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Abstract

We consider Thompson Sampling (TS) for linear combinatorial semi-bandits and
subgaussian rewards. We propose the first known TS whose finite-time regret does
not scale exponentially with the dimension of the problem. We further show the
mismatched sampling paradox: A learner who knows the rewards distributions
and samples from the correct posterior distribution can perform exponentially
worse than a learner who does not know the rewards and simply samples from
a well-chosen Gaussian posterior. The code used to generate the experiments is
available at https://github.com/RaymZhang/CTS-Mismatched-Paradox

1 Introduction and Setting

We consider the linear combinatorial bandit problem with semi-bandit feedback: At time ¢ € [[T]|:=
{1,..., T} a learner selects an action [A(t)| € [4] where the set of available actions A = {0,1}7 is a
known combinatorial set, i.e., a set of binary vectors. Then the environment draws a random vector
e R4, and the learner then observes = A(tX (t), where ® denotes the Hadamard
(element-wise) product, and the learner obtains a reward of A(#)T X (¢). We assume that the vectors
(X (t))¢>1 are drawn i.i.d. from some distribution with expectation E(X (¢)) = p* and that the
entries of X (t) are independent. The vector[u*]lies in some © = R? and is initially unknown to the
learner. The learner wants to minimize the regret:

R(T, p*

~
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Where |A*| € arg max ac 4{A " p*} is the optimal action and = A*Tp* — AT p* is the reward
gap between action A and optimal action A*. The regret is the expected difference between the sum
of rewards obtained by an oracle who knows p* and always selects the optimal decision and that
obtained by the learner. We assume that the optimal decision is unique. To state regret bounds, we
use the following notation. We denote by = minge A:A ,>0 A4 the minimal reward gap and
:= maxc4 A4 the maximal reward gap, := A 4 (1) the reward gap of the action selected
at time ¢, [m| := maxac 4 | A|1 the maximal size of an action.
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The regret depends on the distributions of the random vector X (¢), which generates the rewards, and
we will assume throughout the paper that X (t) is E]Z subgau351an so that for all \ € R%:

Efexp(\TX (£))] < X 17
This assumption holds in many scenarios of interest, for instance, when X (¢) € [a, b]¢ with 02 =

(b — a)?/4, or when X (t) is normally distributed with a covariance matrix smaller than o2I;. We
assume that o is known, or at least upper-bounded.

HM\Z

One of the candidate algorithms for this problem is Thompson Sampling (TS), which is based on
Bayesian inference. We consider a prior distribution 7y over O, a likelihood function ¢ and 7; the
posterior distribution of * at time ¢ knowing the observations and the actions up to time ¢:

() = Hse[t 1] Hie[d] [Ai(8)6(X;(s), i) + (1 — Ay(s))]mo (1)
T Yo Tacpen iea[Ai(9) 00X (5), ) + (1= Ai(s)) o () dp
The TS algorithm with prior 7 and likelihood ¢ consists in sampling 6(t) from distribution 7, and

select action A(t) € arg maxge 4 A’ 0(t). The random vector [§(¢)] called a Thompson Sample, acts
as a proxy for the unknown p* and guides the exploration.

We will show how TS behaves with either Gaussian likelihood ¢(z, 1) = (27r)’1/26*(z*“)2/2 or
Bernoulli likelihood ¢(x, ) = 1{z = 1}u + (1 — u)1{z = 0} in the next sections. If the likelihood
2(X;(s), ;) is selected as the distribution of X;(s) knowing p; then we say that TS is natural. If the
likelihood ¢(X;(s), p;) is different from the distribution of X;(s) knowing p;, we will say that TS is
mismatched. An example of mismatched TS would be to select ¢ as the Gaussian likelihood, although
the actual distribution of X (¢) knowing p* is, say, Bernoulli or some other bounded distribution.
Ultimately, the likelihood function is a choice left up to the learner to control how TS explores the
suboptimal actions. Perhaps counterintuitively, mismatched TS can outperform natural TS, as we
will demonstrate. The prior 7y can be chosen in various ways, for instance, Jeffrey’s non-informative
prior. It can even be chosen as an improper prior, where S@ mo(p)dp = +00, as long as the integral
in the definition of m; is well-defined.

TS is usually computationally simple to implement as it requires a linear maximization over the
action space A at each step, which we assume can be done in polynomial time in m and d. This fact
explains the practical appeal of TS since whenever linear maximization over .4 can be implemented
efficiently; the algorithm has low computational complexity. Also, for some problem instances, it
tends to perform well numerically.

2 Related Work and Contribution

Combinatorial bandits are a generalization of classical bandits studied in [[17]]. Several asymptotically
optimal algorithms are known for classical bandits, including the algorithm of [[18]], KL-UCB [5]],
DMED [13] and TS [14, [22]. Other algorithms include the celebrated UCB1 [4]. Numerous
algorithms for combinatorial semi-bandits have been proposed, many of which naturally extend
algorithms for classical bandits to the combinatorial setting. CUCB |6} 16] is a natural extension of
UCBI to the combinatorial setting. ESCB [8},|10] is an improvement of CUCB, which leverages the
independence of rewards between items. AESCB [9] is an approximate version of ESCB with roughly
the same performance guarantees and reduced computational complexity. TS for combinatorial
semi bandits was considered in [[11} |15} |20} |21} 123]] while TS for linear bandit was studied in [/1,
3. Also, combinatorial semi-bandits are a particular case of structured bandits, for which there
exist asymptotically optimal algorithms such as OSSB [7]]. It was also shown in [15] that TS is
asymptotically and finite time optimal for matroid-like action sets. The Bayesian regret of TS has
been extensively studied, e.g., [21]].

Three types of regret bounds exist in the literature: R(T, u*) is the problem-dependent regret, i.e.,
the regret of the learner on the particular problem instance defined by p*. The minimax regret is
max,eco R(T, 1*) and the Bayesian regret E,,« [R(T, 1*)] where p* is drawn according to some
prior distribution. We will state regret bounds as a function of the parameters 7', the time horizon; d,
the problem dimension; m, the maximal size of an action; and A,;,,, the minimal gap.

The paper [16] showed that the problem-dependent regret of CUCB is upper bounded by O <dm ln T)
and its minimax regret is upper bounded by O(vo2dmT InT + dm). [10] showed that the problem-
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2d(lnm)?InT

. o“d( dm?®
dependent regret of ESCB is upper bounded by O ( Ao + X

upper bounded by O(+/d(Inm)2T InT + dm). [20] showed that the problem-dependent regret of
TS is upper bounded by

2 1 2 3 2 1 2+4m
O(U d(nm) lnT—f—idm —i—m(am hi ) .

) and its minimax regret is

Amin Arznin Amin
While this bound is almost optimal in the asymptotic regime where 7' — o0, it is exponentially
suboptimal in the finite time regime since the last term of this expression scales exponentially with
m. Unless one assumes a particular type of action set as in [15]], all the known generic regret upper
bound for TS in the literature [11], [23]], [20] feature an exponential dependency on m. [24] further
showed that the problem-dependent regret of TS for some simple combinatorial set can be lower
bounded by an expression scaling exponentially in m,

A om (1 Ay 1 \?
Zmin (1 —pa )T, withpa . = (2 o (Bmin 2 .
4pAmm( (1=PAwn)” ), Withpa,,, exp{ 5 (2 ( =+ \/ﬁ)> }

They further showed that Thompson Sampling is not minimax optimal for some combinatorial bandit
problems. Therefore, the exponential term is not an artefact of the analysis of [[20]. It is also noted
that the regret upper bounds for ESCB and CUCB do not feature this exponential dependency in m,
suggesting that those algorithms are better in the finite time regime than the versions of TS analyzed
so far in the literature. This is unfortunate because TS usually has very low computational complexity,
and having an algorithm with both low computational complexity and low regret in the finite time
regime would be highly desirable.

R(T, ") =

Our contribution : (i) We propose a new variant of TS with a regret upper bounded by:

2 2 .72
o) (U dlnm, o, oodminm, oy p <m,d, 1A o))

» S max»
Amin min Amin

where P is a polynomial in m, d, ﬁ’ Aax- This polynomial term is a clear improvement over

the bound of [20] in the finite time, high dimensional regime where 7' is relatively small and m is
large. Indeed, the last term in this bound P (m, d, 1/Amnin, Amax, o) Will be much smaller than the

last term in the bound of [20] m (o(m? + 1)/Amin)2+4m which is exponential in m. To design our
variant, we add a slight exploration boost to TS, which vanishes as T" — oo but significantly impacts
the algorithm behaviour when 7" is moderate and m is large. Also note that the improvement in the
Inm term comes from a direct application of a result in [[19].

(ii) We design new proof strategies to derive this upper bound, which are based on carefully bounding
the sample path behaviour of TS. We believe those strategies are an essential contribution to the
analysis of TS and enable us to show that with high probability, TS will sample the optimal action at
least () times with o > 0. This number serves to control the transient behaviour of TS.

(iii) As a by-product, we show the mismatched sampling paradox of TS: in some cases, mismatched
TS performs exponentially better than natural TS. For instance, in a problem where X (t) has
Bernoulli distribution, a learner using a uniform (improper) prior and a Gaussian likelihood can
perform exponentially better than a learner using a Beta prior (which includes Jeffreys’ prior) and the
Bernoulli likelihood. In essence, trying to exploit the learner’s statistical knowledge about the model
ends up harming them.

(iv) We confirm our theoretical predictions using numerical experiments, which clearly show that
our variant of TS outperforms by several orders of magnitude the Beta-based versions studied in the
literature whose regret scales exponentially in the ambient dimension.

3 Algorithms

In this section, we present three TS algorithms: B-CTS (Beta-Combinatorial Thompson Sampling),
which is TS with a beta prior and a Bernoulli likelihood, G-CTS (Gaussian-Combinatorial Thompson
Sampling) which is TS with a uniform (improper) prior and a Gaussian likelihood, and finally
BG-CTS (Boosted Gaussian-Combinatorial Thompson Sampling), an algorithm we propose by
introducing a carefully chosen exploration boost in G-CTS.
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3.1 Notation

We use the following notation to state algorithms. We define the statistics = Dlsere—1] Als), the
vector containing the number of times each item has been selected, = Dsere—1) L{A(s) = A}
the number of times action A has been selected until ¢,|V (t)|:= D t) the diagonal matrix whose

diagonal elements are (1/Ny (%), ..., 1/Ny(t)), u@ti 1= V(t) Xsepr—1) Xi(s) © Ai(s) the empirical

average estimator for p*. We denote by [H (¢ (A(s), A(s) © X (5))se[t—1] the history which
contains all the information collected by the learner up to time ¢, and which includes both the
observations and the selected actions. For two vectors a, 3 in (R*)? we denote by Beta(a, ) =

®?=1 Beta(«;, 8;) the distribution of a vector with independent entries, and where the i-th entry is
Beta(«;, 3;) distributed.

3.2 B-CTS

B-CTS (see[l]in the algorithm format) considers the prior o = Beta((0), 5(0)) where (0), 3(0),
are two vectors in R? chosen by the learner and the Bernoulli likelihood ¢(z, i) = 1{x = 1}u +
(1 — p)1{x = 0}. If «(0) = B(0) = (1,...,1), then the prior 7y is uniform over [0,1]%. If
a(0) = 8(0) = (1/2,...,1/2), then the prior is Jeffreys’ non-informative prior, which is proportional
to the square root of the determinant of the Fisher information matrix. In B-CTS, the posterior
distribution 7; is also a Beta distribution so that the Beta-CTS selects the action:

A(t) € arg max ATO(t) with 6(t) ~ Beta(a(t), 3(t))
€
where vectors «(t), 5(t) are defined as:

a(t)i= >, X(s)©A(s) + a(0) and|B(t):= > (1—X(5)) ®A(s) + B(0).

se[t—1] se[t—1]

3.3 G-CTS

G-CTS considers the improper prior 7y which is constant and equal to 1/o on all R? and Gaussian
likelihood #(x, u) = (2W02)*1/26*(X*“)2/(2”2), where o2 is the variance. Of course, since 7 is
improper, for m; to be well-defined, we require that enough samples have been collected so that
N(t) = 1. This is easily achieved by selecting d actions A, ..., A? that cover A in the sense that
> ield] A® > 1, and initializing the algorithm by sampling each of them once. In G-CTS, the posterior
distribution 7; is also a Gaussian distribution so that the G-CTS selects the action:

A(t) € argmax AT (1) with 6() ~ N(A(t), oV (1))-

34 BG-CTS

BG-CTS (see[2|in the algorithm format) is a modification of G-CTS that we propose and that selects
the action

A(t) € arg max ATO(t) with 6(t) ~ N(fi(t), 29(t)o?V (t)) with

o(t)|:= % and|f(8)):= (1+A) (nt + (m +2) Inlnt + 2o (1+ ;))
and A € R* is an input parameter of the algorithm. BG-CTS behaves like G-CTS with a time-
varying boost in its exploration denoted by ¢(¢). This boost asymptotically behaves like a constant
lim;—,o g(t) = 1 + A. This boost ensures a much better finite-time behaviour, especially in the
moderate 7', large m regime, to avoid the exponentially large regret that can occur in TS. The form of
g(t) is not arbitrary and is derived from the self-normalized concentration inequalities that control
the large deviations of vector [i(t). To make our analysis clearer, we will assume that there exists an
exogenous process (Z(t)]);>1 of i.i.d. (0, I4) vectors that serves as the random generator number

for the Thompson samples with 0(t) = fi(t) + o1/29(t)V 2 (£) Z(¢).

This decomposition is useful for separating the algorithm’s randomness from the bandit environment’s
randomness. We notice that for all s > t, Z(s) and the history #(t) are independent. Furthermore,
we call Z(s) the random part of the Thompson sample, AT 6(t) the Thompson sample of action A
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4 Main Result

We now state Theorem [T} our main result.
Theorem 1. For \ = 1, and o2 subgaussian rewards, the regret of BG-CTS is upper bounded by:
s Armax; 0) ey

o?dlnm a?d®>mlnm 1
T+ — —
Amin . * Amin Amin

with C, C" universal constants and P a polynomial in m, d, ﬁ, Apax, 0.

R(T,n) < C InlnT + P (m,d7

Theorem|I] states that the regret of BG-CTS is upper bounded by an expression with both the correct

behaviour when 7' is large i.e., both this bound and that of [20]] give the same upper bound on
R(T\pu")

lim supy_,,, =35> but also a polynomial dependency in m, d, ﬁ, Anax, 0. This result predicts
that BG-CTS performs much better than other TS variants in the regime where the time horizon 7' is
moderate and the decision size m is large.

A consequence of Theorem [I| combined with prior known results of [24] this is the mismatched
sampling paradox for TS: a learner attempting to leverage his knowledge about the statistical model
by using natural TS can perform exponentially worse than a learner willingly ignoring this knowledge
and using mismatched TS by using an algorithm such as BG-CTS. Consider the example of [24]]
which features two disjoint actions of size m = d/2 written (1, ...,1,0,...,0) and (0, ...,0,1, ..., 1)
and Bernoulli rewards. Suppose the learner attempts to leverage that she knows the rewards are
Bernoulli and that the parameter space is [0, 1]%. She will employ a uniform prior over [0, 1]¢ and
the Bernoulli likelihood. This means using B-CTS and getting a regret that scales exponentially with
d as shown in [24]]. Using B-CTS with Jeffrey’s prior does not help either. On the other hand, if the
learner pretends she does not know the parameter space nor the rewards distribution and uses B-CTS,
she gets a regret scaling only polynomially in d. Furthermore, Bernoulli rewards are o> subgaussian
with 02 < 1/4 as stated above, so our regret upper bound for BG-CTS applies to this example.

At first glance, it seems outright absurd to use a prior whose support is the whole of R? instead of
the actual parameter space [0, 1]%, and using a Gaussian likelihood, which is continuous when the
rewards are binary, but this paradoxically gives exponentially better performance. This paradox leads
us to believe one should be careful when using posterior sampling for regret minimization. While
this is natural for Bayesian inference, things seem to be much more complex when solving bandit
problems, which feature both inference and control/exploration.

5 Regret Analysis

In this section, we describe how to prove our main result. Due to space constraints, some proof
elements are relegated to the appendix. In particular, to make this proof self-contained, we reproduce
(without their proofs) the results from previous work that we use for our analysis. A reader can try to
follow the proof with the help of the diagram in figure

A fundamental idea of our analysis is to consider the event[2;] where both events occur :
Vse[t],YAe A: |ATO(t) — ATp*| < CrovVmIntATV 3 (s)A,
and |{s € [t]: A*T0(s) = A* T p*}| = Cot®
Where: VB +VT2,[CY] = m 1; = 1.238,@: 3/4 — (1/2)(C3)? ~ 0.131.

When 2, occurs, we say that we observe a clean run up to time ¢. A clean run up to time ¢ implies
that the Thompson sample of any action A at any time s € [¢] cannot exceed the sum of its expected

value and a bonus proportional to ATV (t)A, which can be interpreted as the confidence bonus
used in the CUCB algorithm. A clean run also implies that there exist many instants at which the

Thompson sample of the optimal action is at least as large as its expected reward AT e

5.1 Probability of observing a clean run
We first now show that most runs are clean, i.e., clean runs occur with high probability. Proposition

states that the probability of a non-clean run up to time ¢ is much smaller than 1/¢, and therefore
non-clean runs cause little regret.
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Proposition 2. Forall t > Cs, we have P(2;) > 1—4dt=2 —t~(Int)~2 — e~ 4" with[Cy| = Co/8
and|[Cy| = 23.

Proof : The proof is relatively technical, and involves decomposing 2l; according to the fluctuations
of O(t) and fi(t). We decompose the Thompson sample of the optimal action as follows:

A*TO(s) = ATt +[U(s) + S*(s)]\/A* TV (s)A*

with

N AT (A(s) — u) N ATV (5)Z(s)
U*(s)|:= ——=———="and|5"(s)|:= 0/ 2¢(s) ————=—=—"
A*TV (s)A* ! A*TV (s)A*

which represent the deviation between the empirical mean and the expected reward, and the deviation
of the Thompson sample from the expected value of the Thompson sample.

We introduce the following deviation events

[B:= {rrg[nf [V=2(s) (' = i) > ov8Int) = {rsréa;x 1Z(s)]0 = V61Int}

[E]:= {l{s €[] > oy/2f (D)} < Cat®} Bd:= {mé[tng = o/ 2f(t)}-

Each of those events can be interpreted as follows. B, means that the empirical mean of some item
deviates from its expected value at least once, €; means that the randomization in the Thompson
sample is abnormally large at least once, ©; implies that the empirical mean of the optimal action
deviates from its expected value at least once, and €; means that there exist too few instants at which
S*(t) is reasonably large.

Assume that none of B, €;, ©;, &, occur. For all A € A andall s € [¢]:
|ATO(s) = ATp*| < AT (f(s) — w)| + AT (8(s) — ()| < CroVmIntATV!2(5)A
since if 2B, does not occur:
|AT(fi(s) — p*)| < oVBIntATV2(s)A
and if €; does not occur and because g(t) < 2(2m + 1) < 6m see lemma f.
|AT(0(s) — [i(s))| < oVT2mIntATV/?(s)A

Furthermore if ©; and &; do not occur, there exists at least C5t* instants such that S*(s) = o+/2f (%)
and U*(s) > —o+/2f(t), which implies A*"(s) > A* y*. This means that:

{se[t]: A*TO(t) = A* T} = Cot®
Therefore 2; occurs, and we have a clean run. Hence P(2;) > 1 —P(B;) — P(&;) — P(D;) — P(&,).
We now upper bound the probability of each event separately.

5.1.1 Probability of B,

Using a union bound P(B¢) < >,y P (maxse[t] Vi(s)(ur(s) — a(s)) = ov/8In t) < 2dt—2.

We used the concentration inequality first derived by [[16]] in their analysis of CUCB and recalled in
lemmal[7l

5.1.2 Probability of ¢,

Using a union bound and a Chernoff bound for the Gaussian distribution (lemma [_115]), wheres is the
tail function of the standard Gaussian distribution :

<] Z i (\Z >V6In t) < 2tdQ(V61nt) < 2tdexp(—3Int) = 2dt~2

i€[d] se[t
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5.1.3 Probability of ©,

We have for t > 2, P(D;) < t~!(Int)~? from the concentration inequality derived by [[10] in their
analysis of ESCB and recalled in lemma 5]

5.1.4 Probability of &,

In order to control the probability of &;, consider the following counting process:
W(s)|= > 1{S*(u) = o+/2f(t)}
ue(s]

We wish to show that, with high probability, W (s) = Cyt®. One may readily check that W (s) is a
sum of binary variables and that its conditional expected increment verifies:

p(s) = E(W(s) = W(s —1)[H(s)) = = o/ 2f () H(s) f()/g(s))

since, conditional to #(s), S*(s) has a gaussian dlstrlbutlon with mean 0 and variance 2¢g(s). Let us
lower bound of the sum of p. By considering ¢t > C5 we have

>, p(s) = (t/2)p(t/2) = (¢/2)Q(f(8)/9(t/2)) > (t/2)Q(C3y/In(t/2)) = 2Cst°

selt]

using the fact that p is increasing in s, and the study of ](c ( /)) done in lemma f I and lemma on
the asymptotic behaviour of the () function.

We can now conclude by applying a multiplicative Azuma-Hoeffding style bound to W (s) presented
in lemmal6]in the appendix. With Cy = C»/8 we have :

(&) <P(W(t) < Cot®) <P | W(t) < (1/2) )] pls) | < e 3 ToeP() < omst” — om0ut”

se(t]
5.1.5 Putting everything together
Adding up the four previous bounds, for all t > C5, P(;) > 1 — 4dt~2 —t~'(Int) =2 — e~ 4t",

5.2 Thompson sample for the optimal action on clean run

We have already established that clean runs occur with high probability, and now we concentrate on
how the algorithm behaves on those runs. Proposition [3| further shows that the optimal action will be
selected numerous times when a clean run occurs. In turn, the Thompson sample of the optimal action
will be arbitrarily close to its expected reward. This argument is the cornerstone of our analysis (that
we believe to be missing in the previous analysis of [20]) and will allow us to control the transient
behaviour of the algorithm.

Proposition 3. Fort > Pi(m,d, x2—,0), if A, occurs, then we must have Ma«(t) > Cgt®
and A*TO(t) = A*Tu* — h(t). With Py a polynomial in m, d, Al o, E Cy4/2, and- =

Ciom @;?,f. It is noted that lim;_, o, h(t) = 0

Proof: Let us consider a clean run. We can count the number of times the optimal action was not
chosen and the variance term of the action is greater than A ;,:

1 . Int Amin
‘{Clo\/ ntAT (s)VE(s)A(s) >Amm}‘ <) {zeA( ), Cho ”];(I;) > = H
ie[d] v
C2om3 Int

min

And since we have a clean run: |{s € [t] : A*"0(s) = A*"p*}| = Cyt™. At those times, if the

variance term of the action played is less than A,;,, then it means that the optimal action has been

played due to the first condition of 2(;. So we get :

Cio?m?Int
A2

min

My« (t) > Cgta — Cﬁta
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2 “1/a 1+1/c 1+1/a
With Cy = Co/2 fort > [Pm.d 51— 0) 1= (1)7F (1= 47 ()7 (g2

min

using lemma f. [§] Recall that under 2, :
|A*TO(t) — AT | < CLovmIntATV2(s) A.

Since M4« (t) = Cgt™ has been selected at least Cst® times up to time ¢, we have A* ' V1/2A* <
m .
Joore SO we get the announced result :

I
1A*To(t) — A*T | < Crom ’g;f = h(t)

5.3 Regret upper bound

We can now analyze the regret. Let us define some more events at time ¢:

Bd:= {A() > 0) = {AT(0060) - 7(0) > o\30AT OV (0400}
B2~ {47000 -0 = 252 @ {3ie a0, put) -t > e

with|[f ()] := 2 (m (JA) + (m + 2)(1 + dIn2) In(Int) + 2+ 1y (4 e)) :

The event 3; means a suboptimal play. §; implies that the empirical mean of one of the items in the
action selected at time ¢ deviates from its expectation. ®; means that the Thompson sample of the
decision played is far from its true value, and finally, $3; is for when the Thompson sample from the
arm played is far from its empirical mean. The complete event system decomposed as follows.

5.3.1 Regret due to 2,

Using proposmonlwe have that ]P’(Qlt) 4dt=2 + t~*(Int)~2 4 e~“4*". Then we can use the
fact that ), 72 = & 721&61\1* ln tmpz < 4 And furthermore, with lemma f. @we have that

o —1/a
Piene € G < %I‘(a). Therefore, the regret caused by 2; is upper bounded by:

7T2 -1/«
D1 EABL {2} < Apax Y. PRL) < Apax ld23 Ca <;) +41,

te[T) te[T]

5.3.2 Regret due to &; N 2,

We use proposition [3| and we get that for ¢t > Py(m,d, 1/Anin, o), A*TO(t) > A*Tp* — h(t).
Combining with event &, we know that when h(t) < Apin/4, the only action that can be played

mlint
Cgt™

- - 1+1/a 1+1/a
happens for ¢ > m, ~—,0) = (1 )1+2/ (1-4" Y (ﬁ) (%) So the

Cs min

is the optimal one. We recall the formula of h(t) = Ciom And using lemma f. (8] this

regret caused by this term is upper bounded by :
D1 E[AMB)L{&; N W }] < Apaxmax {Py (m,d,1/Apin, o) , P (m, 1/Amin, 0)} .

te[T]
5.3.3 Regret due to 3

Amin

This result comes from lemma 2 from [6] and is reproduced here in lemmal By setting € = Smin,

we have -
> E[A(t)l{st}]<dAmax( AT )

te [T] min

5.3.4 Regret due to £,

We show in lemma@in the appendix that P($);) < 7% and 2iterr) EIAMG)L{H:}] < Amax T
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5.3.5 Regret due to Fen®,nH
We use lemmald]in this appendix, and we get with[C] = 768,[C"| = 2304 1n 2 that :

DUEAML{G 0 S nHi}] < 3840%dInmf(T)

and
te[T] Amin

38402dInmf(T

In21n(1+e)
Amin :

2 , 2 52 . 2 2
L < oodm oy oretdminm )y 1 11527 0

5.3.6 Putting everything together

Finally, we can put everything together and obtain the regret upper bound found in [I] with the

following polynomial constant term :
1 el 1 32m202 572
P d, —— AmaX7 = Arnaux 4 (- 4 dAmax A9 o
Pt ) = o | S (3 ] e (S5 45
o?md?In2In(1 + e)

1 1
+Amax <P1 (mada Arnln,o—) + PQ <m,Arnln,O'>> + 1152 Amin

The degree of this polynomial depends on 1 + 1/a < 10 with @ = 0.131. So the degrees of the
polynomial in m, d, 1/Apmin, 0, Amax are respectively 30, 10, 20, 20, 1.

6 Numerical experiments

In this section we perform numerical experiments with Beta CTS, BG-CTS and ESCB on a case
where there are only two actions A = {A', A%} of size m = d/2 with A' = (1,...,1,0,...,0)
and A% = (0,...,0,1,...,1). This action set exhibited exponential regret in [24]. We set u* =
(0.7,...,0.7,0.9, ...,0.9) with a Bernoulli distribution. The algorithm Beta CTS Uniform prior is
initialized with the uniform distribution, while the Beta CTS Jeffreys is initialized with the Jeffreys
prior on [0, 1], which puts more weight around the extremities of [0, 1], increasing exploration.

300000 100

250000

200000

B-CTS-Jeffreys
B-CTS-Uniform
ESCB

BG-CTS

®— B-CTS-Jeffreys
B-CTS-Uniform

—4— [SCB

—4— BG-CTS

£
150000 g
£

umulative Regret

100000

C
Fin:

50000

—— 10

“U 2500 5000

7500 1000012500 15000 17500 20000 10 20 30 40 50 60

t Number of arms

(a) Average regret over time (b) Average final regret as a function of m

In the first experiment, we set a time horizon of T' = 2 x 10%, and each decision has m = 50 items.
We run the experiment 100 times and plot the average regret over time and two empirical standard
deviations in Figure|lal The regret is nearly linear for the Beta-based Thompson samplings, whereas
the subgaussian Thompson sampling and ESCB showcase regret of magnitude much lower. We set
a time horizon in the second experiment 7' = 1 x 10*. For each decision size m € {5, 25, 45, 65},
we run the experiments 150 times, and we plot the final regret as a function of m in Figure [Tb] In
the Beta-based Thompson samplings, the final regret and its variance rapidly increase with m. In
comparison, BG-CTS and ESCB do not seem to be affected.

7 Conclusion

We proposed a Boosted variance Gaussian Thompson Sampling for linear combinatorial bandits
(BG-CTS) and proved using novel strategies that its regret is bounded polynomially. This variant of
TS far outperforms the classical TS by several orders of magnitude on a 2 decisions Bernoulli reward
example.
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A Glossary

List notation related to problem setting

g
24
[¢7)

Notation Description
[T] Set of time step until 7" : {1,2,..., T} 1]
A Combinatorial set of interest include in {0, 1}% 1]
A(t) Action taken at time ¢ 1]
d Number of arms, dimension of the problem il
m Maximal size of a decision ]
X(t) Random vector of dimension d representing the reward of each arm at time ¢ ]
Y(t) Observation made by the learner at time ¢ : Y (¢) := A(t) © X (¢) ]
© The Hadamard operator of two vectors or matrix A,B of the same size. (A® B); ; := I
A;jBi _
w* The true unknown parameters 1
A* The optimal action ]
Ay The reward gap between the optimal decision and the decision A ]
Anin The minimal reward gap, the reward gap between the optimal decision and one of the |T]
second best decision B
Amax The maximal reward gap, the reward gap between the optimal decision and one of the E]
worse decision
A(t) Reward gap at time ¢ of the action A(¢)
o Sub-gaussian constant of the problem
R(T,p1*) Regret at time 7T for instance p*

List notations related to the algorithm and its analysis

Notation Description Page
a(t) The empirical mean of the parameters at time t
0(t) Sample from the posterior distribution of ©* given by the algorithm at time ¢ 2)
N(t) Number of times each arm has been selected until time ¢ 3]
Mu(t) Number of time the action A has been selected until time ¢ 3|
V(t) Squared diagonal matrix containing the inverse of N (¢). The variance of the Thompson |3
samples are proportional to V(t)
H(t) History up to time ¢, (The observation at time t is not included) 4
a(t) First parameter of the Beta distribution at time ¢ il
B(t) Second parameter of the Beta distribution at time ¢ il
g(t) Bonus variance added to the Thompson samples distribution at time ¢ 4
f Maximal concentration inequality function at time ¢, given by [10] i
£ 8

)
t) Upper bound on the quantity g(¢) = In(].4|). Controls the deviation random part of the
Thompson sample of the arm played.
)

h(t Vanishing term that controls how close the Thompson sample of the optimal action is to
its true mean during a clean run

Z(t) Random i.i.d. Gaussian unitary vector of dimension d folowing N(0, I;) used to E]
generate the Thompson samples at time ¢

Q Tail function of a standard Gaussian distribution Q(z) := P(NV(0,1) > z) 6

U*(s) Quantity related to the empirical mean of the best decision at time s §

S*(s) Quantity related to the random part of the Thompson sample of the best decision at time  [6]
s

W(s) Counting process of the number of times the random part of the Thompson sample of
the mean of the best decision deviated

P Polynomial term in m, d, 1/A i, o that represents the waiting time so that the best

action is played more than fractional power of ¢
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Notation Description Page

List
P Polynomial term in m, 1/A iy, o that represents the waiting time so that the average
mean of the best action is close to its true mean
P Polynomial term in m,d, 1/A i, o replacing the exponential term in the previous E]
annalysis of [[10]
List of events
Notation Description Page
List
A g Event of a clean run at time ¢
B, The empirical mean deviated too much during the run until time ¢
¢ The random vector Z(¢) deviated to much during the run until time ¢
Dy The empirical mean of the reward of the optimal action deviated too much during the
run until time ¢
& The random part of the Thompson sample of the best decision deviated too few times
during the run until time ¢
3 The algorithm plays a suboptimal decision at time ¢
St At time ¢, the empirical mean of one of the arms played is too far from the true mean
(G At time ¢, the Thompson sample of the decision played is too far from its true mean
e At time ¢, the random part of the Thompson sample of the decision played deviated too
much

List of the constants used in the paper

Notation Description Page
List

o Cy = \/g + m

C C2 = somctig,ver

Cs Cs = +/1.238

Cy Cy=C5/8

Cs Cs =23

Cs Co = Cy/2

C C = 768 constant in front of the log term in the regret bound

c’ C’ = 2304 1n(2) constant in front of loglog term in the regret bound

o a=3/4—(1/2)(C3)? ~ 0.131
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B Algorithm

Here are the algorithm for Beta Combinatorial Thompson Sampling (Beta CTS) and Boosted Gaussian
Combinatorial Thompson Sampling (BG-CTS) that we use in the paper.

Algorithm 1: Beta Combinatorial Thompson Sampling (Beta CTS) (with a uniform prior)

Initialization : Uniform prior for beta distribution (0) = 3(0) = [1]¢;
fort=1,...,T do

Draw 0;(t) ~ Beta(a;(t — 1), 8;(t — 1))
Compute A(t) = argmaxac 4{AT0(t)}
The environment draws X (t) ~ Ber(u})
Observe X (t) © A(t), Receive reward A(t)T X (t)

Update priors a(t) = a(t — 1)+ X (¢) © A(s) and B(t) = B(t —1) + (A(t) — X (t) © A(2))

end

Algorithm 2: Boosted Gaussian Combinatorial Thompson Sampling (BG-CTS) (with improper
prior)

Input: A > 0,0 >0

Initialization : Vi € [d], N;(0) = 0, /i;(0) = 0 Uniform improper distribution on R, select
decisions until min,eqy Vs(t) > 0. Update Vi € [d], N;(0), 4;(0) accordingly. Generate
Vi e [T],Vie€ [d], Z;(t) ~ N(0,1) i.id.

fort=1,...,T do

Compute 0;(t) = fi;(t — 1) + o Nf%%&(t).

Compute A(t) = argmaxac4{AT0(t)}.
The environment draws Vi € [d], X;(t).
Observe X (t) ® A(t), Receive reward A(t)T X (t).

Update Vi € A(t), N;(t) = N;(t — 1) + 1, fis(t) = N;Vfgt;lﬁi(t —1)+ ﬁ—g‘;g

C Proofs of main results

Here in[2)is the diagram of the regret decomposition on the complete event system in green. In red
is the novel part of the proof that we introduce. It replaces the step 4 of the proof in [20] wich was
inspired by [23]] who we think addapted ideas from [2] and [14]. We, in some sense, rediscovered
those ideas for the case of combinatorial bandits by controling the numbre of times the optimal action
is played

Lemma 4. We have :

Fen®,nH C {At < 20\/8f(t)AT(t)V(t)A(t)} .

And therefore (This is lemma 4 from [19]):

DI EAL{G NG AN} < ) R [A(t)l {At < 20\/8f(t)AT(t)V(t)A(t)}] :
te[T) te[T]

. 1
<3840 Inmf(T) ),

ie[d] i, min

And

2dlnmf(T 241 2d?m1 2In21n(1
5000'anf( )<CUAd nm, oy or? dAm nmlnlnT+1152md nA n(l+e)

with C' = 768,C" = 23041n 2.

https://doi.org/10.52202/079017-2839 89450



J[nsa1 urew 2y jo jooid ayy jo weidel( :7 IS

Awu GG T o
¥ I I %) nzme v

T

TES uonI=s

L upig g
v w——— U R AL L D+.0m 0 o
(2 + D)ui (2)v1 P o (w)urtup,o’ (wjurpee {(o "™ /T W) & (0 TG /TP ) I } xmm Y
G'E'G uondas ¢'E'G uonasg
(Zzng unmeuad ¢ ewwaT) (g Bwwa| ucmﬁ uoisodoid)
jaibay 1a1bay
g
{z uomsodoig)
saldwl ¢ oy
(6 wwa)
1a1bay
(z eunua)
jaufiay
l 4
e
AU 9 xewm
ﬁ 797 MEE v P e v
££°G uones 7'E'S UoRes

(z uomisodong)
Apgegoad yum

ry

(g W)
1aibay

.

o (DU, 1+, W7

Z uomsodoid

{7z uonisodoid)
Auporegosd yum ¢ sas

https://doi.org/10.52202/079017-2839

89451



Proof. ®, implies that we have

D) 600 5)

i€A(t
< DO - )+ Y (At —1) — )
i€ A(t) i€A(t)

Then §; respectively $; imply that > (f;(t) — u¥) < % respectively >, (0;(t) — 11:(¢)) <
i€ A(t) €A(t)

O'\/8f(t)AT(t)V(t)A(t). Therefore, we have that :

A(t) < 20\[SFAT(OV (D A(R)

Then because f is increasing, we can use lemma 4 from [[19] with 3; 7 = 6402 f(T'). And we have
that Vi, p; = 1 because we are not working on triggering bandits. ( 3;  and p; are from their notation,
We can also notice that because each arm is played at least once in our algorithm we do not have the
first term in dA .« that is counted elsewhere) We have that :

D E[AML{G: 0 & 0 Y]

te[T]

< 3 elam{an <zsimarovoan}]

te[T]

<640”f(T) )] 3+ In(m)

ie[d] 7, min

To make the formula more readable we use that for m > 2 we have that 51lnm > 3 so that :

6402 f(T) > 3tInm) _agiq2fm) 3 In(m)

ie[d] %,min ie[d] 2,min

By definition of f, we have that C' = 768. And assuming m > 1,d > 3 we have that (m + 2)(1 +
dIn2) < 3dmIn2 so C’ can be taken as 2304 In 2 and the last constant is 1152 In(2).

O

D Concentration results

Lemma 5. Fort > 2, let A\ >0, let &, > 0. Let f(6;) :=In(Z) + mInlnt + ZIn (1 + £). Then

t

the event D = {max,er; U*(s) = 0+/2(1 + ) f(0¢)} happen with probability P(D;) < d;

Proof. See lemma 3 of [[10]]. Moreover, notice that in their lemma 6, they use a union bound on all
the possible values of (N;);ca+ € [t]™ to get their result. (This is symbolized by their set D,) [

Lemma 6 (Multiplicative Azuma Chernoff). Let (W})ien+ be a sum of random variable : Yt €
t
N* W, = X5 Where (X;)ien~ verify that there exist (p;)wen €]0, 1[ such that :
1

s=

Vt e N*, ]P(Xt = 1|H(t — 1)) = D¢,

t
And (H(t))ten~ is a filtration where 't € N*, X, is H(t) measurable. We note m; = Y, p,.
=1
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Lett € N*,V§ > 0 we have that :

2mt)
+6

)
P(W; = (14 6)m:) < exp(5
andV1>6>0

2
P(W: < (1—0)my) < exp(a

Proof. For the first inequality, let t € N*, A\, x € R™, we have by Markov inequality:

S E(XWr)ee
Let s € [t], by definition of X, and using that Vo € R, exp(x) > 1 4+ x we have that :
E[e[H(s — 1)] = pse* + (1 = ps)
=ps(e* —1)+1
< exp(ps(et — 1)).
Then, by the tower property of the expectation and induction:
E(e*) = E [e* 1 E [ [H;—1]]
<E [ ] exp(ps(et — 1))

< exp Z ps(e)‘ -1
se(t]

Combining with the first equation, we have :
P(W; > x) < exp (mt(eA —1) = \z)

This is true for all z, A € R™ so by setting A = In(1 + ) and = = (1 + §)m; we have :

P(W, > (1 + 6)my) < exp (mt(eln<1+5> —1)— (1+6)In(1+ 5)mt)
<exp(m(d — (1 +6)In(1 +9)))

(Sth)

249

Because V6 > 0,0 — (1 +0)In(1 +9) < ;T‘SZ.

< exp(—

For the second inequality, let A € R™:
P(W; < z) = P(=AW; > —\z1)

]P’(e*AWt > e*)“'”)
E(G_Awt)ekm

N

Let s € [¢], by definition of X we have that :
Ele % |H(s — 1)] = pse ™ + (1 — p,)
=pse=1)+1
< exp(ps(e — 1))
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Then, by the tower property of the expectation and induction:
E(e ™) = E[e " E [e M [Hi1]]
<E [e_)‘Wtfl] exp(ps(e > — 1))

< exp Z ps(ei/\ - 1)
se(t]

Combining with the first equation, we have :
P(W; < x) < exp (mt(e_)‘ — 1) + Az)
This is true for all z, A € R* so by setting A = —In(1 — §) and x = (1 — §)m; we have :
P(W; < (1= 8)my) < exp (ma("(=%) — 1) = (1= 6)In(1 = §)m,
< exp(my(—6 — (1 - 8) In(1 — 3)))
()
S\ -6)0-9)

_8%my
e 2

Lemma 7. Lert € [T, let us consider the event :

B(t) := {max HV%(S) (W = 1(s)) oo > 0’\/811’1t} .

selt]

We have that P(9B(t)) < t%. This result can be in part found in [|16]] in their proof of lemma 1.

Proof. We control it with the deviation of individual arms.

8lnt
B,(t) := < Is e [t], |u; — fa(s)| >
(v { seltluf —ils)| > 0 Ni(s)}
We have by a double union bound, and because the rewards are o2 subgaussian using Hoeffding:

=SS Bt — uls)] > on/EBE Ny(s) = )
se(t] ne[s]

<3 Y P( Y (Xi(k)—p)|>ovVenint)
se[t] ne[s] ke[n]

< 2t? exp(—41Int)

<5

We have that B(¢) < | J,., M:(t). So by union bound P(B(t)) < 24.

12

P(Bi(t))

Lemma 8. Leri € [d],t € [T, let us consider the event :
AN, €
£) = 43ie A(t), fis(t) — pt > =min &
3(t) {26 (t), Ai(t) =i > =~ m}

We have :

A € 8m2o?
E E 12ie A, 1 (1) — u* Zmin = s
te[T] {Z = AELBD i > 2m m} = (Amin — 2€)?

B 3 010} | < (5503

R 2
te[T1] min — 2€)

This is a result from [|6] lemma 2 adapted to the o subgaussian case.
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Proof. We use a union bound and Hoeffding’s inequality for o subgaussian random variable. Let
1€ [d],

= 2m m
0 2
n Amin €
< —_— —_
ngl exp< 202 ( 2m m) )

exp (5= (e~ 5)°)

. 2
1 exp (~ (4 — )

A

8m?o?
<.
(Amin — 26)
Then decomposing §(¢) with a union bound of the {i € A(t), i (t) — p} > % — <} and summing

over i € [d] we get the second result.
O

Lemma 9. Lett € [T] we have :

P (AT(0060) - 7(0) > oy/sa(0) 1 (A1) ATOVO AWM ) <

t
Which implies that P($(t)|H(t)) < &

12
Defining :

F(t) 1= (1+ ) (1n (LAI) + (m + 2)(1+ dIn(2)) In(int) + 2D 1y (14 ;)) ,

we have that g(t) In(|Alt) < f(t) and thus:

P (47000 - 7(0) > o SFOATOVO AW ) < 3
Finally:

E { > A(t)l{.sﬁ(t)}] < Amax%z

te[T]

Proof. Let ¢ > 0 by union bound we have :
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( TO0(0) - (0) > eoy 200 AT OV O AR )

AT(#)(0(t) — 7i(t)) c
(a\/2g ATV () A(t) g |H(t)>
(UWATO&)V;(“Z(” > cH(t)>

o290 ATV (DA(L) ~
—IAIQ ()
A exp(— 02)
Sevar P2
02
<|A|€XP(_5)

By setting ¢ = 4/41n (].A|t) > 1 we have | A| exp ( %) = % hence the first result.
Then we have that : In(].A]) < d1n(2) so that :

In (| Alt)
Int

In(|A]) + 1

<
<1+dIn(2)

Hence, the second result.

And by summing over ¢:

E [ PIRNGIRE } D1 AnaxE [E[1{H (1)} [H(1)]]
te[T]

te[T]

< Z Amax]E[ (ﬁ(t))“_[(t)]

te[T]

< Z Amax

te[T]
2

m
< Amax F

We recall simple tail bounds for Gaussian random variables. (see for instance [12])

Lemma 10. Consider Z ~ N (0, 1), then we have

1 [(t*® e
P(Z =z z) = Q(z) = EL e 7dz
Sfurthermore for all x = 0:
\/%1 L < Q(z) < \/%éefé
As well as:
Q) <e =

It is also noted that by symmetry P(|Z| = z) = 2Q(x).
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E Functions Study

Lemma f. 1. Let f be the following function :

flE,m,A) =1+ A) (lnt+ (m+2)Inlnt + %ln (1 + E))

A
We have
Vt > 23,me N*, A e R™, f(f’m’A) < f(zf’“) < 1.282.
f(§7m7A) f(7717)\)
Proof.
ftm, ) (1+X) (Int+ (m+2)Inlnt+ 2n(1+ %))

fGmA) (L4 2) (In(3) + (m+ 2) Inin(g) + FIn (14 5))
Using f. 2] we have that :

flt,m,\)

<
f(%, m,A\) In
Using f. [3|we have that for ¢ > 23,Ym > 1

Int+ (m+2)Inlnt
() + (m+2)Inln(%)

ft,;m,A) _ Int+3nnt
f(Em,A) T In($) +3Inin(L)
But thanks to f. 4] the right-hand side is decreasing in ¢, so :

Yt > 23,mEN*,AER+7 f(t7m7A) < f(23,1,)\)

< < 1.282.
f(5mA) ~ F(BL L)

Lemmaf. 2. Leta > b > 0andlet g : RT — R" be the following function :

a+t
t) :=
90 =3
ThenVt > 0,g(t) < g(0) < ¢
Proof. Lett e RT, we have :
a+t
t) =
90 =5
_a+tb+t b
b+t b+t
a—b
=1
b+t
So g is decreasing in .
Lemma f. 3. The function
Int+ (m+2)Inlnt
Fltm) = et 2)

In(4) + (m+2)Inln(%)
is decreasing in m for t > 23.

Which means that for t > 23, forVm > 1:

Int+ (m+2)Inint Int+1Inlnt
In() + (m+2)Inln(%) = In(%) + 3Inln(L)
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Proof. Letl(m) = 2™ jts derivative is :

b(c+md) — (a+mb)d  bc—ad

I'(m) = _
(m) (¢ +md)? (c +md)?
So I'(m) > 0 iif. bc —ad > 0. Furthermore, InIn¢In(%) — Inln(4)In¢ < 0 for ¢ > 23 So
Vt > 23, f(t,m) is decreasing in m and V¢ > 23, f(¢t,m) < f(t,1). O

Lemma f. 4. The function :
Int+3Inlnt

)= In() +3Inin(%)’

is decreasing.

Proof. We differentiate, and we obtain

flt) <o
— (% + %) (ln <;) +3lnln(;)> — (% + tlng(;))(lnt—k?)lnlnt) < 0.

We expend and simplify :
(1+ 1 + 31nIn( )(Int + 31lnlnt)
" tlnt n n In( %) n nln
~ In(2) N 31n( ) nt
St tlnt  tln g)

t

N 91n1n 91111nt
tlnt tln

+<31n1n§ 31nlnt)

We have :
3Int 3Int  3In(%)
> >
tn(f) = tlnt tint
and
3Inlnt - 3Inln(%)
t t
and
9Inlnt 9Inlnt  9Inin(%)
> >
tIn(%) tint tint
Therefore V¢ > 3, f/(t) < 0 and the function f is decreasing. O

Lemma f. 5. Let ¢ > 1 be a positive constant and let f be the following function :

1 /2 |,
NS e (/) /2

f(t) = Qev/In(t/2)) >
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Then for t > 2e we have

11 2ty 1 1 2ty
\2m 2¢

Proof. Fort > 2¢ we have that 1 < ¢?In(t/2) so

f@t) >

m@2) 11
T+ @0/ 2 D)
For t > 2e we have that m = exp (—3 Inln(t/2)) > exp (— % In(#/2)). Therefore :

1 c/In(t/2) K 1 1 2t
1) > t/2)" — —(t/2)"
1) > <= f VG WD > /)
O
Lemma f. 6.
Vi > Inlnt - 1
© It 2
Lemmaf. 7. Let f, g the following function :
m e
JtmA) = (14 ) (nt+ (m+ )+ T (1+5))
f(®)
t) = 2L
9(t) = 15
Fort > eandt > 1+ 5 we have 1’1‘1“ %thus
f&) <@+X)(2m+1)lnt,
and
glt) <(1+X)(2m+1).
Proof. Fort > e,Int > InIntandfort > 1+ {,Int > In(1 + §) thus the result O

Lemma f. 8. Ler a,c € R, two strictly positive constants such that < > 1 and define the

In

1
Sunction f(t) := t* — clnt. We have that ¥t > <E 5) “ f(t) > 0. Furthermore, we have :

=1
cme)w 1\1+2 1\—a 1+1
(BmE)" < (D) -

Proof. Let’s study the function G(T) =T — ¢In (T ) (T'). For T > <e by using the
concavity of the logarithm and dlfferentlatmg T+— <1In (T) at the point £ e we have that :

In(T) <

C
(0%

Then for T' > £e

a

89459 https://doi.org/10.52202/079017-2839



So for T' > illi(f),T — £In(T) > 0. Which means that by a change of variable that for
e > 211?7(15) = 1> (il_nj )= we have that f(¢) > 0. Hence, the first result.
We have using that In(z) < z :

e

Finally, combined with the rest, we get the second result.

O
Lemmaf. 9. Let c > 0, > 0 the series Z;l exp(—ct®) converges when T — +00 and

0 C_L 1
D exp(—ct®) < —T(=)
ie1 « (6

Proof. Because the function ¢t — exp(—ct®) is decreasing, by an integral test for convergence, we
have that :

+00

o0
Z exp(—ct®) < J exp(—ct®)dt.
t=1 N

A primitive of the function : ¢ — exp(—ct®)is T +—

1 f%o
c o § ta~tetdt. So:
cT«
w .t
c
Z exp(—ct®) < J ta~le7tdt — 0
t=1 a 5
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We introduced the setting and the assumption needed so that our main result is
applicable. We tried not to overstate our results and be as close as possible of our theoretical
results.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: As a theoretical paper, we only claim that our result is true under some as-
sumptions. We discussed the computational complexity of our method under the assumption
that a certain linear combinatorial problem can be solved efficiently.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

 The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We clearly stated the assumptions needed for our main result to hold. We
provided complete proof of our results in the appendix with its lemmas. And we refer to
previous works by citing them when needed.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: While this is not an experimental-focused paper, we provided all the details
needed to reproduce the plots found section 6: The parameters used, the number of arms,
and the number of runs.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The paper generates synthetic data of the bandit model considered. The code
is available at https://github.com/RaymZhang/CTS-Mismatched-Paradox

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/quides/CodeSubmissionPolicyi) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The parameters of the algorithm and the environment are provided.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We plot the confidence intervals of the regret in the simulation section, with 2
standard deviations error intervals.

Guidelines:
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* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: Because of lack of space. Here they are: the experiments were run on a single
core of 19 (19-12900H) laptop computer with 32GB of RAM with python 3. The experiments
took less than 1 hour to run.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We don’t think that our research violates the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA] .
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Justification: The work is for the moment very theoretical. It could be somehow used in
some optimization algorithms but are far from real life applications.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible

release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA] .
Justification: This is theoretical work and no data or model was released.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer:|[NA]
Justification: Apart from python commonly available libraries, no asset was used.
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.
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* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA] .
Justification: No new assets were introduced.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA] .
Justification: Synthetic data was used.
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA] .
Justification: No human data used.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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paperswithcode.com/datasets

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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