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Abstract

This paper considers the distributed learning problem where a group of agents
cooperatively minimizes the summation of their local cost functions based on
peer-to-peer communication. Particularly, we propose a highly efficient algorithm,
termed “B-ary Tree Push-Pull” (BTPP), that employs two B-ary spanning trees
for distributing the information related to the parameters and stochastic gradients
across the network. The simple method is efficient in communication since each
agent interacts with at most (B + 1) neighbors per iteration. More importantly,
BTPP achieves linear speedup for smooth nonconvex and strongly convex objective
functions with only O(n) and O(1) transient iterations, respectively, significantly
outperforming the state-of-the-art results to the best of our knowledge. Our code is
available at https://github.com/ryou98/BTPP.

1 Introduction

In this paper, we consider a group of agents, labeled as N := {1,2,...,n}, in which each agent 4
holds its own local cost function f; : R? — R and communicates only within its direct neighborhood.
We investigate how the agents collaborate to locate z € RP that minimizes the average of all the cost

functions:
1 n
fgl]iRr; f(z) (Z - ;ﬁ(@) ; (1

where f;(x) := E¢,wp, [Fi(x;&;)]. Here &; denotes the local data of agent 7 that follows the local
distribution D;. Data heterogeneity exists if {Dz‘}?:l are not identical.

To solve problem (I)), we assume each agent ¢ queries a stochastic oracle (SO) to obtain noisy
gradient samples. Stochastic gradients appear in many areas including online distributed learning
[23} 3], reinforcement learning [17}[15]], generative modeling [5} 6], and parameter estimation [2} 27].
Assumption ensures that the gradient estimator g;(x;&;) remains unbiased with a bounded
variance for any given x, while independent samples &; are gathered continuously over time. In
addition, the assumption is critical in simulation-based optimization as gradient estimation often
encounters noise from multiple sources, such as modeling and discretization errors, or limitations
due to finite sample sizes in Monte-Carlo methods [[7].

Modern optimization and machine learning typically involve tremendous data samples and model
parameters. The scale of these problems calls for efficient distributed algorithms across multiple
computing nodes. Recently, distributed algorithms dealing with problem (I)) have been studied
extensively in the literature; see, e.g., [[19, |14} 4, 34]. Traditional distributed learning approaches
typically follow a centralized master-worker setup, where each worker node communicates with a
(virtual) central server [12]]. However, such a communication pattern incurs significant communication
overheads and long latency, especially when the training requires a large number of computing nodes.
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Decentralized learning is an emerging paradigm to save communication costs, where the computing
nodes are connected through a certain network topology (e.g., ring, grid, hypercube). Decentralized
algorithms do not rely on central servers: the agents maintain the similarity among their copies of
model parameters through peer-to-peer messages passing by communicating locally with immediate
neighbors in the network. Such a setup allows each node to communicate with only a few peers and
hence incurs much lower communication overhead [[1]]. Moreover, it offers strong promise for new
applications, allowing agents to collaboratively train a model while respecting the data locality and
privacy of each contributor.

Specifically, in decentralized stochastic gradient methods, the agents share their local stochastic
gradient updates through gossip communication [32]. At every iteration, the local updates are
sent to the neighbors of each agent who iteratively propagate the information through the network.
Typically, the agents employ iterative gossip averaging of their neighbors’ models with their own,
where the averaging weights are chosen to ensure asymptotic uniform distribution of each update
across the network. However, local averaging is less effective in “mixing” information which makes
decentralized algorithms converge slower than their centralized counterparts. Generally speaking, the
network topology determines both the number of per-iteration communications and the convergence
rates of decentralized algorithms, leading to a trade-off. For example, a densely-connected graph
enables decentralized methods to converge faster but results in less efficient communication since
each node needs to communicate with more neighbors. By contrast, a sparsely-connected topology
results in a slower convergence rate but also reduces the per-iteration communication cost [[19, 21} 35].
In particular, for smooth and non-convex objective functions, it has been shown that decentralized
stochastic gradient methods (with arbitrary topology) can achieve the same convergence rate as
the centralized SGD method, but only after an initial period of iterations has passed [[14}, [34} [20].
The number of transient iterations (transient time) heavily depends on the network topology, and
thus a practical decentralized stochastic gradient algorithm should aim to minimize the transient
time while keeping the number of per-iteration communications small (e.g., over a a sparsely-
connected topology). Such an observation has motivated several recent works, which consider
network topologies with ©(1) per-iteration communications (or degree) for each node; see, e.g.,
(34} 126].

This work considers an alternative mechanism to gossip averaging, called “B-ary Tree Push-Pull”
(BTPP), inherited from the Push-Pull method in [22| 33]]. Rather than relaying the messages over
one graph at every iteration, BTPP uses two B-ary trees (Gr and G¢) to spread the information about
the parameters and the stochastic gradients, respectively. Each agent assigned in the B-ary tree acts
as a worker on an assembly line. The model parameters are transmitted through the graph Gz from
the parent nodes to the child nodes. Meanwhile, the stochastic gradients are computed under the
current model parameters and accumulated through the inverse graph of Gz denoted as Go. BTPP
can be viewed as a semi-(de)centralized approach given the critical role of node 1. Notably, the
corresponding mixing matrices of Gr and G¢ only consist of 0’s and 1’s, which together with the
B-ary Tree topology design, results in high algorithmic efficiency. We show BTPP achieves an O(n)
transient time under smooth nonconvex objective functions with ©(1) per-iteration communications
for each agent. By comparison, the state-of-the-art transient time is O(n3) (see Table .

1.1 Related Works

Decentralized Learning Decentralized Stochastic Gradient Descent (DSGD) type algorithms are
increasingly popular for accelerating the training of large-scale machine learning models [[14} 134, [10]
. These algorithms have been adapted under a range of practical settings, including those discussed
in [1} [16]. However, DSGD suffers from data heterogeneity [9]], which triggers more advanced
techniques such as EXTRA [235]], Exact-Diffusion/D? [13], and gradient tracking [19]]. The Push-Pull
method (22, |33] which enjoys broad topological requirements was introduced for deterministic
decentralized optimization under strongly convex objectives. This work particularly takes advantage
of the flexibility in the network design of Push-Pull, utilizing the B-ary tree family, while considering
stochastic gradients for minimizing smooth nonconvex objectives.

Topology Design Decentralized stochastic gradient algorithms often rely on gossip averaging over
various topologies such as rings, grids, and tori [18]]. The hypercube graph [30] strikes a balance
between the communication efficiency and the consensus rate, but the network size is constrained
to be the power of two. The work in [34]] re-examined the static exponential graph with ©(In(n))
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ALGORITHM PER-ITER COMM. SIZEn BASED GRAPH TRANS. ITER.

D? (RING) [29] o(1) ARBITRARY 1 O(n')
DSGD (RING) [18]] o(1) ARBITRARY 1 O(n")
HYPERCUBE [30]] O(In(n)) POWER OF 2 1 O(n®)
StATIC EXP. [34] O(In(n)) ARBITRARY 1 O(n®)
0.-P. Exp. [34] 1 POWER OF 2 O(In(n)) O(n®)
RELAYSGD [31]] o(1) ARBITRARY 1 O(n®)
OD(OU)-EQUIDYN [26] 1 ARBITRARY O(n 0O(n?)
DSGD-CECA [4] o(1) ARBITRARY O(In(n)) O(n)
BASE-(k + 1) [28]] o(1) ARBITRARY O(In(n)) O(n?)
BTPP (OURS) e(1) ARBITRARY 2 O(n)

Table 1: Comparison of different algorithms for distributed stochastic optimization under smooth
nonconvex objectives. “Per-iter Comm.” denotes the number of per-iteration communications or
neighbors (degree) for each agent. “Based Graph” represents the number of required graph topologies
during the entire training procedure. “Trans. Iter.” represents the number of transient iterations. The

notation O(-) hides all the polylogarithmic factors.

ALGORITHM PER-ITER COMM. SIZE n BASED GRAPH  TRANS. ITER.
DSGD (RING) [18]] e(1) ARBITRARY 1 O(n®)
StaTIC EXP. [34] O(In(n)) ARBITRARY 1 O(n)
O.-P. Exp. [34] 1 POWER OF 2 O(In(n)) O(n)
RELAYSGD [31]] o(1) ARBITRARY 1 O(n)
OD(OU)-EQUIDYN [26]] 1 ARBITRARY O(n) O(n)
BTPP (OURS) e(1) ARBITRARY 2 o(1)

Table 2: Comparison of different algorithms for distributed stochastic optimization under smooth

strongly convex objectives. The notation O(-) hides all the polylogarithmic factors inheriting from
(26, 9].

degree and introduced a one-peer exponential graph with ©(1) degree while preserving the consensus
properties under the specific requirement of n. The paper [28] proposed a base-(k + 1) graph as
an enhancement that achieves similar convergence rate as in [34]] under arbitrary network size by
sequentially employing multiple graph topologies (splitting an all-connected graph into ©(In(n))
different subgraphs). DSGD-CECA [4] requires roughly [log,(n)] rounds of message passing for
global averaging with ©(n) network topologies. OD(OU)-EquiDyn [26] introduces algorithms
that employ various topologies to achieve network-size independent consensus rates. RelaySGD
[31] offers a relay-based algorithm that ensures ©(1) per-iteration communication across different
topologies.

The above-mentioned methods all enjoy comparable convergence rates with centralized SGD (and
thus achieves linear speedup) when the number of iterations 7 is large enough. The transient times
are generally in the order of O(n?) under smooth nonconvex objectives (see Table and O(n) under
smooth strongly convex objectives (see Table [2).

Note that the above works and this paper generally consider training machine learning modes within
high-performance data-center clusters, in which the network topology can be fully controlled: any
two nodes can directly communicate over the network when necessary. By comparison, in some other
scenarios, the underlying network topology is fixed, and the communication between two nodes is
constrained (e.g., in wireless sensor networks, internet of vehicles, etc).

1.2 Main Contribution
This paper introduces a novel distributed stochastic gradient algorithm, termed “B-ary Tree Push-Pull”

(BTPP), which is provably efficient for solving the distributed learning problem (I)) under arbitrary
network size. The main contribution is summarized as follows:
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* BTPP incurs a ©(1) communication overhead per-iteration for each agent. Specifically, any
agent in the network communicates with at most (B + 1) neighbors, where B can be freely
chosen to fit different settings. Generally speaking, larger B increases the per-iteration
communication cost but reduces the transient time at the same time.

* We show BTPP enjoys an O(n) transient time or iteration complexity under smooth non-
convex objectives and an (O(1) transient time or iteration complexity under smooth strongly
convex objectives. Such results outperform the baselines: see Table[I]and Table 2] The im-
provement is significant since the transient time greatly impacts the algorithmic performance,
especially under large n.

* The convergence analysis for BTPP is non-trivial, partly due to the fact that the algorithm
admits two different network topologies for communicating the model parameters and the
(stochastic) gradient trackers respectively. Instead of constructing the induced matrix norms
| - [[= and || - [|c as in [22], the analysis is performed under ||-||, and [|-||  only by carefully
treating the matrix products and related terms.

1.3 Notation and Preliminaries

Throughout the paper, vectors default to columns if not otherwise specified. Let each agent 7 hold
a local copy x; € RP of the decision variable and an auxiliary variable y; € RP. Their values at

iteration k are denoted by xz(-k) and yi(k), respectively. We let X = [z1, 22, - - ,xn]T e R"*P Y =
Y1, Y2, » yn]T € R"*P and 1 denotes the column vector with all entries equal to 1. We also define
the aggregated gradients at the local variables as VF (X) := [V f1(21), Vfa(z2), -+, Viin(2,)] | €
R™*?, where F'(X) := >."" | fi(z;). In addition, denote & := [£1,&o,- - ,{n]T, G(X,¢) =
[91(21,&1), 92(22,82), -+, gn(Tn, fn)]T € R™*P_ For the conciseness of presentation, we also use

G® 1o represent G(X®, ™). The term (a, b) stands for the inner product of two vectors a, b € RP.
For matrices, ||-||, and ||-|| » represent the spectral norm and the Frobenius norm respectively, which
degenerate to the Euclidean norm for vectors. For simplicity, any square matrix with power 0 is the
unit matrix I with the same dimension if not otherwise specified.

We assume each agent ¢ is able to obtain noisy gradient samples of the form g;(z, &;) that satisfies
the following assumption.

Assumption 1.1. For all i € N and = € RP, each random vector &; is independent and
Ee~p, [0i(@,€0)l] = Vi(@), Eerop, [l0i(2,&) = VA@) fo] < 0?
for some o2 > 0.

Regarding the individual objective functions f;, we make the following standard assumption.

Assumption 1.2. Each f;(z) : R? — R is lower bounded with L-Lipschitz continuous gradients,
i.e., forany z, 2’ € RP,
IV fi(x) = Vfi(@)| < Lz = 2]

We also consider the following standard assumption regarding strongly convexity.
Assumption 1.3. For any z,y € RP,

F@) = f@) + (Vi@)y —a) + S lly -2l

Denote f* := mingcgrr f(x). Let 2* = argmin, f(x) if Assumptionholds.

A directed graph G(N, £) consists of a set of n nodes N and a set of directed edges £ C N x N,
where an edge (j,¢) € £ indicates that node j can directly send information to node . To facilitate
the local averaging procedure, each graph can be associated with a non-negative weight matrix
W = [w;;] € R™*", whose element w;; is non-zero only if (j,7) € £. Similarly, a non-negative
weight matrix W corresponds to a directed graph denoted by Gw . For a given graph Gw, the in-
neighborhood and out-neighborhood of node i € N are given by J\/}’,{}Z ={jeN:(ji)e€&}and

W =17 € N1 (i,7) € £}, respectively. The degree of node i is the number of its in-neighbors
or out-neighbors. For example, in a one-peer graph, the degree of each node is at most 1.

https://doi.org/10.52202/079017-3094 97526



1.4 Organization of the Paper

The rest of this paper is organized as follows. In Section 2] we introduce the B-ary Tree Push-Pull
algorithm and present its main convergence results. The sketch of analysis is presented in Section
and numerical experiments are provided in Sectiond] We conclude the paper in Section[5]

2 B-ary Tree Push-Pull Method

2.1 Communication Graphs

The proposed B-ary Tree Push-Pull method makes use of two spanning trees as communication
graphs: Gr and G¢, which correspond to two mixing matrices R and C, respectively. Specifically, we
consider B-ary tree graphs with arbitrary number of nodes n and depth d. The root node is labeled as
1 for convenience, and we index the nodes layer-by-layer. The additional nodes are placed at the last
layer if the tree is not full. Figure[I]illustrates the assignment of 10 nodes when B = 2. In the Pull
Tree Gr (the left ones), each node has 1 parent node and B child nodes (except the ones in the last
layer). The root node 1 has no parent node. In the Push Tree G¢ (the right ones), each node has 1
child node and B parent nodes (except the ones in the last layer). It can be seen that the tree G is
identical to G with all the edges reversing directions. Note that only node 1 has a self-loop.

Figure 1: Two spanning trees with 10 nodes when B = 2. On the left is G, and the right one is Gc.
2.2 Algorithm

We consider the following distributed stochastic gradient method (Algorithm [T)) for solving problem

(I). At every iteration ¢, each agent i pulls the state information from its in-neighborhood N7,

pushes its (stochastic) gradient tracker y; to the out-neighborhood é’j;t, and updates its local

variables x; and y; based on the received information. The agents aim to find the e-stationary point
jointly by performing local computation and exchanging information through two spanning trees.

More specifically, in the pull tree Gz, each node ¢ pulls the updated model from its parent node
along the tree. Note that 712"1 consists of only one node, the parent node. The Push Tree G is
the inverse of the Pull Tree, in which each node collects and aggregates the gradient trackers from
its parent nodes. Due to the tree structure, only y¢ aggregates and tracks the stochastic gradients
across the entire network, which will be made clear from the analysis. The implementation of the

algorithm is rather simple. Taking node 2 in Figure|l|as an example, we have xg“rl) =z (&)

=T 7Y
and 10 = 50 9 4 gl 1) — gl ).
We can write Algorithm [I)in the following compact form:
Xt — R (X(t) _ 7Y(t))
@

YD —cy® 4 G(X(Hl), £(t+1)) _ G(X(t), é(t))
where Y(©) = G(X©) ¢ (O)), and R,C € R™*™ are non-negative matrices whose elements are given
by
1 ifie{Bj+1—-B+[B]}N[njori=j=1
[R], . = ,
J 0 otherwise

and C = R which corresponds to G, the inverse tree of G . It can be seen that R is a row-stochastic
matrix that only consists of 0’s and 1’s, and C is column stochastic. For example, the mixing matrices
corresponding to the graphs in Figure|l|are given by
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Algorithm 1 B-ary Tree Push-Pull Method (BTPP)

0 (O ¢

1: Each agent i initializes with any arbitrary but identical xgo) =z ¢ Rp, yf 0~ gi(w;

RP? after drawing a random sample ﬁi(o), stepsize v > 0 and number of iterations 7T'.

2: foriterationt =0,1,2,...,7 — 1 do
3: for agent ¢ in parallel do
4: Pull xg.t) — (.t) from each j € N3,
5: Push yf ) to each jenNgu
6: Independently draw a random sample & i(tH)
7: Update parameters through
t+1 t t
o = 3 ( () wj())
JEN,
1 1 1
y§t+ ) _ Z y(t) +gila (t+ )’€(t+ )) gi(a! (). g(t))
JENCLZ
8: end for
9: end for r
10: Output a;§ ),
1 1 1 1
1 1 1
1 1 1
1 1 1
1 1
R = 1 , C= )
1
1
1
1

where the unspecified elements are zeros.

2.3 Main Results

The main convergence properties of BTPP are summarized in the following two theorems, where the
second result assumes strongly convexity on f.

Theorem 2.1. For the BTPP algorithm outlined in Algorithm [I| implemented on B-ary
tree graphs Gr and Ge, assume Assumption and Assumption hold. Let v =

. A 2 A 3 1 .
min{ (3U2Ln(fT+1)> , (1500712(1605“(7,“)) s Toonas L )+ The following convergence result holds:

1
H2 32 /B,0%L 2404 (O—QL?A})* X S00dPLA N ||VF(X(0>)H;

n(T + 1) (\/ﬁ(T—l—l))% T+1 n(T+1)
3)

e L

where Ay := f(xgo)) — [* and d = |log(n)| represents the diameter of the graphs.
Remark 2.2. Based on the convergence rate in (3) of BTPP, we can derive that when T =
O(nlog'?(n)), the term O( F) dominates the remaining terms up to a constant scalar. This

implies that BTPP achieves linear speedup after O (n log’ ( )) transient iterations.

Remark 2.3. The convergence rate in (3) is related to the branch size B. For larger B, the diameter
d = |logg(n)] becomes smaller, which results in more efficient transmission of information and
fewer transient iterations. However, the per-iteration communication cost is relatively larger. When
B is smaller, the communication burden for each agent at every iteration is lighter, but the transient
time is larger. Therefore, in practice, the communication cost and convergence rate can be balanced
by considering a proper B.
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Theorem 2.4. For the BTPP algorithm outlined in Algorithm |I| implemented on B-ary tree
graphs Gr and Gc, assume Assumption [I.1} Assumption [[.2] and Assumption [I.3] hold. Let

T 161‘:5(;?11; ?) } and T > 2d. The following convergence result holds:

¥ = min

2 224002 log(n(T + 1))~ 26880000d°k?0? (log(n(T + 1)2))2
= (T+1) n(T+1)2M2

E Hang) —z*

T . , “)
(0) * 0
e ors 1 SR Nl L T
2
Remark 2.5. The convergence rate in (@) implies that EHI%T) -z <

o (ﬁ + # + exp (—T)), where O hides the constants and polylogarithmic factors. The

transient time is thus O(1), i.e., the number of iterations before the term O(+%) dominates the
remaining terms. Such a transient time also outperforms the state-of-the-art results

3 Analysis of B-ary Tree Push-Pull

In this section, we study the convergence of BTPP and prove Theorem [2.1| by analyzing the properties

of the weight matrices R and C, the evolution of the aggregated consensus error Zt oE HH X® H
and the expected inner products of the stochastic gradients between different layers. The approach 18
different from those employed in [22} 19} 26], where the analysis considers two special matrix norms
related to R and C, respectively. Such a distinction is because BTPP works with two B-ary trees and
iterates in a layer-wise manner, while most other works consider connected graphs.

Our analysis starts with characterizing the weight matrices R and C, as delineated in the following
lemmas. It is important to note that for any given n and a specific integer B, we can determine an

L which is the diameter of the graphs.

Notice that R has a unique non-negative left eigenvector u' (w.r.t. eigenvalue 1) with u'1 =

n. More specifically, u = [n,0, - ,O]T, which is also the unique right eigenvector of C (w.r.t.
eigenvalue 1), denoted by v for the clarity of presentation. Following the above observations, it is
revealed in Lemma that the 2-norm of the matrix R — %luT with exponent & remains bounded

by +/n and equals zero when k exceeds d — 1.
Lemma 3.1. Given a positive integer k, the 2-norm of the matrix R¥ — %1u—r satisfies

1 <+vn k<d-1
RFE — Z1uT|p 4~ N
|| nu||2{ v

Similar result applies to the matrix C* — %VlT. Consequently, we introduce the mixing matrices
II,, II, based on the eigenvectors u, v, which play a crucial role in the follow-up analysis.

1 1
O, =I—-=1u', II,:=1— —v1'.
n n

The following lemmas delineate the critical elements for constraining the average expected norms
2

of the objective function as formulated in (1), i.e., 75 SrE HV f (mgt))HQ. Lemma [3.2| and

Lemmaprovide bounds on the expressions Z?:o E|X+1) — X®))|2, and ZtT:o T, X® ||i

where X := 11uTX®.

Lemma 3.2. Suppose Assumptionholds and v < we have the following inequality:

_1
10ndL’

T T
ZEHX(HD XO|2 < 642n26%(T + 1) + 5072n2d> L2 ZEHHUX(t)
=0

2 El 2
+ 6v*n?d HVF(X(O))HF + 159%n? ZIE HVf(xgt))HQ .
t=0
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Lemma 3.3. Suppose Assumptlonuholds and v < we have for d > 2 that

T
(t) 2 2, 2 54 2 2 352 ()y)2
E E | I, X B < 300v“n*d* (T + 1)o° + 20v“n°d g E|Vf(z1)|l5

t=0 t=0

+6ndHH X(© H +40fy2n2d3HVF °>)H

40nd2L ’

F

From the design of BTPP, there is an inherent delay in the transmission of information from layer k
to layer 1. As information traverses through the B-ary trees, the delay becomes evident. Specifically,
for nodes at layer k, their information requires an additional & iterations to successfully reach and
impact node 1, as demonstrated in Lemma3.4]

Lemma 3.4. For any integert > 1, we have

min{t,d} u’
> <Vf( ), ( - IT) A, (G“*m) - VF(X(tm>)>> —0,
n
m=1

where A,, =C™ —C™ Yand A, =C — L

Building on the preceding lemmas, we are in a position to establish the main convergence result
for the BTPP algorithm. This involves upper bounding the expected norm for the gradient of the
objective function evaluated at xit). To show the result, we integrate the findings from Lemma
Lemma[3.3] and Lemma[3.4] as detailed in Lemma[3.3}

Lemma 3.5. Suppose Assumption mand Assumption hold and v < m, we have

A
T — ZE HVf (1)y H < %11) + 24902 L + 2000072 ndS0? L2

400d° L2 |TL,XO[2  56vd3L | VE(XO)|,
T+1 T+1
Remark 3.6. Lemma [3.5]implies that the transient time of BTPP under Assumption [I.2]is influenced
400d% L?|| 1, X ||2
T+1
error. Therefore, we initialize all the agents with the same solution z(0),

by the fourth term in the upper bound: I which is related to the initial consensus

Under strong convexity of f, we have the following key lemma.
Lemma 3.7. Suppose Assumption Assumption and Assumption hold, and v < m,

we have
2

+ 7o (T +1) + 2100073n2d6/<;L0 (T+1)

T—d 2
+ 807 2nd? (1 - "Z—“) HVF(X(O))H 420702 dPk L HHUX(O) HF ,

where k := L/ is the conditional number.

4 Numerical Results

This section presents experimental results to compare the B-ary Tree Push-Pull method with other
popular algorithms on logistic regression with synthetic data and deep learning tasks with real data.

4.1 Logistic Regression
We compare the performance of BTPP against other algorithms listed in Table[T|for logistic regression
with non-convex regularization [26]. The objective functions f; : R? — R are given by

J P 2

1 a2

filz) === Zln (1 + exp(fymhgjz)) + RZ [ ]2
J j=1 P 1+ T

)
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where ;) is the k-th element of x, and {(h; ;, yi,j)}j:1 represent the local data kept by node <.
To control the data heterogeneity across the nodes, we first let each node ¢ be associated with a
local logistic regression model with parameter Z; generated by &; = Z + v;, where Z ~ N (0,1,)
is a common random vector, and v; ~ AN(0,071,) are random vectors generated independently.
Therefore, {v; } decide the dissimilarities between Z;, and larger o}, generally amplifies the difference.
After fixing {Z;}, local data samples are generated that follow distinct distributions. For node i, the
feature vectors are generated as h; ; ~ N(0,1,), and z; ; ~ U(0, 1). Then, the labels y; ; € {—1,1}
are set to satisfy z; j < 1+ exp(—y; ;h; ;Z;).

In the simulations, the parameters are set as follows: n = 100, p = 500, J = 1000, R = 0.01, and
op, = 0.8. All the algorithms initialize with the same stepsize v = 0.3, except BTPP, which employs
amodified stepsize y/n. Such an adjustment is due to BTPP’s update mechanism, which incorporates
a tracking estimator that effectively accumulates n times the averaged stochastic gradients as the
number of iterations increases. This can also be seen from the stepsize choice in Theorem
Additionally, we implement a stepsize decay of 60% every 100 iterations to facilitate convergence.

In Figure 2] the gradient norm is used as a metric to gauge the algorithmic performance of each
algorithm. The left panel of Figure 2] illustrates the comparative performance of various algorithms,
highlighting that BTPP (in red) achieves faster convergence than the other algorithms with ©(1)
degree and closely approximates the performance of the centralized SGD algorithm (i.e., DSGD-
FullyConnected). The right panel of Figure 2] demonstrates the behavior of BTPP when increasing
the branch size B. It is observed that with larger B, the convergence trajectory of BTPP more closely
aligns with that of centralized SGD, corroborating the prediction of the theoretical analysis.

—a— BTPP —&— BTPP (B=2)
—— DSGD-Ring 4x107t —— BTPP (B=3)
—— DSGT-Ring —e— BTPP (B=4)
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+ RelaySGD-B-Tree

DSGT-ODEquiDyn
—+— D2-Ring

~—4— DSGD-Base-(k+1)
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Gradient Norm
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Iteration Iteration

Figure 2: Left: performance of algorithms for logistic regression with nonconvex regularization,
where the dotted lines correspond to algorithms whose degrees are not ©(1). We let the branch size
B = 2in BTPP, 7 = 0.5 in OD-EquiDyn, k = 2 in Base-(k + 1), and perform RelaySGD on a binary
tree graph for fairness. Right: performance of BTPP with different branch size B.

4.2 Deep Learning

We apply BTPP and the other algorithms to solve the image classification task with CNN over
MNIST dataset [11]. We run all experiments on a server with eight Nvidia RTX 3090 GPUs. The
network contains two convolutional layers with max pooling and ReLu and two feed-forward layers.
In particular, we consider a heterogeneous data setting, where data samples are sorted based on their
labels and partitioned among the agents. The local batch size is set to 8 with 24 agents in total. The
learning rate is 0.01 for all the algorithms except BTPP (which employs a modified stepsize v/n)
for fairness. Additionally, the starting model is enhanced by pre-training using the SGD optimizer
on the entire MNIST dataset for several iterations. Figure [3]illustrates the training loss and the
test accuracy curves. Comparing the performance of different algorithms, it can be seen that BTPP
(in red) and DSGT with ODEquiDyn (based on ©(n) graphs) achieve faster convergence than the

“Note that this particular configuration results in slower convergence for BTPP during the initial O(d)
iterations, which can be improved by using larger initial stepsizes.
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other algorithms with ©(1) degree and closely approximate the performance of centralized SGD(.e.,
DSGD-FullyConnected).

Train Loss Test Accuracy
T T T T

T T
——BTPP

+— DSGD-Ring 1 09
DSGTRing || | YT e e
18 DSGD-OnePeerExp |7 085
——+— DSGD-CECA-2p )
161 —+— DSGD-Base-(k+1)
DSGT-ODEquiDyn 081

RelaySGD-B-Tree
——D2-Ring

- -~ - DSGD-Exponential

|- -+ - DSGD-FullyConnected
—— DSGD-Grid 1

——BTPP
DSGD-Ring
DSGT-Ring
DSGD-OnePeerExp
DSGD-CECA-2p
DSGD-Base-(k+1)
~— DSGT-ODEquiDyn
RelaySGD-B-Tree
1 D2-Ring
,,,,, / - -+ - DSGD-Exponential
1 - - - DSGD-FullyConnected |
DSGD-Grid

Accuracy (%)

Iteration Iteration
Figure 3: Train loss and test accuracy of different algorithms for training CNN on MNIST, where
the dotted lines correspond to the algorithms whose degrees are not ©(1). We perform BTPP with
B = 2, ODEquiDyn with n = 0.5, Base-(k + 1) with k£ = 2, and RelaySGD on a binary tree graph
for fairness.

Remark 4.1. Higher accuracy can be achieved for BTPP and other methods when using the momentum
technique, or when the data heterogeneity is removed, meaning that samples are randomly assigned
to each agent. Additional experiments demonstrating the performance of various algorithms across
different tasks and scenarios are provided in Appendix [B]

5 Conclusions

This paper proposes a novel algorithm for distributed learning over heterogeneous data, named BTPP.
The convergence is theoretically analyzed for smooth non-convex stochastic optimization. The results
demonstrate that, at the minimal communication cost per iteration, BTPP achieves linear speedup in
the number of nodes n, and the transient times behaves as O(n) and O(1) respectively for smooth
nonconvex and strongly convex objectives, outperforming the state-of-the-art results. Numerical
experiments further validate the efficiency of BTPP.
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A Convergence Analysis of BTPP

In this section, we aim to demonstrate the convergence results of BTPP through a three-step process.
First, we explore the key properties of matrices R and C, acquainting readers with several operations
that will be frequently utilized in the subsequent parts. Then, we introduce various technical tools
essential for the analysis. Finally, we delve into proving the convergence results supported by a series
of pertinent lemmas.

A.1 Properties of the Weight Matrices

In this part, we first demonstrate that R € R™*™ possesses a set of properties ( the matrix C = R "
shares similar properties). Then, we utilize the established tools to prove the crucial result presented
in Lemma[3.1] Lastly, we provide clarifications on certain matrix operations that will be frequently
employed in deriving the convergence results.

It is important to note that for any given n and specific integer B, the diameter of the corresponding
. . d d+1
B-ary tree graph d (the distance from the last layer node to node 1) satisfies lgB:ll <n<?® B_fl.

To investigate the properties of R and C, we will introduce the column vector ez € R", where each
element of ez is equal to 1 for indices ¢ € Z and 0 otherwise. Define the index sets

Bk+1_1
Tip=<%1: ——
1,k { B_1 }7

Bk 1 Bkl _1q
Lix = _— — 2B +1): | —— , —1)B*
w={ (T r-2mt ) (T -0 ) ]

where ki : ko is the arithmetic progression from k; to ko with difference 1. We can then define the
matrix Zj € R™*™ as a composite of several column vectors arranged in the following format:

Zy = [ezl,k7ez2,k7 T ’eZn,k] .

This closed-form expression of R with any power & is shown in Lemmal[A.T|which aids in developing
further properties.

Lemma A.1. For the pull matrix R corresponding to the B-ary tree G, given any positive index k,
we have
RF = Z.

Proof. We prove the lemma by induction. First, it is obvious that R = Z; by the definition of R:
Rij =1
iffic{Bj+1—-B+[B]}N[njori=j=1
iff Bj—1)+2<i<Bj+1,i€[njori=j=1
iff [Z1];; = 1.
Now assume the statement is true for £k = j. Then, for kK = j + 1, we have
RIT =RI xR = Z,;Z,.
Denote [Z; - Z1]; as the i-th column of Z; - Z;. To establish the result, we only need to demonstrate
that the two matrices, R**! and Zj. 11, have the same column entries. For i = 1,
B+1 B+1
Z;Z0) = Z;[Z0)1 = > [Z;i= ) ez, = e i, =L -
i=1 i=1
For i > 1, we have

iB+1
2;2:)i = Z;1Z0)i = Y (Zil,,= D [Zjlm
meZ; m=(i—1)B+2
iB—1
- Z ®Im; = euifz_(ifl)BIm,j = €Lijm
m=(i—1)B
Thus, we conclude that R¥*! = Z ;. O
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Corollary [A.2]below reveals that when the power k exceeds d, R* transforms into a matrix where the
first column is entirely composed of ones, while all the other columns consist of zeros.
Corollary A.2. For k = d, we have
T
Rf——1u =0
n

where 0 is the matrix with all entries equal 0.

Proof. From Lemma we have for the i-th column of R¥ — 11uT that

T
n i er,,i>1

For k = d, the first n elements of all the columns remain 0, which implies the desired result. O
Now, we are ready to prove Lemma 3.1}

Proof of Lemma[3.1} For any integer k < d — 1, define

BFtl_q
n— =g J

Bk

ng ‘=

This ensures that Bj;_ll’l + ngBF < n and Bl;;_lfl + (ng + 1)B* > n, so that only the first

(no + 2)-th columns of R¥ consist of non-zero elements. Note that

1 RF — L1uT) x|
max {|| (72}C - luT) x||§} = max I s ) x| .
lxll2=1 n x %12

Then, we focus on the non-zero elements of the matrix R* — L1uT.

1
| (R* — 11uT) x|3 1 [ ) BF1_1 )
= B¥(x; —x1)*+ |n — ———— — B"'ng| (Tpe+2 — 21)
1x]3 [1x/13 Z; ! B-1 "
_xyx
S
where X = (21, , Tn,+2) 18 the truncated x, and
k41 _ k1
B g [ B
— Bk Bk
E - 9
o Bt i (I,

where the unspecified elements are all zeros. Since X is symmetric, all the eigenvalues are real. We
show by contradiction that any eigenvalue A of X is upper bounded by n. Otherwise, if there exists
A > n, we denote x as the corresponding eigenvector of A. Then, we have from ¥x = Ax that

BE+l _ 1 Bkl _ 1
)\xl - <TLB_1> T 7Bkl'27"‘* [nB_lBknO] xn0+2
/\l‘g = —Bk.’L‘l + kag
)\33’3 = 7Bk331 + kag
Bk+1 -1 Bk+1 -1
)\l‘n0+2 = — |:’n — ﬁ — Bkn0:| ] + [n — ﬁ — Bkn0:| Tno+2-
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Without loss of generality, assume 27 # 0. Then, by substituting the other relations into the first one,
we have

2
— k
Bk _q o B2k [n— 51 — B no}
A=n— + + .
B-1 ;)\—Bk )\—[n—Bg_lfl—Bkno]

With the fact that A > n, there holds

k+1_
Bl _1  pyB2k [n - Bkno}
)\Sn_ B Bk+ k41
-1 " n- n,[n,%,Bkno}
Bk+1 _1 noB2k n2 Bk+1 _ 1
n 51 +n—Bk+%+Bkno n—+ B_1 + 5"ng

BFt1_1 k
nBFfn, M (n— 51 — B"no

= +
k k+1_
n—B B——=1 4+ Bkn,

k k+1 _
<nB no N n (n— B 1 —Bkno)

~n—Bk  n— DBk B-1
n_B’;3+1;1

— 7_<TL

L—Y ’

which is a contradiction. Thus, we have A < n. It follows that
x'Yx < x'Yx
[[=[> = Ix[?

From the fact that the square root function is monotonically increasing on [0, 00), we have
1 .1
[RF— =1u'||2 = max {|(RF—-=1u" |x|3} <n,
n [|x||2=1 n

which implies that |RF — L1u"||; < \/nfork < d—1and [|[R¥ — L1u'|[; = 0 otherwise by
Corollary [A.7] O

The transformations described in Corollary [A.3|below are straightforward.

< )\max(2> <n.

Corollary A.3. For any integer m > 0, we have
1 1
II,R =1, (R — 1uT> = (R — 1uT> II,,
n n
m m 1 T 1 T " 1 T "
II,LR" =11, ( R™ — —1u =II, | R— —1u =[(R—-—-1u II1,,.
n n n

To simplify the convergence analysis, we introduce the matrix A; defined as follows:
Ai — C7 _ Ci—l

fori =1,2,--- ,d. Specifically, A; = C — I. Consequently, Corollary [A.4]below can be directly
deduced from Lemma[A.T|and Corollary [A.3]

Corollary A4. Fori=1,--- ,d, we have

T .
T €piy iy 1Sd—1
u T -1t BT
1T = . .
n €pd i=d
51 +1:n

Intuitively, Corollaryillustrates that (% — 1T) A, serves as an indicator vector representing
the (¢ + 1)-th layer of the graph.
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A.2 Supporting Inequalities and Lemmas

Lemma [A.5] and Lemma [A.6] below are frequently employed for bounding the norms of matrix
summations and multiplications. Their proofs rely on the Cauchy-Schwartz inequality and the
definitions of matrix norms || - ||z and || - || 7.

Lemma A.5. For an arbitrary set of m matrices { A;}*, with the same size, we have
2

m
2
<my |lAlF.
2 =1
Proof. By the definition of Frobenius norm, we have

DoAY <D Al
i=1 i=1

Taking squares on both sides and invoking the Cauchy-Schwarz inequality, we have

m 2 m
(Z|AinF> <m> Al
=1

i=1

m

A

i=1

F

m

D A

=1

2
<
F

Lemma A.6. Let A, B be two real matrices whose sizes match. Then,
[AB| = < [[All; B £

Proof. Let A = UX V! be the singular value decomposition of A, with the largest singular value
Omax and hence ||A ||, = 0max. Then, we have

|ABJ}. = [USVPB]}, = wace ((USV7B)” (USVB))
— trace ((=V7B)" (2V7B)) = [=V7B|.
< 02 [VIBJ2 = 02, race (BT VV/B)
= Onaxtrace (B'B) = o7, [BI[7
= Al B

which implies the desired result. O

Lemma[A.7]below will be used in the last step for deriving the convergence rate of BTPP.
Lemma A.7. Let A, B, C and « be positive constants and T be a positive integer. Define function

g +B’y—|—C"y2.

(v) = m
Then,

1 2
AB\® ./ A\’ aA
inf <222 ) 40t
ety 800 < <T+1> 20 <T+1> Ty

where the upper bound can be achieved by choosing v = min { (B(’11“4+1) ) ? , (C(fqﬂ) ) : , é}

Proof. See Lemma 26 in [8]] for a reference. ]

Lemmal[A.8lis a technical result related to random variables.

Lemma A.8. Consider three random variables X, Y, and Z. Assume that Z is independent with
(X,Y). Let h and g be functions such that the conditional expectation E[g(Y, Z) | Y] = 0. We have

E (h(X)g(Y, Z)) = 0.
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Proof. Tt implies by the condition Z 1L (X,Y’) that o(Z) 1L o(X,Y"). Then,

E[n(X)g(Y, Z)[Y] = E{E[n(X)g(Y, 2)|X, Y]V}
=E{n(X)E[g(Y,2)|X,Y][Y}.

It suffices to show
E[g(Y,2)|X, Y] =E[g(Y, Z)|Y] (= 0).

Let f4(y) = E (9(y, Z2)). Since 0(Z) 1L 0(X,Y), we have 0(Z) LL o(Y'). Then,
fi(Y)=E(g(Y,2)]Y) =E[g(Y, Z)|X,Y],

which follows directly from (10.17) in [24]]. Thus, by the Tower Rule, we reach the statement as
follows:

E(h(X)g(Y, Z)) = E{E (h(X)g(Y, 2)[Y)} = 0.

A.3 Proofs of Key Lemmas

In this section, we prove several key lemmas for proving the main convergence result of BTPP.

A.3.1 Preparation

Algorithm [I] as encapsulated by the equations in (2)), can be succinctly expressed in the following

matrix form:
XEHD N R 4R xX®) N 0 5)
vy =L o ¢ Y G+ _g® |-

By repeatedly applying equation (3] starting from time step ¢ and going back to time step 0, we arrive
at the following relation:

XON (R R\ [ XO — (R —R ) "' 0
vy =\l o ¢ Y +2 (o ¢ Gim+) _gm |-
m=0

For the sake of clarity, we start with introducing some simple definitions. Any matrix raised to the
power of 0 is defined as the identity matrix I, which matches the original matrix in dimension. The

. 0 0 .
only exceptions are (R — 11u'’)” :=ITy and (C — v1T)" := II, for convenience. Furthermore,
we introduce the following terms:

%0 = L1aTx®, 70 = L1ty
n n

Note that, for any given integer m > 0,

R —R\" _ ([ R" —y YL RIC™
0 ¢ “L o cm '

As aresult, given the initial condition Y = GO we can deduce the outcomes of X®) and Y®
as follows.

t—2 t—m—1

X =RXO 3 3 Rigtmid [G<m+1> _ G<m>} _ 7Zt:cht—jG(ox 6)

m=0 j=1 =1
t—1
YO = 3 et gl ] 4 erG), %)
m=0

97539 https://doi.org/10.52202/079017-3094



Then, after multiplying II, and II, to equation (6) and equation respectively, and invoking

Corollary [A.3] we have
1 t min{d—1,t} 1 j 4
Im,X® = (R - 1uT) XO -y > (R - 1uT) ct-1GO
n = n
t—2 min{t—m—1,d—1} 1 j ®)
— Z Z (R _ 1uT) Ct—m—l—j |:G(m+1) _ G(m):| 7
m=0 j=1 n
t—1 1 t—m—1 1 t
myY®= 3 (c - vlT) [G“”“) —~ G(’”)} - (c - vlT) G
m=max{0,t—d} " n
min{t,d}—1 1 m
- ¥ (c - nvf) (G“—m) - G“—m—l)) (c - nv1T> GO
m=0
min{t,d}

> AGE™ 4 1L,GY
m=1

A.3.2 Analysis of the Variance

Denote by F; the o-algebra generated by {&,,--- ,&,_1}, and define E [-|F;] as the conditional
expectation given F;. Lemma[A.9| provides an estimate for the variance of the gradient estimator

G(X®, ),
Lemma A.9. Under Assumption[I.1] for any given power k < d — 1, we have for all t > 0 that

2

| .7:15 < 2’/7,0'2.
F

E ‘ <c- ivﬂ)k (G(x®,) - VF(X"))

Proof. For any given t and ¢ # j, due to the independently drawn sample f ) , we have that fi(t)

is independent of (]-'t,f(t)) and thus 5( )is independent of o(x (t), ;t),

Lemma[A.§|and Assumptlon [[1]yields

{ (t) ). Hence, invoking

E [VF(:CE”; ¢ —v fi@gﬂ)‘xgﬂ —E [VF(;EP; Oy — v (2 )‘]—'t] -0,
E(VFE;60) = Vi), VEED: ") - v ) =o.

Then, for any index set Z C {1,2,--- ,n}, we have E|le] (G® — VF(X®)) |13 < |Z|o?
Notice that

‘ (C - nvl*)k (G(t) - VF(x@))) 2 _

F
Thus, we obtain the desired result by invoking Lemma[A.T|and Corollary [A.2]after taking expectation

on both sides of the above relation:
1 J ? Bkt 1

(c - v1T) (G(” - VF(X@)) <2 <n - ) o? < 2002,
n » B-1

2

(G(t) - VF(X(”)>

€ pk+1_
5= t+1ln 9

+ ; Hez (G(t) - VF(X(”)) Hz
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Under Assumption[I.T]and the randomly selected samples, Lemma[A:9]and Corollary [A"T0] below
provide an initial estimation for the variance terms. The proof of Corollary [A-10]is directly from the

analysis in Appendix [A-3.2]and Corollary [A4]
Corollary A.10. Under Assumption[I.1| we have for all t > 0 that

y w7 (1) ¢y _ OV (2 < (1 —
};E(n 1 )Ak(G(X D) VF(X ))H < (n—1)0”

A.3.3 Proof of Lemma[3.2]

Proof. Notice that

XD _x(®) = —VlluTY(t) = —*ylluT [HVY(t) + 1VlTY(t)]
n n n

1 T
— 21U TLY® —411TY® = 41 (“ - 1T> M,Y® 41177 ®.
n n

Multiplying 1" on both sides of equation (7)), we have 17Y® =1TG® for any integer ¢. Thus, in
light of equation (9)), we have

o
XD X0 — 41 < _ 1T> IL,Y® —~4117TG®
n

u’ min{t,d} T
=11 < - 1T> > AGIM - (u - 1T> GW —~y11TGW
n n
m=1
min{¢,d}
= 71 ( - 1T> Z A, (G@*m) - VF(x“*m)))
. mm{t,d} ( : u’ o
1 ——17 A, VF(Xt=m) _ 41 —GU
ol ( - ) > ( ) =1

m=1
min{t,d}

=71 ( - 1T> Z A, ( Gt=m) —VF(XU—W))
—~1 (unT — 1T> ti (C — ivf)t_m_l {VF(X(”‘“)) - VF(X“”))}

m=max{0,t—d}
T 1 t T ul
— 91 (n - 1T> <c - nv1T> VF(X®) 441 (n - 1T> VF(X®) - 717(;“)‘

Hence, taking the F-norm and expectation on both sides, we have from Lemma[A 5] that

min{t,d} 2

.
E[IXOH) - XO % <59*nE || Y (“ - 1T> A, (G@*m) - VF(X(t*m)))
m=1 n F
T t—1 1 t—m—1 ?
+52nE (“ - 1T> 3 (c - v1T) {VF(XW“)) - VF(X("’))}
" m=max{0,t—d} P

u’ 1 ¢ ?
+ 5v*nE < - 1T> (c - v1T> VF(X®)
n n
F

;
+ 592 || 2 (VF(X“)) - G(t))
n

2
2
+ 590K HlTF(X(t))H
F F

(10)
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Note that, invoking Lemma[A-9]and Corollary [A:10]yields

min{t,d} 2

El Y gT)a (G“*m) - VF(X“*’”)))
m=1 n "
- F
min{t,d} u’ 2
Y E H ( - 1T> A, (G“—m) - VF(X(t_m)))
m=1 n F
<(n—1)c?

From Assumption[I.2] Lemma[A6and Lemma[A.3] we have

E (“nT - 1T) ti (c - Tllvf)tml [VF(X(”‘“)) - VF(X(m))]

m=max{0,t—d}

2

F

t—1 2

gdZE

m=max{0,t—d}

(“T - 1T) (c - 1v1T)tm1 [VF(XW“)) - VF(X(’"))]

n

T t—m—1
(u - 1T) (c _ 1V1T)
n n
t—1

2
<ndl> Y E Hx<m+1> _x(m) H
m=max{0,t—d} F

F
t—1

gdZE

HVF(X<’"+1>) - VF(X(’"))H
m=max{0,t—d}

t—1
it S sfefenxen ] nfxexo] el xe])
F F F
m=max{0,t—d}

Thus, summing over ¢ in (I0) from 0 to 7', combining all the inequalities above, and invoking
Assumption[T.T]and Assumption[I.2] we have

T B B T 9
STEIXED - XO|2 < 5y%n(n - 1)0*(T +1) + 30y*nd*L* Y E HHUX(t) .
t=0 t=0

2

T
+15y*n%d*L* Y E HX@H) _X®
t=0

F
min{t,d—1} 9
+5y%n? Y E[VEXO)| +592ne(T +1)
t=0

T 2

+5%n Y <2IE HlTVF(X(t)) - 1Tv1~“(X<t>)H2 +2n%E H11TVF(X“>)

n
t=0

2
2)
T _ 2
< 5v°n%0%(T + 1) + 409°n>d* L? ZE X + 152 L2y B[ XD - X0
t=0

F

+572n2dHVF(X(°) H +10y nSZEHVf H

(1L
O

Since v < 15ag7» we have 159%n?d?L? < ¢, and the desired result follows.

A.3.4 Proof of Lemma[3.3

Proof. We show the upper bound for £ ||H X® || by studying equation (8) and bound the F-norm
of each term respectively. From Corollaryn we can change the power of R — 1 1u to at most
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t—2 min{t—m—1,d—1}

I, X" =(R* - lluT)X(O) -y > (R — lluT)jct—m-l—j G+ _gm
n n
m=0 j=1

min{t,d—1}

1 gy
— R — 1uT> ctIGO.
(e
(12)
Then, we derive the following decomposition by pairing the gradients with each of the stochastic
gradients in order to use Assumption [I.1}

1 min{¢,d—1} 1 j 1 t—j
) —(RT — 21aT)X©® _ ~ 2 1dT _ 21T ©) _ (0)
ILX" =(RT - ~1u")X® —4 ; (R ~1u ) (c ~v1 ) (G VF(X ))
min{ti_l} 1\ 1 o ( ©) ) )
- <R1u > —vl' (G"Y — VF(X'V)
=1 n n
min{t,d—1} 1 j 1 t—j
-y Y (R—nluT> (c—nvﬂ) VF(X®)
j=1
min{t,d—1} 1 . j 1 . o
— R— -1 —v1TVF(X(©
> (R~ 21u7) TR

t—2 min{t—m—1,d—1} 1

Sy Y ®hwy(eta)

m=0 j=max{1l,t—m—d}

[G<m+1> — VE(X™H)) £ VR(X (™) — G“’”}

3

t—2 min{t—m—1,d—1} 1 ‘ 1 t—m—1—j
_ Z Z (R — Elu—r)] (c - nv1T> [VF(X(’"“)) — VF(XW))}
m=0 j=max{1l,t—m—d}

t—2 min{t—m—1,d—1}

= > (R - nluT) Al [G< ) VE(X M) 4 VR(X™) — G >]
m=0 j=1

n

t—2 min{t—m—1,d—1}

- Z Z (R — ilu‘r>] £ |:VF<X(WL+1)> _ VF(X(HL)):|
m=0 j=1

n

1 t
= (R - nluT) X — Qo1 — Qo2 — YQo.3 — YQo.1.4
—vQu1,: —7Q2,: —vQ3, — YQus
(13)

where the terms from Qg ;1 to Qo4 and from Q; ; to Q4 correspond to each term following
(R - %luT)T X (9 one-by-one.

We assume that d > 2, since d = 1 makes the summation illegal (summing over j from a positive
number to a non-positive number), in which case TI,X*) degenerates to (R — %1uT)X(O) and
hence by Corollary[A.2] there is no consensus error, i.e.

T
5
t=0

For d > 2, Lemma - Lemma below introduce the upper bounds for the F-norms of Q ¢,

Q2.+ and Q3+ + Qo ¢,2, summing from ¢ = 0 to 7. Lemma establishes a similar upper bound
for the F-norm of Qg1 + Qo,,3. Furthermore, Lemma provides the upper bound for the

F-norm of Qg ¢4 + Qu.¢.

2
=0.
F
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Lemma A.11. For any iteration number T, we have

T
ZE”QLtH% < 32n%dY(T 4 1)0?.
=0

Proof. To make the summation legal given d > 2, we need d — 1 > t — m — d, which implies that
m > t+ 1 — 2d. Then,

t—2 min{t—m—1,d—1}

> > (R - iluT)j (c - ;v1T>t_m_1_j

m=0 j=max{1l,t—m—d}
[G(m-i-l) _ VF(X(771+1)) + VF(X(m)) _ G(m)}

t—2 min{t—m—1,d—1}

> > (r- )

m=max{t+1-2d,0} j=max{1l,t—m—d}

Qi

t—m—1—j
(c - 1v1T) [GW“) — VF(X(m+D) 4 vR(X(M) — GW} :
n

Invoking Lemma[A’5] Lemma[3.1]and Lemma[A-9] we have

t—2 min{t—m—1,d—1} 1 j 2
E 2 <2(d—1)? — 21uT
IQuiif <2@-172 Y S (R L1
m=max{t+1—2d,0} j=max{1l,t—m—d} 2

t—m—1—j 2
(c — 1v1T) [G<m+1> — VF(X(m+D) 1 VR(X™) — G(m)}
n

‘ F
t—1 min{t—m—1,d—1}

< 2n(d — 1)2 Z Z 8no?

m=max{t+1—-2d,0} j=max{l,t—m—d}
< 32n°d*o”.
Summing over ¢t from 0 to 7', we get the desired result. O

Lemma A.12. For any v < we have

_1
20ndL’

2
+ 144+*n*d* (T + 1) L*0?
F

T T
S E|Qull3 < 520212 Y B, X O
=0 =

T
+3607°n°d'L* Y "E
t=0

2
1 — 2
SVF(XD)|| + 36072ntd5L? HVF(X<0>)H .
n 2 F

Proof. Similar to the proof of Lemma[A.TT] we have

t—1 min{t—m—1,d—1}

Qs = > 3 (R - 7111uT)j (c - iv1T>tm1j [VF(XW“)) - VF(X(m))} .

m=max{t+1-2d,0} j=max{1l,t—m—d}

Invoking Lemma[AZ5]and Assumption[T.2} we obtain

t—1
E|Qe} <4n?d® > E[[VEX™) - TRX)|]
m=max{t+1—2d,0}
t—1 2
< An2d3 L2 Z E HX(m+1) _ X (mtD) | xm) _ x(m) | g (mt1) _ x(m) H
m=max{t+1—2d,0} F
t 9 t-1 2
< 24n2d’ 2 3 E[mxO|| +12020°L2 3 E %0 - x|
m=max{t+1—-2d,0} E m=max{t+1—-2d,0} E
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It follows by summing over ¢ from 0 to 7" and applying Lemma [3.2] that

t=0

T T 2 T B B
3 E||QullF < 48n%d'L? Y E HHUX(” HF +24n’d' >y E HX““) —X® H
t=0 t=0

2

F

T
2
< (48n%d* L% +1200720'd°LY) Y E [ILXO|| +144920%dH(T + 1) L%
t=0

2542T ONI& 2, 43572 (0)
+360°n°d L2 > B | V£ (al )H2+1447 nld L2 || VF(X )HF
t=0

.. 1
Hence, under the condition that v < 55-:-7,

which implies the desired result.

Lemma A.13. For any T, we have

2

there holds 1200y?n*(d — 1)°L* < 4n?(d — 1)*L?,

O

T
ZEHQ:s,t + Qo3 < d®n*(T +1)0”.

t=0

Proof. By definition, we have

min{t,d—1} j
1 1
Qs+ Qo2 = Z (R — nluT) EvlT (G(O) — VF(X(O))) +
j=1
t—2 min{t—m—1,d—1} :
Z R - l1uT ’ £
, n n

m=0 j=1
t—1 t—m T

1 1
- ¥ (n _ 1uT) Vi

n n

m=max{t—d,0}

Thus, invoking Lemma[AZ5]and Lemma [3.1] we have
-1

>

m=max{t—d,0}

E|Qs. 7 < nd

[G(m“) _ VF(X(m“)) + VF(X("‘)) _ G(m)}

[G(m) - VF(XW))] .

B[ (3 17 (GO - VE(X)) |} < d?n?o?,

After summing over ¢ from 0 to 7", we get the desired result. O

Lemma A.14. For any T, we have

T
> E Qo + Qoeally < 4n*do? + 4n?d? V(X))

t=0

Proof. Note that

2

F

1Qo,.1 + Qoesll 7 < 211Qoeall + 2 1Qo,sll5 -

We show the upper bounds for Ztho 1Qo,+.3

i“ where ¢ = 1, 3 respectively. Based on Corollary

Lemma[A3]and Lemma[A.9] we have the following result:

min{t,d—1}

>

Jj=1

1Qo.call7 =

min{t,d—1}
j=max{1l,t—d+1}
min{t,d—1}

<nd Z

j=max{1l,t—d+1}

97545

1 J
(R - 1uT> <C —
n
J
(R _ 111;) (c _
n
t—j
(C - 1V1T)
n

2

L7\ (qo ©
nv1> (G ~VF(X ))

t—j
1v1T) (G<0> - VF<x<0>))

n

2

(G<0> - VF(X<0>))

F
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Then, recall that the summation is legal only when ¢t < 2(d — 2). We have

T min{7T,2(d—2)} min{t,d—1} 1 t—j 2
SEIQuullr< > nd Y <Cv1T> (6 - vrx©))
t=0 t=0 j=max{1l,t—d+1} " F
< on?d3s2.
Similarly,
T
ZEHQo,t,SH?r
t=0
min{T,2(d—1)} min{¢,d—1} 1 j 2 1 t—j 2 9
< ——1u’” — 1T |[VEX©)|
< Y a4y (Rnu) (cnv) vExO) [
t=0 j=max{1l,t—d+1} 2
2
< 2n2d3 HVF(X(O))’ .
Combining the above upper bounds leads to the final result. O

Lemma A.15. For any T, we have

T T T
S ElQota + Quilly < 202d*L? Y E|TLXO |3 + 2n°d® Y E[ f(21™)3.

=0 P =0
Proof. Note that
t—2 min{t—m—1,d—1} 1 . j viT s -
- R- -1 —[VFX’” —VFX’"}
Qo,ta +Qut mzz:o ; < Slu > - ( ) ( )

min{¢,d—1}

J
+ ) (RlluT) lv1TVF(X<°>)
n n
j=1

t—1

1 t=my1
= ¥ (R - luT) Y2 VFREXM™),
n

n
m=max{t—d,0}

where the last equality comes from extending the summation in the first line and telescoping the
summation. Consequently, we have

-1 t—m T
1 1 _ _
QO,tA + Q4,t = Z (R - 1uT> v (VF(X(W)) _ VF(X(W)) + VF(X(m))) )

n n
m=max{t—d,0}

Then, taking the F-norm on both sides and invoking Lemma[A.6] Lemma[A.5|and Lemma [3.2] as
before, we have

2 = vi’ (m) (m)n] 12 vi' T (m)y (12
1Quia+Quilf <dn Y (25— [VEX™) = VEX™)] |} + 2| =~ VE(X™)]

F
m=max{t—d,0}
t—1 i—1
< 2dn*L> L X™)|(|2 + 2dn? VI (a™)3
< 2dn Yo IMX|E + 2dn Yo IV
m=max{t—d,0} m=max{t—d,0}

Taking expectation on both sides and summing over ¢ from 0 to 7', we get

T T T
STEQoua + Quelly < 202d?L* Y BT XO |3 + 20a Y B[V £ (™3,
t=0 t=0 t=0
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Back to equation (T3), note that

2
e < of - Ly

+6W’ ||Q0t1+Q0t3||F

+ 697 Quell 7 + 697 Qa7 + 67 1Qs.: + Q.25 + 67 |Qo,t.1 + Qe
Taking full expectation on both sides, summing over ¢ from 0 to 7" and combining Lemma[A:TT]to
Lemmal[A:T4] we have
t
(R7 - 1u7) x©

2

+6722EHQ1 il +6WQZ]E||Q2 ol

F t=0 =

min{7T,d— 1}

T 2
Setnac =i

+ 6

+6722E||Q0t4+Q4t||F+67
=0 =0

2 2
< 6nd HHUX(O) H +1929202d4(T + 1)0? + 312+2n%d* L2 § 'E HHUX“)
F F
t=0

T
2
+10009*n*d*(T + 1)L + 2160¢*n°d* L2 Y E Hw(m?))H2

t=0

2
+ 21607 ntd5 L2 HVF(X(O)) H 4672022 (T + 1)0? + 2472 n2d3 o

2
+ 242028 HVF(X(O))H +1292n2d2 L2 Z]E HH X(t)H +1292n3d2 ZE HVf )HQ.
t=0
(14)
For v < - d2 7> which implies that 31292n2d* L2 + 12v*n2d?L? < i, we can simplify equation
(T4) as follows:

T

(t) 2 2 274 2 2,3 72 ®)y)2

§ Hnux HF < 3007%n2d4(T + 1)0® + 207*n*d® S E|V f ()3
_ t=0

2 2
+ 6nd Hnux<°> HF 4072 n2dP HVF(X<0>)HF ,

which implies the desired result.

O
A.3.5 Proof of Lemma[3.4]
Proof. Notice that
xgt) _ xgt—l) _,yygtfl) _ 951 — 5 Z yl —’yg ( 1)7 gt—l)) v ( (t— 2))551572)).

1€1y 1

Therefore, x(l ) does not depend on &; =1 for i # 1. We iterate the above procedure to get

t t—1 t—1 t—1 t—2 t—2
2t =2l — v @ TV ) F e T

D D i Y ¢ U3 L) ISR N C S L)

1€Z11,2 1€Z1,1 i€Z1 1

Similar to xgt), we know that xgtfl) does not depend on fi(t*m, 1 # 1. Hence xgt) is independent

with 5?72) for i ¢ 7, ;1. By iterating the procedure, we conclude that azgt) is independent with §£t7k)

fori ¢ 7, .

Consequently, by choosing Z = {f(t M ier et ¢ T g}, X = xgt), ={z Et_k),i € [n]}in
LemmalA.8] Z is independent with (X, Y) we get

E<Vf(x1 RS (G t=k) _ VF(X“*’@))» = 0.
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Then, invoking Corollary [A4] we have

min{t,d}

> (w6l (- 17) A (G - vEXC) )

m=1
min{t,d}

= Z E <Vf(x§t)),ezl‘m/zl‘m,1 (G(tim) - VF(X(tim)))> =0

m=1

A.3.6 Proof of Lemma[3.5

Proof. By Assumption the function f := % Zz;l fi is L-smooth. Then,

L
Ef(ay ") <Ef(af”) + B(VS (), 2l —al?) + GBI 215 as)

For the last term, we have
1 1
Ellz{"* — 2{" | = Bl —uT (XD - X®) |
:EEHlluT (X(tH) _ X(t)) |2 = lEHX(t“) _ X(t)”%.

n o n n

For the second last term, we have
T T
BV )™ - al?) = B A7), S (X X0 ) = B, 27y )

=E(Vf(2{"), —y (“nT - 1T) YO) + E(Vf (i), =417 Y®).

(16)
We now bound the two terms in the above equation. Firstly,
T T
BV a), (B~ 17) Y1) =Bl - (B - 17 ) Iy ),
Recall that by equation (),
B, - (B 1) Iy )
“ uT min{t,d} ( ) u »
T t—m T t
7E<Vf(x1 ),<n1) Z:I A, G (n 1)G >
T
= —E <Vf<:c§”), (‘; - 1T) (- VF<X<”))>
uT min{t,d} (17)
—E <Vf(fv§t))7 ( - 1T> A (GO VF<XM>))>
n m=1
-
B (Vi) (2 - 17) vRx )
min{t,d}
—1E <Vf(fv§t))7 ( 1T> > AmVF<X<tm>>>
m=1

We bound the four terms above one by one. For the first term,

uT

E(Vf(z{), - (n - 1T> (G(” - VF(x<t>))> — 0.
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For the second one, invoking Lemma[3:4] we have

T min{t,d}
E <Vf(x§t>), (‘; - 1T> S oA, (G@—m) - VF(x<t—m>))>
m=1
min{t,d}

- Y E <Vf(x§”), (‘;: - 1T) A, (G@*m) - VF(x<tm>))> —0.

m=1

For the last two terms in (T7), we have as:

<vf( )y, <‘;T — 1T> vF(x<t))> -E <Vf(x§t>), <“ ) mlid}A VF(X )>

min{t,d} T 1
Z E <Vf(x§t))7 _ (l’ln — 1T> (C _ 71LV1T> (VF(X(t—m—H)) _ VF(X(t—m)))> )
m=1

By the Cauchy-Schwartz inequality, we have
min{t,d}

> E <Vf(a:§t>), - (‘i - 1T> (c - ;vlT)m_1 (VF(X(H"“)) - VF(X“’”)))>

m=1

min{t,d} 2
1 2
< Z E va H ( — 1T> (C — v1T> HVF(X(t—m+1)) _ VF(X(t—m))H
m=1 n ) i
L2 mm{t d}
<= IEHVf (t) H EHX(t m+1) _ x(t— m)”
F
o m
IEva H 3dL ]E (Hnux<t-m+1>”2 . HHUX(t—m)HQ . HX“—WU _ - 2>.
F F P

Thus, combining the above mequahtles together yields

T
> B s, - (4 -1 ) YO < DY B |vsel)|
t=0

2

i

2712 d (t) 2712 (t+1) _ x® 2
+30d?L gEHHUX H +34d?L ZEHX HF
Secondly, for the second term in (IEI)
E(Vf(2{"), -1 TY®) = B(Vf(2{"), -11TG®) = E(V f(2{"), —y1T VF(X®))
=~ MBIV @) B - mE(T (o), S1TTRX®) - 1T R(X®))
< = mE|VI @)} +1FEIVI )3 + 21E|VEXY) - VEX V)3

n
< —mEI|Vf (1)) 3 + 77 EIVS (@173 + 29 LB X V.

Summing over ¢t from 0 to 7', we have

T
SCE(VE"), —1TY®) < 3 ZEHW H +27L2ZIEHH X(t)H
It yields by summing over ¢ from 0 to 7" on both sides of equation (T3)) that
T T
T+1 t t+1 t L < <
Ef(ai""V) ~Ef(a)) < Y E(VF(l"),2f" Y — o) + - D EIXOD - XOI
t=0 =0

MH

T T T
u L _ _
(@), —1TYO) + S ARV f(al), - (n - N) LY ®) + 23 EIXCD - KOS,
t=0 t=0
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With the results above, given Ay = f(2°) — f*, we have

_Afs—iZEHVf ”)H +—Z]E||X(t+1) X2,
t=0
2 _ _ 2
+57d2LQZEHHuX(t)H +3'yd2L2ZIEHX(t+1)—X(“H .
=0 F — F

Invoking Lemma we have for v < (< ) that

1
100nd3 L IOndL

1 2
A, < 2.2 272 1 H () H
Ay < ny <45W n*d“L* + 8ynL 4) tE:OIE Vf(zy) ,

T
2
+ (1507°02d* L* + 259°nd’ L? + 59d°L%) S E HHUX(“ HF
t=0
+3v?n(T + 1)Lo? + 1893n?d*L*(T + 1)0>
2
+ (18902 L + 3y*nL) [ VE(X©)||

where it holds that 150v3n2d* L* 4 25v2nd? L3 + 5vd?L? < 6~vd?L2.
Invoking Lemma we have for v < 155t (< 1547 ) that

T
1 2
“Ay <my (12072n2d4L2 +4572n2d2L2 + 8ynL — 4) Y E HVf(x(lt))H
2
t=0
+3920(T + 1)Lo® 4 18y*n?d? L*(T + 1)0? + 18007n?d (T + 1)0?L?

2
+ (2409%n2d7L2 + 18v*n2d3 L2 + 342nL) HVF(X(O))H
F

2
+ 36ynd>L? HHuX<0> HF

Thus, for v < we have

00n d3L’
1 1
12072n?d* L? + 45v*n?d*L? + 8ynL — 1573

yn (24072nd5L2 +18y?nd3L? + 3A/L) < 7y*nd?L.

After re-arranging the terms, we conclude that

1 t) 8As 2 2 6 272
v H — 22 94y L+ 2000072nd8o2 L
T+1t0 H flar?) = (T +1) Yo vy nao
400d° L2 |TLX O3, 56vd3L | VE(XO)|,
T+1 T+1

A.3.7 Proof of Lemma[3.7]

Let z* = argmin, f(z). We start with analyzing the behavior of ||ac§t) — z*||? after obtaining
Lemma[3.4] It holds that

2 2
H (t+1) _ ng) Y ) <$§t) _ $*7$§t+1) t)> i H (t+1) gt) (18)

To deal with the critical inner product, similar to the decomposition in Equation (T6), we have, by

replacing V f ( ) with x(t) — z* in Equation (I7)), and invoking Lemma as we have done in
Lemma[3.3] that

(o0~ a0 _ o0

T
=— <x§t) — ¥,y (I;L — 1T> HVY(t)> — <x§t) — x*,’leY(t)> .

19)
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» u’ min{t,d}
—1E <w1 -7, (n - 1T> > AmVF(X(t))>

m=1
5 min{t,d}

S B (e e xe )
m=1

2
el -

(20)
Notice that, first by strong convexity of f (Assumption[I.3) and then by L-smoothness (Assump-
tion[I.2), there holds

_ <x(1t) _x*,Vf(xgt))> < f(a*) - fa) - 4 H 0 -
! N [Sa ORI @1
<— 5 [vra] - &[0 -]

2

Then,
—9E <x§t) lTY(t)> —E < (0 _ g, lTVF(X(t))>
=—nyE <x§t) -z, Vf(xgt))> —1E <x§t) — 2%, 1TVF(XW) - 1TVF(X(t))>

2 2 2
<= B | g o]+ R -

2 2
LA 71EHHux<f)H .
I

(22)
Thus, plugging the above results into Equation (I8), with x := L/u as the conditional number, it
holds that

2 2
EngtJrl)_x* g(l m”)]Efo) o

2 1 _ _ 2
S + Lefen x|
n F

min{t,d} min{t,d}+1
+6drly Y B[R - g H +20dely Y E[ILXT
m=1 m=0
(23)
We derive the convergence result by several standard steps as follows

Step 1. Unwinding the above recursion, it follows by % <1

2 2
Ewﬂmfm* S(l WW) Hm) x*

nYyp 1
-~z < 1f0r'y§ mthﬂt

T
2
o 2 E[[vre)
t=0
+ (L 6a?niy i(lw> EHX““LX“) ’
n 4

F
t=0

T neypuy Tt )
+60dkLy Y (1-F) E[mX!
t=0

(24)

I

Step 2. To refine Lemma we start with Equation (TT) multiplied by the coefficient (1 — %) =
before summing over ¢ in Equation (]E[) from 0 to T. Then, we have, for v <

1 (l <
— 10nd?kL ‘2 —
1— 2 <1 fory < 15z7), that
T
_ 2
3 (1 - %) TR RO |2 < 6202 o2 (T +1) +509°n?d*L> Y (1 - %) IE)HHUX(”HF
t=0 t=0
+ 6920 Z( nw) HVF X)) H + 15y n3Z]EHVf () H .
(25)
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where we get the result which only modifies the coefficient of the term || VF(X(%)) H?

Implementing the above result, we have, for v < 15— (< 1507 )

2 2
§(1 n’YM) H 0) _

E ngT) —z*

3,3 72 () H2
+( oL 415902 4 909°nd I{L) ;EHVf(ml )
+67*n0? (T + 1) + 36v°n?d*kLo® (T + 1)

T
+ (609d*RL + 509*nd? L + 300y k) 3 (1~ mu) E || m,X"|%
t=0

T—-d
+ (69%nd + 36v°n2dL) (1 - 7Y | VRX @)

Step 3. Similarly, we refine Lemma as follows. By multiplying (1 — %)Tﬁt before summing
over ¢ in Equation (14), we have

S (1= x|
F

T
< 30072n%d(T + 1)o? + 2072n°d® Y E[V f(a1")13

t=0 t=0
2 T—d 2
+ 6nd HHUX(O) H + 40972 (1- 0F) HVF(X(O)) ’ :
F 4 F
Implementing the above result, we have for v < m that

607vd*kL + 50v*nd>L? + 30073n?d*kL® < 70yd*kL,

and

2

2 T
B < (-2

T

2

+ (—ﬁ 159202 + 9033 d2 kL + 140073n3d4/£L) S E vagﬂ)u
t=0

+67*n0? (T + 1) + 36v*n?d*kLo® (T + 1) + 21000v*n?d®k Lo? (T + 1)

2 3.2 33 3.2 35 _nyp T—d (0) 3.2 33 (0)2
+ (67 nd + 367v°n“d° kL + 2800y°n“d IiL) 1 e VE(X™)|| 4+ 420v°n*d° kL |1, X -

2
Step 4. Note that the coefficient of the term ZtT:o HV f (xgt)) H is smaller than 0 for v <
derived as follows:

1
100nd?2x L’

— E +15v%n% + 9073 n3d?k L + 1400v3n3d* kL

ZZ (—1 4 30ynL + 1802n2d> K L7 + 28007°nd* kL)
ny 30 180 2800 yn

<7 e <1

2L< 1+ 700 T 101 T 101 ) < “20; <0

Thus, it holds that

2
E[oel” o < (1- ") o — |

+ 7v*n0® (T + 1) + 210007*n*dSk Lo* (T + 1)

T—d 2
+80y%nd? (1 "Z—“) HVF(X(O))H + 4207°n2dPkL HHUX(O)HF
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A4 Proof of the Convergence Results
A.4.1 Proof of Theorem 2.1]
Invoking Lemma with identical initial values I’EO) that implies ||HuX(O) ||; = 0, we have

3 3 ONE
1 NI 8Af 567d3 L || VE(X©)]|
711 LBV, € oo 20+ 2 100 2 :
T+1; f(x”) _vn(T—|—1)+ vol L + *nd®c?L? + T
i i i ; _ 8Ay
Referring to Lemma 26 in [8], as stated in Lemma , by taking A = 33
B = 240°L, C = 20000nd°¢®L? and o = 100nd’L, when considering v =
1 1
; A 2 A 1 )
mln{(Sg2Ln(fT+1)) ’ (1500n2d5¢7£L2(T+1)) 5 100nd3L}’ we have
1
3
1 va H2 < 32 Afo'QL 240d> (UQLQA%> SOOdSLAf HVF(X(O))Hi
T+1 2 /n(T+1) (\/ﬁ(T+1))§ T+1 W(T+1) .

A.4.2 Proof of Theorem 2.4
Invoking Lemma with identical values z'" that implies [T, X© Hi =0, we have

2 T
<(-70) |-

+ 7v*n0? (T + 1) + 210007*n*d®k Lo* (T + 1)

2
E ngT) —z*

T—d
+ 8072nd? (1 - ”Z—“) HVF(X<0>)H .

Considering v = min { 100”{12%, 161‘;g((;fg;11)2) }, for T' > 2d we get that

T 2\ T
1 4log(n (T +1)7)
400d2f£2 ’ T+1
40
< max eXP 400d21£2) (T—|— 1)2 ,
T/2
T/ | _ Alog(n (T + 3\
400d2 2 ’ T+1

S max § exXpl—
800d2lﬁ§2 ’ n(z + 1)2 ’

where we use the fact (1 — 2)” < e~!and 1 — 2 < exp(—=z) for any = € R, Then,

(1 — < max

and

1—— <max

> _ 224007 log(n(T +1)%) | 26880000d°%0” (log(n(T + 1)2))*
- (T+1)u n(T+1)2

et

E ngT) —z*

r 2O _ o
e (g e - nL2

B Additional Experiments

For the problem of training a CNN on the MNIST dataset, we have further compared the real-time
performance of BTPP with other representative methods. The experiments are conducted on a
server equipped with eight Nvidia RTX 3090 GPUs and two Intel Xeon Gold 4310 CPUs, where the
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Figure 4: Real-time performance of BTPP (with different branch size B) compared with related
methods when training CNN over MNIST.

communication between GPUs follows the topology requirement of each algorithm. We measure the
running time including GPU computation and communication for 13,000 iterations. The experimental
settings are consistent with those described in Section[4.2] From Figure ] BTPP outperforms the
other algorithms concerning the running time. Additionally, we evaluate BTPP with various branch
sizes B, concluding that for relatively small values of n, a branch size of B = 2 is most effective.

Furthermore, we consider training VGG13 on the CIFAR10 dataset, with n = 8 and a batch size of
16. The learning rate and topology configurations are consistent with those described in Section[f.2]
Additionally, the case of BTPP with B = 8 is equivalent to DSGD in a fully connected setting,
meaning that they produce identical outputs when using the same random seed. Figure[5|and Figure 6]
illustrate that BTPP beats competing algorithms in terms of the convergence rate (against iteration
number) and running time. Moreover, a branch size of B = 2 is optimal.

22 Train Loss Test Accuracy
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Figure 5: Performance of BTPP (with different branch size B) compared with related methods for

training VGG13 over CIFAR10.

We further demonstrate that the performance of BTPP can be improved by incorporating a momentum
term (with momentum parameter set to 0.9) when data heterogeneity exists or by removing the data
heterogeneity, which involves randomly assigning samples to each agent; see Figure[7]and Figure[§]
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Figure 6: Real-time performance of BTPP (with different branch size B) compared with related
methods when training VGG13 over CIFAR10.
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Figure 7: Performance of BTPP with branch size B = 2 under various configurations when training
CNN over MNIST.
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Figure 8: Performance of BTPP with branch size B = 2 under various configurations when training
VGG13 over CIFAR10.

NeurIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Our paper meticulously delineates its primary contributions in both the abstract
(lines 8-9) and the introduction (subsection 1.2, lines 105-121).

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.
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The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
Justification: At the end of section 1.1, lines 100-104.

Guidelines:

The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The assumptions are in subsection 1.3, lines 129-132. The proofs of all
theoretical results are in the Appendix and subsection 2.1.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.
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* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We present the experiment details in section 4 and upload our code in the link
shown in the abstract.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We provide our code with the link shown in lines 10-11.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.
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* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide all the experimental details and settings in Section 4 and our code
link.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: We have repeated some experiments with different seeds and reported the
averaged performance. See Section 4 for details.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

 The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.
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8.

10.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: See line 255 for reference.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: The research conducted in the paper conforms, in every respect, with the
NeurIPS Code of Ethics.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: There is no societal impact of the work performed.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

¢ If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.
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* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We have cited the original paper that produced the code package or dataset.
Guidelines:

» The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer:[NA]

Justification: The paper does not release new assets.
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paperswithcode.com/datasets

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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