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Abstract

Determinantal point processes (DPPs) are random configurations of points with
tunable negative dependence. Because sampling is tractable, DPPs are natural can-
didates for subsampling tasks, such as minibatch selection or coreset construction.
A coreset is a subset of a (large) training set, such that minimizing an empirical
loss averaged over the coreset is a controlled replacement for the intractable min-
imization of the original empirical loss. Typically, the control takes the form of
a guarantee that the average loss over the coreset approximates the total loss uni-
formly across the parameter space. Recent work has provided significant empirical
support in favor of using DPPs to build randomized coresets, coupled with interest-
ing theoretical results that are suggestive but leave some key questions unanswered.
In particular, the central question of whether the cardinality of a DPP-based coreset
is fundamentally smaller than one based on independent sampling remained open.
In this paper, we answer this question in the affirmative, demonstrating that DPPs
can provably outperform independently drawn coresets. In this vein, we contribute
a conceptual understanding of coreset loss as a linear statistic of the (random)
coreset. We leverage this structural observation to connect the coresets problem to
a more general problem of concentration phenomena for linear statistics of DPPs,
wherein we obtain effective concentration inequalities that extend well-beyond
the state-of-the-art, encompassing general non-projection, even non-symmetric
kernels. The latter have been recently shown to be of interest in machine learning
beyond coresets, but come with a limited theoretical toolbox, to the extension
of which our result contributes. Finally, we are also able to address the coresets
problem for vector-valued objective functions, a novelty in the coresets literature.

1 Introduction

Let X = {xi | i ∈ J1, nK} be a set of n points in a Euclidean space, called the data set. Let F be a
set of nonnegative functions on X , called queries. Many classical learning problems, supervised or
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unsupervised, are formulated as finding a query f∗ in F that minimizes an additive loss function of
the form

L(f) :=
∑
x∈X

µ(x)f(x), (1)

where µ : X → R+ is a weight function.
Example 1 (k-means). For X ⊂ Rd and k ∈ N, the goal of k-means clustering is to find a set C∗ of
k “cluster centers" by minimizing (1) over

F =

{
fC : x 7→ min

q∈C
∥x− q∥22 | C ⊂ Rd, |C| = k

}
.

Here, each query f is indexed by a set of k cluster centers, and the loss (1) is the quantization error.
Example 2 (linear regression). When X = {xi := (yi, zi) | i ∈ J1, nK} ⊂ Rd+1, linear regression
corresponds to minimizing (1) over

F =
{
(y, z) 7→ (a⊤y + b− z)2 | a ∈ Rd, b ∈ R

}
.

Penalty terms can be added to each function, to cover e.g. ridge or lasso regression.

In many machine learning applications, the complexity of the corresponding optimization problem
grows with the cardinality n of the dataset. When n ≫ 1 makes optimization intractable, one is
tempted to reduce the amount of data, using only a tractable number of representative samples. This
is the idea formalized by coresets; we refer to (Bachem, Lucic, and Krause, 2017) for a survey, and
to (Huang, Li, and Wu, 2024; Cohen-Addad, Larsen, Saulpic, Schwiegelshohn, and Sheikh-Omar,
2022) for specific coreset constructions for k-means and Euclidean clustering. An ε-coreset is a
subset S ⊂ X , possibly with corresponding weights ω(x), x ∈ S, such that

LS(f) :=
∑
x∈S

ω(x)f(x) (2)

is within ε of L(f), uniformly in f ∈ F . If the cardinality m of S is significantly smaller than the
intractable size n of the original data set, one has reduced the complexity of the algorithm at a little
cost in accuracy.

Many randomized coreset constructions, where such guarantees are shown to hold with large proba-
bility, are built by drawing elements independently from the data set X (Bachem et al., 2017, Chapter
3). Because a representative coreset should intuitively be made of diverse data points, negative
dependence between the coreset elements has been proposed as an effective possibility to improve
their performance (Tremblay, Barthelmé, and Amblard, 2019). In particular, the authors advocate the
use of Determinantal Point Processes (DPPs), a family of probability distributions over subsets of X
parametrized by an n × n kernel matrix K that enforces diversity, all of this while coming with a
polynomial-time exact sampling algorithm.

Tremblay et al., 2019 give extensive theoretical and empirical justification for the use of DPPs in
randomized coreset construction. In one of their key results, using concentration results in (Pemantle
and Peres, 2011), Tremblay et al., 2019 bound the cardinality of a DPP-based ε-coreset, and their
bound is O(ε−2). However, it is known that the best ε-coresets built with independent samples are
also of cardinality O(ε−2). Thus, the crucial question of whether DPP-based coresets can provide
a strict improvement remained to be settled; given the computational simplicity of independent
schemes, this would be fundamental to justify the deployment of DPP-based methods.

In this paper, we settle this question in the affirmative, demonstrating that for carefully chosen kernels,
DPP-based coresets provably yield significantly better accuracy guarantees than independent schemes;
equivalently, to achieve similar accuracy it suffices to use significantly smaller coresets via DPPs. In
particular, we will show that DPP-based coresets actually can achieve cardinality m = O(ε−2/(1+δ)).
The quantity δ depends on the variance of the subsampled loss under the considered DPP, and some
DPPs yields δ > 0. A cornerstone of our approach is a structural understanding of the coreset loss (2)
as a so-called linear statistic of the random point set S , which enables us to go beyond earlier results
that were based on concentration properties of general Lipschitz functions of a DPP (Pemantle and
Peres, 2011).

In this endeavour, we obtain very widely-applicable concentration inequalities for linear statistics of
DPPs compared to the state of the art; cf. (Breuer and Duits, 2013) that mostly focuses on scalar-
valued statistics for finite rank ensembles on R. In particular, we are able to address all DPPs that
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have appeared so far in the ML literature. Specifically, our results are able to handle non-symmetric
kernels and vector-valued linear statistics.

DPPs with non-symmetric kernels have recently been shown to be of significant interest in machine
learning, such as recommendation systems (Gartrell, Brunel, et al., 2019; Gartrell, Han, et al., 2020;
Han et al., 2022), but they come with a limited theoretical toolbox, to which this paper makes a
contribution. On the other hand, vector-valued statistics arise naturally in many learning problems,
including coreset settings such as the gradient estimator in Stochastic Gradient Descent (Bardenet,
Ghosh, et al., 2021). However, the literature on coresets for vector-valued statistics is scarce, and in
this paper we inaugurate their study with effective approximation guarantees via DPPs.

The rest of the paper is organized as follows. Section 2 contains background on DPPs and coresets.
Section 3 contains our contributions. Section 4 provides numerical illustrations. Section 5 contains a
discussion on limitations and future work.

2 Background

We introduce here the two key notions of determinantal point process and coreset, and observe that a
coreset guarantee is a uniform control over specific linear statistics of a point process.

Determinantal point processes. A point process S on a Polish space X is a random locally finite
subset of X . Given a reference measure µ on X (e.g., the Lebesgue measure if X = Rd or the
counting measure if X is discrete), a point process S is called a DPP (w.r.t. µ) if there exists a
measurable function K : X × X → C such that

E
[∑

̸=

f(xi1 , . . . , xik)
]
=

∫
Xk

f(x1, . . . , xk) det[K(xi, xj)]k×k dµ
⊗k(x1, . . . , xk), (3)

where the sum in the LHS ranges over all pairwise distinct k-tuples of the random locally finite subset
S, for all bounded measurable f : X k → R and for all k ∈ N. Such a function K is called a kernel
for the DPP S, and µ is called the background measure.

When the ground set X is of finite cardinality n, an equivalent but more intuitive way to define DPPs
is as follows: a random subset S of X is called a DPP if there exists an n× n-matrix K such that

P(T ⊂ S) = det[KT ], ∀ T ⊂ X ,

where KT denotes the submatrix of K with rows and columns indexed by T .

In a similar vein to Gaussian processes, all the statistical properties of a DPP are encoded in this
kernel function K and background measure µ. A feature of DPPs with far-reaching implications
for machine learning is that sampling and inference with DPPs are tractable. We refer the reader
to (Hough et al., 2006; Kulesza and Taskar, 2012) for general references. Originally introduced in
electronic optics (Macchi, 1975), they have been turned into generic statistical models for repulsion in
spatial statistics (Lavancier et al., 2014; Biscio and Lavancier, 2017) and machine learning (Kulesza
and Taskar, 2012; Belhadji et al., 2020a; Brunel, 2018; Derezinski and Mahoney, 2019; Derezinski,
Liang, et al., 2020; Gartrell, Brunel, et al., 2019; Ghosh and Rigollet, 2020).
Example 3 (L-ensemble and m-DPP). Let X be a finite set of cardinality n, µ be the counting
measure, and L be a positive semi-definite n× n-matrix. The L-ensemble with parameter L is the
point process S on X such that, for all T ⊂ X , P(S = T ) ∝ det[LT ], where LT is the square
submatrix of L corresponding to the rows and columns indexed by the subset T . It can be shown
that S is a DPP on X with kernel K := L(I + L)−1. In general, the cardinality of S is a random
variable. By conditioning on the event {|S| = m}, we obtain the so-called m-DPPs (Kulesza and
Taskar, 2012).
Example 4 (Multivariate OPE; Bardenet and Hardy, 2020). Let X = Rd and µ be a measure on
Rd having all moments finite, let (pk)k∈Nd be the orthonormal sequence resulting from applying the
Gram-Schmidt procedure to the monomials xk1

1 . . . xkd

d , taken in the graded lexical order. The kernel
K

(m)
µ (x, y) :=

∑m−1
k=0 pk(x)pk(y) then defines a projection DPP on Rd, called the multivariate

Orthogonal Polynomial Ensemble (OPE) of rank m and reference measure µ.

Multivariate OPEs were used in (Bardenet and Hardy, 2020) as nodes for numerical integration,
leading to a Monte Carlo estimator with mean squared error decaying in m−1−1/d, faster than under
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independent sampling. In (Bardenet, Ghosh, and Lin, 2021), the authors investigated the problem
of DPP-based minibatch sampling for Stochastic Gradient Descent (SGD), and exploited a delicate
interplay between a finite dataset and its ambient data distribution to leverage this fast decay for
improved approximation guarantees. In particular, they proposed the following DPP defined on a
(large) finite ground set.
Example 5 (Discretized multivariate OPE; Bardenet, Ghosh, et al., 2021). Let n ∈ N and X =

{x1, . . . , xn} ⊂ [−1, 1]d. Let q(x)dx be a probability measure on [−1, 1]d. Let K(m)
q be the

multivariate OPE kernel of rank m with reference measure q(x)dx, as defined in Example 4. Let
γ̃ : [−1, 1]d → R+ be a function, assumed to be positive on X , and consider

K
(m)
q,γ̃ (x, y) :=

√
q(x)

γ̃(x)
K(m)

q (x, y)

√
q(y)

γ̃(y)
, x, y ∈ [−1, 1]d.

Consider then the n × n matrix K̃ = K
(m)
q,γ̃ |X×X . K̃ is symmetric and positive semidefinite, and

we let K be the matrix with the same eigenvectors, the m largest eigenvalues replaced by 1, and the
remaining eigenvalues replaced by 0. Then K defines a DPP on X .

Coresets. Let ε > 0 and X be a set of cardinality n. The classical definition of a coreset is
multiplicative.
Definition 1 (multiplicative coreset). A subset3 S ⊂ X is an ε-multiplicative coreset if

∀f ∈ F ,

∣∣∣∣LS(f)

L(f)
− 1

∣∣∣∣ ≤ ε, (4)

where L and LS are respectively defined in (1) and (2).

An immediate and important consequence of (2) is that the ratio of the minimum value of LS by that
of L is within O(ε) of 1 (Bachem et al., 2017, Theorem 2.1).

One way to satisfy (2) with high probability for a single f is through importance sampling, taking S
to be formed of m > 0 i.i.d. samples from some instrumental density q on X , and taking ω = µ/q in
(2). Langberg and Schulman, 2010 showed that a suitable choice of q actually yields the uniform
guarantee (2). It suffices to take for instrumental pdf q(x) ∝ µ(x)s(x), where s upper-bounds the
so-called sensitivity

s(x) ≥ sup
f∈F

f(x)∑
y∈X µ(y)f(y)

, ∀x ∈ X . (5)

For δ > 0, k ≥ S2

2ε2 log 2/δ independent draws are then enough to build an ε-multiplicative coreset,
where S =

∑
x∈X µ(x)s(x); see (Bachem et al., 2017)[Section 2.3]. The tighter the bound (5), the

smaller the size of the coreset. One important limitation is that finding a tight bound is nontrivial.

Although not standard, a natural alternative definition of a coreset is that of an additive coreset.
Definition 2 (additive coreset). A subset S ⊂ X is an ε-additive coreset if

1

n
|LS(f)− L(f)| ≤ ε, ∀f ∈ F . (6)

Note the arbitrary scaling factor 1/n in (6) compared to (2), which we adopt to simplify comparisons
between the two coreset definitions. With an additive coreset, the minimal value of LS is guaranteed
to be within ±nε of the minimal value of L: Similarly to a multiplicative coreset, with ε suitably
small one should be happy to train one’s algorithm only on S.

Coreset guarantee and linear statistics. Let S be a point process on a finite X = {x1, . . . , xn}.
For a test function φ : X → R, we denote by Λ(φ) :=

∑
x∈S φ(x) the so-called linear statistic of

φ. In a coreset problem, for a query f ∈ F , the estimated loss LS(f) in (2) is the linear statistic
Λ(ωf). When S is a DPP with a kernel K on X (w.r.t. the counting measure), we will choose the
weight ω(x) = K(x, x)−1, where for x = xi ∈ X , we define K(x, x) to be Kii. By (3), this choice
makes LS(f) an unbiased estimator for L(f). Guaranteeing a coreset guarantee such as (6) with high
probability thus corresponds to a uniform-in-f concentration inequality for the linear statistic Λ(ωf).
This motivates studying the concentration of linear statistics under a DPP, to which we now turn.

3Note that we defined a coreset as a subset and not a sub-multiset of X , thus ignoring multiplicity. This is
because we allow weights in (2), so that repeated items are unnecessary in a coreset.

4

84332https://doi.org/10.52202/079017-2679



3 Theoretical results

We first give new results on the concentration of linear statistics under very general DPPs. These
results are of interest in their own right, and should find applications in ML beyond coresets. Next we
examine the implications of the concentration of linear statistics for coresets, showing that a suitable
DPP does yield a coreset size of size o(ε−2), thus beating independent sampling.

Concentration inequalities for linear statistics of DPPs. We start with Hermitian kernels.
Theorem 1 (Hermitian kernels). Let S be a DPP on a Polish space X with reference measure µ and
Hermitian kernel K. Then for any bounded test function φ : X → R, we have

P(|Λ(φ)− E[Λ(φ)]| ≥ ε) ≤ 2 exp
(
− ε2

4AVar [Λ(φ)]

)
, ∀0 ≤ ε ≤ 2AVar [Λ(φ)]

3∥φ∥∞
,

where A > 0 is a universal constant.

Our Theorem 1 is similar in spirit to a seminal concentration inequality by Breuer and Duits, 2013.
However, their result only applies to DPPs with Hermitian projection kernels of finite rank. We
emphasize that our Theorem 1 is applicable to all Hermitian kernels on general Polish spaces.

In view of recent interest in machine learning on DPPs with non-symmetric kernels, we present
here a concentration inequality for such DPPs. We propose a novel approach to control the Laplace
transform in the non-symmetric case (which can also be applied to the symmetric setting). As a
trade-off, the range for ε becomes a bit smaller. For simplicity, we present the result for a finite
ground set, but the proof applies more generally.
Theorem 2 (Non-symmetric kernels). Let S be a DPP on a finite set X = {x1, . . . , xn} with a
non-symmetric kernel K. Then for any bounded test function φ : X → R, we have

P(|Λ(φ)−E[Λ(φ)]| ≥ ε) ≤ 2 exp
(
− ε2

4Var [Λ(φ)]

)
,∀0 ≤ ε ≤ Var [Λ(φ)]2

40∥φ∥3∞ ·max(1, ∥K∥2op) · ∥K∥∗
,

where ∥ · ∥op denotes the spectral norm and ∥ · ∥∗ denotes the nuclear norm of a matrix.
Remark 2.1. For simplicity, we will use the concentration inequality in Theorem 1 from now on.
However, we keep in mind that we always can apply Theorem 2 to deduce analogous results for
non-symmetric kernels.

We conclude with a concentration inequality for linear statistics of vector-valued functions.
Theorem 3 (Vector-valued statistics). Let S be a DPP on a Polish space X with reference measure
µ and Hermitian kernel K. Let Φ = (φ1, . . . , φp)

⊤ : X → Rp be a vector-valued test function,
and we denote by Λ(Φ), V(Φ) the vectors (Λ(φi))

p
i=1 and (Var [Λ(φi)]

1/2
)pi=1, respectively. Let

∥x∥2ω :=
∑p

i=1 ω
2
i |xi|2 be a weighted norm on Rp for some weights ω1, . . . ωp ≥ 0. Then, for some

universal constant A > 0, we have

P(∥Λ(Φ)− E[Λ(Φ)]∥ω ≥ ε) ≤ 2p exp
(
− ε2

4A∥V(Φ)∥2ω

)
,

for 0 ≤ ε ≤ 2A∥V(Φ)∥ω

3 min1≤i≤p

√
Var[Λ(φi)]

∥φi∥∞
·

DPPs for coresets. We demonstrate the effectiveness of concentration inequalities for linear
statistics of DPPs in the coresets problem, achieving uniform approximation guarantees over function
classes. To accommodate as many ML settings as possible, we shall consider two natural types of
function classes: vector spaces of functions (A.1) and parametrized function spaces (A.2).

For vector spaces of functions, we assume that

dim spanR(F) = D < ∞ for some D. (A.1)

This assumption covers common situations like linear regression in Example 2, where we observe
that each f ∈ F is a quadratic function in (d+ 1) variables. Thus the dimension of the linear span of
F is at most (d+1)2+(d+1)+1. Another popular class of queries, originating in signal processing
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problems, is the class of band-limited functions. A function f : Td 7→ R (where Td denotes the
d-dimensional torus) is said to be band-limited if there exists B ∈ N such that its Fourier coefficients
f̂(k1, . . . , kd) = 0 whenever there is a kj such that |kj | > B. It is easy to see that the space F of
B-bandlimited functions satisfies dimF ≤ (2B + 1)d.

Another common scenario is when F is parametrized by a finite-dimensional parameter space:

F = {fθ : θ ∈ Θ}, where Θ is a bounded subset of RD for some D, (A.2)

∥fθ − fθ′∥∞ ≤ ℓ∥θ − θ′∥ for some ℓ > 0, uniformly on Θ. (A.3)

Conditions (A.2) and (A.3) cover e.g. the k-means problem of Example 1, as well as (non-)linear
regression settings. For k-means, for instance, each query is parametrized by its cluster centers
C = {q1, . . . , qk}, which can be viewed as a parameter (q1, . . . , qk) ∈ Rkd.

Finally, with the idea in mind to derive multiplicative coresets from additive ones, we note that since
L(f) is typically of order n (for any f whose effective support covers a positive fraction of the ground
set), it is natural to assume that

1

n
|L(f)| ≥ c, for some c > 0, uniformly on F . (A.4)

Theorem 4. Let S be a DPP with a Hermitian kernel K on a finite set X = {x1, . . . , xn} and
m = E[|S|]. Assume that for all i ∈ {1, . . . , n}, Kii ≥ ρ ·m/n for some ρ > 0 not depending on
m,n. Let V ≥ supf∈F Var

[
n−1LS(f)

]
. Under (A.1) and (A.4),

P
(
∃f ∈ F :

∣∣∣LS(f)

L(f)
− 1

∣∣∣ ≥ ε
)
≤ 2 exp

(
6D − c2ε2

16AV

)
, 0 ≤ ε ≤ 4AρmV

3c supf∈F ∥f∥∞
·

Assuming (A.2), (A.3), (A.4) and |S| ≤ B ·m a.s. for some B > 0, we have

P
(
∃f ∈ F :

∣∣∣LS(f)

L(f)
− 1

∣∣∣ ≥ ε
)
≤ 2 exp

(
CD −D log ε− c2ε2

16AV

)
, 0 ≤ ε ≤ 4AρmV

3c supf∈F ∥f∥∞
·

Here A > 0 is a universal constant and C = C(Θ, B, ρ, ℓ, c) > 0 is some constant.

Remark 4.1. For a bounded query f , Var
[
n−1LS(f)

]
= O(m−1) for i.i.d. sampling. In compari-

son, sampling with DPPs often yields smaller variance for linear statistics, in O(m−(1+δ)) for some
δ > 0; see Section 3 for an example. Thus, the upper bound for the range of ε for which we could
use our concentration result is O(m−δ). Plugging in ε = m−α for α ≥ δ gives the upper bounds
2 exp(6D − C ′m1+δ−2α) and 2 exp(CD + αD logm− C ′m1+δ−2α) respectively (C and C ′ are
some positive constants independent of m and n), which both converge to 0 as m → ∞ as long as
α < (1 + δ)/2. In other words, the accuracy rate ε can be chosen to be as small as m−1/2−δ′/2, for
any 0 < δ′ < δ, which is strictly smaller than the best accuracy rate m−1/2 of i.i.d. sampling.

Remark 4.2. For i.i.d. sampling S with expected size m, P(x ∈ S) = m/n for all x ∈ X . For a
DPP S with kernel K, one has P(xi ∈ S) = Kii. Thus, assuming that for all i, Kii ≥ ρ ·m/n for
some ρ > 0 means that every point in the dataset X should have a reasonable chance to be sampled.
This also guarantees that the estimated loss LS(f) =

∑
x∈S f(x)/K(x, x) will not blow up, where

for x = xi ∈ X , we write K(x, x) for Kii.

Remark 4.3. For the parametrized function spaces, the assumption |S| ≤ B · m a.s. is not
strictly necessary, and is introduced here only for the sake of simplicity in presenting the results. A
version of Theorem 4 without this assumption will be discussed in Appendix A.4. In fact, we only
need n−1

∑
x∈S K(x, x)−1 to be bounded with high probability, which follows from the condition

K(x, x) ≥ ρ ·m/n and the fact that |S| is highly concentrated around its mean m.

Remark 4.4. However, we remark that the assumption |S| ≤ B ·m a.s. holds for most kernels of
interest; DPPs with projection kernels being typical and significant examples. In machine learning
terms, it entails that the coresets are not much bigger than their expected size m; whereas in practice,
sampling schemes typically produce coresets of a fixed size (such as with projection DPPs).

Remark 4.5. It is straightforward to derive a version for additive coresets from Theorem 1. In fact,
we will not need assumption (A.4) in the additive setting.
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For the coresets problem for vector-valued functions, let F consist of f : X → Rp. For each f ∈ F ,
we denote by LS(f), L(f) and V(f) the vectors in Rp whose i-coordinates are LS(fi), L(fi) and
Var

[
n−1LS(fi)

]1/2
, respectively. Let ∥x∥2ω :=

∑p
i=1 ω

2
i |xi|2 be a weighted norm on Rp.

Theorem 5. Let S be a DPP as in Theorem 4. Let V ≥ supf∈F max1≤i≤p ω
2
i Var

[
n−1LS(fi)

]
.

Assuming (A.1), then

P
(
∃ f ∈ F :

1

n
∥LS(f)− L(f)∥ω ≥ ε

)
≤ 2p exp

(
6D − c2ε2

16AV

)
,

where 0 ≤ ε ≤ 4AρmV
3c · (supf∈F maxi=1,...,p ∥fi∥∞)−1.

Application: Discretized multivariate OPE. We revisit Example 5. It has been shown in (Bardenet,
Ghosh, et al., 2021) that sampling with the DPP S constructed in this example yields significant
variance reduction for a wide class of linear statistics on X . To be more precise, in their setting,
X = {x1, . . . , xn} is a random data set, where xi’s are i.i.d. samples from a distribution γ with
support inside a d-dimensional hypercube; γ̃ is a density estimator for γ and q(x)dx is a reference
measure on that hypercube. The DPP S is then defined by the kernel K in Example 5 w.r.t. the
empirical measure n−1

∑
x∈X δx. We normalize the kernel by setting K̂ := n−1K, so that S is a

DPP with kernel K̂ w.r.t. the counting measure on X . Then, under some mild assumptions on γ̃ and
q(x)dx, with high probability in the data set X , we have Var

[
n−1LS(f)

]
= O(m−(1+1/d)) for any

test function f satisfying some mild regularity conditions. For more details, we refer the reader to
(Bardenet, Ghosh, et al., 2021).

The significant reduction on the variance of linear statistics motivates us to apply Theorem 4 to this
setting. We also remark that all assumptions on the kernel in Theorem 4 are satisfied for K̂ with high
probability in the data set X (see Appendix A.6). Let F be a family of test functions on X satisfying
regularity conditions as in Bardenet, Ghosh, et al., 2021. Then we can state:

Theorem 6. For ε = O(m−1/d), w.h.p. in the data set X , we have

PS

(
∃f ∈ F :

∣∣∣LS(f)

L(f)
− 1

∣∣∣ ≥ ε
)
≤ 2 exp

(
6D − C ′ε2m1+1/d

)
, assuming (A.1) ,

and

PS

(
∃f ∈ F :

∣∣∣LS(f)

L(f)
−1

∣∣∣ ≥ ε
)
≤ 2 exp

(
CD−D log ε−C ′ε2m1+1/d

)
, assuming (A.2), (A.3),

where PS indicates the randomness only in S and C,C ′ > 0 do not depend on m,n.
Remark 6.1. Theorem 6 confirms the discussion in Remark 4.1 for this particular example of DPP.
More precisely, Theorem 6 implies that, with probability tending to 1, sampling with this DPP gives
|LS(f)/L(f)− 1| ≤ m−( 1

2+
1
2d )

−
, ∀f ∈ F , where ( 12 + 1

2d )
− denotes any positive number strictly

smaller than 1
2 + 1

2d . Meanwhile, for i.i.d. sampling, the accuracy rate ε is at best m−1/2.
Remark 6.2. It may be noted that, DPPs being Hilbert space-based models, they interact well with
linear projection based methods. As such, our method can be applied on dimensionally reduced data,
wherein the d in Remark 6.1 can be taken to be the reduced dimension, which is usually quite small.
As such, the improvement in the approximation guarantees is substantial, especially for large scale
problems entailing large m.

4 Experiments

In this section, we compare randomized coresets for the k-means problem of Example 1, on different
datasets. One virtue of k-means as a benchmark is that asymptotically tight upper-bound on sensitivity
(5) can easily be computed (Bachem et al., 2017, Lemma 2.2).

Competing approaches. We compare 6 different coreset samplers.4 Each sampler takes as input a
finite dataset X , an integer m, and sampler-specific parameters. It returns a random subset S ⊂ X of

4The link to a GitHub repository is temporarily hidden for anonymity.
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cardinality m. For the associated weight function ω in (2), we always take the inverse of the marginal
probability of inclusion, i.e. ω(x) = 1/P(x ∈ S).
The first two baselines use independent sampling. The uniform method returns m samples from
X , uniformly and without replacement, and runs in O(m). The second method, sensitivity, is
specific to the k-means problem. It corresponds to the classical sensitivity-based importance sampling
coreset of Langberg and Schulman, 2010 described in Section 2. It runs in O(nk + nm).

The rest of the methods use negative dependence. The third method, termed G-mDPP, uses an m-DPP
sampler where the likelihood kernel is a Gaussian kernel, with adjustable bandwidth denoted by h.
It is basically Algorithm 1 of Tremblay et al., 2019, except we do not approximate the likelihood
kernel using random features. We prefer avoiding approximations in this paper to isolatedly probe
the benefit of negative dependence, but our choice comes at the cost O(n3) of performing SVD as a
preprocessing, in addition to the usual O(nm2) sampling time. Similarly, we compute the marginal
probabilities of inclusion of m-DPPs exactly, via Equation (205) and Algorithm 7 of Kulesza and
Taskar, 2012. These costly steps will likely be approximated in real data applications; see the
discussion of complexity to Section 5. The fourth method, OPE, is the discretized OPE of Example 5.
We take q to be a product of univariate beta pdfs, with parameters tuned to match the marginal
moments of the dataset, as in (Bardenet, Ghosh, et al., 2021). We take γ̃ to be a kernel density
estimator (KDE) built on X , using the Epanechnikov kernel, with Scott’s bandwidth selection method,
as implemented in the scikit-learn package (Pedregosa et al., 2011). When KDE estimation
is precomputed as in our experiments, the method runs in O(nm2), and O(n2 + nm2) otherwise.
Note that there is no cubic power of n, as one can perform the eigenvalue thresholding in Example 1
by a reduced SVD of the m × n feature matrix (pk(xi)). The fifth method, termed Vdm-DPP, is
Algorithm 2 of Tremblay et al., 2019, which runs in O(nm2). It is an OPE in the sense of Example 4,
but where the reference measure µ is the discrete empirical measure of the dataset. Although we
have no result on how its linear statistics scale, its similarity with the discretized OPE, as well as
its numerical performance in the experiments of Tremblay et al., 2019, make us expect Vdm-DPP to
behave similarly to OPE. The sixth method, stratified, is a stratified sampling baseline limited
to the case where X ⊂ [−1, 1]d and X is “well-spread". It partitions [−1, 1]d into a grid of m bins,
and then independently draws one element uniformly in the intersection of X with each bin. It is a
special case of projection DPP, which runs in O(nm) and has obvious pitfalls, like requiring that X
has a non-empty intersection with each bin, which is unlikely to be the case for non-uniformly spread
datasets and high dimensions. Yet, this is a simple solution that one would likely implement to probe
the benefits of negative dependence.

The performance metric. To investigate the cardinality of a coreset for a given error, we let
QS denote the quantile function of sup |LS(f) − L(f)|/L(f), the supremum over all queries of
the relative error. Intuitively, QS(0.9) = 10−2 means that 90% of the sampled coresets have a
worst case relative error below 10−2. We shall look at how an estimated QS(0.9) varies with m,
especially its slope in log-log plots with respect to m. Now, the set F of all queries for k-means
in combinatorially large, even for small values of k. Therefore, each time we need to evaluate the
supremum of the relative error, we rather uniformly sample without replacement k elements of X ,
100 times and independently, and we take the maximum value of the relative error among these
100 values. Moreover, for each method and each coreset size m, the quantile function QS(0.9) is
estimated by an empirical quantile over 100 independent coresets sampled for each value of m.

Results. We first consider a synthetic dataset of n = 1024 data points, sampled uniformly and
independently in [−1, 1]d; see Figure 1a. We consider d = 2 for demonstration purposes, but we
have observed similar results for other small dimensions. Figure 1b depicts our estimate of QS(0.9)
as a function of the coreset size m, in log-log format. The two i.i.d. baselines decrease as m−1/2, as
expected. The stratified baseline, intuitively well-suited to uniformly-spread datasets, outperforms all
other methods with a m−1 rate, consistent with its known optimal variance reduction (Novak, 1988).
Finally, the m-DPP and the two DPPs also yield a faster decay, eventually outperforming the i.i.d.
baselines as m grows. This is expected for the discretized OPE, as it follows from the theoretical
results from Section 3; but it is interesting to see that the Gaussian m-DPP and the Vdm-DPP seem
to reach a similar m−3/4 fast rate. For the Gaussian m-DPP, however, the performance depends on
the value of the bandwidth of the Gaussian kernel: in Figure 1c, we see that the rate of decay can go
from i.i.d.-like to OPE-like as the bandwidth increases; this is expected from results like (Barthelmé
et al., 2023). Note that the color code of Figure 1c differs from other figures.
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Figure 1: Results for the uniform dataset.

In the uniform dataset of Fig. 1a, the sensitivity function is almost flat, which makes sensitivity
behave like uniform. To give an edge to sensitivity, we now consider the trimodal dataset shown
in Fig. 2a, with an OPE sample superimposed. The performance of sensitivity improves; see
Figure 2b, while the determinantal samplers still outperform the independent ones thanks to a faster
decay. For this dataset, it is not easy to stratify, and we thus do not show results for stratified.
We note that the size of a marker placed at x is proportional to the corresponding weight 1/K(x, x)
in the estimator of the average loss. Equivalently, the marker size is inversely proportional to the
marginal probability of x being included in the DPP sample.

Finally, we consider the classical MNIST dataset, after a PCA of dimension 4. Figure 2c shows again
the faster decay of the performance metric for the two DPPs (OPE and Vdm-DPP), compared to the two
independent methods. However, the advantage progressively disappears as the dimension increases be-
yond 4 (unshown), as expected from the gain in variance of the discretized multivariate OPE, which be-
comes negligible when d ≫ 1; see Section 5 for suggestions on how to prove a dimension-independent
decay. The source code used in this work is available at github.com/hsimonfroy/DPPcoresets,
where DPP samplers are built upon the Python package DPPy (Gautier et al., 2019).
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Figure 2: Results on other datasets.

5 Discussion

Limitations. Our paper is a theoretical contribution, and our approach has several limitations
before it can be a practical addition to the coreset toolbox. The improvement over independent
sampling relies on a variance scaling for linear statistics of a particular DPP, which itself relies on
both 1) an Ansatz that the dataset was generated i.i.d. from some pdf γ with a large support, and
2) the availability of a good approximation to γ; see Section 3 and (Bardenet, Ghosh, et al., 2021).
While Item 1) is usually deemed to be reasonable in a wide range of situations, we solve Item 2) by
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relying on a kernel density estimator, which is costly to manipulate. Another limitation is that the
improvement over independent sampling is in 1/d and thus progressively vanishes as the dimension
increases. Finally, a classical caveat is that although tractable, sampling a DPP still costs O(nm2),
provided the kernel is available in diagonalized form.

Future work. The limitations above set up a research program. In particular, an intriguing observa-
tion in our empirical studies is the comparative performance of various DPP-based coreset samplers;
several of them exhibit effective performance. While we have sharp theoretical guarantees for the
discretized OPE-based scheme, obtaining similar guarantees and parameter-tuning protocols for other
samplers, like m-DPPs, will be of great practical interest as they would bypass the need, e.g., for an
approximation to the data-generating mechanism γ. The DPP called Vdm-DPP in Section 4, which is
itself an OPE for a discrete measure, might be a bridge between OPEs and m-DPPs, as Vdm-DPP can
be seen as a limit of Gaussian m-DPPs (Barthelmé et al., 2023). On a more general note, improving
the computational complexity of sampling DPPs remains an active topic, and we should examine
which techniques, e.g. by leveraging low-rank structures, preserve the small coreset property. Any
breakthrough in the complexity of DPP sampling would also have salutary consequences for the
broader program of negative dependence as a toolbox for machine learning. On the dependence of the
rate to the dimension, we propose to investigate the impact of smoothness of the test functions on the
rate: in numerical integration with mixtures of DPPs, smoothness does bring dimension-independent
rates (Belhadji et al., 2020b). Finally, in a more theoretical direction, extending concentration
inequalities for linear statistics beyond the restricted range of ε appearing e.g. in Theorem 1 is a
mathematically challenging problem, with potential learning-theoretic consequences.
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A Appendix / supplemental material

A.1 Proof of Theorem 1

We present here the proof for the general setting, i.e., when X is a Polish space and S is a DPP with a
Hermitian kernel K w.r.t a background measure µ. By abuse of notation, we will also denote by K
the integral operator

K : L2(X , µ) → L2(X , µ) , f(x) 7→
∫
X
K(x, y)f(y)dµ(y).

We denote by Ck(φ), k ≥ 1 the cumulants of Λ(φ), i.e.

logE[etΛ(φ)] =
∑
k≥1

Ck(φ)

k!
tk, for t near 0.

Note that C1(φ) = E[Λ(φ)], C2(φ) = Var [Λ(φ)]. In general, we have the formula (see Johansson
and Lambert, 2018)

Ck(φ) =

k∑
q=1

(−1)q+1

q

∑
k1,...,kq≥1

k1+...+kq=k

k!

k1! . . . kq!
Tr[Φk1K . . .ΦkqK], (7)

where Φ : L2(X , µ) → L2(X , µ) is the operator f(x) 7→ φ(x)f(x).

By the Macchi-Soshnikov theorem (Macchi, 1972; Soshnikov, 2000), 0 ⪯ K ⪯ I , and we can write

C2(φ) = Tr[Φ(I −K)ΦK] = Tr[
√
KΦ(I −K)Φ

√
K] = ∥

√
I −KΦ

√
K∥2HS,

where ∥ · ∥HS denotes the Hilbert-Schmidt norm of an operator.
Lemma 1. For k ≥ 1, we have

∥
√
I −KΦk

√
K∥HS ≤ k∥φ∥k−1

∞ ∥
√
I −KΦ

√
K∥HS,

where ∥φ∥∞ := supx∈X |φ(x)|.

Proof. One has

∥
√
I −KΦk

√
K∥2HS = Tr[

√
KΦk(I −K)Φk

√
K]

= Tr[Φk(I −K)ΦkK]

= Tr[Φ2kK]− Tr[ΦkKΦkK]

=

∫
φ(x)2kK(x, x)dµ(x)−

∫∫
φ(x)kK(x, y)φ(y)kK(y, x)dµ(x)dµ(y)

=

∫
φ(x)2k

(
K(x, x)−

∫
K(x, y)K(y, x)dµ(y)

)
dµ(x)

+
1

2

∫∫
(φ(x)k − φ(y)k)2K(x, y)K(y, x)dµ(x)dµ(y).

Since 0 ⪯ K ⪯ I , we have K2 ⪯ K, which implies K(x, x) ≥
∫
K(x, y)K(y, x)dµ(y) for µ-a.e.

x. Thus, ∫
φ(x)2k

(
K(x, x)−

∫
K(x, y)K(y, x)dµ(y)

)
dµ(x)

≤ ∥φ∥2k−2
∞

∫
φ(x)2

(
K(x, x)−

∫
K(x, y)K(y, x)dµ(y)

)
dµ(x).

On the other hand, by the symmetry of K, we have K(x, y)K(y, x) = |K(x, y)|2 ≥ 0 for all
x, y ∈ X . Note that

|φ(x)k − φ(y)k| = |φ(x)− φ(y)|
∣∣∣ k−1∑
j=0

φ(x)jφ(y)k−1−j
∣∣∣ ≤ k∥φ∥k−1

∞ |φ(x)− φ(y)|.

Combining all ingredients, we deduce that ∥
√
I −KΦk

√
K∥2HS ≤ k2∥φ∥2k−2

∞ ∥
√
I −KΦ

√
K∥2HS,

as desired.
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Lemma 2. For k ≥ 3, we have

|Ck(φ)|
k!

≤ 1√
2π

ekk3/2∥φ∥k−2
∞ C2(φ).

Proof. We recall the formula (7), observe that

k∑
q=1

(−1)q+1

q

∑
k1,...,kq≥1

k1+...+kq=k

k!

k1! . . . kq!
= 0.

Then one can write

Ck(φ) =

n∑
q=1

(−1)q+1

q

∑
k1,...,kq≥1

k1+...+kq=k

k!

k1! . . . kq!

(
Tr[Φk1K . . .ΦkqK]− Tr[ΦkK]

)

=

n∑
q=2

(−1)q+1

q

∑
k1,...,kq≥1

k1+...+kq=k

k!

k1! . . . kq!

(
Tr[Φk1K . . .ΦkqK]− Tr[ΦkK]

)
.

For any k1, . . . , kq ≥ 1 such that k1 + . . .+ kq = k, we observe that

|Tr[Φk1K . . .Φkq−2KΦkq−1+kqK]− Tr[Φk1K . . .Φkq−2KΦkq−1KΦkqK]|
= |Tr[Φk1K . . .Φkq−2KΦkq−1(I −K)ΦkqK]|
= |Tr[

√
KΦk1K . . .Φkq−2

√
K
√
KΦkq−1

√
I −K

√
I −KΦkq

√
K]|

≤ ∥
√
KΦk1K . . .Φkq−2

√
K
√
KΦkq−1

√
I −K∥HS · ∥

√
I −KΦkq

√
K∥HS

≤ ∥
√
KΦk1K . . .Φkq−2

√
K∥op · ∥

√
KΦkq−1

√
I −K∥HS · ∥

√
I −KΦkq

√
K∥HS

≤ ∥
√
KΦk1K . . .Φkq−2

√
K∥op · kq−1kq∥φ∥kq−1+kq−2

∞ ∥
√
I −KΦ

√
K∥2HS

≤ kq−1kq∥φ∥k−2
∞ C2(φ),

here we used Lemma 1, the fact that 0 ⪯ K ⪯ I ,∥Φ∥op = ∥φ∥∞ and the ∥ · ∥op norm is
submultiplicative. Since kj ≤ k for all 1 ≤ j ≤ q, using a telescoping argument gives

|Tr[Φk1K . . .ΦkqK]− Tr[ΦkK]| ≤ qk2∥φ∥k−2
∞ C2(φ).

Hence

|Ck(φ)| ≤
k∑

q=2

∑
k1,...,kq≥1

k1+...+kq=k

k!

k1! . . . kq!
k2∥φ∥k−2

∞ C2(φ).

Now observe that for k ≥ 3

k∑
q=2

∑
k1,...,kq≥1

k1+...+kq=k

1

k1! . . . kq!
<

kk

k!
≤ ek√

2πk
·

Thus,
|Ck(φ)|

k!
≤ 1√

2π
ekk3/2∥φ∥k−2

∞ C2(φ).

Combining all ingredients above, one can show that.
Lemma 3. For |t| ≤ 1/(3∥φ∥∞), we have

| logE[etΛ(φ)]− tE[Λ(φ)]| ≤ At2 Var [Λ(φ)] ,

where A > 0 is an universal constant.
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Proof. For |t| ≤ 1
3∥φ∥∞

, we have

| logE[etΛ(φ)]− tE[Λ(φ)]| =
∣∣∣∑
k≥2

Ck(φ)

k!
tk
∣∣∣

≤
∑
k≥2

|Ck(φ)|
k!

|t|k

≤ |t|2C2(φ)
(1
2
+

∑
k≥3

1√
2π

ekk3/2∥φ∥k−2
∞ |t|k−2

)
≤ |t|2C2(φ)

(1
2
+

1√
2π

e2
∑
k≥3

k3/2(e/3)k−2
)

= At2 Var [Λ(φ)] ,

where A > 0 is some universal constant.

We can finish the proof of Theorem 1 as follows.

Proof of Theorem 1. Let ε > 0. We have

logP(Λ(φ)− E[Λ(φ)] ≥ ε) ≤ inf
t

(
logE[etΛ(φ)]− tE[Λ(φ)]− tε

)
≤ inf

t

(
− tε+ t2AVar [Λ(φ)]

)
where the infimum is taken on t ∈ (0, 1/(3∥φ∥∞)].

For 0 ≤ ε ≤ 2AVar[Λ(φ)]
3∥φ∥∞

, choosing

t0 =
ε

2AVar [Λ(φ)]
≤ 1

3∥φ∥∞
gives

logP(Λ(φ)− E[Λ(φ)] ≥ ε) ≤ − ε2

4AVar [Λ(φ)]
as desired.

A.2 Proof of Theorem 2

Denote by Φ the diagonal matrix Diag(φ) ∈ Rn×n. For each t ∈ R, we define

Gt := I− exp(tΦ) = −
∞∑
k=1

tk

k!
Φk.

By the Campbell formula, we have E[etΛ(φ)] = det[I − GtK], t ∈ R. By choosing t ≥ 0 small
enough such that ∥GtK∥op < 1, one can expand

log det[I−GtK] = −
∞∑
k=1

1

k
Tr[(GtK)k].

Observe that ∥Gt∥op ≤ e|t|∥φ∥∞ − 1 ≤ 2|t|∥φ∥∞ for all |t| ≤ 1/(3∥φ∥∞). From now on, we will
consider t ≥ 0 such that

0 ≤ t∥φ∥∞M ≤ 1

3
,

where M := max(∥K∥op, 1). This choice for t will particularly imply that ∥GtK∥op ≤ 2/3.
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For k = 1, we have

−Tr[GtK] =

∞∑
p=1

tp

p!
Tr[ΦpK]

≤ tE[Λ(φ)] +
t2

2
Tr[Φ2K] +

∑
p≥3

tp

p!
|Tr[ΦpK]|

≤ tE[Λ(φ)] +
t2

2
Tr[Φ2K] +

∑
p≥3

tp

p!
∥φ∥p∞∥K∥∗

≤ tE[Λ(φ)] +
t2

2
Tr[Φ2K] + t3∥φ∥3∞∥K∥∗.

For k = 2, we have

−1

2
Tr[(GtK)2] = −1

2

∑
p,q≥1

tp+q

p!q!
Tr[ΦpKΦqK]

= − t2

2
Tr[ΦKΦK]− 1

2

∑
p+q≥3

tp+q

p!q!
Tr[ΦpKΦqK]

≤ − t2

2
Tr[ΦKΦK] +

1

2

∑
l≥3

tl

l!
2l∥φ∥l∞∥K∥op∥K∥∗

≤ − t2

2
Tr[ΦKΦK] + t3∥φ∥3∞∥K∥∗∥K∥op.

For k ≥ 3, we observe that

|Tr[(GtK)k]| ≤ ∥(GtK)k∥∗ ≤ ∥GtK∥k−3
op ∥Gt∥3op∥K∥2op∥K∥∗ ≤

(2
3

)k−3

(2t∥φ∥∞)3∥K∥2op∥K∥∗.

Thus ∑
k≥3

1

k
|Tr[(GtK)k]| ≤ 8t3∥φ∥3∞∥K∥2op∥K∥∗.

Combining all ingredients, we deduce that

logE[etΛ(φ)] ≤ tE[Λ(φ)] +
t2

2
Var [Λ(φ)] + t3∥φ∥3∞∥K∥∗(1 + ∥K∥op + 8∥K∥2op)

≤ tE[Λ(φ)] +
t2

2
Var [Λ(φ)] + 10t3∥φ∥3∞∥K∥∗M2.

Let ε > 0. We have

logP(Λ(φ)− E[Λ(φ)] ≥ ε) ≤ inf
t

(
logE[etΛ(φ)]− tE[Λ(φ)]− tε

)
≤ inf

t

(
− tε+

t2

2
Var [Λ(φ)] + t3 · 10∥φ∥3∞∥K∥∗M2

)
where the infimum is taken on t ∈ (0, 1/(3∥φ∥∞M)].

For 0 ≤ ε ≤ Var[Λ(φ)]2

40∥φ∥3
∞∥K∥∗M2 , we choose

t0 =
ε

Var [Λ(φ)]
≤ Var [Λ(φ)]

40∥φ∥3∞∥K∥∗M2
≤ 2M∥φ∥2∞∥K∥∗

40∥φ∥3∞∥K∥∗M2
<

1

3∥φ∥∞M
·

This choice yields

logP(Λ(φ)− E[Λ(φ)] ≥ ε) ≤ − ε2

2Var [Λ(φ)]
+ t30 · 10∥φ∥3∞∥K∥∗M2.
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Note that

t30 · 10∥φ∥3∞∥K∥∗M2 =
ε3

Var [Λ(φ)]3
· 10∥φ∥3∞∥K∥∗M2 ≤ ε2

4Var [Λ(φ)]
·

This implies

logP(Λ(φ)− E[Λ(φ)] ≥ ε) ≤ − ε2

4Var [Λ(φ)]
as desired.

A.3 Proof of Theorem 3

Proof of Theorem 3. By a scaling argument, it suffices to prove for the case ω1 = . . . = ωp = 1. We
have

P(∥Λ(Φ)− E[Λ(Φ)]∥2 ≥ ε) = P
( p∑

i=1

|Λ(φi)− E[Λ(φi)]|2 ≥ ε2
)

= P
( p∑

i=1

|Λ(φi)− E[Λ(φi)]|2 ≥ ε2
p∑

i=1

Var [Λ(φi)]

∥V(Φ)∥22

)
≤

p∑
i=1

P
(
|Λ(φi)− E[Λ(φi)]| ≥ ε

√
Var [Λ(φi)]

∥V(Φ)∥2

)
·

For each 1 ≤ i ≤ p, applying Theorem 1 gives

P
(
|Λ(φi)−E[Λ(φi)]| ≥ ε

√
Var [Λ(φi)]

∥V(Φ)∥2

)
≤ 2 exp

(
− ε2

4A∥V(Φ)∥22

)
,∀0 ≤ ε ≤ 2A∥V(Φ)∥2

√
Var [Λ(φi)]

3∥φi∥∞
·

The theorem follows.

A.4 Proof of Theorem 4

Using (A.4), we deduce that∣∣∣LS(f)

L(f)
− 1

∣∣∣ ≤ 1

cn
|LS(f)− L(f)|, ∀f ∈ F .

This implies

P
(
∃f ∈ F :

∣∣∣LS(f)

L(f)
− 1

∣∣∣ ≥ ε
)
≤ P

(
∃f ∈ F :

1

n
|LS(f)− L(f)| ≥ cε

)
.

Thus, it suffices to bound the RHS. For each f ∈ F , let V ≥ Var
[
n−1LS(f)

]
, we apply Theorem 1

for the linear statistic LS(f) = Λ(f/K) to obtain

P
( 1

n
|LS(f)− L(f)| ≥ cε

)
≤ 2 exp

(
− c2ε2

4AV

)
, ∀0 ≤ ε ≤ 2AnV

3c∥f/K∥∞
·

Using K(x, x) ≥ ρm/n, we deduce that the above inequality holds for any 0 ≤ ε ≤ 2AρmV
3c∥f∥∞

.

Proof of Theorem 4: Assuming (A.1). We let Fsym := {λf : |λ| ≤ 1, f ∈ F}, and let B be the
convex hull of Fsym. Since B is a symmetric convex body in F , there exists a norm ∥ · ∥F in F such
that B is the unit ball in (F , ∥ · ∥F ).
Define

L(f) := 1

n

(
LS(f)− L(f)

)
, f ∈ F ,

then it is clear that L(f) is linear in f . Moreover, for any f, g ∈ F , one has

|L(f)− L(g)| = |L(f − g)| = ∥f − g∥F ·
∣∣∣L( f − g

∥f − g∥F

)∣∣∣ ≤ ∥f − g∥F sup
h∈B

|L(h)|.
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For each δ > 0, let Bδ be a δ-net for (B, ∥ · ∥F ). By definition of a δ-net, for any f ∈ B, there exists
an f0 ∈ Bδ such that ∥f − f0∥F ≤ δ. Thus, for every f ∈ B

|L(f)| ≤ |L(f0)|+ |L(f)− L(f0)| ≤ |L(f0)|+ δ sup
h∈B

|L(h)| ≤ sup
g∈Bδ

|L(g)|+ δ sup
h∈B

|L(h)|.

This implies supf∈B |L(f)| ≤ 1
1−δ supf∈Bδ

|L(f)|, ∀0 < δ < 1. In particular, choosing δ = 1/2
gives

sup
f∈B

|L(f)| ≤ 2 sup
f∈B1/2

|L(f)|.

Therefore

P
(
sup
f∈B

|L(f)| ≥ cε
)
≤ P

(
2 sup
f∈B1/2

|L(f)| ≥ cε
)
= P

(
∃f ∈ B1/2 :

1

n
|LS(f)− L(f)| ≥ cε/2

)
.

Let N(B, ∥ · ∥F , 1/2) be the 1/2-covering number of B, then

P
(
∃f ∈ B :

1

n
|L̂S(f)− L(f)| ≥ cε

)
≤ N(B, ∥ · ∥F , 1/2) · 2e−c2ε2/16AV ,

for any

V ≥ sup
f∈B

Var
[
1

n
LS(f)

]
, 0 ≤ ε ≤ 4AρmV

3c supf∈B ∥f∥∞
·

Note that for a finite dimensional normed vector space, for 0 < δ < 1, one has

N(B, ∥ · ∥F , δ) ≤
(3
δ

)dimF
.

This implies

P
(
∃f ∈ B :

1

n
|LS(f)− L(f)| ≥ cε

)
≤ 2 exp

(
6D − c2ε2

16AV

)
· (8)

Since F ⊂ B, it is clear that

P
(
∃f ∈ F : |LS(f)− L(f)| ≥ ncε

)
≤ P

(
∃f ∈ B : |LS(f)− L(f)| ≥ ncε

)
. (9)

On the other hand, for each f ∈ B, there exist 0 ≤ t ≤ 1, |λi| ≤ 1, fi ∈ F , i = 1, 2 such that
f = tλ1f1 + (1− t)λ2f2. Therefore

Var [LS(f)]
1/2

= Var [LS(tλ1f1) + LS((1− t)λ2f2)]
1/2

≤ Var [LS(tλ1f1)]
1/2

+ Var [LS((1− t)λ2f2)]
1/2

≤ tVar [LS(f1)]
1/2

+ (1− t)Var [LS(f2)]
1/2

≤ sup
g∈F

Var [LS(g)]
1/2

.

Moreover,

∥f∥∞ = sup
x∈X

|f(x)| ≤ t sup
x∈X

|f1(x)|+ (1− t) sup
x∈X

|f2(x)| ≤ sup
g∈F

∥g∥∞.

Thus,
sup
f∈B

Var [LS(f)] = sup
f∈F

Var [LS(f)] , sup
f∈B

∥f∥∞ = sup
f∈F

∥f∥∞. (10)

From (8), (9), (10), the theorem follows.

Proof of Theorem 4: Assuming (A.2), (A.3). We define L(θ) := 1
n (LS(fθ)− L(fθ)), θ ∈ Θ. Then

P
(
∃f ∈ F :

1

n
|LS(f)− L(f)| ≥ cε

)
= P(∃ θ ∈ Θ : |L(θ)| ≥ cε) = P(sup

θ∈Θ
|L(θ)| ≥ cε).

Using (A.3), we have |L(fθ)− L(fθ′)| ≤ nℓ∥θ − θ′∥ and

|LS(fθ)− LS(fθ′)| ≤ ℓ∥θ − θ′∥
(∑

x∈S

1

K(x, x)

)
≤ ℓ∥θ − θ′∥nρ−1m−1|S|. (11)
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This implies |L(θ)−L(θ′)| ≤ C∥θ − θ′∥ a.s., for some constant C depending on B, ρ, ℓ. Let Γ be a
cε
2C -net for Θ, then

sup
θ∈Θ

|L(θ)| ≤ sup
θ′∈Γ

|L(θ′)|+ cε

2
·

Thus
P(sup

θ∈Θ
|L(θ)| ≥ cε) ≤ P(sup

θ′∈Γ
|L(θ′)| ≥ cε/2)

We note that |Γ| = O(ε−D). This completes the proof.

Remark 6.3. Without the assumption |S| ≤ B · m a.s., one can continue from (11) as follows.
Denote by λ1 ≥ . . . ≥ λn ≥ 0 the eigenvalues of K, it is known that |S| =d X1 + . . .+Xn, where
Xi ∼ Ber(λi) are independent. Let B > 0, then using a multiplicative Chernoff bound for the sum
of independent Bernoulli variables gives

P(|S| > (B + 1)m) = P
( n∑

i=1

Xi > (B + 1)m
)
≤ exp

(
− B2

B + 2
m
)
·

By choosing B large, this event will have small probability. Meanwhile, on the event {|S| ≤
(B + 1)m}, we can use exactly the same argument as in the proof above.

A.5 Proof of Theorem 5

Proof of Theorem 5. It suffices to show for the case ω1 = . . . = ωp = 1. For each f ∈ F , by
applying Theorem 1 and an union bound argument, we have

P
( 1

n
∥LS(f)− L(f)∥ ≥ ε

)
≤ 2p exp

(
− c2ε2

4AV

)
, ∀0 ≤ ε ≤ 2AρmV

3cmaxi ∥fi∥∞
·

Using the same argument as in the proof of Theorem 4 under assumption (A.1) gives the result.

A.6 Proof of Theorem 6

Proof of Theorem 6. We remark that Var
[
n−1LS(f)

]
= O(m−(1+1/d)) uniformly for all f ∈ F ,

w.h.p. in the data set X . Hence, Theorem 6 is a direct application of Theorem 4 with V =
Cm−(1+1/d) for some constant C > 0. As we discussed in the Remark 4.1, the range for ε is
O(m−1/d). Thus, it suffices to check the conditions on K̂. Since K̂ is a projection of rank m,
|S| = m a.s. Moreover, we have nK̂(x, x) = K(x, x), which is typically of order m, where we used
an uniform CLT result and an asymptotic for multivariate OPE kernels (see Bardenet, Ghosh, et al.,
2021 for more details).

19

84347 https://doi.org/10.52202/079017-2679



NeurIPS Paper Checklist
1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: We claim theoretical results, which are established as theorems in the main
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