satisfies

B . BY
(W, €] > ZoEE O8] > b

’ n
©)
Proof of Lemma([D.7] Here we want to show |<wr JEDN| > Bo. —~££ with high probability. To see this,
because (w( )

[C9l we have

;) is a random variable with positive mean and variance 03 r: 2d. Besides, by Lemma

Byl _ oooeVdn(1+ /1og(1/0)/2)

n

By Lemma [B.T] we compute

B, 601 0) < 1o (- 50,
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81og(1/9)
Thus when n > m, we have

P(I(w®, )] < oooeVdn(1 + «/1og(1/6)/2)) < 6/m

(0)
and by union bound, we have with probability at least 1 — ¢, it holds |<W£O), &) > %
5O
Similarly, we can conclude that |<v~v$0), > 5 —ht O
Lemma D.8. Under Assumption[d_1| with probability at least 1 — §, we have
5O 1m0 pe o 5O
By <( +an) r4r Bry— < Bri,
5O <4 L0 p0 BY < O
BY < SOyEY B <BY
®) 1.05n; (0 ®) 5
Br,+,+ < (1+W)t T+, 40 Br+— —Br,+—7
1.057; =(0) 5® (0)
B <@+ B! B" <B
r,—,+ ( nmr ) r,—,+ T, -
Proof of Lemma[D.8] According to the iteration equations for pg and ﬁf,tz, we have
(t+1) _ p®) n /(t) = (t /(t ~(t) F 2
By v =Byt — PO IR AR AN ) Z Gf (W 6007 | Lier, 7, €115
tyi=1 JYj==

Co(M+1)—1,, _ = ¢ log(6n2/0)
< BY) TSN iy g | P (W0, 6 4 ) 6y Y
S Bt nmr €Lr+NTrt | Cyp(M +1) (W7 &0 4 P d n)

1 log(6n2/5 ) ) _
_ﬁggia@w175 Eﬂd/)nﬂﬁi&ygd+%v@mwm/®)

) n Cg(M+ 1) 1 ~(t) ]Og(6n2/5)
S Byt nrm [ Co(M +1) (Bris++ Z ﬂzelrmzrﬁv d m))

(w2, €,)+5") —6

1y, =1
1 =(t) ~0) log(6n2/0) 2 2 /dlog(6n2/3)
_ 1;1 i€Z,,+ ML, +m(3r, + T Br L - ;6 Tn) (Ugd + 0% dlog(6n2/6))
0.992 ~
SBY [1 0LB, 4 - 30, ¢ BY |+ Bff),)] 1.03502d

<BY , + m’zw [1.0513,9;+ 4(3(“ L+BY )} o2d,
where the first inequality is by Lemma|[C.2] Lemma Eﬂy’l and Lemma [B.3] Furthermore, the second
inequality is by Lemma and the definition of B, ~ , and B( ) . The third inequality is by

Lemma | BY) , > 150\/Mn ,d > 10000 1og(6n2/6), and n > 1280000 log(4/4). The
last inequality is by choosing Cy = 1.01.

Next, we establish the following inequality

(t+1) _ ) Ui 2
By - =By - nmr Z Z [ ,J > J€L, 4 ]lieI,,.,+mf,,,, 1€:ll2
wyi=1 | jiy;=—
(t) n _ 1 ~0) F ~(t) log(612/6) _
BT = i Z ]liEIT,JrﬁIT# |: Z Ce(M ¥ 1) (<Wr 7€j> + pr’j -6 d n)]ljeL,+
y;=1 Jiy;=—1

(agd - ng/dlog(6n2/6))
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() " 1 (1) (1) [log(61°/9)
< - . 5 — - —_—
=~ Br,+7— nTm Z |:]lZ€Ir,+mIr,+ Cé(M + 1) (BT‘,—,-‘,- + Br,—,_ Z 6 d n)

yi=1 i
(02d — o2+/dlog(6n2/5))
0.99% ~ ~
< B(t) _on vy B(t) B(t) . 9
=~ T4+, — nmT 4Cl ( r,—,+ + T7777) 0 990-£d

<BW " lp24BY , +BW 2
— 74— nmr ( r,7,++ r,—,—) Ug ’

where the first inequality is by Lemma[C.2] Lemma[C.T|and Lemma [B.3] Furthermore, the second
inequality is by Lemma and the definition of B (t)_ ,and B () . The third inequality is by

Ty——

Lemmaand B, > 1504/ 2872/ 2 g = 10000 log(6n?/8), and n > 1280000 log(4/9).

Similarly, we have,

B <BY ¢ [105B® | 025, + gs;,)} o2,
BtV < B _ n:ﬂ 0.24(B", , + E}fi,_)] o2d

For the second modality, with the same derivative, we could obtain the following inequalities:

BHN < BY, | WZT -1.05535?12 —0.25(BY , + B(f),)] o2,
B < BY . - L foauY , +BY )|ota
B < BO # _1.05§,€ff}+) —0.25(BY), | + BﬁfL_)] o2d,
B <BY M oaus? , + Y. )|ota
which completes the proof. - - O

We define
U E P+ (w6 € I

7,1 = pr,i T

g® & (@) 5 (0) F\ = 7®)
\I/T,i = pr,' + <W7‘0)’€i>’z € Ir,Jr

?

Lemma D.9. Under Assumption[d_1| with probability at least 1 — §, for all 0 < t < Ty,

(1) forie ¥ nZ”

T, —

we have p(t)» =0, Iﬁt)_ =7 and f’{rt) =0, i@— = ir(oz

7,1 T, [

(2) fori e Iﬁol N ffol, we have pi? =0, Iﬁtl = I,E’ ) and ,5{:2 <0.

(3) fori e Iﬁ?_‘)_ N f(o) we have ﬁ{t) =0, fr(t)_ = Z(,Ol and p(rtz) <0.

r,—? T,

(4) fori e I,S,O_‘)_ N fﬁg)_, we have

1. 2 .
v < (14— + 3, (45)
, . ,

G0 < 1010 o) )
\I]r,i > m(Br,+,+ + Br,+,7)' (46)
Proof of Lemma We partition the dynamics of p(t)- and bﬁt) into one of the four cases according

to its initialization (1) i € Z*) N7\ )i e ¥ NI, 3)i € 7, NI, @i € T N 1.
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(1) In the case of 7 € I(O) N I(O) it holds that

A0 =0, 70 =70, H0 =0 TO 7O

r,—)

The proof is by the induction method. It is clear when ¢ = 0, pif? =0and ﬁfﬁ?i) = 0. Therefore, the
induction argument holds at the initial step.

Suppose at iteration ¢, we have pitz) = 0and ﬁﬁtz = 0. Then we have
) F 1 ~
(Wi, €) < 2< WiV &)+ p) = 5 (W€ <0,

(wit,€) < (w0, 8) + ) = S(w.£) <.

Thus by the update of [){th ), we have

P =B+ niu — D)o (Wi, 6:))0" (W1, €))1€,113

mT

- Z (Da((w,€,)0" (WO, E)IIENE = 0.

Here we have used (w(t) ;) < 0. Similarly,

P = e (1 Mo (w0, €00’ (wD, €)]1€113

nmt

M
n /(t) ~ = 2
it J§:1 Ei,j 0(<W£t)7£j>)g/(<w7(~t)7£i>)”£i”2 =0.

(2) In the case of 7 € I(O) N I,(,OJ)F, We use induction. It is clear when ¢ = 0, we have p( ) = 0.

®) _ (t)

T

P — 0 (1 f o (w0, E))o’ (W, €)]1€113

nmt

Suppose at iteration ¢, it holds that p,. ; = 0 Then by the propagation of p, ;, we have

M
— LS oW, €0 (WD, €)1 = 0.

Jj#i
On the other hand,
S S0 M g ) ) ¢ ®) &
107‘2 p'r7,+nm7_( 7 )U(<Wr a€z>) (<W >)||€ HQ

n;’W;W (W, €,))0" (WO, ENIE N3

; -
zﬁffz __n Z E;g-)a«wgt),ﬁj)) 1€;115

JE€Lr +

where the first equation is by 0'(<W7(nt), £))>0.

(3) In the case of ¢ € I(O) N 17(0_)’ we use induction to prove such claim. It is clear when ¢ = 0,
piol) = 0. Suppose at iteration ¢, we have ﬁfﬁz = 0. Then we have

1

(W.&) < S(WO. &) + 51 =
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Thus by the update of ,bf«t:rl).

P = B (1= £ )o(wl), €))0" (W0, €) €113

mT

M
—m’;;ezf? wi®),£,))o’ (%0, &,))IIE I3 = 0.

On the other hand,
1 n ~ =
pri ) = p£2+%<1 — D)o (W0,€))0" ((w!), €)) 1113
n /(t) <
W; (W, €,))0" (Wi, €)II€: 13,
J7

77 - ~
== | N a9 (W, E)) | 1I€;]13

nmr
i€,

<o,

where the first equation is by 0'(<W7(«t) , EJ) > 0.

(0 )

(4) Finally, in the case of © € I ffo)r, we have

v < \Ifﬁf2+i<1 — Mo (W, €)' (W, €))1€:13

nmTt

2
< g 1.05nogd (4
(X nmr [

Similarly, for the other modality,
VD < W (1= (D)o (wi,€0)0” (W0, €)) &3

nmtT
_ 1.05n02d
SR
’ nmTtT ’

Together, we can achieve that
1.05na§d

nmt

v B0 < (14 ) (@) + v, (47)

On the other hand size, we calculate the upper bound of \Ilgtz — \Ilf,tz as follows

W = = ) - W (1= (oW, €)e (w1, €)1 13

ot mT

_n /(t) (t) 1o (t) F <2
_ 1—¢ ) . .
(1 () (W, &))" (W)€
R0
R /(& () ¢ / (t) <2
iz 20BN (. I
n M
/(t ~ s s
+ L3 Do (6o (WO, EDIEN
T
0.96n02d ~ 1.01no2d C
No¢ (‘I,(t)_ _\117(2)4_ Noe¢ 4

<o) G0
- T nmT e ’ nmt M + 1(

(®) (t)
B+ By )
0.95n0%d
< (1 —_ L

nmt
where the first inequality is by Lemma|D.2]and Lemma DT} the second inequality is by induction
(@6). Therefore we conclude that

(W) o),

2
_095notd b o

T, 7, )

(48)

nmt
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Combining @7) and (@8) yields

1.05m02d ~ 0.95n02d
75)%@503 + \II(O)) + (1 A t(\I’(O)
nmTt ’ ’ nmTt
1.06n02d
1_"_ ! 3 t

nmt

vl <1+

ri =

D.1.3 Signal Learning: Proof of Lemma 5.4]

Before proving Lemma[5.4} we require the following lower bound for the initialization. Recall the
definition that A" = y(t) + (wSO), ) forr € L{_S_O), and AW = fyﬁt) <W7(~0), w) forr € U,

Similarly, we have AW fy(t) +(w (0), ) forr € U ) and ALY = %t) (wﬁo), n) forr € u”.
Lemma D.10. Suppose 6 > 0 and m > Q( ). Then with probability at least 1 — 6, we have

1 ~

— > (AD+ A /C,) > 0.200] 2

m ~
reu®nid(”

1 ~
— Y. (AP +AD/C) = 0200 |l

retd @ n'®

Proof of Lemma[D.10] We first note that W )y~ N(0,02||p]|3) and w9 5 o~

N(0,03]|12]|3). We define the event A = {r € [m] : <W£O),/J,> > 0, <v~v£0),ﬁ> > 0}. Then
we can compute

E[(w{”, u)L(A) + (W7, [1/C,) 1(A)]
= E[(w\”, ) 1(A)] + E[(W(”, i/C,)1(A)]
E[(w(”, i L((wi”, p) > 0)] + %E[<V~V$°)7 /C)L(w, 1) > 0)]

ool

V2r

where we use the independence of neurons in two modalities. Let S == > 1<w$0)7 wl(A) +

N | =

<v~v£o), 1/C,)1(A). Then we apply the sub-Gaussian concentration inequality that with probability
atleast 1 — §/2,

~ ~ mo ~
S (wO ) + (w0 [1/CL)) — — = ez | 650172y,
reA 27

Then suppose m = ﬁ(l) we have

1 Z w p) + (%O, 1/CL)) > 0.200]| 2.
TE.A

Similarly, we can show the same for the event where <W7(« ), u) <0, <w§ ), ) < 0 and taking the
union bound completes the proof. O

Proof of Lemma From the upper bound on noise memorization (@3), we take the maximum over
r, 1, which gives

o2dyt
maxlll(tz < (1 + 1.067775) maX\II( )
mT

TZ
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At the same time, for signal learning, from the lower bound on signal learning in Lemma [D.4] we
have for the first modality that

2 t ~
A® > (1 n %) (A® 4 AOc) 1
mT
Taking a summation over the r € uio) N ZL(_O), we obtain

1 4 2 t1 ~

Loy s (1+%) Loy a0 A00,) -1

(TR mr M @ i ®
reu$? i reu’? i

0.48n| l|2C,0 ¢
> (1 + %) 0.200]|]|2 — 1
mT

where the second inequality is due to Lemma|[D.10]

Under the SNR condition n - SNR? > 1.7and C, > 2.66, we can see there exists a scale difference
(t) 1 ®)
between max;. ; \Ilm and - Zreujr")mz]f) Ay at the end of first stage. Let

2
Ty = log (20/ (oo ]12)) / log (1 + 0.48(1”’7'7'7{;”2).

1 (t) oy . . . .. .
Then we have — ZT euf)mﬁf) Ay reach 3 within T iterations. Using similar analysis, we can

o, 1 2 et © ni© A also reach

T om

. 1 B t) 1 o
show at the same time - ZTEL{@ AG© Ay, pous Zreuf)muf) A
3.

On the other hand, we compute the scale of max,. ; \1'57;-1) as

2
O¢
T, nm

dnt
max ¥ < (1 + 1.067]—) 2v/log(8mn/d)ogoeVd
T T

2
log(1 + 1.0622:2)

nmTt

= exp
(log(l +0.480, 1kl )

log (20/(0—0||u||2)))2 log(8mn/d)oooeVd

0_2
< exp ((2.21/(Cun - SNR?) + O((Z—nif))Q) log (20/(a0||pll2)))2 log(8mn/d)ogoeVd
< exp ((2:21/(Cyn - SNR?) + 0.01) log (20/ (00 42]|2)) )2/ log (8mn /) ooe Vd
< exp (0.5log (20/(0o||l|2)) )2/ log(8mn /8)ogoe Vd

,/0'00'5\/(3
4log(8mn /o) +——m—
Vo8 Emn/0) e

=0(n'/?),
where we choose 7 sufficiently small for the second inequality. In third inequality, we have applied

the condition that nSNR? = O(1) and 09 < m The last inequality is by the SNR condition.

Because we can choose n > C'log(m/d) for sufficiently large constant C, max;. ; \Ilg.l) =o0(1). O

D.2 Second Stage

We first show a similar result as in Lemma[C.14] for both two modalities.
Lemma D.11. Under conditions, for 0 <t < T, we have

IVLs(W®)|[F < O(max{|ull3, 02d}) Ls (W),
IVLs(W)|[% < O(max{||fl13, o2d}) Ls (W)

Proof of Lemma|D.11] The proof follows from that of Lemma [C.14]and hence is omitted for clarity.
O
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For notation convenience, we let
Fo(W, Xi) = Simh,g (Xi, iz)/T

_ mi 3 o (e yip))se(o (W, yifi)

r=1
Fj (W, Xi) = Simhg (Xi, )Aij)/’l'
1

m
mT

Fo(W,X;) = Simg (X, %:) /7

m

= Y salos
Fj(W,%;) = Simg n(%, %;)/7
I C(

r=1

It is worth mentioning that F;(W,x;) =
terms of the derivatives.

‘We further denote

3\H

Slmh =3 (x1 7x1)/7—

= — 3" oWy yim) )ss(o ((Wr )
e gt (¥, i) + = > si(o

Wrayjp’>)) (<W7‘ayz

D+ s Dol )selo (. E0)

1 & -
E ;0’ W“s (<Wr7£j>))7 fOI'j = ]., ,M

m

(<WT7 £z>))a(<€v7‘7gz>)

(W, €))o (%, €;)), forj =1,..,. M

—I—stg

ﬁj (W, X;) in terms of numerical values. They differ in

Simh g(xi,ii)/‘r )

— 2% (
g Z 08 Slmhg (xi,%i)/T + ZZM Slmh e(xi,X5)/7

eFo(W,x;)

where L;(W) = —

gz

lo <
g eSimhyg(xi,xl /T+Z

23 (
n Simgn (%) /7 4 50T

Simg h(iz x7)/7—

i )
eSimn g (xi, x])/‘f) ©8 eFo(Wxi) 4 Z;\il eFi(W.xq)

Simg h(Xi,xi)/T )

Slmg n(Xix;)/T

eFo(WﬂNW)

where Ll(W) = —log (

L(W,V) = Lg(W) + Ls(W)

eSimg n(Xi %) /7 Z
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Here L(W, W) is the combined loss function for two modalities.

Let6, = 1ifr GZ/{J(FO),i.e. (w&o),m >0and 6, = —1ifr GZ/I( )i
—1ifreu¥

we let §T =1lifre Z]io) and 9,« =

w =w" + 27 log(2M/e) - 6

wr=w 4 2rlog(2M/e) - 6, -

(wﬁo), ) < 0. Similarly,

. Then we define
u

)

"l

[ V1V

= B

3

Lemma D.12. UnderAssumption we have |[WT) —W*||p < O(m'/2|| |7 ") and W (T —

W*r < O(m'2|al;")

Proof of Lemma|D.12] The proof follows exactly the same as the proof in single-modal case. we
include it here for completeness. Without loss of generality, we focus on the case for W(T1),

By the scale difference at 77, we have
HW(Tl)

(Tl)

—WHp < HW(TI) _

Z lullz
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< O(ml|plly") + O(nmayg) + O(m'/?log(1/e)l|psll5 )
< O(m* 2|5 ")

where the first inequality is by triangle inequality and the second inequality is by decomi osition of

W (T1) and W*. The third inequality is by the bound on 7( ™) and prﬁl) and Lemma|B.5| The last
inequality is by condition on oy. O

Lemma D.13. Under Assumption we have for all t € [T1,T*],
(VEy(W®,x,), W*) > 2log(2M]e)
(VE;(W® %), W*) <log(2M/e), forj =1,..., M
(VE(W®, x;), W*) > 21og(2M/e>
(VF; (W x;), W*) < log(2M]/e), for j =1,.., M

Proof of Lemma([D.I3] The proof follows similarly from Lemma [C.16]and here we only show the

result for the first modality. Based on the definition of W* and F;(W ("), x;), we can derive for
J=0,

<VFo( W x;), W)

—Zv Fo(WO x,), w)

1 m m

= S U ) (S0, i) (v i)+~ Do (w0 € (W0, €0 (wy )
r=1 r=1
= % > o' (W yip)) o (W, y;m)) (<W§°)7 Yim) + 27—10g(2M/6)9ryi)
r=1
S (w0, € (W9, €0)) (w2, €) + 270, lo(2M/e) €, o) 1457
r=1
> S o (w yaa) o (W0, yii))2r 108 (M/e)0,: — —— > o (510, i) ) Ol 1)
r=1 r=1
I Iy
3 o0, E))2r og(2M /0o lls) ~ 3 (W10, E))Oo00e VD).
r=1 r=1
I3 N

First, we can bound I, < O(o||p2), Is < log(2M/ )O (U§||H||2 ), I4 < 5(0005\/@ by the
global bound on o (W', €,)), o (W, g 1)) = O(1).

Further, we lower bound I as follows. Without loss of generality, we suppose y; = 1, then we have

Lz Y o((W,i)2r log(2M/e) > 4log(2M/e)

mr N
reu’? nul”

where the last inequality is by Lemma and the monotonicity of %t).

Then we can obtain
(VEy (W x;), W*) > 4log(2M/e) — I, — Is — I — 4 > 2log(2M /e).
The proof for F} (W® ' W*) follows the same argument as in Lemma O
Lemma D.14. Under Assumption .1 we have for all t € [Ty, T*],
WO = W7+ [WO = W[~ WD = W, — [WEH = W[ > nL(W, W) — 2ne
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Proof of Lemma[D14) First, we see that L(W®), W) = LS(W(”) + Ls(W®) is decompos-
able in terms of W) and W) This suggests that VwL(W® W®) = VLg(W®) and

Vg L(W®, W®) = VLg(W®). Then following similar analysis as in Lemma , we can first
show

(F;(W® x)), W) = F;(W® x;), for j =0,..., M, (49)
(F;(W®, %), W) = F;(W® %), forj =0,..., M. (50)
Then by the gradient descent update
W — W7 — [WED — W%
= 277<VLs( D), W — W) —?||VLs (W) %

=20 ” (WO x, (®) * 2 ONE
- ZZE)F W(t)x)<VFJ(W ). WO = W) 2 VLs (W) 3

:ﬂiMLW”)
n

By (5 W) = (VE (W), W) = [V s (W)

<.

2y D (W 2log(2M o~ _OL(WY) lox(2M
n;(ﬁFo t)xz)((’( Xi) — 2log(2M¢)) +Zm(( ;) — log( /6)))

- ||VLS(W“>)||2

| \/

N 277 )+ logl e2log(2M /) )) B 2HVL ( (t))||2
= E: OB\ 210g(2M/e) 1 ) [elos(2M /) n s(W F
_ 277 1 - 2 L (t) 2
- }j og(1+ 5)) ~ IV Ls (W) 3

> T]Ls(W(t)) — ne

where the third equality is by @#9). The first inequality is by Lemma[D.T3] The second inequality is
due to the convexity of negative log-Softmax function. The last inequality is by Lemma[D.T1] (and
the conditions on 7) and log(1 + z) < x for x > 0.

Similarly, we can show the same for the other modality as
WO — W[ — WD = W[5 > nLs (W) — e

Combining the two results completes the proof. O

(T1) _w* W) _ W
Lemma D.15. Under Assumption let T'"="T) + L”W now ”%;HW oW H%J =T +

6(mn’16*1||u||2_2). Then we have max, ; |p£t2\ < 09o¢Vd and max, ; |Z)§t2| < agoeVd for all
t € [T1,T). In addition, we have forall Ty <t < T,

. . .
L n o g < IWT - W W
_— L(W® W) < £ E 1 2.
t*T1+lsZT ( ’ )< n(t—Ty+1) e
Therefore, we can find an iterate (W), \A?\//'(S))for s € [Th, T| with training loss smaller than 3e.

Proof of Lemma|D.15] By Lemma|D.14] for t € [Ty, T, we have for any s < ¢
W — W[+ [WE = W —

(WD — W3 — [[WEHD — W[5 > pL(WS), W) — 2ne.
Summing the inequality yields

iﬂw@ Ty < IV = W+ [ WD = W+ 20e(t = T3 +1)

s=T1 n
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Dividing both sides by ¢ — T} + 1 and setting ¢t = T gives
t —_—
Z L(W® W)

s=T4

1

W W+ WD - W3
T-T;+1 -

2e < 3e.
0T =T +1) + 2e < 3e

D.3 Downstream Task Performance

Recall that after the pre-training stage on the training data at time 7, the signal learning and noise
memorization satisfy

mTaxAs,T) =Q(1),
max \I/g) = O(1/+/n) fori € [n).
Then, on the downstream task, the corresponding embedding can be calculated as follows:
B (xied) = o (Wil x(ely)) = Q(1/Vad),
he(xi2h) = o((wi xi2)) = O(1/Vin).

Then, it is straightforward to check that the embedding of a finite size of samples during the fine-tuning
stage is linearly separable. Thus, the downstream task performance follows Lp,,., (T*) = o(1).

E Additional Experimental Details

We implement our methods using PyTorch. For the software and hardware configurations, we ensure
consistent environments for each dataset. We run all the experiments on Linux servers with NVIDIA
V100 graphics cards and CUDA 11.2, completing them within one hour.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction clearly outline the primary contributions of the
paper, including the theoretical advancements in optimization and generalization analysis of
multi-modal contrastive learning and single-modal contrative learning.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We have discussed the limitation of this work in Section [Z1
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: We have provided all assumptions in Assumption in the main paper. The
proof sketch and complete proof are provided in Section [5|and Appendices[C|and

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We have provided the complete configuration in Section [6] We have also
uploaded the code in the supplementary material.

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We have uploaded the code with instructions in the supplementary material.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We have provided all the training and test details in Section [6]and uploaded
code.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We plot 1-sigma error bar for results shown in Figure[T]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We have provided sufficient information about computer resources in Appendix

El
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research does not involve any human subjects, personal data, or interactions
that would raise ethical concerns about consent, privacy, or respect for persons. In conclusion,
the research aligns with the ethical principles outlined in the NeurIPS Code of Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We have discussed the broader impacts in Section [A]
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the asshts?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
* Including this information in the supplemental material is fine, but if the main contribu-

tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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