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Abstract

Auto-regressive large language models (LLMs) show impressive capacities to
solve many complex reasoning tasks while struggling with some simple logical
reasoning tasks such as inverse search: when trained on “A — B” (e.g., Tom is
the parent of John), LLM fails to directly conclude “B «+ A” (e.g., John is the
child of Tom) during inference even if the two sentences are semantically identical,
which is known as the “reversal curse”. In this paper, we theoretically analyze the
reversal curse via the training dynamics of (stochastic) gradient descent for two
auto-regressive models: (1) a bilinear model that can be viewed as a simplification
of a one-layer transformer; (2) one-layer transformers under certain assumptions.
Our analysis reveals that for both models, the reversal curse is a consequence
of the (effective) model weights asymmetry, i.e., the increase of weights from a
token A to token B during training does not necessarily cause the increase of the
weights from B to A, which is caused by the training dynamics under certain
choice of loss function and the optimization space of model parameters. Moreover,
our analysis can be naturally applied to other logical reasoning tasks such as
chain-of-thought (COT), which provides a new perspective different from previous
work that focuses on expressivity. Finally, we conduct experiments to validate our
theory on multi-layer transformers under different settings. Our code is available at
https://github.com/marlo-z/reversal_curse_analysis/.

1 Introductions

Large language models (LLMs) have shown great performance in solving complex reasoning tasks that
require multiple reasoning steps through in-context learning (ICL), such as zero-shot learning [1, 2],
few-shot learning [3, 4, 5], or via further fine-tuning [6, 7, 8]. However, without the above inference-
time techniques or model fine-tuning (probably combined with data manipulations), an auto-regressive
LLM might struggle with simple logical reasoning tasks that require multiple reasoning steps learned
during training separately [9], where the reversal curse [10] serves as a well-known example.
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The reversal curse refers to the phenomenon that an auto-regressive LLM that learns “A — B” (e.g.,
Tom is the parent of John) during training fails to generalize to the reverse direction “B < A” (e.g.,
John is the child of Tom) even if the pair of relationship “—" and “<" are reverse to each other
and the two sentences are semantically identical. Although some previous works propose different
methods to mitigate the reversal curse, including reversing the training dataset [1 1, 12] and training on
different objectives such as autoregressive blank infilling [13], these methods might negatively affect
the model performance on other tasks since they either alter the dataset or the model architecture.
Without dataset manipulation or changing the auto-regressive nature (causal structure) of the model,
there are two other candidate solutions to mitigate the reversal curse.

First, one might constrain the model parameters to satisfy a higher-level regularity for specific
relationships. For example, a reversal-type regularity can be viewed as a pair of relationships (—,
+) and two sets A, B such that a model trained on “A — B” will also increase its probability
of “B <— A” for all A € A, B € B, which induces a subspace of model parameters that satisfy
this regularity. If one can train the model within this subspace, then training on “A — B” can, by
definition, help to learn “B < A”. However, for a general LLM, it is extremely challenging to
find the subspace and manually hard-code the constraint during optimization even for one pair of
relationships, not to mention there are numerous relationships. Since it is intractable to manually
hard-code the constraints to the model parameter, one can alternatively expect the model to learn the
higher-level regularity by training samples under unconstrained optimization. However, this is also
hard, according to our analysis, through the popular cross-entropy (CE) loss that aims to maximize
the next token prediction probability for the models studied in our paper.

Second, one can use a different loss function which is “symmetric”, rather than the popular CE loss.
However, the “symmetric” loss might drive the model to learn meaningless sentences. For example,
when trained on the sentence “John is tall”, a “symmetric” loss function might drive the model to
learn “tall is John”, which is not what we expect. To prevent the model from the above undesired
behavior, in practice, CE loss is still widely-used.

Therefore, in this paper, we analyze the reversal curse via training dynamics of the widely-used
unconstrained optimization for the CE loss. We summarize our main contributions as follows:

* We theoretically analyze the reversal curse where training or test sequences have the form “A — B”
or “B < A” via training dynamics of (stochastic) gradient descent under two auto-regressive
models: a bilinear model (Section 3) and one-layer transformers under certain assumptions similar
to [14] (Section 4). The analysis of both models reveals that the widely-used unconstrained
optimization for CE loss leads to model weights asymmetry, i.e., the increase of (effective) weights
(after reparameterization) from the token A to token B' during training does not necessarily
cause the increase of the weights from B to A, which further causes the reversal curse. Although
the (effective) weights from A to B and from B to A might be related to some extent due to
reparameterization, their correlation is weak and thus show asymmetry as empirically verified in
Section 5.

The techniques we used to analyze the reversal curse can be applied to other logical reasoning
tasks. In particular, we use the above framework to analyze chain-of-thought (COT) [4], and we
show that a model trained on “A — B” and “B — C” separately struggles to directly conclude
“A ~» C” without COT even if it is logically true (Section 4.2). Different from the previous work
[15] that theoretically studies COT through the expressivity of transformers, our work provides a
new perspective through training dynamics.

* We also empirically validate our theoretical results on multi-layer transformers (Section 5).

The asymmetry of auto-regressive model weights caused by widely-used unconstrained optimization
for CE loss indicates that auto-regressive LLMs might not automatically deduce certain types
of conclusions using separate knowledge learned during training under current popular training
paradigms: to make a model predicting token B where the input token is A, the model might need to
see B following A in the same sequence during the training set. This also highlights the importance
of ICL, data augmentation, or planning for LLMs with the current popular causal transformer-based
structures to solve complex reasoning tasks.

'The weights from A to B can be viewed as the logits of token B when the input is A.
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1.1 Related works

LLM Reasoning. The strong performance of LLMs on reasoning tasks [3, 7, 16, 2, 17, 4, 18, 19]
has prompted many studies on the reasoning capabilities of LLMs. [20] argues that transformers
perform implicit Bayesian inference in ICL. [21] shows that transformers implement a specific type
of circuits called “induction heads” that are key to the ICL abilities of LLMs. [22] proves that causal
structures are encoded in transformer layers during the training dynamics. [23] identifies a backward
chaining mechanism of transformers in deductive reasoning. Apart from in-context reasoning, LLMs
still demonstrate limitations in other types of reasoning tasks [24, 25, 26].

Reversal Curse. [10] identifies the phenomenon of reversal curse. This drawback of LLMs
is also demonstrated in [27]. [9] studies a similar phenomenonin which LLMs face difficulty in
manipulating already learned knowledge. Several paper studies eliminating the reversal curse by
extending causal attention to bidirectional attention [13], training on reversed samples [12], permuting
semantic units [11], or introducing reverse logic data [28]. Given all the empirical works, theoretical
analysis of the reversal curse phenomenon remains scarce.

Expressivity of LLMs. There is a long line of works [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40,
41,42, 43, 44, 21, 45] studying the behavior of LLMs through the expressivity of transformers. It
has been shown that transformers can implement simple functions such as sparse linear functions,
two-layer neural networks, and decision trees [42], gradient descent [37, 44, 46], automata [47],
Turing machines [48], variational inference [49], and bandit algorithms [50]. Different from [15] that
study COT via expressivity, we analyze reversal curse and COT via training dynamics.

Training dynamics of LLMs. There are rich literatures in the optimization of attention layers [51,
52, 53, 54, 55, 56, 57]. [58, 59] study the dynamics of a single linear attention layer in in-context
linear regression. [60] proves convergence of one-layer transformers in random feature regime. [61]
shows the convergence of gradient descent on one-layer transformers in in-context linear regression
with orthogonal data. [14] studies the convergence of one-layer transformers in a class of next-token
prediction tasks. [62] studies training dynamics of multi-layer transformers. [22] studies gradient
descent on a class of two-layer transformers in in-context learning tasks with latent causal structures.
Our paper studies the reversal curse via training dynamics under both bilinear settings and one-layer
transformers. For one-layer transformers, we use the same framework as [14] without the need for
certain technical assumptions such as long input sequences, different learning rates for different
parameters (except for Appendix C.3), or weak correlations that are required for [14]. Besides, we
focus on the generalization ability of models for logical reasoning tasks while [14] mainly focus on
optimization, and we identify the asymmetry and intransitivity properties of model weights, which
are the core reasons for the failure of LLM for certain types of logical reasoning. Moreover, our
analysis of the bilinear model only requires the embedding to be almost orthonormal, while [14]
essentially assumed the embedding vectors to be fixed and one-hot.

2 Preliminaries

Basic notations. For any integer N > 0, we use [N] to denote the set {1,2,...,N}. Let R, N
denote the set of real numbers and natural numbers, respectively. For real variables z1, ..., z,, we
use poly(z1, ..., x,) to denote the polynomial of x1, ..., z,. We use f(n) < g(n) if there exists a
constant C' > 0s.t. f(n) < Cg(n),Vn; we say g(n) 2 f(n)if f(n) < g(n).

We use e; to denote one-hot vectors where only the ¢-th entry of e; equals one and all other entries are
zero. We use 1 to denote all-one vectors, O to denote zero vectors or zero matrices, and I to denote
the identity matrix. We will also add subscripts when we want to explicitly show the dimension, such
as 0g4, I, for d-dimensional zero vector and d x d identity matrix. We use ® to denote tensor product
of vectors or matrices and use £®2 and A®? to denote £ ® x and A ® A for vector  and matrix A.

We use AV(u, 2) (or adding subscripts such as AMy(+, -) if we want to show dimensions explicitly) to
denote the (multi-variate) Gaussian distribution with mean p and covariance . Also, we use A(X)
to denote the set of distributions over a set X’ and use E[-] to denote expectation. For any dataset
D ={xy,xa,...,2,} where z; € X and a function f : X — R, we define the empirical expectation
over the dataset as Ep[f] = = > | f(z;). See additional notations in Appendix A.
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Entities Forward Backward Direct Indirect Others

A,B,C, A, B;, C; — — — ~ Ry, Ro

Table 1: Notations for tokens in Section 4. “—” and “<—" denote forward and backward relationships
for the reversal curse. “—” and “~»” denote direct and indirect implication for COT. R; and Ry are
relationship tokens in Section 4.3. A, B, C, A;, B;, C; denote tokens representing entities.

Auto-regressive models. Define the vocabulary V = [M] for a positive integer M > 0 which is
the size of the vocabulary. Let z = (z1, 2, ..., zT) be a sequence of tokens of length T’ where each
token x; € V, Vt € [T]. See Table 1 for notations of different tokens used in Section 4. We study
auto-regressive models py(-|z) € A(V) parameterized by 6 that take the sequence x as input and
predict the distribution of the next token x74; € V. For both models that we study in this paper,
the next token probability is modeled as the softmax applied to the logits ly(-|z) € RM of each

token in the vocabulary, i.e., pp(y|z) = Z:exp(lw Vy € V. Also, each token v € V has a

vey exp(lo(v]z))?
corresponding (fixed or learnable) embedding vector u,, € R?.

3 Bilinear Models

We start analyzing the reversal curse under bilinear models, which can be viewed as simplified
one-layer transformers with input length one and decoder layer only. Also, in this section, we assume
the embeddings of each token are fixed, so we directly use the embedding vector to represent a token.

Datasets. Assume the vocabulary has size m where each token vy, vs, ..., v, g Na(0g, é[d).
LetV = {vy,...,vpn}andlet X = {z1,...,z,} and Y = {y1, ..., yn } be disjoint random subsets
of V. Assume all training and test sequences have a length of two. For any 2 < 7 < n, the training
dataset contains both sequence (z;,y;) and (y;, x;). In addition, the training set contains (x1,y1)
while the test set only contain one example (y1, 21 ). During training, the model learns both (z;, y;)
and (y;, z;) for ¢ > 2 to conclude that (x;,y;) is equivalent to (y;, x;). For example, X is a set of
names and ) is a set of books. The sequence (z;, y;) means “z; is the author of y;”, and the sentence
(yi, x;) means “y; is written by x;”. We test whether the model is able to infer an unseen sequence
(y1, z1) given the training data which includes the other direction (z1, y1 ).

Bilinear model. We consider a bilinear model parameterized by © € R?*? of which the

input contains single token x € V. The logits of the next token y € V is defined as

lo(y|z) = =" Oy which is bilinear in z and y, and thus the next token probability is pe (y|z) =
exp(lo(y|z))

> ey exple(v]z))

s (o, —logpe (yilzi) + Yoiy — log pe(w:]y;)) and the test loss (reversal loss) is £V () =

—log pe(x1|y1). We study the training dynamics of gradient flow d{i*‘ = —VL(0;) with the initial-

ization O that can be either randomly sampled from NV (0%2, 02 1®?) or set as a pretrained parameter
. . 1 2 . .

satisfying 5~ < pe, (¥i|7i), pe, (zi|lyi) < = forall i € [n]. The following theorem shows a

separation during training dynamics.

The training loss for the bilinear model is the cross-entropy loss £(©) =

Theorem 1 (Separation of training dynamics (informal statement of Theorem 5)). Fixany d, € € (0, 1).
For small o and d > poly(n,m,1/¢e,log(1/6)), with probability at least 1 — §, we have

LT(©,)/L7(0g) > (L(©)/L(Oy))¢, Vt > 0.

Theorem | shows that the reversal loss is lower bounded by the training loss. Note that for large d
and small € close to 0, (L£(0;)/L(O))¢ is close to 1 and thus L**7(0;) = L**7(O() which implies
that pe (1 |y1) remains small during training. We summarize the above argument in Theorem 2.

Theorem 2 (Lower bound of reversal loss (informal statement of Theorem 6). Fix arbitrary ¢ > 0 and
C < log(m/2). Suppose o is small and d > poly(n,m,log(1/5),logc,1/log C). With probability
at least 1 — §, it holds that L™*(0,) > C, where T denotes the first time such that L(©;) < c.
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The proofs of Theorems 1 and 2 are deferred to Appendix B. Theorem 2 implies that for large d”,
while the training loss can be trained to be arbitrarily small, the reversal loss remains large. In
other words, the model fails to infer an unseen sequence (y1, 1) given the training data which
includes the other direction (z1,y;). Furthermore, even if the model is fine-tuned on new data
from a pre-trained parameter © that initially grasps the concept of reversal and satisfies ﬁ <

po, (i|zi), pe, (x:]y;) < 2 for new data, it fails to extend this understanding to new, unseen data.

A core reason that the reversal curse happens on the above bilinear model is that the parameter matrix
©; is asymmetric. Consequently, the logits lg, (y|z) = 27O,y and le, (z|y) = y' O;x generally
differ. Consider a special case where each v; is a one-hot vector. Then lg(y|z) = 27Oy = ©,; and
lo(z|y) = y' Oz = O}, forz = e;,y = e;. Training on (7, y) can increase ©,; but not © ;;, which
means the model does not automatically learn the reversal direction (y, ) from (,y). In Section 4,
we will show that for one-layer transformers, the reversal curse is mainly caused by the same reason,
i.e., the asymmetry of the model weights.

4 One-Layer Transformers

In Section 3, we analyzed the reversal curse under a bilinear model. In this section, we analyze the
reversal curse for one-layer transformers in a similar setting to [14] via training dynamics. We also
extend our analysis to chain-of-thought in Section 4.2.

Basic notations. Let V = [M] be the vocabulary. For any token z € [M], we also use the
corresponding one-hot vector = e, € RM to represent it. Let U = [uy,us, ..., uy] " € RM>d
be the embedding matrix, where u, € R? is the embedding of token = € [M]. Note that U T = u,.
Consider the i-th training sample in the dataset, 2[i] = (x1[i], ..., zp;[i], 27p)41]i]). a sequence of
tokens of length T'[i] + 1. Here, x[;11[¢] is the next token (or equivalently the label) to be predicted,
xpp;[i] is the query token, and (21[i],. .., zp[)—1[i]) are contextual tokens. For token x.[i], we
also use its one-hot vector x;[i] = e, [ € RM to represent it. Define the contextual token matrix
X[i] = [x1[d], ..., zrp-1[i]] T € REE=1DXM We omit all 4 in notations when the context is clear.

One-layer transformer. For a training sample * = (x1,...,21,z741), its contextual token
matrix X = [x1,...,27_1]" and thus XU = [uy,,..., Uz, ,|' contains the contextual token
embeddings. We study one-layer transformers in the same setting as [14]. In particular, for an input
token sequence (21, . .., zr), after the one-layer self-attention, we can obtain iy = U TLN(X " by)
exp(u,, WoWg ux, /Vd)

23;1 exp(u;rT Waq W;uﬂ, /\/E) i
(after softmax) that query token z 7 attend to each contextual token’, LN(z) = x/||z||2 is the {5-
normalization operator, and Wg, Wx € R4*dx are trainable query and key matrices respectively. The
logit of x € [M] is then calculated by a decoder layer, i.e., lg(x|71, ..., 27) = u] Wy @z, where 6
encodes all parameters in the transformer, and Wy, € R%*? can be viewed as a reparameterization of
value and output matrices. Finally, the next token prediction probability is obtained by

contains attention scores

where th = bT = [b1T7 ey bT_LT]T

po(x|xy, ... ,o1) = exp(lg(z|z1,...,27)) _ exp(u,; Wy ar) -
S e @bl @lo o)) 5yreqag exp(ul W)
We use the cross-entropy loss function to train the model over the whole training set Dy, 1.€.,
maxy,wie, wo,wy J = Ep,[logpe(zriiler, ... o))

Reparameterization. Similar to [14], we define Z = UWoWLUT/V/d € RM*M and Y =
U W‘—,'— UT € RM*M and are interested in their dynamics after reperameterization. Then, the attention
score (after softmax) and next token probability become

exp (z"Y TLN(X "br))
> . €XP (ac’TYTLN(XTbT)) ’

exp(z Zxy)
EZ;% exp(z). Zxy)

th = ) pg(l’|$1,...,IT) = (1)

“Empirically, d only needs to be of the order of logarithm of the vocabulary size. See Appendices E.2.1
and E.2.2 for additional results.
3Note that we assume the query token will not attend to itself as in [14].
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and the objective can be written as

-
maxJ = En,, (27,1 Y TLN(X "br) — log z[;w] ' YTLN(X "by)]. 2)
S

Let 1y, nz be the learning rate of matrices Y and Z respectively. Then the gradient of Y and Z can
be characterized by the following lemma:
Lemma 1 (Gradient of Y and Z for 1-layer transformer, Lemma 1 of [14]). The gradient of Y and
Z w.rt. (2) of batch size 1 and learning rate ny and nz can be written as

. . P

Y =y LN(X Tbr)(wrp — )T, Z =nz@r(ere — a)TYTﬁXT diag(br)X, (3)

7|2

where P} = I — vv'/|v||3 projects any vector to orthogonal complement of v, o =
[a1, oz, ... ap] T € RM with oo = exp (Y TLN(X "br)) /17 exp (Y TLN(X "by)).

Proof. Y, Z can be obtained by direct calculation. One can refer to the proof of Lemma 1 of [14]. [

4.1 Main results for the reversal curse

In this section, we analyze the reversal curse where data points are three-token sentences “A — B” or
“B <— A”. For each sentence, A and B are two distinct tokens that represent two entities, and “—” and
“+"" are two special tokens representing a pair of relationships inverse to each other.

Datasets. Let Nyain > 0, Nt(;t) > (0 and tht) > 0 and denote Nigta) = Nirain + ngt) + tht) . Let
A;,B; € V,Vi € [Nipa] be 2Ny distinct tokens representing distinct entities. Let —, <—€ V be two
additional different tokens that represent two inverse relationships. Specifically, we have A; — B;
and B; < A, for all ¢ € [Nyy]. For notation convenience, we define the following three index sets

Itrain = [N lrain], ItEelst) = [N train 1 ]Vt(eit) ]\Itraina L(e%t) = [N total]\(Itrain U It(elst) )
The training set Dy, consists of all A; — B; and B; < A; for ¢ € Zyin. In addition, Dy, contains
A;, — B; forz € It(els[) and B; «+ A, fori € It(fs[) . For convenience, we let N = | Dy, to be the size of
the training set. The test set Dy consists of B; <— A; for ¢ € It(elsl) and A; — B; fort € Il(fst) . Under

our construction of the dataset, the LLM will learn the relationship between A; and B; for ¢ € Zyi, in
both directions to deduce that — is reverse to <—, and learn the relationship between A; and B; for

1€ It(elsz U Z[(e%t) in one direction and will be tested for the other.

We use py(A;|B; <) and py(B;|A; —) to more compactly represent py (x5 = A;|z1 = B;, 29 =)
and pg(z3 = B;|x1 = A;, z9 =—), respectively. Our goal is to prove through the training dynamics
of one-layer transformers that the test probability remains negligible during training. In particular,
we are interested in pg(4;|B; <), Vi € I[(elsz and py(B;|A; —), Vi € I[(ezl).

For convenience, we assume zero-initialization Y (0) = 0 and Z(0) = 0. This is the same as [14] and
is reasonable since empirically, Y and Z are usually initialized as inner products of d-dimensional
vectors with i.i.d Gaussian entries, and thus are almost zero (Lemma 8 in Appendix B). The following
proposition shows the initial train/test probabilities are uniform over the vocabulary V.

Proposition 4.1 (Initial probability under zero initializaion). Assume the transformer is under
zero-initialization 0(0) = (Y (0), Z(0)) with Y (0) = 0 and Z(0) = 0. For any i € [Ny, we have

ooy (Bil4i =) = poo) (4| Bi <) = 1/M.

The proof is deferred to Appendix C.1.1. Proposition 4.1 shows that initially, the probability of
predicting any B (or A, respectively) given any A — (or B <—, respectively) as input is uniform over
the whole vocabulary. When Y (0) and Z(0) are not exactly 0 but close to 0, the initial prediction
will still be close to the uniform distribution, which is similar to Lemma 6. Next we analyze the
dynamics of pg(¢)(Bi|A; —) and pg(s) (As[B; ).

Proposition 4.2 (Next token probability). For input sequence (x1,x2), the next token probability
under parameters 0(t) is po(r) (|x1, 22) = exp (Y (t)ay,0) /2, eiar €XP (Y (D)ay,00), where Y (t);
is the entry of the matrix Y (t) at row i and column j.
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The proof is also deferred to Appendix C.1.1. According to Proposition 4.2, the next token probability
when the entity in the input is x; is determined by the x;-th row of the matrix Y (¢). Another nice
property indicated by Proposition 4.2 is that we don’t need to keep track of the dynamics of Z(t),
which could greatly simplify the analysis. The following lemma shows the dynamics of Y (¢).

Lemma 2 (Dynamics of Y (t)). Assume we run SGD with batch size 1*, and assume M > 100 and
Tpoor <y <L Lett 2 N%M and let Y (t); denote the i-th row of Y (t) and Y (t);; denote the
(i,4)-th entry of Y (t). Then for training sequence (x1,22,23) € Diyin at time t, we have

Y(t) 2 In(Mnyt/N), and Y(t) < —In(Mnyt/N) /M, Yz # s,

T1,T3 ~v T1,T ~

and for any test sequence (1, x2,23) € Dy, we have Y (t), o = 0,V € [M].

The proof of Lemma 2 is presented in Appendix C.1.2. Lemma 2 implies the asymmetry of the model
weights Y (¢): for two tokens x1, 23, when 1 appears as a contextual token and z3 serves as the
next token in the same training sequence, the model weights Y (t),, ., gets increased during training
while Y (t),,,5, will not get increased. Combining Proposition 4.2, we can obtain our main theorem
for the reversal curse.

Theorem 3 (Reversal curse). Assume we run SGD with batch size 1, and assume M > 100 and
T < ny <L Lett 2 N%M denote the time step which also satisfies Int 2 In(N M /ny ). For

training sequence (x1, T, x3) € Dy at time t, we have
poy(w3lr1,m2) > 1 — (M = 1)(Mnyt/N)™“ =1, as t— o0

for some constant ¢ > 0, and for any test sequence (x1,x2,x3) € Dy that is not included in the
training set Dyin, we have poy (x3|xy, v2) < 1/M.

Theorem 3 shows that although the direction presented in the training set can be learned nearly
perfectly, the model’s next token prediction of the reverse direction is almost a random guess. The
proof is deferred to Appendix C.1.3. We also empirically validate the above results for multi-layer
transformers in Section 5.

4.2 Chain-of-thought

In this section, we extend our analysis in Section 4.1 to study other logical relationships. In particular,
we study chain-of-thought (COT) [4] and show its importance via training dynamics. COT encourages
LLMs to output a series of intermediate reasoning steps to increase their performance. Consider
the simplest example, where the model learns two facts that A — B and B — C, and we want to
test whether the model is able to directly conclude that A ~» C. COT indicates that if an LLM is
only trained on A — B and B — C, it would be easier for the model to deduce A ~» C during the
inference time if the model can first output the intermediate steps A — B and B — C, instead of
directly predicting the next token C given the input “A ~»”. The failure of directly deducing A ~» C is
also empirically observed by [9].

Theoretically, [15] shows the importance of COT for some complex reasoning tasks through the
lens of the expressivity of transformers. In this section, we show the importance of COT through
a different angle, i.e., training dynamics. We show that for the above simplest two-step reasoning,
without COT, the model is not able to directly predict C given the input “A ~»” even if it learns A — B
and B — C.

Theorem 4 (Importance of chain-of-thought, informal statement of Theorem 7). Under certain
assumptions as stated in Theorem 7, for any 4;, B;, C; s.t. 4; — B; and B; — C; are in the training
set but 4; ~ C; is not, we have

Poc)(Bildi =) = 1, po)(Ci|Bi =) — 1, poy(Cildi ~) < 1/M, as t — oo.

We defer the details of the dataset construction and proof to Appendix C.2. Theorem 4 shows that
although the LLM learns A; — B; and B; — C; nearly perfectly, it cannot directly deduce A; ~ C;.
Analogous to the asymmetry of causal transformer weights as we discussed in Section 4.1, our
analysis of COT reveals another property, i.e., intransitivity: training the weights associated with A to
B and B to C does not necessarily increase the weights associated with A to C.

“The lemma holds even if the batch size is larger than 1 and the analysis is essentially the same.
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We also emphasize that the model fails to directly deduce A; ~» C; when the two intermediate steps
A; — B; and B; — C; are trained separately. If the two steps are concatenated into a single training
sequence, it is possible that the model learns A; ~» C; directly [19].

4.3 Roles of the attention score matrix

During the analysis of Sections 4.1 and 4.2, we show that the reversal curse and the importance of
COT are largely due to the asymmetry and intransitivity of causal transformer weights (in our case,
the weight matrix Y (¢)). However, it seems that the dynamics of the attention score matrix Z(t) do
not impact the model performance. Below, we briefly discuss the role of the attention score matrix
Z(t).

In (1), the attention score is used to calculate the weights b;r, where a contextual token z; with a
larger attention score attended by the query token x7 has a larger weight. Note that we use the same
formulation as the previous work [14] where the query token will not attend to itself. Therefore, for a
three-token training sequence, the weights by, is always one since there is only one contextual token
1, no matter whether the value of the attention score is high or low.

However, consider a slightly different setting, where the relationship is represented by two tokens. In
that case, 1 = A;, x2 = Ry, x3 = Ry, x4 = B;, and there are two contextual tokens A; and Ry. The
role of the attention score is then to select the important token, i.e., A;, by putting more weights on it.
Theorem 2 of [14] showed that under certain assumptions, the query token Ry will attend more to
“distinct tokens” A; and less to the “common token” R;. Therefore, the query token Ry will eventually
put all weights to A;, and the remaining analysis remains the same as in Sections 4.1 and 4.2. See
Appendix C.3 for a more rigorous analysis.

5 Experiments

In this section, we conduct experiments to further validate our theoretical results in Section 4 on
multi-layer transformers. We show experimental results of the reversal curse in this section and COT
in Appendix D. Note that in Sections 3 and 4, we theoretically proved the reversal curse for both the
bilinear model and one-layer transformer under certain assumptions. Now, we empirically show that
the reversal curse still happens even for multi-layer transformers. In Appendix E.2.3, we also provide
empirical results that the reversal curse does not happen in ICL settings.

Negative Log Probability over Epochs

—— Train
— Val

Negative Log Probability
N w B w o ~
o o o o o o

=
o

o

0 500 1000 1500 2000 2500 3000
Number of Epochs

Figure 1: Experiment results of reversal curse under default configuration (see Table 3). The curves
represent the (average) negative log probability of the model predicting the next token to be B; when
the input is “A; —”, or to be A; when the input is “B; <. While the sentences in the training set
can be learned nearly perfectly (as shown by the training curve where the next token probability
converges to one), the model is not able to predict the correct next token in the validation set better
than a uniformly random guess. Both curves are averaged over 10 random seeds.
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Figure 2: Visualization of the weights (logits) of the model with default configurations trained after
3000 epochs for the reversal curse experiment. For the top-left matrix, the i-th row corresponds to
an entity token A; for a training pair, and the i-th column corresponds to an entity token B; for a
training pair. The (7, j)-th entry represents the model weights from the token A, to Bj, i.e., the logits
of B; when the input sequence consists of only A;. Similarly, for the bottom-left matrix, the row
corresponds to the input entity tokens of the seen direction (the direction included in the training set)
of validation pairs, and the column corresponds to output entity tokens. The two matrices on the
right are obtained by swapping row tokens and column tokens of their corresponding left matrices.
Note that the diagonals of the bottom-right matrix are all close to zero, while the diagonals of other
matrices all have large values. This implies that if a pair of tokens (A, B) only appear in the training
set in one direction, then the model weights associated with the other direction will hardly get trained.

Dataset construction. Below, we describe how we generate our synthetic dataset for experiments
on the reversal curse. We choose the vocabulary V = {0,1,..., N} for a specified N > 0. We
randomly sample two disjoint sets of entities A, B C V with |A|= |B|= [V|/4, and reserve two
additional tokens for relationships — and <, respectively. ° Next, we specify a bijection from A
to B uniformly at random. For each A; € A and its corresponding B; € I3, we can obtain a pair of
sequence (A; — B;, B; <— A;). We split the set of all pairs into training pairs and validation pairs. For
each training pair, both sequences will be included in the training set, while for the validation pair,
we randomly select one sequence for the training set and the other for the validation set. Therefore,
the model will learn both directions for the training pairs and only one direction for each validation
pair while being tested in the unseen direction.

Model architectures. We train multi-layer transformers based on GPT-2 architecture [63]. Figure |
shows the results where the model has 24 layers, 12 attention heads per layer, uses absolute positional
encoding, and we choose the vocabulary size of 800. The training set size is 340, and the validation set
size is 60 (resulting from 140 training pairs and 60 validation pairs). We also conducted experiments
with various model configurations and vocabulary sizes in Appendix E.2. Besides, all hyperparameters
and different model configurations are presented in Appendix E.1.

Results. Figure |1 shows that during the training, the next token probability for training data
increases a lot while the next token probability for validation data remains unchanged or gets even
smaller. This is consistent with our theoretical results of Theorem 3.

According to our theoretical analysis, the reversal curse happens due to the asymmetry of model (re-
parameterized) weights (i.e., logits of a token given another token as input), and we also empirically
validate the asymmetry for multi-layer transformers. Figure 2 shows the model weights from a token
21 to x3 is trained large for a training sequence (1, x2, x3) as represented by the diagonals of the

3By default, each entity consists of one token. See multi-token experiments in Appendices E.2 and E.3
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first three matrices, while the weights from a token z; to z3 remains nearly zero for a validation
sequence (x1, o, x3) as represented by the diagonals of the last matrix, which is consistent with
Lemma 2. This implies that if a pair of tokens (A, B) only appear in the training set in one direction,
then the model weights associated with the other direction will hardly get trained.

6 Conclusions

In this paper, we study the reversal curse theoretically via training dynamics of (1) a bilinear model,
which is a simplification of the one-layer transformer; (2) one-layer transformers under certain
technical assumptions similar to [14]. Our theoretical results suggest that a core reason the reversal
curse happens in auto-regressive LLMs is the asymmetry of the model weights, and we apply our
technique to prove the necessity of COT for one-layer transformers, which is mainly due to the
intransitivity of model weights. The asymmetry and intransitivity of model weights caused by
unconstrained optimization of CE loss indicate that an auto-regressive LLM might mainly focus
on learning text sequences during training separately instead of automatically deducing indirect
conclusions under the current popular training paradigms. This highlights the importance of ICL,
data augmentation, or planning for current auto-regressive LLMs to solve complex reasoning tasks.

As for future directions, it would be interesting and important to study: (1) What is a unified way
to characterize and study the reversal curse, COT, and other similar logical reasoning tasks? (2)
Our paper mainly focuses on three-token sequences, where each entity or relationship is represented
by a single token. While we empirically explored the setting where each entity might consist of
multiple tokens and distinct entities might share a few tokens, it would be interesting to analyze the
multiple-token setting theoretically. (3) We theoretically analyzed the bilinear model and one-layer
transformer, and it would be an important future direction to extend the analysis to multi-layer
transformers.
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A Additional Notations

Let §;; = 1fori = jand 6;; = 0 for i # j. For a squared matrix A € R¥*?, its trace is
Tr(A) = Zle A;;. For two matrices A, B € R™*™ of the same shape, their inner product is
defined as (A, B) = Tr(ABT"). For any matrix A € R™*", its (Frobenius) norm is defined as
|All= /(A, A). For any vector = (x1,...,24)' € R? or a matrix A € R™*", we define
the zero-norm as ||z[jo= Y2, 1{z; # 0} or ||A]jo= 321, > i—1 1{A; # 0} where 1{-} is the
indicator function.

B Missing Proofs of Section 3

Theorem 5 (Separation of training dynamics, formal statement of Theorem 1). Fix arbitrary 6§, ¢ €
(0,1). Let vy, ..., vy, be independently sampled from Ny(0g4, é]d). Letxq,...,z,and y1,...,Yn

be sampled uniformly at random from {v1, ..., v, } without replacement. Define
1 n n
£®) =5 —7 <; —log pe (yilz:) + ; - 10gp@($i|yz')>

L7(0) = —logpe(z1]y1).
Consider the gradient flow ©; : t > 0
dO;
— = —VL(O,).
where ©g ~ N(092,02 - I®?) or O satisfies 5~ < pe, (yi|©:),pe, (x:|yi) < 2 foralli € [n].
Suppose o < m and

108n*m? log™ (2m) log(64m>n?/4)
d> 2 .

€
With probability at least 1 — §, we have

ﬁreu(@t) »C(@t) €
cion = (Goy) 7120

Proof. Letv = \/ 400n2m? logd(64m2n2/ 9 By Lemma 3 and Lemma 4, with probability at least 1 — 6,

£(@0) ¢ >—8fu(2n—1) log?(2m)
n —1)log?(2m) '
»C(@t) ) 8v(2n—1) log?(2m)

L(©o)

By definition of d, we have 8v(2n — 1) log®(2m) < e. Notice that

ﬁrev(@t) Z Erev((__)o) . (1 + 8(2

> £7(0y) - (

L(O+)
L(©0)

oo e (451)

< 1, thus

O

Theorem 6 (Lower bound of reversal loss, formal statement of Theorem 2). Fix arbitrary ¢ > 0 and

C <log(m/2). Under the setting of Theorem 5, suppose o < m and

2 c
log log(2m)

C

d > 10%n*m? log*(2m) log(64m?n? /5) - 5
108" 1ogtmr)

With probability at least 1 — 6,
LrU(O,) > C.
where T denotes the first time such that £L(©;) < c.
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Proof. By continuity, £(©,) = ¢. By Theorem 5, when

106n4m? log® (2m) log(64m>n? /4) @
2

y
).

d>

€

with probability at least 1 — 4,

y

(O,
(©9)

C

~—

Erev((_)T) Z Lrev(@O) . (

Iy

€

D
©)

> £77(6y) - (

(©0)

Under this event, applying Lemma 6, we can obtain

o) = o) (5 Y’

. L log %7y
To ensure that the right hand side is C, we set € = —22(2/2)

d satisfies Eq. (4). It follows that

. One may check that the definition of

log log(CZ'm)

£(0,) > C.

B.1 Training dynamics

be defined as in Theorem 5. When o < m and d > 1600n>m? log(8m?n? /), wit
probability at least 1 — §, we have

Lemma 3 (Dynamics of the forward loss). Let ©1,...,Zpn, Y1,...,Yn, L(O), and (975 (t > )

1

L(0;) < 7 T, vt > 0.
S@n—T)log@m) T Z(69)
Furthermore,
inf {pe, (zilyi), pe, (yilz:) : t 2 0,0 € [n]} > 5
Proof. For convenience, we assume Zi,...,Ty, = U1,...,Up and ¥Y1,...,Yn = Uptil,...V2,
WLOG.

Lete = \/400" m? IOg(sznz/é) . Then e < 2f Define [;(©) = —logpe(yi|z;) and [F*V(0) =
—log pe(x;|y;). Let az(»J)» = —pe, (vVj|vi) + 6; j—n, 61(? = —peo, (v;|vi) + 6i—pn ;. By Lemma 5,

e _ <w<et> el > —(VL(©.),VL(O)
= |z, =1 ( Epe, (1o [U]) " + Zy(fv - Epet<-|yi>[w])T>

2

T 2n—1 izm:a(t)vlv + Z Zﬁ(t)

=1 j=1 i=n+2 j=1
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Similarly, we have

dl;(©,)
dt
do,
<vz (©0), — > = — (VIi(6,), VL(®,))
= - <%‘(yz‘ — Epo, (1o WD) (Z 2i(Yi = Epo, (oo W) T+ D vi(@i — Epe, ()T
=2
<Zai7w, S Y el 4 30 3 4% >
j=1 a i=1j=1 i=n+2j=1
and
di3®" (Oy)
dt
de
= (virren, Gt = - (Ve V(o)
- <y2($1 - Epet(~|yi)[ (Z z;i(Yi pot |ﬂ7i)[y])—r + Zyz(xz - Epet(-\yi)[x])
1=2

<Zﬁz+njvl+nvj o ZZ& vlv + Z Zﬁ”vl >

=1 j=1 1=n+2 j=1

Applying Lemma 7, with probability at least 1 — §/2, for any ¢ > 0 we have

dﬁ(@t) - (t) (t)
dt (2n —1)2 Z Z Z Z

=1 j=1 i=n+2 j5=1
, 5)
t t
e oy | o 2@ X )
=1 j=1 1=n+2 j=1
and
dl;(©y) 1 o,
dt o — 1 Z(O‘ )
2 " (©)
<o | 2l PRSI BC )L
j=1 i= 1] 1 i=n+2 j=1
dlfe"(@t -
1/ ) 1/2
(t) 2 (t) (t)\2
Segr (2 ZZ + > D6
J=1 i=1 j=1 i=n+2 j=1
Furthermore, Lemma 6 implies that with probability at least 1 — §/2
L < pou(ili), poy (@ilys) < ™
2m p@o yl xt 7p®0 xl yz m~

The following arguments are based on the event that the above inequalities hold.
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‘We first show that

. . 1
inf {p@t(xi|yi)ap@t (y1|x1) > O,’L € [n}} > %

We prove this by contradiction. Let

1
7 = inf {t > 0:3i € [n],st. min{pe, (yi|x:), pe, (x:|ly:)} < Qm} .

By Eq. (7), it is obvious that 7 > 0. Assume without loss of generality that pe_ (y1|z1) < -
It follows that there exists 6 > 0 such that pe, (y1]x1) is a decreasing function in (7 — ¢, 7) and

pe, (y1lz1) = min{pe, (z:ly:), pe, (y:i|z:) : i € [n]} for any t € (7 — 0, 7). It follows that for
te(r—4,71),

1/2 1/2
m m n m 2n m
dl1(0,) 1 ; : ¢ '
el o YCHETH D B D S S iE
j=1 j:l i=1 j=1 i=n+2 j=1
m m 1/2 n 1/2
1 (t) 2 o) () EOIRE
< om —1 *Z(am) +e- _ 2Z(ai,i+n +2 Z ii—n)
Jj=1 ]:1 =1 i=n-+2
1/2 1/2
< om —1 Z( (2) Z (t) te- (4”(045 21+1)2)
j=1 j=1
<0

@ _
j#z+n|az j | az i+n T

1 — pe, (yi|zi), Zjﬂwg_?mﬂ— H_n ;, = 1 —pe,(z;|y;) for all i € [n]; the third inequality is

because po, (y1|r1) = min {pe, (z;:|y:), e, (yilx:) : i € [n]}. However, pe, (y1|x1) is a decreasing
function in (7 — §, 7), a contradiction. Therefore, we conclude that

where the first inequality is from Eq (6); the second inequality is due to >

inf {p@t (xi|yi)ap@t (yz|x1) > O,’L € [n]} > %

Now we show
1

L£(©;) < ; —, Vt > 0.
8(2n—1) log?(2m) + L(O0)
By Eq' (5),
dﬁ(@t> 1—¢ L (t
<
it e A DIPICE £33
=1 j=1 i=n+2 j=1
— Pe, yz|xL)) + Z(l —pe, (xily:))
(2n—1)2 i=1 i=2
1 n n 2
—¢€
< - 1)3 (Z ~ pe (i) + S0~ pe, <xi|yi>>>
i=1 =2
—€
8(2n - 1) log? (Qm)
1
< - 2 ‘C(Gt)2v
8(2n — 1)log=(2m)
where the second inequality is due to Z#Hnm )|= af 1)+n =1- pe, (yilzi), E#i|ﬁffn7j|:

Bi(i)n)i =1 — pe,(x;|y;) for all ¢ € [n]; the third inequality applies Cauchy-Schwarz inequality;
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the last inequality uses the fact that pe, (%;]y;), pe, (yi|z;) > 5 for any t > 0,i € [n] and the
inequality 1 — z > % forz € (5,1).
By Lemma 10, we conclude that V¢ > 0,

L(©;) < !

t 1 ’
8@ log@m) T Z(09)

which completes the proof. O

Lemma 4 (Dynamics of the reversal loss). Let 1,...,Zn, Y1,.-.,Yn, L™Y(O), and ©, (t > 0)
be defined as in Theorem 5. When o < m and d > 400n2m? log(8m?3n?/5)/e?, with
probability at least 1 — 6,

ﬁ(@o) ot )-86(2n—1)log2(2m)

L7(0) > L™(O) - (1 + 8(2n — 1) log2(2m)

Proof. Similar to Lemma 3, we assume 21,...,2Z, = V1,...,0, and ¥y1,...,Yn = Upt1,... V2,
WLOG. Let ozgt]) = —po, (v;|vi) + 6 j—n, Bi(? = —pe, (vj|v;) + d;—p_ ;. By Lemma 5,
dﬁrev(@t)
dt

de
= <v£rev(@t)7 Citt>

n

- <y1(931 — Epeo, (g [2]) (Z 2i(Yi = Epo, (o WD) T+ D vi(@i — Epe, (yolx]) "

=2

<Z%wwwn >3 alfus] + 3 Sty | )

j=1 =1 j=1 i=n+2 j=1

Applying Lemma 7, with probability at least 1 — §/2, for any ¢ > 0 we have
1/2 ) 1/2
dﬁrev(@ ) 1 m n m . n m .
‘ | se g | B YN+ S S B L ®

j=1 =1 j:1 i=n+2 j=1

and

m

aL(©y) (1))2
B!
dt - ; Z Z J

1= i=n+2 j5=1

n o m 2n m
1

< g | X e 3 S

i=1 j=1 i=n+2 j=1

as well as

1/2 1/2
L[ a0y 02 N~ N g(0y2
T > () (i) + > D (B ,
j=1 i=1 j=1 i=n+2 j=1
dire"(0y) 1 ) 2
i a1 2_ (i)
1
1/2 1/2

n m 2n m
= DO I D) SIVIER IS DI Sk
i=1j

j=1 j=1 i=n+2 j=1
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Furthermore, Lemma 6 implies that with probability at least 1 — §/2,

1 2
o < pe, (¥ilTi), e, (wily:) < ot 9

The following arguments are based on the event that the above inequalities hold.
By Eq. (%),

1/2 1/2
dcrev(@t) 1 m . n m . 2n m .
R e E DICEIN I DI B BN C
j=1 =1 j=1 i=n+2 j=1
————
Ay By

Notice that

n

By <2 (1-pe, (yilz:)* + 2 (1 - pe,(zily:))?

i=1 =2

<2 (Z(l — pe, (yilz:) + (1 - pe, (milyi))>
=2

i=1 1=

<2(2n —1)2L£(0)?

2
1
<2(2n —1)? ( - - )
8@n—T) logZ@m) T Z(69)

where the first inequality uses Zj#+n|a§2|: agfz»)+n =1-—pe, (yi|zi), Zj;&zmz'(-ts-)n,ﬂ: ﬁz(i)m =

1—pe, (x;|y;) for all i € [n]; the third inequality uses the fact that 1 —z < — log z; the last inequality
applies Lemma 3.

Similarly,
Ay <2(1 = pe, (z1]y1))* < 2£77(0,)%.

Combining, we have

dLreV (O 1 1
O S L e (2n-1)- i T
dt 2n —1 8(2n—1) logZ(2m) + L(©0)
rev 1
> — 86(2n — ].) log2(2m) L (et) ! 8(2n—1)log?(2m) *
N O

By Lemma 10, we conclude that V¢ > 0,

)

ﬁ(@o) ot —8¢(2n—1) log?(2m)
8(2n — 1) log2(2m))
This completes the proof. O

Erev(gt) > £rev(@0) A (1 +

Lemma 5 (Gradient of the loss function). Define

L(©) = in_ 1 (Z —log pe (yilz:) + Z —logp@(:vq;yi)> )

i=1 =2

LT(©) = —logpe(r1|y1)-

Then we have

VL(O) = — in_ T (Z (i — Epo o W) T + D vilwi — Ep@(-|yi)[l‘])T> )

=2

VL™(0) = —y1(21 — Epg (2] -
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Proof. We have
V(—logpe(y|z))
__ Vpel(ylz)
pe(ylr)
1y exp(z’Oy) (Eyev exp(mTGy)) —exp(z' Oy) (Zyev zy " exp(wTGy))

" pol) (ZyevexptTon)”

N 7; )ry’ — T z)ay "
 pelylx) pe(ylz)ry ' — pe(yl )%}pe(y\ )y

T

= -z |y-> polyl)y
yeV
T
= =2 (U = Eynpo () ])
The statements follow immediately. O

B.2 Initialization

Lemma 6 (Initial distributions are all close to uniform). Fixany d € (0,1). Let x1, 2, ..., T, &S
Ny(0g, 11,). Let © € R¥*?, where each ©;; L N(0,0?) independent of x1,...,x,. For any
i,j € [nji, define

exp(le(z;]zi))

po(zi|lr;) = =5 . where lo(z;|x;) = z; Ox;.
@< ]| 7/) Zk=1 exp(l@(:rk\:cl)) @( ]| 7/) i J
Then when % < m and d > 4001og(1/(20n?))/e?, with probability at least 1 — 6,

1 .
lpe(zjlz:) —1/n|< o Vi, j € [n].

Proof. Letv = 0.2. By Lemma 8, with probability at least 1 — ¢, we have
|<l‘i,l‘j> — 6”|§ v, Vi,j € [’I’L]

Conditioned on the above high-probability event, we can further obtain that for any j € [n]

pe(zjlz;) = expllo(;|z:)) exp(v) _ exp(2v)
s exp(le(zrlei)) = Sp_, exp(—v) n

and
1) — exp(lo(zjlz;)) exp(—v) _ exp(—2v)
po(x;|zi) ST explio (22]71)) > ST oxp () —,

It follows that
1 3 1
5 < polwslz) < o = |pe(wslz:) — 1/nl< o
which completes the proof. O

B.3 Subspace embedding

Lemma 7 (¢1-subspace embedding of Gaussian second-order tensors). Let z1, ..., z, be indepen-
dently sampled from Ny(0q, 514). Let Ty, Ty C [n] x [n] be two index sets. Let Ty = Iy N Iy. If
d > 641log(2n?/d) /€2, then with probability at least 1 — 6,

< oozl Y By >‘ o B <e | D gl | | X 18l

(4,J)€Z1 (4,)€T2 (i,5)€ZLo (4,5)€T1 (4,5)€Z2
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holds for any «; ;, B3; ;. Furthermore, if d > 64k?log(2n?/8) /€, then with probability at least 1 — 5,

1/2 1/2
< > gl Y Bigun > = D oyl S| ) ol >
(i,5)€Th (4,4) €T (4,9)€Zo (,5)€Tr (4,7)€Ts
holds for any «; ;, B; ; such that ||al|o< k, ||B]|o< k.
Proof. Using Lemma 8 and Cauchy-Schwarz inequality, we have
< > gz, Y ﬂz]ZzZJT> - > B
(4,9)€ETh (4,5)€Z2 (4,5)€Zo
<Y wBlalPlzlP-1) + > i iBr1% 2125 2
(4,3)€Zo (6:3) €0, (k1) €T2,(i,5) #(k,1)
641og(2n2/6
< % D JaBigl+ > | i, Br.1
(i,5)ex (4,5) €1, (k1) €L2,(4,5)#(k,1)
641og(2n2/9)
=) s ) (S )
(i,5)€T1 (1,5) €Tz
1/2 1/2
64k2 log(2n2/9) 9 9
ST ORI o
(4,9)€Z (i,7)EZ2
The statements follow directly from plugging in suitable values of d. O
Lemma 8 (Almost orthonormal). Let x1,x2,..., T, i Na(0g, é[d). Foranye,d € (0,1), when

d > 161log(2n?/3) /€%, it holds that with probability at least 1 — §,
|<l‘i,l‘j> — 6ZJ|§ €, VZ,] S [Tl]

Proof. Fixi # j € [n]. Notice
(@i, ) |= [(wi + 25, w0 + ) — (@i — 2, 20 — 25)| /4
< (Kws + aj, 0 + ) — UH[(ws — 25, 25 — 25) — 1)) /4.
Using LLemma 9, we have that with probability at least 1 — 6 /n?,
(@i, 25)|< €.
Furthermore, fix i € [n], with probability at least 1 — §/n?,
‘<Z‘i,$i> — 1|§ €.
The statement then follows from union bound over i, j € [n]. O

Lemma 9 (Almost normal for a fixed vector). For a d-dimensional random vector x ~ Ny(0q4, é]d)
and any v € (0,1/2),

P(|(z,z) — 1|> v) < 2e~ /16,
In particular, when d > 161og(1/(26))/v?, we have
P([{z,z) = 1|>v) <6

Proof. Letx = (x1,...,74). By Lemma 11 (letting z = v?d/16),

d
P([{z,z) —1|>v) <P ( Z(\/& z;)? —d| > Ud)
i=1
< 26—v2d/16_
The second inequality follows from simple arithmetics. O
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B.4 Useful results

Lemma 10 (ODE bound). Let c1,c2,c3 > 0. Suppose the function f1, fo : Ry — R satisfies
f1(0) > 0, f2(0) > 0 and

Then

Proof. The conditions imply that

arit () 1 dh()
dt 2t dt <
dlog fa(t) L dfa(t)

dt fa(t) dt = —cz/(t+ca).

It follows that
FHt) = et + f71(0),
log f2(t) = — calog(1 +t/cs) + log f2(0).
Rearranging the above inequalities, one can obtain the desired results. O

Lemma 11 (y-concentration bound, Lemma 1 of [64]). Let g1,...,g; be i.i.d. N'(0,1) random
variables. Then for any x > 0,

< exp(—x),

t
Pr l29?2t+2\/%+2x

=1

and

Pr

Zg? <t— 2\/7%] < exp(—x).

i=1
C Missing Proofs of Section 4

In this section, we show missing proofs in Section 4.
C.1 Proofs of Section 4.1

C.1.1 Proofs of Proposition 4.1 and Proposition 4.2

We first show the proofs of Proposition 4.1 and Proposition 4.2, respectively.

Proof of Proposition 4.1. Actually, for any three tokens 1, 2, x3, it holds that

T T T
exp (3 Y(0) 'LN(X 'b exp (0
Po(o) (371, 22) = o (r) B DY g 0) 1/M,
(a1] €XP (a:’ Y(O)TLN(XTbg)) a'e[M] EXP

z'e

since Y(0) = 0. O
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Proof of Proposition 4.2. Note that the input sequence length 7' = 2. By (1),
exp (2"Y () TLN(X "by))
e iar XD (w’TY(t)TLN(XTbg))
where by = [b12] and b1y = 1. Also, X = [z1] " is a one-hot row vector. Therefore, LN(X "b,) =
LN(xz1b12) = LN(x1) = @1, and thus
exp (scTY(t)Tscl) exp (Y(t)z,.2)

P (@]w1, 22) = _
Zm'e[z\/[] exp (m’TY(t)Ta:l) ZI,G[M] exp (Y(t)a;w,)

Pe(t)(96|$1,l‘2) =

where Y'(t); ; is the entry of the matrix Y (¢) at row ¢ and column j.

C.1.2 Proof of Lemma 2

Proof of Lemma 2. We first calculate the gradient of ¥ when the current batch is a sequence
(21,29, 23). Note that the input sequence length T = 2 and by the proof of Proposition 4.2,
we have LN(X Tby) = LN(X "hy) = x;. By Lemma 1, we have

Y = nyLN(X "bp) (i — )T =nyxi(es —a)'

where o = [, as, ..., o] T € RM with oo = exp (Y,") /17 exp (Y,). Note that z (x5 — )
is a matrix with only x;-th row non-zero since x; is one-hot. Therefore, the update of each row of Y’
are independent and only x;-th row of Y gets updated at the current time step.

Now we consider any fixed 1 € V. Let t,, ; be the time step that the z1-th row of Y gets updated
(i.e., the first token of the training data is ' for the current batch) for the ¢-th time and let ¢,;, o = 0
for notation convenience, then

Y(twhi)ll = Y(t$17i—1)I1 + Uy(mg - a)T'
For convenience, we denote y(i) = Y (t,, ;),,, and thus
y(i) =y(i — 1) +ny (@3 —ali—1)) (10)
where y(0) = 0 and (i — 1) = exp(y(i — 1))/1 " exp(y(i — 1)). Note that for a fixed z;, 3 is
also fixed by our construction of the dataset. By Lemma 5 of [14], we can obtain that

Y(i) = (M = 1)h*(i)€as,

where &,, = 74— (x3 — 2-1) and h*(i) can be derived recursively as

() = h*(i — 1
h* (1) = h*( 1)+(M_1)_|_exp(Mh*(i—1))

with h*(0) = 0. Combining Lemma 7 and 9 in [14], we have

1 In M
(1) 2 — In(Mnyi j > . 11
W) 2 37 (M), iz an

Note that the update of each row of ¥ are independent, the training set has size /N, and the batch size
is 1, we have

Y(t);, = (M = Dh* ([t/N]) &z,

1

where the training data at time step ¢ is (1, 22, z3). Combining (11), we can obtain that

Moo Ly Ly /N 2 1o (szyt)

and

M 1.1 1 Myt
) 3Ot N < — i (FPE) e

On the other hand, for any sequence (x1, z2, x3) in the test set, since the x;-th row of Y has never
been updated, we have

Y(t)m,w S (M - 1) :

Y(#)gr.2 =Y (0)g, - =0, Vre[M].
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C.1.3 Proof of Theorem 3

Proof. We first consider training sequence (z1, 2, x3) at time ¢. By Proposition 4.2, we have
exp (Y ()ey,25)
e P (Y (H)ay 0r)

Poc) (w3|T1, 2) = 5

Mnyt

and by Lemma 2, we have
c ( Mnyt

Y (t)ay 55 > cln( ) ;o and Y (t)g, 0 < —Mln N ) , VY # 3

for some constant ¢ > 0. Therefore,
exp (cln (M]Z"t>)

Poew) (wsl1, 2) Zexp (Cln (M;\r]yt» +(M=1)n (—ﬁ' In (Mznvyt))

Mnyt)€
N

NCOEE

L M1
(M]Z”) + (M -1)
M-1

T
2(*5)

where the last inequality holds since

N(M —1)Ye Myt ©
lnchl(NM/ny):>t2M7nY:> ( N ) >M -1
Finally, for any sequence (x1, T2, 23) € Diey, since Y (t)4, » = 0, Va € [M] according to Lemma 2,
we have
exp (Y (t)ay,25) exp(0)
Pot) (T3]T1, 22) e &0 (V (Do) M- exp(0) 1/M,
which completes the proof. O

C.2 Additional details and proof of Section 4.2

Datasets. Let Nyain > 0, Nt > 0 be two positive integers and let Nyl = Nirain + Neest- Let
A;,B;,C; € V,Vi € [Nootar] be 3Nyora distinct tokens. Let —,~+» € V = [M] be two additional differ-
ent tokens that represent “direct implication” and “indirect implication” respectively. Specifically,
we have A; — B;, B; — C; and A; ~» C; for all ¢ € [Nyy]. For notation convenience, we define the
following two index sets
Itrain = {1, 27 R thrain}a Itest = {]Vtrain + 17 o >Nt0tal}-

The training set Dy, consists of all A; — B;, B; — C; and A; ~» C; for i € Zip,i,. In addition, Dyin
contains A; — B; and B; — C; for i € Ziey. For convenience, we let N = | Dyin| to be the size of the
training set. The test set Dyeg; consists of A; ~» C; for ¢ € Zi. Under our construction of the dataset,
the LLM will learn the relationship between A;, B; and C; for i € Zy;, in both direct and indirect
implication, and learn the relationship between A;, B; and C; for ¢ € Z only in direct implication
and will be tested for indirect implication.

Similar to the reversal curse in Section 4.1, we aim to prove through the training dynamics of one-
layer transformers that the test probability remains negligible during training. In particular, we are
interested in

po(x3 = Cilry = Ay, k0 =~), i € Lieq.

We also use pg(B;|A; —), po(C;|B; —) and pp(C;|A; ~) to more compactly represent py (x5 =
Bi|z1 = A;, k2 =—), po(x3 = C;|lx1 = B;, x9 =—) and pg(z3 = C;|x1 = A;, x9 =~), respectively.

The following theorem shows the importance of the chain-of-thought method:
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Theorem 7 (Importance of chain-of-thought, formal statement of Theorem 4). Assume we run SGD
with batch size 1, and assume M > 100 and ngg <Lny <1 Lett 2 N%M denote the time step
which also satisfies Int 2 In(NM /ny ). For any test index i € Ty, we have

M—-1 M—-1
Doty (Bildi —) > 1 — — =

Moyt )’ Myt \©
2 (M) 2 (M)
for some constant ¢ > 0 and
1
Pot)(Cildi ~) < A
Proof. Recall that by Proposition 4.2, we have
exp (Y (t)z,,25)
Pot)(T3]T1, 2) = o
v S e %P (¥ Bz o)
and by Lemma 2, we have
Mnyt Mnyt
Y (t)a, 5, > cln( i ) ,and  Y(B)y. < —]\c/[ln( ]ZY ) . Va #£B;
for some constant ¢ > (. Therefore, using the same proof as Theorem 3, we have
(BiA; =) > 1 M1
Po(t)\Bi|Aq = 5 (Mmd)cl
N

Additionally, according to the proof of Lemma 2, Y ()4, . has the same value across all = # B;,
which implies

Doty (CilA; ~) < —1
B\l - M

Similarly, applying Lemma 2 to Y (¢)s,, we can obtain that
M—-1

Mnyt\€'
> (*%)

Poc)(Ci[Bi =) > 1 —

C.3 Analysis of the reversal curse for the four-token sequences

In this section, we analyze the reversal curse where data points are four-token sentences “AR;RoB” or
“BR1R2A”. For each sentence, A and B are two distinct tokens that represent two entities, and Ry, Ry
are two special tokens jointly representing a relationship that is inverse to itself (e.g., RiRo represents
“is the friend of”’, then AR;RoB means “A is the friend of B” and BR;RoA means “B is the friend of A ).

Datasets. Let Ny, > 0 and Ny > 0 and denote Ny = Nigain + Nest- Let A;,B; €
V,Vi € [Niotl] be K £ 9N, distinct tokens representing distinct entities. WLOG, we assume
A;,B; € [K],Vi € [Niow]- Let R1,Re € V be two additional different tokens that jointly represent a
relationship that is inverse to itself. Specifically, we have A;R;R2B; and B;RiRoA; for all ¢ € [Nyoga]-
For notation convenience, we define the following two index sets

Itrain = []Vtrain]7 Z-test = [N total]\Itrain-

The training set Dy, consists of all A;R1RsB; and B;R1RoA; for ¢ € Zypain. In addition, Dy, contains
A;R1R2B; for i € Ziey. For convenience, we let N = |Dy,iq| to be the size of the training set. The
test set Dyes; consists of B;R1RoA; for ¢ € Zi.;. Under our construction of the dataset, the LLM will
learn the relationship between A; and B; for i € Zy.,, in both directions to deduce that the relationship
“R1Ro” is reverse to itself, and learn the relationship between A; and B; for ¢ € Z in one direction and
will be tested for the other. WLOG, we assume for each training sequence (x1,R1,Ra, £4) € Disain,
Ty € [N ]

90497 https://doi.org/10.52202/079017-2872



Now we assume that the learning rate ny > 7z and therefore can treat X Tbr as fixed when
analyzing the dynamics of Y. For any sequence (21,22 = Ry, 3 = Rg, x4 = n) in training or test
dataset with 7' = 3, we define f,, = LN(X "b7). Then the gradient of Y in (3) becomes

Y =ny falzri — ) =0y fule, —a)'.

Note that for three-token sequences, f;, is a one-hot vector, and thus Y has only one non-zero
row, and each row of Y can be analyzed independently. For the four-token sequences, we use the

same reparameterization strategy as in [14], where we denote W = [w1, wa, ..., w K]T £ FTy e
REXM with F' = (f1,-.., fx] € RMx K

Note that the parameter W can be viewed as a combination of Y and Z where Z is fixed. The
following lemma shows the dynamics of W, assuming we are performing gradient updates on W
instead of Y.

Lemma 12 (Dynamics of W). Assume we perform gradient updates directly on W instead of Y with
learning rate ny and batch size 1, and assume M > 100 and ﬁ <Lny <1 Lett 2 N;M

Y
and let W (t); denote the i-th row of W (t) and W (t),; denote the (i, j)-th entry of W (t). Then for
training sequence (x1, Ry, Ro, x4) € Dygin at time t, we have

W) gy as 2 In(Mnyt/N), and W)y, o S —In(Mnyt/N) /M, Yz # x4,
and for any test sequence (1, Ry, B2, %4) € Doy, we have W (t)y, o = 0,V € [M].

Proof. According to Lemma 3 of [14], for training sequence (x1,R1,Ra, Z4) € Dyain at time ¢, only
the z4-th row of W will be updated and the gradient

Wy, (t) =Ny (-’134 — Oy (t))

where a(t) = exp(w,, (t)) /(1T exp(w,, (t))). Therefore, the dynamics of T is nearly identical to
the dynamics of Y in Lemma 2, and we can use the proof of Lemma 2 to conclude the results. [

With the dynamics of W, we can obtain the following result:

Proposition C.1 (Reversal curse for the four-token sequences). Assume we perform gradient updates
directly on W instead of Y with learning rate 1y and batch size 1, and assume M > 100 and
o < ny < 1. Lett > MM gdopote the time step which also satisfies Int > In(N M /ny ). For
M ~ oy ~

training sequence (1, Ry, Ry, €4) € Diyain at time t, we have

( | Ri,R )>1—71 —1 t—
Tq|X as (0. ¢]
p@(t) 4|41, ft1, 12) — (n r’l’] t/N)C )

for some constant ¢ > 0, and for any test sequence (1, Ry, Ra,x4) € Dy that is not included in the
training set Dyuin, we have

Po(t) (w4lT1, By, B) < 1/M.

Proof. For any sequence (x1,x2 = Ry, 23 = Ry, x4) where T' = 3,
exp ((ETY(t)TLN(XTbT))
Swreqnnexp (2 TY () TLN(X Tbr))
exp ('Y (t)" fu,)
2 are[n) €XP (w/TY(t)Tfm)
exp (" wy, (1))
ZI/G[M] exp (CU/T’U’:M (t))

_ exp (W (t)zy,2)
Zm’e[M] exp (W (t)ay,a)
The above next token probability formulation is almost identical to Proposition 4.2 after replacing Y

with W. Combining the dynamics of W as shown in Lemma 12, we can use the proof of Theorem 3
to conclude the result. O

Poc) (|21, R1,R2) =
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Finally, we discuss the role of Z in the four-token-sequence settings. Note that Proposition C.1
assumes gradient update on W instead of Y. While we are not able to perform gradient updates on
W directly, it is equivalent to modifying the gradient of ¥ to be

Y =1y (o~ FE'ey)(en — )T

according to Lemma 3 of [14], where the next token x4y =n, B/ = [+ E) '~ I[,E=F"F—1,
and F' = [fy,..., f~] € RM>Y which only contains the next token that appears in the training set.
Compared to the original gradient of Y

Y = ann(en - an)—r
one can obtain that the modification of the gradient of Y is small if A; (E') is small.

)

Note that E;; = ||f;]|3—1 = 0 and E;; = f,7 f;. Also, for any sequence (z1 = n’, x5 = Ry, 73 =
Ro, 4 = n) in training set,

_ bizey + bazey,

V035 + b3,

b1z = exp(Zry,n'), b1z = exp(Zay 1, )-
Note that R; is a common token that appears in each training sentence, and n’ is a distinct token that
only appears in one training sentence as a contextual token. By Theorem 2 of [14], under certain

technical assumptions, Zg, ,,» > 0 and an .n < 0 and one can expect Zg, ,,» — Zy, ., to be sufficiently
large after sufficient time of training. Therefore,

fo =LN(X "br)

where

fn= 51367«/ + 5236R1

with l~)23 close to 0. Consider a simple case where for each n € [N], f,, = V1 — c?e,s + ceg, for ¢
sufficiently small. Then

Eij = szfJ = (\/ 1-— 8261‘/ + ceRl)T(\/ 1-— CQBJ'/ + ceRl) = CZ.
Therefore, one can calculate that A\ (E) = ¢?(N — 1). When ¢ < ﬁ, we have A\; (E) < 1, and
thus the gradient update of W and gradient update of Y are almost the same.

D Experiments for chain-of-thought

In this section, we conduct experiments for COT on multi-layer transformers to validate theoretical
results in Section 4.2.

Dataset construction. Similar to Section 5, we randomly sample three disjoint sets of entities
A,B,C C V, and reverse two additional tokens for — and ~», respectively. Next, we specify a
bijection from A to 3, and a bijection from B to C randomly. For each A; € A and its corresponding
B; € Band C; € C, we can obtain a triple of sequences (A; — B;,B; — C;, A; ~ C;), and split the
set of all triples into training triples and validation triples. All three sequences of a training triple will
be added to the training set, while for a validation triple, we add A; — B; and B; — C; to the training
set and add A; ~ C; to the validation set. Therefore, the model will learn both direct and indirect
implications for the training triples and only learn the direct implications for each validation triple
while being tested on the indirect implication.

Results. Figure 3 shows the experiment results for COT using the same model architecture and
configurations as in Figure | (the training set size is 540, and the validation set size is 60 resulting
from 140 training triples and 60 validation triples), which is consistent with Theorem 7. One can
refer to Appendix E.3 for additional experiments with various model configurations and vocabulary
sizes. We also empirically validate the intransitivity of model weights (i.e., logits) for multi-layer
transformers in Figure 4, which shows that for a validation triple (A;, B;, C;) of which only the direct
implication “A; — B;” and “B; — C;” appears in the training set, although the weights from A; to B;
and from B, to C; are trained large as indicated by the diagonals of the first two bottom matrices, the
weights from A; to C; gets hardly trained as indicated by the diagonals of the last matrix. We also
emphasize that another reason that COT is necessary is that all tokens 4;, B;, and C; are different
tokens with randomly initialized embedding and thus irrelevant. When these tokens are relevant and
show specific patterns, the validation loss can also get better. See more details in Appendix E.4.
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Figure 3: Experiment results of COT under default configuration (see Table 3). The curves represent
the (average) negative log probability of the model predicting the next token to be: (1) B; given the
input “A; —”, (2) C; given the input “B; —”, or (3) C; given the input “A; ~»”. Similar to the reversal
curse experiment, while the sentences in the training set can be learned nearly perfectly, the model is
not able to predict the correct next token in the validation set better than a uniformly random guess.
Both curves are averaged over 10 random seeds.

E Additional Experimental Results
In this section, we show additional experimental results for Section 5.

E.1 Details of model architectures and hyperparameters

For both the reversal curse and COT experiments, we used the GPT2 model architecture [63]° and
trained the model with the AdamW optimizer for 3000 epochs of batch size 64. See Table 2 for a
full list of hyperparameters. We also conducted experiments under various model configurations and
vocabulary sizes to show that the results in Section 5 and appendix D are consistent under different
settings. See Table 3 for a complete list of different configurations, where the default choices are
boldened. For each curve in all figures, the results are averaged over 10 trials, and the error bar is
calculated using standard deviation. We run each trial on an Nvidia A100 GPU and it typically takes
0.5-1.5 hours for each trial.

Parameters Values
Learning Rate 0.01
Weight Decay A 0.9

(1, B2) (0.9, 0.999)
Batch Size 64

Number of Epochs | 3000

Table 2: Full list of hyperparameters for AdamW optimizer and training.

E.2 Additional experimental results for the reversal curse

In this section, we show additional experimental results for the reversal curse under different con-
figurations, including different vocabulary sizes (Figure 5), different number of layers (Figure 6),

8Apache License 2.0
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Logits of C given A (Train)

Logits of B given A (Train) Logits of C given B (Train)

%

Logits of B given A (Val) Logits of C given B (Val) Logits of C given A (Val)

Figure 4: Visualization of the weights (logits) of the model with default configurations trained after
3000 epochs for COT experiment. The matrices are similar to Figure 2. The row tokens for the top
matrices are A;, B;, A; and column tokens are B;, C;, C; for training triples respectively. Similarly, the
bottom matrices correspond to validation triples. For validation triples (A;, B;, C;), the weights from
A; to C; get hardly trained as indicated by the diagonals of the last matrix.

Parameters Values

Number of Layers 12, 24, 48

Number of Heads 12

Vocabulary Size 20, 50, 200, 800, 2000
Entity Length 1,2,3

Positional Encoding Type None, Absolute, Relative
Token, Positional Embedding | Learnable, Frozen

Table 3: The list of different configurations for experiments in Appendices E.2 and E.3. Default
choices are boldened for each row.

different positional encoding (Figure 7), different entity lengths (Figure 8) and whether token and
positional embeddings are trainable or fixed (Figure 9). Our experimental results consistently show
that the reversal curse happens under different settings.

We provide additional experimental results that (1) the reversal curse still happens even if the
embedding dimension is much smaller than the vocabulary size in Appendix E.2.1; (2) the embeddings
of different tokens are nearly orthogonal; (3) the reversal curse does not happen under the in-context
learning settings.

E.2.1 The reversal curse under small embedding dimensions

Although for theoretical analysis in Section 3, we assumed the embedding dimension is polynomial
in the vocabulary size, in practice, the embedding dimension only needs to be the order of logarithm
of the vocabulary size. Figure 10 shows that for a much smaller embedding size, the reversal curse
still happens.
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Figure 5: Results for reversal curse for different vocabulary sizes. All other configurations are set as
default values as in Table 3. The training set sizes for the above four experiments are 9, 20, 85, 850
respectively, and the validation set sizes are 1, 4, 15, 150 respectively.
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Figure 6: Results for reversal curse for different numbers of layers of the transformer. All other
configurations are set as default values as in Table 3.
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Figure 7: Results for reversal curse with no positional encoding or relative positional encoding. For
relative positional encoding, we follow the Rotary Position Embedding (RoPE) method proposed by
[65]. We use the implementation of this repo, MIT license. All other configurations are set as default
values as in Table 3.
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Figure 8: Results for reversal curse with different entity lengths. Each entity A; or B; consists of
multiple tokens and different entities may have overlapped tokens. The “Train” curve represents
the negative log probability of predicting the first token of the output entity, and “Train (word)”
represents the negative log probability of predicting all tokens one by one of the output entity. All
other configurations are set as default values as in Table 3. The training set sizes for the above two
experiments are 680 and 250, respectively, and the validation set sizes are 120 and 50, respectively.
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Figure 9: Results for reversal curse with fixed token embedding and fixed positional embedding. All
other configurations are set as default values as in Table 3.

E.2.2 Near orthogonal embeddings

Note that in Section 3, our analysis relies on the fact that embeddings of different tokens are nearly
orthogonal, and in Section 4, the embeddings are effectively one-hot. In Figure 11, We show that
in practice, even if the embedding dimension is much smaller than the vocabulary size, the near
orthogonality condition still holds.

E.2.3 The reversal curse does not happen in ICL settings

We also emphasize that the reversal curse does not happen in ICL settings, which means if “A — B”
is provided as part of the prompt, then the model is able to answer “B <— A”. Figure 12 shows
preliminary results of ICL. All the sentences in the dataset have the format of “A;RB; < BjR*IAZ—”,
which is a seven-token sentence where R and R™! is a pair of relationships inverse to each other, and
“&” is another reserved token representing equivalence. There are ten different B; and n different
A; where n = 100 for the left figure in Figure 12 and n = 200 for the right figure. For each A;, we
construct ten sentences using different B , and we randomly chose three of them to be included in
the validation set and seven other sentences in the training set. The result of Figure 12 shows that the
reversal curse does not happen during the ICL setting.
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Figure 10: Results for reversal curse for different numbers of layers and different embedding
dimensions. All other configurations are set as default values as in Table 3.
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Figure 11: A heat map of cosine similarity between token embeddings (all A; and B;) after 3000
epochs training under different settings. The settings are the same as Figure 10. Under different
numbers of layers or embedding dimensions, most of the non-diagonal entries are close to 0, which
shows that the embeddings of different tokens are nearly orthogonal.

E.3 Additional experimental results for chain-of-thought

In this section, we show additional experimental results for COT under different configurations,
including different vocabulary sizes (Figure 13), different number of layers (Figure 14), different
positional encoding (Figure 15), different entity lengths (Figure 16) and whether token and positional
embeddings are trainable or fixed (Figure 17). Note that our experimental results consistently show
the necessity of COT under different settings.

E.4 Chain-of-thought with relevant tokens

In Appendix D, we briefly mentioned that the irrelevance of different entity tokens is one of the
reasons that COT is necessary. Now, we show that if the entity tokens are correlated and show specific
patterns, it is possible for a model to deduce indirect implications automatically.

Instead of using single tokens A;, B;, C; to represent each entity, now we use two tokens Ai, Bi, Ci to
represent entities, where A, B and C are three common tokens shared by each triple, and token i are
distinct for each triple. Figure 18 shows that for the above version of COT where tokens in the same
chain are correlated, the model is able to “deduce” Ai ~» Ci after training on Ai — Bi, Bi — Ci
and other training samples.
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Figure 12: Training and validation loss under in-context learning (ICL) settings. All sentences consist
of seven tokens and have the form of “A;RB; < BjR’lAi”. The loss is calculated on the last token.
For the left figure, the training set size is 700, the validation set size is 300, and the vocabulary size is
400; for the right figure, the training set size is 1400, the validation set size is 600, and the vocabulary
size is 800. All other configurations are set as default values as in Table 3. The result shows that the
reversal curse does not happen in ICL settings, i.e., if “A;RB;” is provided as part of the prompt, then
the model is able to recognize “B;R™!4;”.
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Figure 13: Results for COT for different vocabulary sizes. All other configurations are set as default
values as in Table 3. The training set sizes for the above four experiments are 14, 32, 135, 1350
respectively, and the validation set sizes are 1, 4, 15, 150 respectively.
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Figure 14: Results for COT for different number of layers of the transformer. All other configurations
are set as default values as in Table 3.
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Figure 15: Results for COT with no positional encoding or relative positional encoding. For relative
positional encoding, we follow the Rotary Position Embedding (RoPE) method proposed by [65].
All other configurations are set as default values as in Table 3.
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Figure 16: Results for COT with different entity lengths. The setting and curves are similar to
Figure 8. All other configurations are set as default values as in Table 3. The training set sizes for the
above two experiments are 1080 and 400, respectively, and the validation set sizes are 120 and 50.
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Figure 17: Results for COT with fixed token embedding and fixed positional embedding. All other
configurations are set as default values as in Table 3.
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Figure 18: Results for COT where each entity is represented by two tokens, i.e., Ai, Bi, or Ci. The
validation set sizes are 50. The model is able to “deduce” unseen Ai ~» Ci by learning underlying
patterns.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: See abstract and Section 1.
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: See Sections | and 6.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: See Section 5 and appendices D and E.
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* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]

Justification: Our code is available at https://github.com/marlo-z/reversal_
curse_analysis/.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: See Section 5 and appendices D and E.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: See Appendix E.1.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

https://doi.org/10.52202/079017-2872 90510


https://github.com/marlo-z/reversal_curse_analysis/
https://github.com/marlo-z/reversal_curse_analysis/
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy

8.

10.

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: See Appendix E.1.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conforms, in every respect, with the
NeurIPS code of Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: See Section 1 and Section 6.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

90511 https://doi.org/10.52202/079017-2872


https://neurips.cc/public/EthicsGuidelines

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: See Appendix E.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: Our code is available at https://github.com/marlo-z/reversal_
curse_analysis/.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification: The paper does not involve crowdsourcing or research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing or research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

¢ For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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