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Abstract

We study a data pricing problem, where a seller has access to N homogeneous
data points (e.g. drawn i.i.d. from some distribution). There are m types of buyers
in the market, where buyers of the same type ¢ have the same valuation curve
v; : [N] — [0,1], where v;(n) is the value for having n data points. A priori,
the seller is unaware of the distribution of buyers, but can repeat the market for
T rounds so as to learn the revenue-optimal pricing curve p : [N] — [0,1]. To
solve this online learning problem, we first develop novel discretization schemes
to approximate any pricing curve. When compared to prior work, the size of our
discretization schemes scales gracefully with the approximation parameter, which
translates to better regret in online learning. Under assumptions like smoothness
and diminishing returns which are satisfied by data, the discretization size can be
reduced further. We then turn to the online learning problem, both in the stochastic
and adversarial settings. On each round, the seller chooses an anonymous pricing
curve p;. A new buyer appears and may choose to purchase some amount of data.
She then reveals her type only if she makes a purchase. Our online algorithms build
on classical algorithms such as UCB and FTPL, but require novel ideas to account
for the asymmetric nature of this feedback and to deal with the vastness of the

space of pricing curves. Our algorithms achieve (’3(m\/f) regret in the stochastic
setting and O(m™>+/T) regret in the adversarial setting.

1 Introduction

Due to the rise in popularity of machine learning, there is an increased demand for data. However,
not all users of data have the wherewithal to collect data on their own, and have to rely on data
marketplaces to acquire the data they need. For example, a materials data platform (e.g. [18]), may
have collected vast amounts of data from various proprietary sources. Materials scientists in smaller
organizations and academia, who do not have large experimental apparatuses, may wish to purchase
this data to aid in their research. Similarly, small businesses may wish to purchase customer data
for advertising and product recommendations [4, 5], while small technology companies may wish to
purchase data about cloud operations to optimize their computing infrastructure [2, 3].

Model. Motivated by the emergence of such data marketplaces, we study the following online data
pricing problem. A seller has access to N homogeneous data points, (e.g. drawn i.i.d. from some
distribution). He wishes to sell the data to a sequence of distinct buyers over 7' rounds, and intends to
achieve large revenue. There are m types of buyers in the data marketplace, with all buyers in type ¢
having the same valuation curve v; : [N] — [0, 1] for the data, where v;(n) represents the buyer’s
value for having n points. As data is homogeneous, we can treat an agent’s value as a function of the
amount of data n (we will illustrate this in the sequel). Valuation curves are monotone non-decreasing,
as more data is better. At each round ¢, the seller chooses a price curve p; : [IN] — [0, 1], where p;(n)
is the price for purchasing n data points. Then, a buyer with type i; arrives and purchases an amount
of data that maximizes her utility (value minus price), provided that she can achieve non-negative
utility. A buyer will reveal her type to the seller only if she makes a purchase, and only after she
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makes the purchase. The seller has knowledge of valuation curves of the m types, but does not
know the distribution g over types (stochastic setting), or the buyer sequence (adversarial setting).
Moreover, he cannot practice non-anonymous (discriminatory) pricing, as he needs to choose the
pricing curve p, without knowledge of the buyer’s type on that round.

While there is extensive research on revenue-optimal pricing and learning to price, data marketplaces
merit special attention, both due to their recent emergence and the unique characteristics of data.
Typically the number of data /N (number of goods) is very large, but data usually satisfies additional
properties such as smoothness (an agent’s value does not increase significantly with a small amount
of additional data) and diminishing returns (additional data is more valuable when a buyer has less
data). To illustrate further, note that two steps are essential to develop an effective online learning
solution for data pricing. (/) First, we need to solve the planning problem, i.e. find a revenue-optimal
pricing curve when the type distribution ¢ is known. (2) Second, when ¢ is unknown, we need to
combine the algorithm in step (1) with estimates for ¢ to maximize long-term revenue.

Methods in the existing literature fall short in both steps. (/) When the type distribution ¢ is
known, the data pricing problem resembles an ordered item pricing problem, which is known to be
NP-hard [13, 25]. Hence, prior work has aimed at approximating the optimal pricing curves via
discretization schemes. Unfortunately, existing discretization schemes have poor, often exponential,
dependence on the approximation parameter €. However, achieving sublinear regret in online learning
requires choosing € that vanishes with longer time horizons, i.e. ¢ — 0 as T' — oo. Therefore, directly
using existing discretization schemes in an online setting leads to poor statistical and computational
properties of the associated online algorithm. This requires us to leverage the above properties of
data to design discretization schemes with better dependence on €. (2) While there is prior work on
learning optimal prices [22, 27, 33], these techniques either fall short of addressing the complexities
in our setting, or fail to account for the properties of data, and hence do not scale gracefully when the
amount of data N is very large. Moreover, in our online learning setup, the seller faces a trade-off
between setting high prices to maximize instantaneous revenue versus setting low prices so as to
guarantee a purchase, which results in the buyer revealing their type, which in turn can be helpful in
future rounds. Prior work has studied this asymmetric feedback model only in single-item markets
which is significantly simpler, and only in the stochastic setting [23, 47].

1.1 Summary of our contributions

Our contributions in this work are threefold: (/) First, in §3, we develop discretization schemes for
revenue-optimal data pricing under a variety of assumptions, which we will use later in our online
learning schemes. (2) In §4, we study learning a revenue-optimal price in a stochastic setting, where
the customer types on each round are drawn from a fixed but unknown distribution ¢. (3) Finally,
in §5, we study online learning when the buyer types are chosen by an oblivious adversary.

1. Discretization (approximation) schemes for revenue-optimal data pricing. Assuming only

monotonicity, we show that there is a discretization of size O((IN/€)™) which is an O(¢) additive
approximation to any pricing curve. When compared to prior work [14, 25], our discretization scheme
has smaller dependence on e~ when the number of types m is small (see Table 1). This will be useful,
both statistically and computationally, when we study the online setting, as we need to choose € — 0
as T' — oo to achieve sublinear regret. This is still quite large in real-world data marketplaces, where
N may be very large. Hence, we also study two other assumptions. First, when valuations are smooth,

satisfying an L-Lipschitz-like condition, we construct a discretization of size o ((L / 62)’”), which
has no dependence on /N. Next, under a diminishing returns condition, we construct a discretization
of size O (J™e 3™ log™ (N)), which only has polylogarithmic dependence on N.

Key insights. We first show that when there are only m types, for any price function p : [N] — [0, 1],
there exists an “m~—step” price function p’ whose revenue is at least as much as that of p on any
type distribution g. An m-step function is non-decreasing and changes values at most m times,
allowing us to focus on this restricted class and thereby reduce the search space when m < N. We
then consider discretizations of the data space [N] and valuations [0, 1] which allow us to obtain an
O(e)-approximation to any pricing curve, and then apply this insight to construct our discretizations.
Finally, we show that with monotonicity and diminishing returns, similarly accurate approximations
are attainable with substantially coarser discretizations.

2. Learning to price in the stochastic setting. Next, we turn to the online learning problem
described in the beginning in a stochastic setting. On each round, our algorithm computes an
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Algorithm Assumptions | Size of discretization Reference
Hartline and Koltun [25] - O@2Ne ) -
Chawla et al. [14] M NO(e ?loge™) -
Algorithm 1 (ours) M, F O(N™e™) Theorem 3.1
Algorithm 5 (ours) M,F,S O (L™e2m) Theorem 3.2
Algorithm 2 (ours) M,F,D 4] (Jme3mlog™ N) | Theorem 3.3

Table 1: Comparison of discretization (approximation) schemes of prior work and our methods
under various assumptions. All methods achieve a O(e) additive approximation to any pricing
curve. Here, M means Monotonicity, F means that there are a Finite (/m) number of types, S means
that the valuation curves satisfy a L-Lipschitz-like Smoothness condition (Assumption 1), and D

means that they satisfy a Diminishing returns condition (Assumption 2). The O notation suppresses
log dependencies when there is already a polynomial dependence on a parameter. Prior work has
exponential dependence in either IV or e ~'. We wish to do better since (i) typically, the number of
data N is very large and (ii) we need ¢ — 0 as 7' — oo to achieve sublinear regret.

upper confidence bound (UCB) [8, 38] on the revenue for each price curve in the discretization
previously developed; we then choose the price curve with the highest UCB. As summarized in

Table 2, this algorithm achieves a 6(mﬁ) bound on the regret for any discretization scheme,
including those from prior work. In the stochastic setting, the key advantage of our discretization
schemes is computational.

Key insights. Both the design and the anlaysis of an algorithm is challenging in this setting due to
two reasons: (i) the large size of the discretization and (i) the asymmetric nature of feedback. First,
naively maintaining UCBs for each price leads to large confidence intervals, and hence large regret as
the size of the discretization is large; instead, we construct confidence intervals on estimates of the
type distribution, and translate them to UCBs for the revenue. Second, the asymmetric nature of the
feedback places us between bandit and full-information settings. Treating this like a bandit setting
would lead to poor, exponential dependence on m in the regret. However, we are unable to treat this
as full information since the type distribution is revealed only if there is a purchase. Handling this
asymmetry requires a delicate construction of the UCB.

3. Learning to price in the adversarial setting. We study learning in an adversarial setting where
the types on each round may be chosen adversarially. Table 2 shows the regret and time complexity
of our method when paired with various discretization schemes. In the adversarial setting, our
discretization schemes offer both computational and statistical advantages compared to prior work.

Key insights. Our algorithm builds on the Follow-the-Perturbed-Leader (FTPL) [31], originally
designed for full-information settings and not directly applicable here. To handle asymmetric
feedback, we use the information we have about the valuation curves to keep track of which customers
would not have made a purchase given a price curve. If a purchase is made and we observe feedback,
we use the usual FTPL update, but if not, we reward each pricing curve with the sum of revenue of
all types that would not purchase in that current round.

1.2 Related work

Dynamic pricing. The online posted-price mechanism, also known as dynamic pricing, is a central
research area in algorithmic market design [19, 33]. In the most classical setting [33], the seller
sets a price for an item in each round, and a buyer purchases the item only if their valuation
exceeds the posted price. While several extensions of this setting have been explored for both
parametric [12, 20, 28, 29, 32, 46] and non-parametric [11, 17, 39, 40, 44] demands, most focus
on single-parameter demands, i.e., selling a single item to buyers. Our data pricing problem is
multi-parameter, as demands are parameterized by multiple outcomes, i.e. the number of data points.

Bayesian unit-demand pricing problem. Formally, our data pricing problem is a variant of the
Bayesian Unit-demand Pricing Problem (BUPP) [13]. BUPP addresses the problem of (offline)
revenue maximization over a known distribution of unit-demand buyers, meaning they want to buy at
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Setting Assumptions | Regret bound | Complexity per iteration Reference
M. F o) ")
Stochastic M.F, S 1) (m\/T) 1) (LT)™) Theorem 4.1
M,F,D O(Jm™T*"/?)
M.F o((2)" 1)
Adversarial M.F, S O (m3/ VT ) 10) (LT)™) Theorem 5.1
M, F,D O (JmT*/?)

Discretization method | Assumptions | Complexity per iteration | Regret (Adversarial)

Hartline and Koltun [25] F O@2Ne=N) O(mVTN)
Chawla et al. [14] M, F NO(*loge™) O (mT)

Table 2: Comparison of regret and time complexity of our online learning methods when paired
with our discretization schemes and schemes from prior work. See Table 1 for a description of the

assumptions. All methods, including [14, 25] achieve O(1m+/T) regret in the stochastic setting.

most one item from the inventory. In BUPP, a seller has N distinct items to sell to a unit-demand
buyer whose valuations are v = (vy,...,vy), where v; is the value of the ith item. Given prices
pi, © € [N], the unit-demand buyer purchases a single item ¢ € [N] that maximizes their utility:
v; — p;. Assuming the valuation profile v follows a known distribution D, the goal of BUPP is to find
the best prices {p; },<[n) that maximize the seller’s expected revenue.

Our data pricing problem is a variant of BUPP in two ways: (/) We study the sequential setting
where type distributions are unknown, while valuation profiles for each type are known, and (2) We
assume monotonic values v; < --- < vy, which is natural in data pricing. Unfortunately, BUPP is a
computationally intractable problem, as is ours. BUPP is known to be NP-hard even when D is a
product distribution [16]. Moreover, even assuming that values are monotonic (i.e., v < --- < vy),
the problem remains (strongly) NP-hard [14]. Therefore, we aim to provide a reasonably efficient
no-regret algorithm for our problem, especially when the number of types m is a fixed constant.

The previous works most relevant to our paper are Hartline and Koltun [25] and Chawla et al. [14],
which study offline revenue maximization for unit-demand buyers. Buyers in our problem are also unit-
demand, as each amount of data points can be seen as an individual item. Revenue maximization for
unit-demand buyers is known to be computationally intractable [24], even with ordered (monotonic)
buyer values [14], leading these works to focus on approximation algorithms. Hartline and Koltun
[25] proposed an approximation algorithm with near-linear runtime in the number of buyers, given
a fixed number of items. Chawla et al. [14] introduced a polynomial-time approximation scheme
(PTAS) for unit-demand buyers with monotonic values. In this work, we extend the framework to the
online setting with partial feedback, which has more practical implications.

In addition, Balcan and Beyhaghi [10] provide new guarantees for learning revenue-maximizing
menus of lotteries and two-part tariffs, demonstrating that their discretization technique yields efficient
solutions for specific pricing models. Similar discretization methods could be investigated in future
work to potentially improve our approach in more complex data pricing scenarios.

Market design for data-sharing. In recent years, there has been a plethora of work devoted to
algorithmic market design for data sharing [6, 7, 30, 43]. These works provide ingenious solutions
to challenges unique to the data market, such as free replicability and the difficulty of valuation
due to the combinatorial nature of data. Except for Agarwal et al. [6], the above-cited solutions
are inherently offline or single-shot. While we focus on a simplified yet relevant setting where data
comes from a single source, resulting in monotonic valuations, in this work, we tackle the problem in
a sequential, dynamic setting, which has practical importance. In contrast to our approach, Agarwal
et al. [6] considered the price to be a constant (i.e., a scalar rather than a price vector) to address the
inherent computational intractability of multi-dimensional pricing. Instead, we maintain the price
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as a vector (i.e., a price function) but focus on cases where the valuation function satisfies natural
properties such as monotonicity, smoothness, and diminishing returns.

2 Problem setting, assumptions, and challenges

A seller has N homogeneous data points. There are m types of buyers who wish to purchase this data.
A buyer of type i € [m] has a valuation curve v; : [N] — [0, 1], where v;(n) is her value for n data
points. We will assume v;(n) is non-decreasing as more data is valuable, and further that v;(0) = 0.

Example 1. To motivate this model, consider a seller with N ordered data points {z1,..., 2N},
drawn i.i.d. from a distribution D. If a buyer purchases n points, she receives the first n points,
X, ={x1,...,z,}. Her ex-post value v;(X,,) may represent the accuracy of her ML model trained

with X,,. However, as the buyer has not seen the data before the purchase, she does not know which
specific points she will receive, and hence her (ex-ante) value v;(n) = Ex, [U;(X,,)] is the expected
model accuracy when n i.i.d points are drawn from D. The different types could be buyers who
use the data for different tasks or models. For instance, with ImageNet’s [21], N ~ 1.4 million
data points, different types of buyers could perform different learning tasks such as object detection,
identification, and segmentation, and/or train different models such as AlexNet [36], ResNet [26], and
GoogLeNet [42]. Both empirically and theoretically, for many learning tasks, v;(n) is non-decreasing,
and satisfies additional characteristics such as smoothness and/or diminishing returns.

Pricing curves, buyer utility, and buyer purchase model. Let p : [N] — [0, 1] be a pricing curve

chosen by the seller. Let P £ {p:[N] —[0,1] : p(0) = 0} denote the set of all pricing curves. If a
buyer purchases n points, her utility is u;(n) = v;(n) — p(n). If a buyer can achieve non-negative
utility, i.e. v;(n) > p(n) for some n € [N], she will purchase an amount of data to maximize her
utility. To fully specify the buyer’s purchase model, we will assume that when there are multiple n
which maximizes her utility, she will choose the largest such n. Formally, for a given pricing curve p,
a buyer of type ¢ will purchase n;;, points where,

A0 if v;(n) < p(n) forall n € [N],
Nip = - ey
max { argmax,,¢(yj (vi(n) —p(n)) }  otherwise.
Optimal revenue. It follows that the revenue from a buyer of type is p(n; ). Let ¢ = (g1, - .-, ¢m)

be the distribution of the buyers. Under this distribution ¢, the expected revenue rev(p) for a price
curve p, the optimal price p°F", and the optimal revenue OPT as follows:

rev(p) Y qip(nip),  p”" = argmaxrev(p), OPT £ 1ev(p™™).  (2)
i=1 pEP

We have omitted the dependence on ¢ in rev, p°", and OPT. There is no closed-form solution to
finding the optimal pricing curve, even when ¢ is known. Therefore, in §3, we explore discretization
methods to approximate p°F", which will then be used in §4 and §5 to develop online learning
algorithms. Unfortunately, the size of this discretization can be very large in N and m without further
assumptions. Therefore, we also consider two additional commonly satisfied conditions by data.

Our first such assumption states that buyer valuation curves satisfy a Lipschitz-like smoothness
condition with Lipschitz constant L/N. We use L/N instead of L since the number of data has
a range [0, N|, while the valuations only have a range [0, 1]. This condition states that a buyer’s
valuation does not change significantly if she only purchases a few additional points.
Assumption 1 (Smoothness, S). For all n,n’ € [N], we have v;(n+n') — v;(n) < £n’.
Our second condition is based on the fact that data typically exhibits diminishing returns [34, 35].
This means that an additional data point is more valuable when there is less data, i.e. v;(n+1) —v;(n)

is decreasing with n. We will in fact make a stronger assumption, and justify it below.

Assumption 2 (Diminishing returns, D). There exists some J > 0 such that, for all types i € [m),
and for all n € [N), we have v;(n + 1) — v;(n) < L.

Assumption 2 quantifies the rate of decrease of diminishing returns. Following Example 1, the
valuation (accuracy) curves for many learning problems take the form v;(n) = a — fn~"7; for
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instance, for binary classification in a VC class H, a may be the best accuracy in H, 8 € O(\/@)
where dy, is the VC dimension, and v = 1/2 [41]; similarly, for nonparametric regression of a twice
differentiable function, o and 3 are constants while v = 2/5 [45]. In such cases, Assumption 2 is
satisfied with J = (. Note that neither assumption subsumes the other: a non-concave Lipschitz
function will not satisfy Assumption 2, while a suitable L for a function which satisfies Assumption 2
may need to be very large for Assumption 1 to hold for small n.

2.1 Learning to price in online settings

In this work, we will also study how a seller may learn to maximize revenue. In our learning problem,
the seller is aware of the valuation curves {v; }; of each type, but does not know the distribution of
types (stochastic setting) or there may be no such distribution (adversarial setting).

Setup. The seller repeats the data market for 7" rounds. At the beginning of each round, he chooses
some price curve p; € P. After the seller has chosen p;, a new buyer of type i; € [m] appears and
purchases n; = n;, ;,,, amount of data (see (1)). The buyer is aware of her own valuation curve. If she
makes a purchase, that is if n; > 0, she pays p;(n;) to the seller and reveals her type i;. Otherwise,
the buyer will make no payment and not reveal her type.

We have assumed that a priori, the seller is aware of the buyer valuation curves {v; };c[,,,], and that
buyers are aware of their own valuation curves. In Example 1, a seller can profile how different
machine learning models perform with different amounts of data and publish them ahead of time. The
buyers can also gauge their value from these curves, even though they do not have access to the data.
Next, we have also assumed that buyers will reveal their type after the purchase. In modern machine
learning as a service platforms [1, 4, 18], buyers directly run their jobs in the seller’s computing
platform, so the seller can observe the buyers job type directly. Even if this is not the case, sellers can
elicit this information via questionnaires and reviews from customers who have made a purchase [23].

Challenges. Despite these assumptions, the learning problem remains challenging for two main
reasons. First, the space of price curves is vast: discretizing the valuations in [0, 1] into K bins,
still leaves O(K ™) possible price curves, which is both statistically and computationally intractable,
especially for large N. Second, in addition to the exploration-exploitation trade-off usually encoun-
tered in sequential decision-making, the seller faces a tension between high instantaneous revenue
and information acquisition: setting high prices can yield high immediate revenue if a purchase
occurs, but it also increases the risk of no purchase, resulting in no revenue and crucially no feedback
about the buyer type which could help him in future rounds. This trade-off was recently studied for
single-item markets in a stochastic setting [23, 47], but is more complex in our multi-item problem.
Moreover, to our knowledge, no existing work addresses this asymmetric feedback model in an
adversarial setting, even for single-item markets. Next, we describe the buyer arrival model and
define the regret for the learning problem in both stochastic and adversarial settings.

Stochastic setting. Here, there is some fixed but unknown distribution of types g. On each round,
a buyer of type i; ~ ¢ is drawn independently. The optimal expected revenue OPT under type
distribution g is as defined in (2). The regret R is as defined below. We wish to design algorithms
which have small expected regret E[Rr], where the expectation accounts for both the sampling of
types ¢; ~ q and any randomness in the algorithm. We have,

T T
Rr £ T-OPT — 3 pi(ne) = T-OPT — > pi(ni, p,)- 3)

t=1 t=1

Adversarial setting. Here, the types on each round {i;}_, are chosen arbitrarily, possibly by an
oblivious adversary, ahead of time. The type on round ¢ is revealed to the seller only at the end of the
round, and only if there is a purchase. In the adversarial setting, we define our regret R with respect
to the single best price in P in hindsight. We wish to design algorithms with small expected regret
E[Rr], where the expectation is with respect to any randomness in the algorithm. We have,

Rr = mapr(nit,p) - Zpt(nit;pt>' @
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Algorithm 1 Price discretization scheme under monotonicity

Given: Approximation parameter € > 0.
Let W be discretization of the valuation space [0, 1] defined as follows,

Zié{e(l—i—e)i; Vie{o,l,..., lrloglﬂl-‘}},
€

ek (1°g1+e H
w; & {ZH+ZH-; Vi e {1,27...7[(2+e)m1}}, we | w
m
=1

Set P to be the class of all “m-step” functions mapping [N] to W.

3 Efficient discretization of price curves with small errors

We first study the revenue maximization problem in the offline setting, where the seller knows both
the valuation curves v;, ¢ € [m], and the type distribution ¢q. Our goal is to design a discretization so as
to achieve revenue within a gap of O(¢) from OPT. Before discussing our discretization algorithms,
we first show that the optimal pricing curve is “simple” when there are at most m types.

Lemma 3.1. Assume there are m types with non-decreasing value curves {v;};c[m). For any non-
decreasing price curve p, there exists an “m-step” price curve p that yields expected revenue at least
that of p with respect to any distribution over the m types. Here, m-step refers to non-decreasing
functions f : [N] — [0,1] where f(n+ 1) — f(n) > 0in at most m points (i.e., at most m jumps).

Lemma 3.1, proven in Appendix A.1, will be an important tool in all three discretization algorithms
of this section. It will allow us to reduce the space of pricing curves as we only need to focus on
m-step price curves. Next, we present our first discretization procedure in Algorithm 1, which only
assumes the monotonicity of the valuation curves.

Discretization scheme under monotonic valuations. Our discretization proecdure, outlined
in Algorithm 1, adapts the method in Hartline and Koltun [25] using Lemma 3.1. For this, we
will first construct a discretization W of the valuation space as follows. Let Z; = €(1 + €)?,
i=0,1,..., [log,,. 2] be the powers of (1 + €) on price space [e, 1]. For each i, we let W; be a
uniform discretization of the interval [Z;_1, Z; ;1) uniformly with gap Z;_; - ~. Finally, let W be
the union of all such W;. According to Lemma 3.1, every price function in P has the same revenue
as an m-step function. We set P to be all choices of non-decreasing m-step functions that take value
in W. We have the following theorem about Algorithm 1 which we prove in Appendix A.2.

Theorem 3.1. Consider the discretization P as constructed in Algorithm 1. For any type dis-
tribution, there exists p € P such that rev(p) > OPT — O(e). Moreover, we have |P| <

N_1)\™ . m
(SBER)" (el + 1 [logrre 1) € O ((2)™).
Discretization scheme for smooth monotonic valuations. Due to space constraints, we present our

algorithm, under Assumption 1 in Appendix A.4. We have the following theorem about Algorithm 5.

Theorem 3.2. Consider the discretization P as constructed in Algorithm 5. Under Assumption 1,
for any type distribution, there exists p € P such that rev(p) > OPT — O(e). Moreover, |P| €

O (logf. (1/6)- (1/)"™) € O ((£)™).

Discretization scheme for monotone valuations under diminishing returns. Finally, we study dis-
cretization schemes under the diminishing returns condition. Our procedure, outlined in Algorithm 2
proceeds as follows. We use the same discretization W of the valuation space from Algorithm 1.
Next, we will discretize the dataspace [N]. To exploit the structure in the diminishing returns
condition, we will need to do so more densely when n is small. For this, let Y; = 2‘!—2’”(1 + eQ)i,

i=0,...,[log QNJ—E;] be the powers of (1 + €2) on data space [24™, N]. For each i, the set Q;

.. . . . 2
further partitions the interval [Y;, Y; 1) uniformly with gap Y; - 55—. For n smaller than %, we

do not discretize it as the valuations may change rapidly when n is small. Let Np be the union of
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Algorithm 2 Price discretization scheme monotonic valuations under diminishing returns

Given: Diminishing returns constant .J, approximation parameter €.
Ay |logyy. ¢ . .

Let W = U!:Qg vhe ] Wi, were W;s are the same as in Algorithm 1.

Let Np be discretization of the interval [0, N] defined as follows,

A | 2Jm o Ne?
Y, = \‘ ) (1+€2) J ,1=0,1,..., ’710g1+62 (Mn)—‘ y
2k [tog14.2 (357 |
Qié{LY-FY 5m J, k:O,l,...,LZJmJ}, Qé Qi,

NDé{LZ...?FJQmJ}UQ.
€

The discretization price set P is the class of all “m-step” price curves on function space Np — W.

{1 2,. LQJmJ } and all the set ();. Therefore, Np has a size of at most 2Jm
We have the following theorem about Algorithm 2 which we prove in Appendlx AS.

2
“0g1+€2 2J€m —I '

Theorem 3.3. Consider the discretization P as constructed in Algorithm 2. Under Assumption 2, for
any type distribution, there exists p € P such that rev(p) > OPT — O(e). Moreover,

meo((3) e (35) ) <o((3)):

Proof outline. By Lemma 3.1, we may assume the optimal price curve p* = {(n}, pf)}Z | isan
m-step function, where p; denote the value of p on step 7. We generate an m-step price curve
p = {(n;,pi)};~, onspace Np — W such that n; is obtained by rounding down n} to the closest
value in Np, and p; > p¥/(1 + €). We then show that if a buyer purchases at step 7 under price p*,
she will not purchase at step j < ¢ under new price p. Therefore, the revenue from this buyer is at
least p; > pf/(1 + €) = p; — O(e), which ensures that rev(p) > OPT — O(e).

4 Online learning in the stochastic setting

We now study the online learning problem outlined in §2.1 in the stochastic setting. Our Algorithm,
outlined in Algorithm 3 is based on the classical upper confidence bound (UCB) algorithm for
stochastic bandits [8, 38]. It takes a discretization P of the pricing curves as input, and on each round
chooses a p; € P which has the largest UCB on the revenue.

The key challenge lies in constructing an UCB. As P is large, naively constructing UCB over prices

in P will lead to a 1/ |P|T log T upper bound, leading to poor, exponential dependence on m. This is
the bound if we only observe the reward for the prices that are actually pulled, but do not observe the
types after purchase. Therefore, naively applying UCB is like bandit feedback. On the other extreme,
had we been in an alternative setting where we observe the type regardless of purchase, this is like a
full information feedback because once observe the type, we know the revenue for all prices. Then

UCB gives us /log(|P|)T log T upper bound. We are in an intermediate regime between bandit

feedback and full information: The challenge in constructing the UCB arises because we only observe
types upon purchase. As the key unknown is the type distribution, we maintain UCBs for it and
translate them to UCBs for the revenue. In particular, our UCB depends on how many times a buyer
could have purchased at a given round, which is a random quantity depending on the algorithm itself.

Construction of UCB. We will now show how to construct the upper confidence bound rev, at the
end of round ¢, which will be used in computing p;1. For 7 < ¢, let S;, defined below in (5), be
the set of types who would have purchased in round 7 at price p, had they appeared in that round.
Then, for any type ¢ € [m], we define T; ; to be the number of times that type ¢ appears in set .S, for

https://doi.org/10.52202/079017-2815 88712



Algorithm 3 Online data pricing in the stochastic setting.

Given: time horizon 7, discretization P of price curves.
Set p; to be the zero function. # Give data away for free on round 1.
A buyer of type ¢; ~ ¢ arrives and purchases /N data points at price 0.
fort =2toT do o
Compute the UCB rev;_1(p) on the revenue of p for each p € P. # See (5), (6), and (7).
Set p; = argmax 7 revi_1(p).
A buyer of type i; ~ ¢ arrives, purchases n;, ,, points, and pays p;(n;, p,)-
end for

T €{1,...,t}. Thatis, T; ; measures the number of times a buyer of type i would have purchased
during the first £ rounds. We have,

S, 2 {iem]:3n e [NLvi(n) —p.(n) >0}, T, 2 I(ies,). (5)

Note that as we use the 0 price function on round 1, i.e. pi(-) = 0, we have T;, > 0 for all
t > 1. Next, we estimate g; via the fraction of times that type ¢ has appeared in the past ¢ rounds,
provided that 7 € S, for 7 € {1,...,t}. We have defined this quantity, g, , below in (6). Via a

standard application of Hoeffding’s inequality, we can show that |qi — Ei,t’ < +/(logT)/T; ; with
high probability. Using this, we can construct an upper confidence bound g; ; as follows,

t
_ a1 Z . . . ~ A _ logT

it — ]I € S‘f‘7 T = ) it — {45 . 6
it T, — ¢ ' 0 Gt = Qe ¥ T; ¢ ©

We now translate the UCBs on ¢ to the UCBs on the revenue. Recall from (1) that a buyer of type
i will purchase n; , points at price p and the revenue from this buyer will be p(n; ,). Note that as
the seller has access to the valuation curves, he can compute 7; ,, for any 7 and price curve p. Since
rev(p) = E;q[p(nip)], we have the following natural UCB for rev(p) on round ¢:

m

(p) 2D G- plnag). ™
=1

This completes the description of our construction. The following theorem bounds the regret for
Algorithm 3 when paired with any of the discretization schemes in §3. While the computational
complexity of our method depends on | P, there is no dependence on the regret because of the above
construction of the UCB. The proof is given in Appendix C.

Theorem 4.1. Suppose in Algorithm 3 we use a discretization P which is a O(1/V/T) additive
approximation to any price curve. Then, the regret of Algorithm 3 satisfies E[Rr] € (’)(m\/T ).

Proof challenges. When bounding the regret, we first observe that the subsets S C [m] induces a
partitioning of the price curves, where p belongs to the partition of S, if all types in S would make a
purchase at price p, and all types in .S would not make a purchase at price p. With this insight, we
can view the action of a seller as not just choosing a price curve, but also choosing a set S; C [n].
That is, S; can be viewed as a super-arm in a combinatorial semi-bandit problem [37].

S Online learning in the adversarial setting

We now study the adversarial setting. Similar to the stochastic setting, our algorithm will use a
discretization of the price curves from §3. We will control regret by bounding both the discretization
error and the algorithm’s regret relative to the best pricing curve in the discretization.

Before proceeding, let us first contextualize our feedback model against prior work. If the buyers do
not reveal their types, this becomes an adversarial bandit problem with |P| arms (pricing curves) [33].
Using an algorithm such as EXP-3 [9] results in large (5(T1/ 2|P|"/2) regret, which is not ideal due to
|P|’s exponential dependence in m. Conversely, if buyers reveal their types regardless of purchase,
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Algorithm 4 Online data pricing in the adversarial setting.

Given: time horizon T, discretization P, perturbation parameter 6.

For each p € P, sample 6, from an exponential distribution with pdf fe— 0=

fort =1to 7 do )
t_

Set price curve for the current round p; = argmax Z rr(p) + 0.

peEP =
A buyer of type i; arrives, purchases n;, ,, points, ar;d %)ays (M, p, )-
if n;, ,, > 0then Setr;(p) = p(n;, ,) forallp € P. # If there was a purchase
else Setry(p) =3 ;cqe P(nip) forallp € P. # See (5) for S;.
end if
end for

this is equivalent to full information feedback, where algorithms such as Hedge or Follow-the-
perturbed-leader (FTPL) [31] yield O(T"/*log"/? [P|) regret, translating to O((mT’)"/?) with our
discretization schemes in §3. In our intermediate regime, where feedback is only revealed upon
purchase, we aim for a middle ground. We show our algorithm, outlined in Algorithm 4, achieves

O(mA3/2T"/?) regret, which is worse than full information, but still depends polynomially on m.

Our algorithm takes a discretization P and a perturbation parameter  as input. First, it samples a
random perturbation ¢,, from an exponential distribution with pdf e~ for each pricing curve p in
P. It maintains rewards {r;(p) }+,, for each round ¢ and price curve p. On each round, it chooses the

price curve that maximizes the perturbed cumulative reward 23:1 T (p) + 6,.

This scheme is similar to FTPL, but the key difference is in how we design the rewards {r.(p) }+ .
To describe this, let Sy, defined exactly as in (5), be the set of agents who would have purchased in
round ¢ at price p;. At the end of the round, if there was a purchase, for all prices p € P, we set the
reward to be r4(p) = p(ni, ), i.e. the payment we would have received from the buyer at that round,
had the price been p (see (1)). If there was no purchase, we know that i; ¢ Sy, in which case we
setri(p) = ZieSf p(n;,p). In this case, 7(p) is an upper bound on p(n;, ;), and this upper bound
is tight around prices similar to the chosen price p;; in fact, 7:(p;) = 0 if there was no purchase.
Intuitively, r;(p) deals with the uncertainty of not knowing the type on round ¢ by providing a large
reward (as we are taking the sum) to prices that could have resulted in a purchase, which encourages
exploration of such prices in future rounds. This intuition will help us bound the regret.

Theorem 5.1 provides a bound on the regret for Algorithm 4. Its proof is given in Appendix B.
Combining this with the size of P under the various assumptions in §3, we obtain O(m®*>/T) regret.

Theorem 5.1. Suppose in Algorithm 4 we use a discretization P which is a O(1/\/T) additive ap-
proximation to any price curve. Let Ry be as defined in (4). Then, for Algorithm 4, we have E[Ry] €

O (m?0T + 6~ (1 + log ’f|)) Setting 6 = 1/ H;ff!f‘, we have E[Rr] € O(my/T log |ﬁ|)

6 Conclusion and Discussion

We designed revenue-optimal learning algorithms for pricing data. First, we leveraged properties like
smoothness and diminishing returns to create novel discretization schemes for approximating any
pricing curve. These schemes were then used in our learning algorithms to improve their statistical
and computational properties. Our algorithms build on classical methods like UCB and FTPL
but required significant adaptations to handle the vast space of pricing curves and the asymmetric
feedback. An interesting future direction would be to relax the assumption that the seller knows the
valuation curves v;.

Computational complexity. Our algorithm is designed to achieve polynomial computational
complexity with respect to the number of data points when the number of types is fixed, making it
suitable for practical data pricing scenarios where the type count is typically small or bounded. While
the overall computational cost grows exponentially with the number of types due to the problem’s
strong NP-hardness (see [14]), this design choice ensures computational feasibility in settings with
large datasets and a limited number of types.
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A Omitted Details from Section 3

A.1 Proof of Lemma 3.1

Lemma 3.1. Assume there are m types with non-decreasing value curves {Ui}ie[7n}~ For any non-
decreasing price curve p, there exists an “m-step” price curve p that yields expected revenue at least
that of p with respect to any distribution over the m types. Here, m-step refers to non-decreasing
functions f : [N] — [0, 1] where f(n + 1) — f(n) > 0 in at most m points (i.e., at most m jumps).

Proof of Lemma 3.1. Fix a price curve p. Let n;, be the amount of data type ¢ purchase at price
curve p, that is

N p 2 max argmax(v;(n) — p(n)) ¢ .
n€[N]

For {n; p}icim) let 7 : [m] — [m] be a permutation such that n.(1) , < Nr2)p < -+ < Nr(m) p-

Let n(; 2 Nx(i),p- Then, define a function p : [N] — [0, 1] as follows,

D (ﬂ(l)) ) n < n),
p(ne),  na <n<ng),

1>

p(n) :
P(nm-1)) s M(m—2) <7< Nm-1),
p(nm))s  Mam-1) <n <N,

so that p has at most m steps. Then, p has following properties,
p(n) = p(n), whenn € {n(l), n(2),- -, n(m)} ,
p(n) < p(n), whenn € [N]\ {nay,ne), .., nwm) } -

p(n
We next prove that for any i € [m], after changing the price function from p to p, the type i buyer
either purchases at (1; ,, p(n;,)) or at (N, p(n(m))).

For any type 7 and any amount of data n < n,,), there exists k such that n_1) < n < ny (let
n(o) = 0), we then have

vi(n) — p(n) < v; (nky) — P (ne)) (as v; is non-decreasing and j is a step function.)
=vi (n@)) = () @sp (nw) =p (nw))
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<wi(nip) — p(Niyp) (as n; , maximizes the buyer’s utility.)
= vi(nip) — P(Nip)- (as p(nip) = p(nip))
As shown in the above, type 1 still prefers purchasing n; ;, data over all n < n,,) under price p.

Forn € {n(m) +1,...,N }, by the monotonicity of value curves, we have

N = max argmax  (v;(n) —p(n))
ne{n(m)+1,4..,N}

Therefore, for any i € [m)], type ¢ either purchases at (n; ,, p(n;p)), or purchases at (N,p(N)) =
(N, p(n(m))) under price p. No matter in which case, type 7 contributes no less revenue under p than
p. It then follows that, for any type distribution g,

rev(p) > rev(p).

A.2 Proof of Theorem 3.1

In this subsection, we prove Theorem 3.1 by decomposing it into three technical lemmas
(Lemma A.1, A.2 and A.3). In Lemma A.1 and A.2, we prove the approximation guarantee of
our discretization scheme and, in Lemma A.3 we provide an upper bound on the size of the discretiza-
tion.

Lemma A.1. For any type distribution, there exists a pricing function p : [N] — [e, 1] such that
rev(p) > OPT —e.

Proof of Lemma A.1. Consider the optimal pricing function p* : [N] — [0, 1], i.e., OPT = rev(p*).
Consider price curve p : [N] — [, 1] where p(n) = max (e, p*(n)).

Let J 2 {n € [N]: p(n) = p*(n)} be the set of data quantities whose price under p are the same
as those under p. Any buyer type who would have purchased n € J amount of data under p* will
purchase the same amount of data under p. On the other hand, for buyer types who would have
purchased n ¢ J amount of data under p*, since p(n) = € > p*(n) for n ¢ J, the expected revenue
contribution from such buyers under p* is at most ¢, hence no matter they purchase or not under p,
we have rev(p) > OPT —e. O

Lemma A.2. Forany p € [¢,1]" there exists p' € P such that rev(p') > rev(p)/(1 + €), for any
type distribution q.

Proof of Lemma A.2. For m buyer types, by Lemma 3.1, there exists a non-decreasing step function
P € [e,1]Y with at most m steps, whose expected revenue is at least rev(p). Assume p has k steps,
k < m. To simplify the notation, for 1 < j < k, let p; denote the price p on jth step. That is,

P, NE (0,7;1} NZ,
]527 n e (i17i2] N Z7
Pk, N E (Z'kfl,N]ﬂZ.

Where i1, ...,ik—1 € [N] are discontinuities in p.

Recall the definitions of Z and W as stated in Algorithm 1,

A ; . 1
Zi: 1 bV 071,...7 1 - ,Z: ZZ
{e( +¢) ze{ {ogl_Fe 6—‘}} L,J

|—10g1+e%—‘
k
WiA{Zi_1+Zi_1~jn:Vke{l,Q,...,[(2+e)m]}}, we | w.
=1
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Let iy, = N and for each j € [k], let Z;, be the price obtained by rounding p; down to the nearest
value in Z. By constructions of Z and W above, Wij is a partition of interval (Zij_l, Zij+1). Let

w; be the price obtained by rounding p; down to the nearest value in W;. Set d; 2 = Z;;—1 and
consider k-step function p defined by whose price at jth step (denoted p;) is w; — (j — 1)d; € Wy,
that is

p1 = wy, forn € (0,i1] NZ,
p2:w2—d2, forn € (il,iQ}ﬂZ,
p(n) = .

P = Wk — (,ZC — 1)dk, forn € (ik_l,N] N Z.

By the tie-breaking rule and the monotonicity of valuation curves, buyers only purchase among
0,41,1%1,...,ix number of data under p and p.

Subclaim. Then, p and p satisfies the following

rev(p) > rev(p)/(1 + ¢), )
with respect to any type distribution.
Proof of the Subclaim. We prove the above subclaim with two steps.

Step 1: No buyer who prefers to purchase i; data under p would prefer ¢;, data for some j" < j
under p (i.e., one with a less price). This is because, when going from price p to p, the increase in the
buyer’s utility for ¢; data is p; — p;, which is higher than the increase p;; — p;s for i;, data. Formally,
this can be seen as follows: For any j' < j we have,

pj =i 2 w; —p; = (j —1)dj,
as p; > w; and p; = w; — (j — 1)d;. Moreover,
Py <wj +dy = pj —py <wy +dj —py=j'dy. ©9)

The inequality p;; < w;r + d; holds because w;- is the result of rounding down p; to the nearest
value in W,

By constructions of sets Z and W, we have d; > d;» which implies (j— 1)dj > j’dj/. Then, by
combining the above inequalities, we obtain

p;i—p; > (j—1)d; > j'dy > pjr —pjr. (10)
Consider a buyer with value curve v who prefers to purchase at i; under price p, then it must be
(i) — pj > v(iy) — Djr- (11)
Then, by combining (10) and (11), we have
v(ij) —p; > v(iy) — pjr,
therefore the buyer would not purchase at 7;; < ¢; under p.

Step 2: Next, we claim that p; > p;/(1 + €) for all step j € [k]. Since Z;; is obtained by rounding
D; down to the nearest value in Z, we have

Dj = Zi;, =2y, + €21 = Zi; 1+ mdy. (12)
By (9) and the above, we have

pj > p;—jdj > Zi; 1+ (m—j)d; > Z;; 4,
where the first inequality is by (9), the second is by (12), and the third is because m < j.
Then, it follows that

_ . J _
Pjr —pj Sj'deE'E'ZiflSE'ZirlSE'pj = p;j = pj/(1+e).
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So far we have proved p; > p;/(1 + €) and no type wants to change their preference to a smaller
amount of data under p. If one type purchase at p; under p and p; under p for £ > i, then
pr > pi > Pi/(1+ €). Therefore, we have

rev(p) > rev(p)/(1+€) > rev(p)/(1 +€).

Since the construction of price p is not relevant to type distribution, the above holds for any type
distribution g, which proves the subclaim. [J

Note that p constructed in the above subclaim is not necessarily non-decreasing as a larger amount of
data surfers more price deduction when going from p to p. In this case, we can directly construct a
non-decreasing price curve p’ € P from p such that

rev(p’) = rev(p)/(1 +€).

LetS 2 {i € [k] : 35 <4, s.t. p; > p;}. If S is empty, this implies that p is non-decreasing, hence
setting p’ = p. If S is not empty, we define p’ as follows: Let p’ be a k-step function with the same
jump points i1, . .., i as p. Let p} be the value of p’ on ith step. Then, for i ¢ S, let p; = p;; and for
i €S, letp; = max;¢g j<; pj. By construction, p’ is non-decreasing. Moreover, p’ = p on set S°¢
and p’ > ponset S.

Next, we claim that p; — p’; is non-decreasing for all j € [k]. Both (p; — p;);c(x and p are
non-decreasing with respect to j by the previous results. Hence,
Pj — 1 <Dj — P < Pjr1 = Pjr1 = Djs1 — Pjy1, fjESj+1¢S,
Pj =Dy =Dj —D; < Djs1 — Pj1 = Pjy1 —Pip1, HJES,jH1ES,
Pj =D =Dj —Djp1 < Djrr =Dy, ¢S, j+1€S, (asp)y, =p))
Pj =Py =Dj = Djy1 < Djr1 — Py, fj€S,j+1€S  (aspl, =p))

Therefore, any type that prefers to purchase at jth step under p would not prefer purchasing at any
step j' < j under p', and since p; > p; > p;/(1 + ¢€), we have

rev(p’) > rev(p)/(1+¢€) > rev(p)/(1+¢).

Lemma A.3. Whenn > m,

Pl < ()" (ef(2+ )] Nlogy . 1)

Proof of Lemma A.3. For any integer © < m, the number of non-decreasing i-step price function is

(Nfl) (IV;/\), hence we have
-2 (% )('W>

7

M

IN

IN

(_

(> ”)(2(5”))
(e
< (=) (c1+91 [1osis, 1)

In the last inequality, we use the fact that [W| < [(2 + €)m] [log, . <]. O

Finally, Theorem 3.1 follows directly from the above lemmas.
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Theorem 3.1. Consider the discretization P as constructed in Algorithm 1. For any type dis-
tribution, there exists p € P such that rev(p) > OPT — O(e). Moreover, we have |P| <

(e(N )) (e[2+e)] (10g1+65)m€5(<¥>m).

Proof of Theorem 3.1. Combining Lemma A.1 and Lemma A.2 together, we conclude that there
exists price curve p’ € P such that

rev(p OPT —¢ 2¢
rev(p’)Zl_iE)z 1+e€ 2

The size of P follows from Lemma A.3. ]

= OPT — O(e).
€

A.3 Price discretization scheme for smooth monotonic valuations

We study discretization schemes to approximate monotone valuations under the smoothness condition
in Assumption 1. Our procedure is outlined in Algorithm 5. The discretization W of the valuation
space follows Algorithm 1. Additionally, we uniformly split the data space into multiples of Uﬁj ,
denoting them as the set Ng. We then set the discretization P to be the class of all “m-step” price
curves on the function space Ng — W. The following theorem, proven in Appendix A.4, outlines
the main properties of this discretization scheme: the size of the discretization has no dependence on
the number of data V.

Algorithm 5 Price discretization scheme for smooth monotonic valuations

Given: Smoothness constant L, approximation parameter ¢ > 0.
Let W be discretization of the valuation space [0, 1] given in Algorithm 1.

Let Ng be the following discretization of the interval [0, N,

plaf e}

Set P to be the class of all “m-step” functions mapping Ng — W.

A.4 Proof of Theorem 3.2

Theorem 3.2. Consider the discretization P as constructed in Algorithm 5. Under Assumption 1,
for any type distribution, there exists p € P such that rev(p) > OPT — O(¢). Moreover,

O (log. (1/e) - (L/e)™) € O ((5)™):

Proof of Theorem 3.2. By Lemma 3.1, there is a revenue optimal price curve p* : [N] — [0, 1] which
is a k-step function, for some &k € [m]. Where p* can be compactly represented as the following set
of tuples:

{(n1,p1); (n3,03), -, (nk, PR}

where n7, ..., nj denote the locations of jumps and p} denote the value of p* on step ¢ € [k] (i.e.
p*(n) = p} forn € (nj_,,n7)).

Let € := =. Next, we generate a price p’ using Algorithm 6, which ensures that the price curve
p generated in the following step (13) is non- decreasmg We demonstrate that in each round of
Algorithm 6, we incur a revenue loss of at most €. If p, > p/_; + €, everything remains the same and
thus does not affect the expected revenue. If not, we combine the price of step ¢ with step ¢ — 1, let

A . . . .
p; =0 — (p; — p§71) for j = i,..., k. During this process, buyers either make purchases at the
same step, or switch to purchase at a higher step. Note that p, — p,_; < €, so the revenue loss of
each type is at most €. This implies that the revenue loss in each round is at most €. As there are k

rounds, we lose expected revenue of at most mé. We conclude that rev(p’) is within a gap of € from
OPT,ie.,rev(p’) > OPT —e.
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Algorithm 6 Auxiliary Price Adjustment

Input: Optimal price curve p*.
Let p’ = p*.
fori=2,...,kdo
if p; < pj_, + € then
for j =4,...,kdo
Py =1 = (pi = pj-1).
end for
end if
end for
Output: Price curve p’.

After combining some steps in Algorithm 6, Assume that p’ is a k-step function (k < k) represented
by

{4, p1). (n,p5), - (n pR) }-

Then, we define a new price curve p € P as follows: let § := L%J ,then pis a l_f-step function
represented by

{(n1,p1), (n2,p2), ..., ("5, P%)}»

where

!/
n; £ {H 5, pi2p—ie (13)

First, we show that no buyer who purchases at step ¢ under p’ would purchase at step j < ¢ under p.
Let the buyer’s valuation be v. First, we prove that the buyer’s utility is non-negative at n;:

L

v(n;) —p; >v(n;) —48- N P (by L/N-Smoothness of v.)
:v(n;)—&%—pg—&-ié
> v(n}) — € —pl + i€ (asé £ < L. —¢)
=v(ng) —p; + (i — 1)é
> v(n;) = p;
> 0.

Then, we prove that the buyer’s utility at n; is larger than that of n; for j < ¢, therefore, the buyer
would not prefer buying at step j < ¢ under price p.

v(ng) — pi — (v(ng) — p;) > v(ng) —6- = —w(n}) — (p; —p;)  (by L/N-Smoothness of v.)

N
— / L / / / . N —
=v(n;) —4- N U(nj) — (P} —p; — (i—37)6
>wv(ng) —e—o(nf) — (0, —pj— (i —4)e) (asd- % <% -F =9
= (v(nj) — p;) — (v(nf) = pj) + (i —j —1)€
> (v(n;) — p;) — (v(n}) — p}) (asi > j)
> 0. (as the buyer prefers n; than ny under p’.)

Finally, fix the type distribution (q1, .. ., ¢ ), then we have

m k
rev(p’) —rev(p) < Z an <Z(p; — p;) - I(Type j purchase at p} under price p’))
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< me

=€ (as € = me.)

Hence, rev(p) is within a gap of 2¢ from OPT.

We then apply Theorem 3.1 to price p. Therefore, it is enough to consider price functions from the set
Ng 2 {ké :k=1,...,[5]} C [N]to W to approximate the revenue within O(e) gap. Moreover,
this discretization is of the size {%1 Weo ((logprE (%))m (%)m) [ leo (Lm) O

A.5 Proof of Theorem 3.3

Theorem 3.3. Consider the discretization P as constructed in Algorithm 2. Under Assumption 2, for
any type distribution, there exists p € P such that rev(p) > OPT — O(e). Moreover,

meo((4) e (32) e ) co((2) )

Proof of Theorem 3.3. Foreachi = 0,1, ..., [logHeQ (szﬂ let Y; 2 |22 (1 4+ ¢2)i], and Q;
be the set { LY + ;fm kJ ck=1,...,[2Jm] }, i.e., Q; splits the interval [Y;, Y;11] equally into
2m.J parts.

The union of (;s and the set {1,2, ..., | 2%} form a set of grids on [0, N], denoted by Np. There
2Jm
62

are at most

(2 Jm) grids in total.

By Lemma 3.1, there is a revenue optimal price curve p* : [N] — [0, 1] which is a k-step function,
for some k € [m]. Where p* can be compactly represented as the following set of tuples:

{(n1,p1), (n3,p3), -, (nk, P}

where nj, ..., nj denote the locations of jumps and p} denote the value of p* on step i € [k] (i.e.
pH(n) =7 forn € (n_y,n3).

Then, define a new k-step price curve p via
{(nlap1)7 (nQaPQ)a ey (nkapk)} 5
where n; is given by
n; < round down n to the closest grid in Np.

Then we define Pi below. If pf < e(1 +¢), let p; = €(1 + €); otherwise, let Z,, be the price obtained
by rounding p} down to the nearest value in Z. By constructions of Z and W above, W= is a

partition of interval (an_ —1, Zn? +11). Let w; be the price obtained by rounding p; down to the nearest
. A A .
value in W,». Setd; = ;- - Zpx—1. Then define p; = w; —i-d; € Whp;.

First, we prove for ¢ satisfying p; > €(1 + ¢€), if a buyer purchases at n; under price p*, she will not

purchase at n;, j < 7 under new price p. We prove this property separately when n; < 2‘6]{”
. 2Jm
n; > 250

(i) When n; > 247

The buyer’s utility at n; under price p is,
v(ni) = pi = v(nj) —pi + (Pi —pi — (v(ng) —v(n))). (14)

Let §; 2 v(n¥) — v(n;). Then ¢; is upper bounded by,
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J € € J € € €
<Z i n —tl)=— < — = 15
o (n 2mJ+ ) 2m+n, 2m+2m m (15)

where the third inequality is due to Lemma A 4.

By the construction of p, we have

2

Py —Di =Zpy—1 - — > > — > 6. (16)

SR

€1 €
m m

Therefore, by (14), v(n;) — p; > v(n}) — pf > 0, buyer’s utility at n; under price p is non-negative.

Next, we claim that v(n;) — p; — (v(nj) —p;) > 0. To prove this, for any j < 1, let J; =

v(n}) — v(n;), then we have

v(n;) —pi — (v(n ) pj)
=v(n]) —p; — (v(n}) —p;) + (P} —pi — ;) — (p] —pj —0;)

Where v(n}) — p; — (v(n}) — p}) > 0 because the buyer prefers n; over % under price p*. Recall
that we have d; > 0, then we bound 0; — 0; as follows,

2

=0, <6 << (17)
m
By the construction of p;, we have,
* * 67/ Ej
V2 *pi*(Pj*pj):Zm—l’E*an—l E
€ €
> an—l - j) (as Zm-—l > an—l)
m
€ L.
> Zn,o1- (=) (asi > j)
2
> < (18)
m

Therefore, combining (17) and (18) together, we have

v(ni) = pi = (v(n;) = p;) = v(nj) = pi — (v(nj) = pj) = 0.
We conclude that under price p, the buyer prefers n; over n;, for any j < <.

(i) When n; < 22,

In this case, n; = n}, and for any j < ¢, we still have n; = n7. First, we prove the buyer’s utility at
n’ under p is non-negative:
v(ni) = pi = v(nj) = pi
=v(ny) —pi + (i —pi)
> v(nj) —pi
> 0.
Then, we show that the buyer prefers n; over n; under p:
v(ni) = pi = (v(ny) = p;) = v(ni) —pi = (v(nj) —pj)
=v(nj) —pj — (v(nj) —pj)
>v(n}) —p; — (v(n j)_pj)

>0,

+ (0] —pi — ;) — (b —pj — 9;)
+( _pz) (p;_pj)

where the first inequality is due to (18), and the second is because the buyer prefers n; over n} under
*

p.

So far we have completed the proof that for ¢ satisfying p; > €(1 + €), if a buyer purchases at n;
under price p*, she will not purchase at n;, j < ¢ under new price p.
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Then, similar to Step 2 in the proof of Lemma A.2, we have p > p01ntw1se We then conclude
the proof by observing

rev(p*) — O(e)

S = OPT —0(0).

rev(p) >

Lemma A.4. When n; > ;i <n; - % + 1.

*
J
Proof of Lemma A.4. By the construction of discretization set, n; must have the following form,

2Jm

271
J,whereY;/: {
€2

€
Yo+ Yoo oo
{ * 2Jm

Since n; is obtained by rounding down n; to the nearest grid in Np, n; satisfies the following

inequality,

(14 ) J for some 7', k' € Z.

2/( 1.
1
nj§n§§Y¢/+Ef~€(2]i]7+)-
m
Therefore, we have
(k' +1)
Feni <Y+ Yy o
n; n; < + 5T n
(k' +1) ek’
:Y;'/ Y;/-i— }/;/ K/.
- 2Jm { * 2JmJ
(k' +1) ek’
<Yy+Yy —— 7 (v, 1Y, 1
=Yt 2Jm ( + 2Jm>+
2
€
:)/;'/'
2Jm+1
€2
<n- 1
=TS m

Where in the last inequality, since Y} is an integer, and we have

, 62/
=Y, +Y-
n {,Jr Y

J > Yy, fork' > 0.
m

B Proof of Theorem 5.1

Theorem 5.1. Suppose in Algorithm 4 we use a discretization P which is a O(1/\/T) additive ap-
proximation to any price curve. Let Rt be as defined in (4). Then, for Algorithm 4, we have E[Rr| €

O (m20T + 67 (1 +1log |P|)). Setting 0 = H?l:f;ﬂ we have E[Ry] € O(my/Tlog |P]).

Proof of Theorem 5.1. Recall that the regret R for the adversarial setting is

T
A .
Ry = maXE r(ltap E r Ztvpt
pEP
t=1 t=1
T T

= max » r(i,p) — mzL r(i¢,p) + max E r(i¢,p
PEP A €P =1 PEP 1 t=1

!

r Zt pt (19)

MH

Loss of revenue due to discretization A = . L
= R (discretization regret)

We decompose Ry into two regrets. The first term is the sacrifice of revenue on discretization. The
second term is the algorithm regret when competing against the optimal price within the discretization
set P.
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According to Theorem 3.1, our discretization scheme approaches optimal revenue within a gap of
2€ .

1+e
T

2eT
max r(i¢,p) — max ity D §7<2€T 20
PEP; (tp pEPZ K ( )

Therefore, the first term can be bounded by 2¢7'.

According to Theorem B.1, the second term discretization regret is upper bounded by

E[Rr] < 3my/Tlog |P|. (21)

Combining (20) and (21) together, we have,

E[Rr] < 2¢T + 3my/Tlog|P| = O (m\/Tlog ’P’) . (ase= ﬁ)

Plug in the size of discretization set in Section 3, we have,
E[Rr] = O <m3/2ﬁ> :
O

Theorem B.1. The discretization regret Ry defined in (19) has upper bound O (m, /T log |73’)

Proof of Theorem B.1. We first claim that r;(p;) = r(i, p;) all t. If the buyer make a purchase at
round ¢, r¢(p;) = 7 (i, p¢) holds by definition. But if the buyer does not purchase at a price p; on
round ¢, r(i, p;) = 0. Since S§ contains all the types that would not make a purchase at p;, we have
r(i,pt) =0, Vi € S¢, and

ri,p) = > r(i,p) = ri(p) = 0.
i€Sg

Therefore, r:(pt) = r(i¢, p¢) holds for every round ¢ € [T']. Denote p* as,

p* = argmax g zt,
peEP =1

Then, we decompose the regret as follows,

Zr(inpt)]

E[Rr] = r(is,p*) —E
t=1

t=1
T

T
=2 1l ") =B ) i)
t=1

T T T
=E | (r(ir,p*) —re(0") | +E Zﬁ )= > ripern) | +E D m pt+1)—7“t(pt)]
t=1 t=1 t=1 t=1
(22)
We bound three terms in (22) separately.
The first term. For any price p and any round ¢, we have r;(p) > r (i, p) by definition. Hence,
Z r(iv, p*) — re(p*)) < 0. (23)

t=1

The second term. Since p* = argmax ZtT=1 (i, p). We apply Lemma B.1 to p*,
pEP

T T
E 7’t E pt+1 pl - 9p*-
t=1 t=1
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Note that both 6,,, and 8, are drawn i.i.d. from exponential distribution,

E[GPJ < E |:max 9p:| < %7
pEP 0

E[6,.] <E [max 0p] < Ltlog[P]
peEP 0

We have
1+1log|P
E| ) - erpm)] < 5[0, - 0,] < L7, 24
t=1 t=1

The third term. Note that for any price p € P and any round ¢, r;(p) < m. Therefore we have,

E[ri(per1) — re(pe)] = P (per1 # pe) E[re(pes1) — 7e(pe) | ey # pe] <mo-P(pryr # pr) -

The price curve on round ¢ is p;, then by the price updation rule,

t—1
pr = argmax »_7.(p) + 0y,
PEP =1
which is equivalent to,
t—1 t—1
Hpt 2 917 + Z TT<p) - Z TT(pt)a vp S f
=1 =1

Forall p’ € P, let ¢;_1,, denote

t—1 t—1
max (917 + er(p) - Z“(ﬂ)) = Ct—1,p's (25)
=1 =1

pEP

then p; = p’ is equivalent to

By > cor . (26)
Subclaim. If 6,,, also satisfies the following condition (27),
t—1 t—1
Op, > 0p+ > 1:(p) = Y r-(pt) +m, Vp € P, 27)
r=1 r=1

then py1 = pr.
Proof of the Subclaim. If (27) holds for all p € P,

t—1 t—1
Op, > 0p+ > 17(p) = > _7r(p) +m
=1 T=1
t t .
>0, + Z r(p) — Z - (py). (because Vp € P, r(p) € [0,m])

=1 T=1

Hence,
t
P = argmaxz r+(p) + 6p = pis1.
pEP =1

O

Therefore, (27) is a sufficient condition for p, 11 = p;. We then bound the probability of p;;1 = p;
by computing the probability of (27) happening.
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P(pt =pis1) = Y Ppe=p)P(pis1 =1 | pe = D)

P (Pt = P) P (Pt+1 =p | 9p > thl,p) ( by (26))

pEP
— efmé‘
>1—mb
Therefore, P (p; # pi+1) < m#b. Hence, the third term can be bounded as
T
E(ri(pryr) = re(pe)] <m0 = Y E[ri(pi1) — re(ps)] < m?6T. (28)

t=1

l(flil . Combining the upper bounds for three terms (23), (24) and (28) together, we have

1+log|P —
E[Ry] < # +m’0T € O (mq/Tlog \Py) :

Plugging in the size of the discretization set (Theorem 3.1), we have,

E[Rr] € O (m%ﬁ) :

Set 0 =

Lemma B.1. Foranyp € P,

T
> rilpera) + 0, = > 1i(p) + O (29)
t=1

t=1

Proof of Lemma B.1. We prove this by induction. For 7' = 0, the inequality 6,, > 6, holds by

definition p; = argmax 6,,. Assume that the inequality holds for some 7'. Then for any p € P,
peEP

T+1 T
Z re(Pe41) + Op, = Z 7t (pes1) + 0p, +rri1(pre2)

t=1 1

~
Il

re(prr2) + Oppyn + 741 (PT12)

%
N
£ I~

Tt (pT+2) + HPT+2

Vv
)
_ =

re(p) + Op-

*
Il
_

Where the first inequality is by the induction hypothesis, and the second inequality is by

T+1
Pr42 = argmax Z ri(p) + 0,.
PEP =1
By the induction, the inequality (29) holds for any 7" > 0. O
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C Proof of Theorem 4.1

In this section, we prove, Theorem 4.1, our regret upper bound of Algorithm 3. We prove the theorem
by first decomposing the regret into two parts: Regret with respect to the best price in a discretized
set (called “discretization regret”) and the residual error due to discretization. The residual error is
controlled by the approximation guarantees developed in Section 3. Then, the key lemma in this
appendix is Lemma C.1 which controls the discretization. We prove Lemma C.1 using a technique
adapted from Chen et al. [15].

Theorem 4.1. Suppose in Algorithm 3 we use a discretization P which is a O(1/v/T) additive

approximation to any price curve. Then, the regret of Algorithm 3 satisfies E[Rr| € (5(m\/T ).

Proof of Theorem 4.1. For the sake of simplicity, we define r (¢, p) as the revenue under type ¢ and
. . . A .
price p, i.e, (i, p) = p(n; ). Therefore, on every round, we have r(i¢, p¢) = pe(ni, p,)-

Recall that the regret R is

1>

T

T-OPT — Y pi(ni, p,)
t=1
T

= T-OPT — Y r(ir,pt)

t=1

Rt

T
= T-OPT — T-maxrev(p) + T - maxrev(p Zr it, Pt)- (30)
pEP PEP =1

Loss of revenue due to discretization

1>

R (discretization regret)

We decompose R into two parts. The first term is the sacrifice of revenue on discretization. The
second term is the algorithm regret when competing against the optimal price within the discretization
set P.

According to Theorem 3.1, our discretization scheme approaches OPT within a gap of 124:5’

2
OPT — maxrev(p) < ¢ < 2e.
pef 1 + €

Therefore, the first term can be bounded as,

T-0OPT — T -maxrev(p) < 2¢T. 31
pEP

By Lemma C.1, the second term, discretization regret, is upper bounded by

E[Rr] < 93m+\/TlogT (32)

Combining (31) and (32) together, we have,
E[Rr] < 2¢T + 93m+/TlogT = O(mVT) (ase= )
O

Lemma C.1. The discretization regret Ry defined in (30) is at most O(m/T).

Proof of Lemma C.1. The discretization regret Ry

T - maxrev(p Zr Tt, Pt ]

peEP =1

—F Z(r(p*,it) - T(puit))]

t=1

E[R;] =E

88729 https://doi.org/10.52202/079017-2815



Il
B

]E[r(p*,it) - T(ptait)]

#
Il
—

Il
M=

Erev(p®) — rev(p:)]

t=1
=3 E[(rev(p*) — rev(p)) - L(A)] + Y E[(rev(p*) — rev(p,)) - I(Af)]
t=1 t=1
25TEB,, L(A)] + Y E[5, - I(A7)]. (33)

1 t=1

H
l

We can further decompose E[R7] into Zle E [6p, - I(A;)] and 23:1 E [6p, - I(Af)]. Where for
any round ¢, we define the good event A, as follows,

. ~ logT
Vie[m], ¢<q¢<¢+2 T
it
t . . + . E
Define 7, , 2 T H(}if““_z) - ];(_jlei’l)eg;_z) Note that I(i, = i) is a random variable

that follows Bernoulli distribution Ber(g; ), and one can only observe I(i, = i) when i € Sy, let T;
denote the mean value of first j i.i.d. observations of I(i¢s = 7). Then, we have

_ [logT\ ‘ _ ' [logT .

P (‘qi,t_qi| > Tis ) —]Z:%P <|qi,t —Qz| > ﬁv T —J)
! lo

SZP(|Ii,j_Qi|> & )
i=0 J

¢
< Z 2exp(—2logT)
§=0

IA
Sl

log T
T; ¢

Where in the first inequality, the event {|§i}t — q,»| > , Tie =17 } indicates
{\@-,j —qi| >4/ %} , and the second inequality follows from Hoeffding’s inequality.
We then bound the second term in (33)

> E[5,1(AD)] < Y E[I(A7)]

= t=1

Define event H, 2 {0 < Op, <2 e, v/ jlf)gf_Tl } By Lemma C.3, we know that

log T
T(Ai_1, 5p, > 0) => T <0 <Oy < Y28 ) = I(Hy).
ics, it—1
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It remains to prove the upper bound for Zthl E [0, L(Ar)].
Fort € {1,...,T}and k € Z, let

2
Mot A Jag (E) logT, dp, >0,
400, Op, =0,

and

Akt—{lesti =1 < Mgt}
Then, we define an event

A
Gt = {| Akt > Brm},
which means “In the ¢-th round, at least S;m types in S; has been observed at most my, ; times”.

Then, by Lemma C.5, we have
T oo T
ZH(Ht) ZZH gk}taépt > 0) 6Pt
t=1 k=1t=1
Fori € [m], k € Z,t € [T], define an event

Gkt = gktﬁ{ZESt, it—1 < Mt}

Then by the definitions of Gy, + and G; 1, + we have

(gk ty 5pt > O S Z gz,k,ta 5pt > 0) .
€Ep

Therefore,

T

oco T
ZH(Ht) . 51% < Z ZZH(QNM, 61% > O) : ;@L{;ﬂ

=1 i€Ep k=1 t=1
For any price function p, define ¢, 2 rev(p*) — rev(p). If §, > 0, we call it a “bad” price. Let
Ep 2 {i € [m] : type i would make a purchase at least one bad price}.

. .. . . . A

For each type ¢ € Eg, suppose ¢ is contained in IV; bad prices p?,l,pgz, .. ,p,ENi. Let 6;; =
. . A

61,131 (I € [N;]). Without loss of generality, we assume 0; 1 > 0;2 > -+ > 0; n,. Let §; min = ;i N, -

2
For convenience, we also define §; o = 400, i.e., oy (g”;) = 0. Then, we have
i,

T
Z]I(Ht)dpt
t=1
oo T 5
S‘Z Zzl(glkt’ Op, >O)ﬂ m
1€bEp k=1t=1
co T N; 5
=22 2D UGk e = 1l) 2
i€Bp k=1 t=1 I=1 Brm

co T
= S G =)
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oco T N;

<ZZZZH Tit—1 < Mpy, D = pzl)

ﬂmn
i€bp k=1t=1 =1

oco T N; om, 9
_ZZZZH< it— 1<ak(5l> IOgT,ptszl>

1€bg k=1t=11

oco T N; ! 2

- 2m 5

PP HHH RIS )1ogT<n,t_1Sa ") o = ) 2
i€Ep k=1 t=1 I=1 j=1 i,y—1 Brm

co T N; l m 2
<X TS o () g < T < (22) o =8 ) 2
i€Bp k=1 t=1 =1 j=1 iy —1

co T N; N; o 2
< I logT <Ti—1 <« log T, i
77’6E13/§§l:1j:1 <k<5ivj—1) © o * > s pl)

co T N;
SHHH
i€Ep k=1t=1 j=1

2

2m 2m

logT < T4 < log T, S,

<5i7j_1> ogT <Tt—1 < ag (51',3') ogT, i€ >5k
om \ > i

logT — o logT | ==L

> & i <5i,j1> & ) Brm

k=1 i€ j=1 \ ©J i,j—1
<1068mlogT - E:E:(w 7 >@m
i€bp j=1 4,j—1

where the last inequality is due to Lemma C.4. Finally, for each : € Ez we have

Mo 1 1
Z (52 52 ) 0ij = 5 + Z 52 6i,j — Oi,j+1)

=1 1,5—1 i,N;
1 &J 1
< +/ —dzx
oin,  Jos, @
21
CdiN, Gin
2
<
a 5i,m1n
It follows that
d 2136
ZH(Ht) 8p, < 1068mlogT - Z 51 - =m Z — log T (34)
t=1 i€Ep ickg 7’

So far, the distribution-dependent regret bound is proven. To prove the distribution-independent
bound, we decompose 23:1 I(#H,) - §,, into two parts:

T T

T
ZH(Ht) : 5Pt = ZH(Ht7 5Pt < E) : 5;Dt + ZH(Hh 61% > 6) : 5Pt

t=1

T
<€l + Z]I(Ht,épt > €) - 0p,,
t=1
where € > 0 is a constant to be determined. The second term can be bounded in the same way
as in the proof of the distribution-dependent regret bound, except that we only consider the case
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dp, > €. (For each type i € Ep, suppose i is contained in N; bad prices p;’y,pia, - - -, Dy, Let

dil 2 61031 (I € [NV;]) satisfies §;1 > ;20 > ... > §; N, > €. Also let 6; min 2 0i,n;-) Thus, we can
replace (34) by

T
2136 2136m?
ZH(Ht,(Spt >€)-0p, <m- Z —log T < mn logT.
t=1 i€EB,0; min>e T €
It follows that
T
2136m?
S I(H) b, < €T+ = logT.
t=1
Finally, letting € = 4/ w, we get

T

D I(He) - b, < 21/2136m2T log T < 93y/m?TlogT.

t=1

O

Lemma C.2. Under good event Ay, for any price function p, let S,, denote the set of types who would
purchase at price p, then we have

_ 1
vVt e [T], rev(p) <rtevi(p) <rev(p)+ Z 2 ;% .
i€S, bt

Proof of Lemma C.2. When A; happens,

log
T’

i

¢ < Qi < qi +2

for all ¢ € [m].

Therefore, we have

m m
fevi(p) =D Giu - r(ip) = > gi (i, p) = rev(p)
=1 =1

and
_ O , = logT ) logT
fevi(p) = G- rl(ip) <Y <Qi +24 Tg_ > (i p) Srev(p) + ) 2 [
i=1 i=1 bt i€S, bt
The last inequality is by r(i,p) < 1. O

Lemma C.3. Foreacht € [T), under good event A;_1, the following inequality holds,

logT
Tii-1’

B, = rev(p*) —rev(p) <2

1€St

Proof of Lemma C.3. When A;_; happens, by Lemma C.2,
rev(p®) < revi—1(p"),
logT

rev(py) > revy_1(ps) — 2 g T .
: it—1
1E€ES}
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It then follows that,

_ logT
dp, = rev(p*) —rev(p,) < rev,_1(p*) — (revt 1(pe) — 2 Z g >

1€ES lt 1
Since p; = argmax 5 revy_1(p), we have
revi_1(pe) > reve_1(p*).
O

Lemma C.4 (Theorem 4 of Kveton et al. [37]). We can choose {cu.} .~ and { B} .~ which satisfy
the following properties: {ou;} 1~ and { By}~ are positive and

ap>ay>...and 1=0y>01>02> ...,

such that limy_, o o, = limg_, o B = 0. Moreover,
V6 M <1, and il < 267.
2w S

Lemma C.5. On round t, if event H; happens, then at least one event Gy, 1, k € Z. happens, where
A
Grt = {|Ak| > Bem}, where Ay, = {l €St :Tio1 <mppt,

2
and my: = oy, (%) log T when dp,, > 0 and 400 otherwise.

Proof of Lemma C.5. Assume that H; happens and that none of Gy +,Ga2¢,... happens. Then
|Agt| < Bem forall k € Z,. Let Aoy = Sy and Ay = S\ Ay, for k € Zy U {0}. Thus
Aj_ 16 C Ak ¢ forall kK € Z,. Note that limy_, . my ¢ = 0. Thus there exists N € Z_ such that
Ak,t = S, for all £k > N, and then we have S; = Uk=1 (Ak7t\Ak_17t). Finally, note that for all
i € Ay, we have T; ;1 > my ;. Therefore

S a3y ¥ a=<> %

1€Sy Tit— k=1ic A \Ap_1, €A \Ar_1t

3

_Z‘Akt\Ak 1t Z\Ak 1\ Akt Z\Ak 1t| = Akt

|St +i' (m \/n%)

m = 1 1
< + Z Brm —
mait b1 VALY ES N VMt

Under event H;, we have

logT
5f< 2 =2y/logT -

<2/logT - ZMfzzﬂ’“ L ﬁ’“ 6y, < 6,

where the last inequality is due to Lemma C.4. We reach a contradiction here, hence the lemma
follows. &
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D Miscellaneous

D.1 Notations

The following table contains the notations used in this paper.

Notation Meaning
N The total amount of data.
n € [N] The number of data.
m The number of types.
p:[N]—[0,1] A price curve.
P A set of discretized price curves.
v; + [N] = [0,1] The valuation curve for type i € [m)].

V={v;:i€[m]}

The set of all valuation curves.

The amount of data type ¢ € [m] purchases at price curve p.

T(’i, p) = p(ni,p)

The revenue from type ¢ € ] under price curve p.

q= ((]1aQ27~~>(]m)

The type distribution.

rev(p) The expected revenue under price p.
it € [m] The type of buyer on round ¢ € [T].
pe: [N] — [0,1] The price curve on round ¢ € [T7].
St The set of types that would make a purchase at price p;.
Sp The set of types that would make a purchase at price p.

T, 23 1€,

The number of times that type ¢ appears in set S, for 7 € {1,...,t}.

P ={peN]—=[0,1]: p(0) = 0}

The set of all pricing curves.

L

Smoothness constant of valuation curves.

J

Diminishing return constant of valuation curves.

Table 3: Table of notations.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We fully included paper’s contributions and scope in the appendix. See §1.1
for the summary of our contributions.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: See §6 for future works on relaxing one of key assumptions of the paper.
3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We provided the full set of assumptions. Moreover, we provided the full proofs
of each Lemma and Theorem in this paper both in main text and Appendices.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This paper does not include experiments.
5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: This paper does not include experiments requiring code.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: This paper does not include experiments.

7. Experiment Statistical Significance
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10.

11.

12.

13.

14.

15.

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]

Justification: This paper does not include experiments.

. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]

Justification: This paper does not include experiments.

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our research conforms, in every respect, with the NeurIPS Code of Ethics.
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: Our research is theoretical and have no societal impact in a foreseeable future.
Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper poses no such risks.
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This paper does not use existing assets.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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Answer: [NA]

Justification: This paper does not involve crowdsourcing nor research with human subjects.
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