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Abstract

We present a new random walk for uniformly sampling high-dimensional convex
bodies. It achieves state-of-the-art runtime complexity with stronger guarantees on
the output than previously known, namely in Rényi divergence (which implies TV,
W, KL, x?). The proof departs from known approaches for polytime algorithms
for the problem — we utilize a stochastic diffusion perspective to show contraction
to the target distribution with the rate of convergence determined by functional
isoperimetric constants of the stationary density.

1 Introduction

Generating random samples from a high-dimensional convex body is a basic algorithmic problem with
myriad connections and applications. The core of the celebrated result of [1], giving a randomized
polynomial-time algorithm for computing the volume of a convex body, was the first polynomial-time
algorithm for uniformly sampling convex bodies. In the decades since, the study of sampling has led to
a long series of improvements in its algorithmic complexity [2, 3, 4, 5, 6], often based on uncovering
new mathematical/geometric structure, establishing connections to other fields (e.g., functional
analysis, matrix concentration) and developing new tools for proving isoperimetric inequalities and
analyzing Markov chains. With the proliferation of data and the increasing importance of machine
learning, sampling has also become an essential algorithmic tool, with applications needing samplers
in very high dimension, e.g., scientific computing [7, 8, 9], systems biology [10, 11], differential
privacy [12, 13] and machine learning [14, 15].

Samplers for convex bodies are based on Markov chains (see §5 for a summary). Their analysis is
based on bounding the conductance of the associated Markov chain, which in turn bounds the mixing
rate. Analyzing the conductance requires combining delicate geometric arguments with (Cheeger)
isoperimetric inequalities for convex bodies. An archetypal example of the latter is the following: for
any measurable partition Sy, So, S5 of a convex body K C RY, we have

vol(S3) > 45:52) min{vol(Sy), vol(Sa)}

where d(-, -) is the (minimum) Euclidean distance, and Cc is an isoperimetric constant of the uniform
distribution over K. (The KLS conjecture posits that Cic = O(1) for any convex body K in isotropic
position, i.e., under the normalization that a random point from /C has identity covariance). The
coefficient C# is bounded by the Poincaré constant of the uniform distribution over K (and they are
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in fact asymptotically equal). The classical proof of conductance uses geometric properties of the
random walk at hand to reduce the analysis to a suitable isoperimetric inequality (see e.g., [3, 16]).
The end result is a guarantee on the number of steps after which the total variation distance (TV
distance) between the current distribution and the target is bounded by a desired error parameter.
This framework has been widely used and effective in analyzing an array of candidate samplers, e.g.,
Ball walk [4], Hit-and-Run [17, 5], Riemannian Hamiltonian Monte Carlo [18] etc.

One successful approach, studied intensively over the past decade, is based on diffusion. The basic idea
is to first analyze a continuous-time diffusion process, typically modeled by a stochastic differential
equation (SDE), and then show that a suitable time-discretization of the process, sometimes together
with a Metropolis filter, converges to the desired distribution efficiently. A major success along this
line is the Unadjusted Langevin Algorithm and its variants, studied first in [19]. These algorithms
have strong guarantees for sampling “nice” distributions [20, 21, 22, 23], such as ones that are
strongly log-concave, or more generally distributions satisfying isoperimetric inequalities, while also
obeying some smoothness conditions. The analysis of these algorithms is markedly different from the
conductance approach, and typically yields guarantees in stronger metrics such as the KL-divergence.

Our starting point is the following question:
Can diffusion-based approaches be used for the problem of sampling convex bodies?

Despite remarkable progress, thus far, constrained sampling problems have evaded the diffusion
approach, except as a high-level analogy (e.g., the Ball walk can be viewed as a discretization of
Brownian motion, but this alone does not suggest a route for analysis) or with significantly worse
convergence rates (e.g., [24, 25]).

Contributions. Our main finding is a simple diffusion-based algorithm that can be mapped to
a stochastic process (and, importantly, to a pair of forward and backward processes), such that
the rate of convergence is bounded directly by an appropriate functional inequality for the target
distribution. As a consequence, for the first time, we obtain clean end-to-end guarantees in the
Rényi divergence (which implies guarantees in other well known quantities such as W, TV, KL, x?
etc.), while giving state-of-the-art runtime complexity for sampling convex bodies (e.g., Ball walk
or Speedy walk [3, 4]). Besides being a stronger guarantee on the output, Rényi divergence is of
particular interest for differential privacy [13]. Perhaps most interesting is that our proof approach is
completely different from prior work on convex body sampling. In summary,

* The guarantees hold for the ¢-Rényi divergences while matching the rates of previous work (prior
work only had guarantees in the TV distance).

* The analysis is simple, modular, and easily extendable to several other settings.

Organization. In §2, we provide some relevant notions for understanding our results. We then
proceed to outline our algorithm in §3. The algorithmic guarantees are provided in §4, in which we
also outline our proof and compare it with the analysis of Ball walk, Speedy walk. Lastly, we provide
a detailed survey of the relevant literature in §5 before concluding.

2 Preliminaries

Unless otherwise specified, we will use || - || for the 2-norm on R¢. We write a = O(b), a < b to mean
that a < ¢b for some universal constant ¢ > 0. Similarly, a 2 b, a = Q(b) for a > cb, while a = O(b)

means ¢ < b,b < a simultaneously. We will also use a = O(b) to denote a = O(bpolylog(d)).
Lastly, we will use measure and density interchangeably when there is no confusion.

To quantify the convergence rate, we introduce some common divergences between distributions.

Definition 1 (Distance and divergence). For two measures j, v on R%, the total variation distance
between them is defined by

I = vlirv := sup |u(B) — v(B)],
BEF
where F is the collection of all measurable subsets of R? . The 2-Wasserstein distance is given by

Wi(uv) == inf  Exyyes[|X = Y[%,

YET (1,v)
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Ball walk Speedy walk In-and-Out

Figure 1: Description of uniform samplers: (i) Ball walk: proposes a uniform random point z from
Bs(x1), but z ¢ K so it stays at x1 = x5. (ii) Speedy walk: moves to x5 drawn uniformly at random
from IC N Bs(x1). (iii) In-and-Out: first moves to y- obtained by taking a Gaussian step from z1,
and then to x5 obtained by sampling the truncated Gaussian N (yo, h1y)| .

where I is the set of all couplings between (i, v. Next, we define the f-divergence of i towards v with
1 << v (i.e., p is absolutely continuous with respect to v) as, for some convex function f : Ry — R
with f(1) = 0 and f'(c0) = o0,

Dyl v)i= [ £(3)dv.
The KL-divergence arises when taking f(x) = x log x, the x?-divergence when taking f(z) = z7—1,
and the ¢-Rényi divergence is given by
Ry || v) := 27 log(x ([ v) +1).

Definition 2. We say that a probability measure v on R? satisfies a Poincaré inequality (PT) with
parameter Cp (v) if for all smooth functions f : R? — R,

Var, f < Cp(v) E,[[[Vf]I], (P
where Var, f == E,[|f — E, f|?].

The Poincaré inequality is implied by the log-Sobolev inequality.

Definition 3. We say that a probability measure v on R¢ satisfies a log-Sobolev inequality (LST) with
parameter Csi(v) if for all smooth functions f : R? — R,

Ent, (f?) < 2Csi(v) E[|V£]I7], (LSI-)

where Ent, (f?) := E,[f?log f?] — E,[f?]log(E,[f?]). Equivalently, for any probability measure
wover RY with 1 < v,
DKL (|| v) < Cusi(w) F(u || 1), (LSH1l)

where Fl(p || v) :==E,[||V log j—’; ||?] is the Fisher information of p1 with respect to v.

3 Diffusion for uniform sampling

We propose the following In-and-Out' sampler for uniformly sampling from K. Each iteration
consists of two steps, one that might leave the body and the second accepted only if it is (back) in .

It might be illuminating for the reader to compare this algorithm to the well-studied Ball walk
(Algorithm 2); each proposed step is a uniform random point in a fixed-radius ball around the current
point, and is accepted only if the proposed point is in the body /. In contrast, each iteration of
In-and-Out is a two-step process, where the first step (Line 2) ignores the boundary of the body, and

'This name reflects the “geometry” of how the iterates are moving. As we elaborate in Remark 1, the name
‘proximal sampler’ may be more familiar to those from an optimization background.
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Algorithm 1 In-and-Out

Input: initial point x¢ ~ 7y, convex body K C R<, iterations T, threshold N, and h > 0.
Qutput: x7.
:fori=0,...,7Tdo

Sample y;+1 ~ N (25, hlg).

Repeat: Sample z;11 ~ N (y;i11, hlg) until x; 1 € K or #attempts; > N (declare Failure).
end for

bl

the second step (Line 3) is accepted only if a proposal x;1 is a feasible point in IC. We will presently
elaborate on the benefits of this variation.

Each successful iteration of the algorithm, i.e., one that is not declared “Failure”, can be called
a proper step. We will see that the number of proper steps is directly bounded by isoperimetric
constants (such as Poincaré and log-Sobolev) of the target distribution. In fact, this holds quite
generally without assuming the convexity of K. The implementation of an iteration is based on
rejection sampling (Line 3), and our analysis of the efficiency of this step relies crucially on the
convexity of /. This is reminiscent of the Speedy walk in the literature on convex body sampling
(Algorithm 3), which is used as a tool to analyze proper steps of the Ball walk. We refer the reader to
Appendix C for a brief survey on these and related walks.

This simple algorithm can be interpreted as a composition of “flows” in the space of measures. This
view will allow us to use tools from stochastic analysis. In particular, we shall demonstrate how to
interpret the two steps of one iteration of In-and-Out as alternating forward and backward heat flows.
We begin by defining an augmented probability measure on R? x R? by

(2, y) o< exp(—gp o = yl|*) L ().
We denote by 7%, 7% |Y(-|y) the marginal distribution of its first component (resp. conditional
distribution given the second component), and similarly denote by 7¥, 7YX (-|2) for the second
component. In particular, the marginal in the first component 7 is the uniform distribution over
K. Sampling from such a joint distribution to obtain the marginal on X (say), can be more efficient
than directly working only with 7% . This idea was utilized in Gaussian Cooling [6] and later as the
restricted Gaussian Oracle (RGO) [26, 27].

Under this notation, Algorithm 1 corresponds to a Gibbs sampling scheme from the two marginals of
m(x,y). To be precise, Line 2 and Line 3 correspond to sampling from

Yisr ~ 7 X (i) = N (2, hg) and Tiv1 ~ 1Y (fyig1) = N (yir1, hla) i -

We implement the latter step through rejection sampling; if the number of trials in Line 3 hits the
threshold IV, then we halt and declare failure of the algorithm. It is well known that such a Gibbs
sampling procedure will ensure the desired stationarity of 7(x,y). Note that, conditioned on the
event that the algorithm does not fail, the resulting iterate will be an unbiased sample from the correct
distribution.

Stochastic perspective: forward and backward heat flows. Our algorithm can be viewed through
the lens of stochastic analysis, due to an improved analysis for the proximal sampling [27]. This
view provides an interpolation in continuous-time, which is simple and powerful. To make this
concrete, we borrow an exposition from [28, §8.3]. We denote the successive laws of x; and y;
by 11X and ), respectively. Recall that the first step of sampling from ¥ X (-|z;) (Line 2) yields
;LZYH =/ Y |X=2 dpX (). This is the result of evolving a probability measure under (forward) heat
flow of 1iX for some time h, given by the following stochastic differential equation: for Zg ~ p:¥,

where B is the standard Brownian process. We write law(Z;) = pX P;. In particular, Z;, = Zy+( ~
piS « N0, hly) = pl, 4 for ¢ ~ N (0, hlg). When 1;¥ = 7, the first step of Algorithm 1 gives

1

7™ (y) = [7* « N(0,hly)](y) = VO](K)(W/KGXP(—;}LHJ - ac||2) dz . 3.1
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Table 1: The Fokker-Planck equations for the forward and backward heat flow describe how the laws
of Z; and Z;~ in (FH) and (BH) evolve over time. See Appendix B.2 for details.

Forward flow Backward flow

| |

Fokker-Planck O = 51 Opi = —div(pi Vieg(nX Po_y)) + $Au5

The second step of sampling from XY (-|y; 1) can be represented by X | = [7XY =¥ duY,, (v)
(Line 3). The continuous-time process corresponding to this step might not be obvious. However, let
us consider (FH) with Zy ~ 7%, Then, Z;, ~ 7Y, so the joint distribution of (Zy, Z3) is simply 7.
This implies that (Zo|Z), = y) ~ 7%/Y=Y. Imagine there is an SDE reversing the forward heat flow
in a sense that if we are initialized deterministically at Z;, ~ d,, at time 0, then the law of the SDE

at time h would be law(Zy|Z), = y) = nXIY =Y. Then, this SDE would serve as a continuous-time
interpolation of the second step.

Such a time reversal SDE is indeed possible! The following SDE on (Z; )¢,y initialized at
Z§5 ~7¥ = aX P, ensures Zj_y ~ law(Z) = X P _y:

dZ = Vlog(nX P,_y)(ZF)dt + dB, fort € [0,h]. (BH)
Although this is designed to reverse (FH) initialized by Zy ~ 7% (so Z), = Z§~ ~ w¥), its construc-
tion also ensures that if Z§~ ~ 4, a point mass, then Z;~ ~ law(Zy|Z), = y) = 7Y =¥_ Thus, if we
initialize (BH) with Z§~ ~ p¥,,, then the law of Z;~ corresponds to [ 7X1Y=vdu¥,  (y) = pX,.
Remark 1. We note that In-and-Out is exactly the proximal sampling scheme [26, 27, 29] for uniform
distributions. The proximal sampler with a target density proportional to exp(—V (z)) considers
an augmented distribution m(z,y) o< exp(—V (z) — 55 [|# — y[|*) and then repeats the following
two steps: (1) yip1 ~ 7 1X=% = N(x;,hly) and then (2) z;,1 ~ 7XIY=Yi+1. Naively, the
proximal sampler is implemented by performing rejection sampling, with the Gaussian centered at the
minimizer of log 7'|Y=%+1 as the proposal. Realizing this would require a projection oracle (to C),

which is only known to be implementable with O(d?) membership queries. In-and-Out completely
avoids the need for a projection oracle.

4 Results

Our computational model is the classical general model for convex bodies [30]. We assume vol(C) >
0 throughout this paper. Below, B,.(z) denotes the d-dimensional ball of radius r centered at x.

Definition 4 (Convex body oracle). A well-defined membership oracle for a convex body K C R is
given by a point xy € K, anumber D > 0, with the guarantee that By (z¢) C K C Bp(xo), and an
oracle that correctly answers YES or NO to any query of the form “x € K?”

Definition 5 (Warmness). A distribution p is M-warm with respect to another distribution 7 if for
every z in the support of 7, we have du(z) < M dr(x).

We now summarize our main result, which is further elaborated in Appendix B.4 (Theorem 5). Below,
7X is the uniform distribution over /C, and R, is the Rényi-divergence of order g (see Definition 1).

Theorem 1 (Informal version of Theorem 5). For any given n,e € (0,1), ¢ > 1, and any convex
body K given by a well-defined membership oracle, there exist choices of parameters h, N such
that In-and-Out, starting from an M-warm distribution, with probability at least 1 — n, returns

X ~ p such that R,(p || 7%) < e. The number of proper steps is 6(qd2A log? %) and the expected
total number of membership queries is O(qMd>A log® %), where A is the largest eigenvalue of the
covariance of ™.

Remark 2. Despite our guarantee being in the much stronger “metric” of R, compared to the TV
guarantees of Ball walk, we do not have to incur any additional asymptotic complexity.

To obtain this result, one should choose the following values for the parameters: h~! =
~ ~ 2 5

O(d?log # loglogl), N = @(%Og(l/s)). See Lemma 3 for more details.
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Finally, while the assumption of warmness for the initialization may seem strong at the outset, for
well-rounded convex bodies (Ex .. [|| X ||?] < C?d for some constant C), it is possible to generate

an O(1) warm-start with complexity O(d?). See [6, 31] for details.
We note that for X ~ 7,
|Cov(7)op < tr(Cov(x®)) = E[I|IX — EX|?] < D?.

The above guarantee in the Rényi divergence immediately provides W, TV, KL, and x? guarantees
as special cases. For two distributions p and 7, we have

L KL(ullm) = limgyr Re(p]|m) < Ry(ullm) < Ry (pllm) < Roo(u|m) = logsup g, 1 < g < ¢
2. 2|lp =73y < KL(u | 7) <log(x*(pll ) +1) = Ra(p || 7).

3. W2(u, m) < 2C1s)(m) KL(p || ) (Talagrand’s T-inequality) and Cys)(7%) < D2,

4 WE (1, ) < 2Cm(m) X2(s || 7) (321 and Gy () S [ Cov () Jop log

The query complexity is better if the convex body is (near-)isotropic, i.e., the uniform distribution over
the body has (near-)identity covariance. This relies on recent estimates of the worst-case Poincaré
constant for isotropic log-concave distributions [33, 34]. The condition that the convex body is
isotropic can be achieved in practice through a rounding procedure [35]. See §5 for more details.

Corollary 1. Assume that ™ is near-isotropic, i.e. the operator norm of its covariance is O(1).
Under the same setting as above, In-and-Out succeeds with probability 1 — ), returning X ~ p such

that Ry (|| 7)) < e. The number of proper steps is (’3(qd2 log2 7%), and the expected total number

of membership queries is O(qMd? log® n%)

Our analysis will in fact show that the bound on the number of proper steps holds for general non-
convex bodies and any feasible start in IC. This is deduced under an M -warm start in Corollaries 2
and 3. We remark that such a bound for non-convex uniform sampling is not known for the Ball walk
or the Speedy walk.

Theorem 2. For any given € € (0,1) and set K C Bp(0) with vol(K) > 0, In-and-Out with
variance h and M-warm initial distribution achieves R, (pzx || 7) < e after the following number
of iterations:

. [O(gh ' Cpi(7¥) log &L orq>2,

m:mm{o(thcpl( X) lg ?oi]ﬂ f q;1
(q Lsi(m*) log T) forg>1.

We have two different convergence results above under (LSI-1) and (PI). Under (LSI-l) we have a
doubly-logarithmic dependence on the warmness parameter M. On the other hand, using (Pl), which
is weaker than (LSI-I) (in general, Cp; < C|g)), the dependence on M is logarithmic. We discuss
implications of our results further in §4.2.

4.1 Outline of analysis.

We first record two fundamental lemmas, which introduce the mathematical formalism for our
analysis. The first is the existence of forward and backward heat flows (Lemma 12), which will
interpolate each line in Algorithm 1. These flow equations describe how the laws of Z; and Z;~ in
(FH) and (BH) evolve respectively over time. All proofs are deferred to Appendix B.

Lemma 1. The forward heat flow equation with initial distribution L is given by
Oppur = %Aum
and its backward heat flow equation is given by

Oy = —div(uslog(ﬂXPh,t)) + %Auz_ with u$™ = pn, -

These admit (weak) solutions on [0, h| for any initial distribution o with (‘117’; 0 < M < oo.

One successful iteration of In-and-Out is exactly the same as the composition of running the forward
heat flow and then backward heat flow, both for time h.
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Lemma 2. Let ,ui( be the law of the k-th iterate xy, of In-and-Out. If (FH) is initialized with
law(Zo) = pil, then law(Zy) = py,,. If (BH) is initialized with law(Z§™) = p}.,, then
law(Z;) = 1,

We summarize our proof strategy below, which requires us to demonstrate two facts: (i) The current
distribution should converge to the uniform distribution, (ii) within each iteration of the algorithm,
the failure probability and the expected number of rejections should be small enough. In this section
we provide the main claims within each of these parts, and defer the remaining details to Appendix B.

While each individual component resembles pre-existing work in the literature, in their synthesis
we will demonstrate how to interleave past developments in theoretical computer science, optimal
transport, and functional analysis. The combination of these in this domain yields elegant and
surprisingly simple proofs, as well as stronger results.

Part (i). Broadly speaking, we need to demonstrate that the corresponding Markov chain is rapidly
mixing. Here, we use the heat flow perspective to derive mixing rates under any suitable divergence
measure (such as KL, XQ, or R,). This extends known results for the unconstrained setting [27].
To summarize the proof, by considering instead the solutions after small time ¢, we invoke known
contraction results from [27] and then use a continuity argument to conclude the proof.

Theorem 3. Let ui;X be the law of the k-th output of In-and-Out with initial distribution ui. Let
CLs) be the (LSI-) constant of the uniform distribution 7~ over K. Then, for any q > 1,

Ry(pg || 7%)
X | -X (1o
Ro(pe [[77) < (1+ h/Crs)2*/a "

For Cpy the (Pl) constant of 7,

Xy [ )

2/, X X <
X (:uk H7T )— (1+h/CPI)2k'

Furthermore, for any q > 2,

2k log(1+h/C . Ry (g |7 ™) =1
R | w) — SCTHED i < Sl

—2(k— . R (g |m*)—1
(14 h/Cpy) 2 ko) a ik > ko = [T he e |

Rg(p || 7¥) <

The final result reduces the problem of obtaining a mixing guarantee to that of demonstrating a
functional inequality on the target distribution. For this, it is not strictly necessary that K be convex.

Part (ii). Convexity of K is crucial this time unlike Part (i). We show in Appendix B.3 that the
failure probability remains under control by taking a suitable variance h and threshold IV, and that
the expected number of trials per iteration is of order log NV, not N. To do this, we apply a detailed
argument involving local conductance and the convexity of KC, which relies on techniques from [36].

Lemma 3 (Per-iteration guarantees). Let KC be any convex body in R? presented by a well-defined
membership oracle, 7 the uniform distribution over K, and p an M-warm initial distribution

with respect to nX. For any given m € Nandn € (0,1), set Z = W(z 9), h = ;Z%ll‘;ggé and
N = Zlog* Z = O(%) Then, the failure probability of one iteration of In-and-Out is at most

n/m, and the expected membership queries per iteration is O(M log4 %)

4.2 Discussion

No need to be lazy. Previous uniform samplers like Ball walk are made lazy (i.e., with probability
1/2, it does nothing), to ensure convergence to the target stationary distribution. However, our
algorithm does not need this, as our sampler is shown to directly contract towards the target.

Unified framework. We remark that Theorem 2 places the previously known mixing guarantees for
Ball walk, Speedy walk in a unified framework. Existing tight guarantees for Speedy walk are in TV
distance and based on the log-Sobolev constant, assuming an oracle for implementing each step [37].
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The known convergence guarantees of Ball walk (see Appendix C for details), namely the mixing

time of O(Md?D? log %) for TV distance, are for the composite algorithm [Speedy walk-+rejection
sampling]. Here Speedy walk records only the accepted steps of Ball walk, so its stationary distri-
bution differs slightly from the uniform distribution (and can be corrected with a post-processing
step). On the other hand, In-and-Out actually converges to 7/ without any adjustments and achieves
stronger Rényi divergence bounds in the same asymptotic complexity. Our analysis shows that the
mixing guarantee is determined by isoperimetric constants of the target (Poincaré or log-Sobolev).

Effective step size. The Ball walk’s largest possible step size is of order 1/ V/d (see Appendix C)
to keep the rejection probability bounded by a constant. This bound could also be viewed as an
“effective” step size of In-and-Out, since the £2-norm of the Gaussian N (0, hI ) is concentrated

around v/hd and we will set the variance h of In-and-Out to O(1/d?), so we have vhd ~ 1/+/d.

What has really changed? In-and-Out has clear similarities to both Ball walk and Speedy walk.
What then are the changes that allow us to use continuous-time interpolation? One step of Ball walk is
[random step (y € Bs(z)) + Metropolis-filter (accept if y € K)]. This filtering is an abrupt discrete
step, and it is unclear how to control contraction. It could be replaced by a step of Speedy walk
(x ~ Unif(Bs(y) N K)). Then, each iteration of In-and-Out can be viewed as a Gaussian version of
a Ball walk’s proposal + Speedy walk algorithm.

How can we compare In-and-Out with Speedy walk? Iterating speedy steps leads to a biased distribu-
tion. As clarified in Remark 3, one step of (a Gaussian version of) Speedy walk can be understood as
a step of backward heat flow. Therefore, if one can control the isoperimetric constants of the biased
distribution along the trajectory of the backward flow, then contraction of Speedy walk toward the
biased distribution will follow from the simultaneous backward analysis.

5 Related work

Sampling from constrained log-concave distributions is a fundamental task arising in many fields.
Uniform sampling with convex constraints is its simplest manifestation, which was first studied as a
core subroutine for a randomized volume-computation algorithm [1]. Since then, this fundamental
problem has been studied for over three decades [2, 3, 4, 38, 5, 25, 24]. We review these algorithms,
grouping them under three categories — geometric random walks, structured samplers, and diffusion-
type samplers. Below, /C is convex.

Geometric random walk. We discuss two geometric random walks — Ball walk [3, 4] and
Hit-and-Run [39, 17]. Ball walk is a simple metropolized random walk; it draws y uniformly
at random from a ball of radius J centered at a current point x, and moves to y if y € K and stays
at « otherwise. In the literature, Ball walk actually refers to a composite algorithm consisting of
[Speedy walk+ rejection sampling], where Speedy walk records only the accepted steps of Ball walk
(see Appendix C for details). The step size ¢ should be set to O(d~'/?) to avoid stepping outside

of K. [4] showed that Ball walk needs 6(M d*>D?log %) membership queries to be e-close to 7 in
TV, where D is the diameter of /C, and the warmness parameter M/ measures the closeness of the

initial distribution to the target uniform distribution 7.

Hit-and-Run is another zeroth-order algorithm that needs no step size; it picks a uniform random line
{ passing a current point, and move to a uniform random point on £ N /C. [5] shows that, if we deﬁne
the second moment as R? := Ex,..«[|X — EX||?], then Hit-and-Run requires O(d2R2 log )
queries. Notably, this algorithm has a poly-logarithmic dependence on M as opposed to Ball walk.

Both algorithm are affected by skewed shape of K (i.e., large D or R), so these samplers are combined
with pre-processing step called rounding. This procedure finds a linear transformation that makes the
geometry of K less skewed and so more amenable to sampling. In literature, there exists a randomized
algorithm [35] that rounds K and generates a good warm start (i.e., M = O(1)), with Ball walk used

as a core subroutine. This algorithm takes up o (d3) queries in total, and in such position with the

good warm start, Ball walk only needs (5(¢1l2 log %) queries to sample from 7.

Structured samplers. The aforementioned samplers based on geometric random walks require only
access to the membership oracle of the convex body without any additional structural assumptions.
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The alternate paradigm of geometry-aware sampling attempts to exploit the structure of convex
constraints, with the aim of expediting the convergence of the resultant sampling schemes. One
common assumption is to make available a self-concordant barrier function ¢ which has regularity
on its high-order derivatives and blows up when approaching the boundary 0K. The Hessian of ¢
encodes the local geometry of the constraint, and the samplers often work directly with V2¢.

The first canonical example of such a zeroth-order sampler is Dikin walk used when KC is given by m
linear constraints [40]; it draws a uniform sample from an ellipsoid (characterized by V2¢) of fixed
radius around a current point, and is often combined with a Metropolis adjustment. [40] shows that
Dikin walk mixes in O(md log %) steps, although each iteration is slightly more expensive than one
membership query. This algorithm requires no rounding, but still needs a good warm-start, which can

be achieved by an annealing-type algorithm using O(md) iterations of Dikin walk [41].

Riemannian Hamiltonian Monte Carlo is a structured sampler that exploits the first-order information
of the potential (i.e., Vlog(1/m)) [42]; its proposal is given as the solution to the Hamilton’s
ODE equation, followed by the Metropolis-filter. In the linear-constraint setting above, it requires
O(md?/?log %) many iterations to achieve e-close distance to 7% [18]. This sampler is further
analyzed for practical ODE solvers [43] and for more sophisticated self-concordant barriers [44].

Similarly, Mirror Langevin [45, 46, 47, 48] is a class of algorithms which converts the constrained
problem into an unconstrained one obtained by considering the pushforward of the constrained space
by V¢. The algorithm can also be metropolized [49]. The best known rate for this algorithm is

o (dlog é) under some strong assumptions on ¢.

Diffusion-type samplers. Samplers based on discretizations of Itd diffusions, stochastic processes
which rapidly mix to 7 in continuous time, have long been used for sampling without constraints [19,
20, 21, 28]. While the underlying stochastic processes generalize easily to constrained settings, the
discretization analysis relies crucially on the smoothness of the target distribution. This is clearly
impossible to achieve in the constrained setting, so some techniques are required to circumvent this
difficulty. These algorithms, however, generalize easily to the more general problem of sampling
from distributions of the form 7% o e~/ 1 x, by incorporating first order information from f.

The first approach for adapting diffusion-based samplers [50, 25, 51] iterates a two-step procedure.
First, a random step is taken, with x4, /5 ~ N (2, 2h1) for some appropriately chosen step h?
and then project it to K, i.e., 711 = projx(zx+1/2). The complexity is given in terms of queries to a
projection oracle, each call to which can be implemented with a polynomial number of membership
oracle queries; a total of @(dzDg/ =4) queries are needed to be e-close in W, to 7% . Another approach,
which uses an algorithmically designed “soft” penalty instead of a projection, was proposed in [52],
and achieves a rate estimate of O(d/=1°).

A second approach, suggested by [24], considers a different proximal scheme, which performs a
“soft projection” onto K, by taking steps like N'((1 — hA™1)xy, + hproji (1), 2h1y). It is called
Moreau- Yosida regularized Langevin, named after an analogous regularization scheme for constrained
optimization. This scheme also relies on access to a projection oracle for K, and quantifies their query

complexity accordingly. Their final rate estimate is @(ds/aﬁ) to be e-close in TV distance to 7~ .

Observing the prior work integrating diffusion-based sampling with convex constraints, the de-
pendence on the key parameters d, e, while polynomial, are many orders worse than the rates for
zeroth-order samplers such as Ball walk, Hit-and-Run. In contrast, our analysis not only recovers but
in some sense surpasses the known rates for Ball walk, Hit-and-Run, while harmonizing well with
the continuous-time perspective of diffusions.

Proximal schemes for sampling. The Gibbs sampling scheme used in this paper was inspired by
the restricted Gaussian oracle introduced in [26] (in turn inspired by Gaussian Cooling [6]), which
alternately iterates between a pure Gaussian step, and a “proximal” step (which we elaborate in our
exposition). This scheme was given novel interpretations by [27], which showed that it interpolates
the forward and backward heat flows, in the sense defined by [53]. The backward heat flow itself is
intimately related to stochastic localization schemes, invented and popularized in [54, 55].

2A gradient step can be added in the more general case, for sampling from 7% .
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This formulation proved surprisingly powerful, allowing many existing rates in unconstrained sam-
pling to be recovered from a relatively simple analysis. This was further extended by [29] to achieve
the current state-of-the-art rate in unconstrained sampling. Finally, [56] suggest that this could be
applied to tackle some constrained problems. However, the assumptions in this final mentioned work
are not compatible with the uniform sampling problem on general convex bodies.

6 Conclusion

We propose In-and-Out for uniform sampling on convex bodies, and show that it obtains guarantees in
R4 divergence from an M -warm start, substantially stronger than prior work, and without increasing
the computational complexity. Notably, our proof technique is quite different and provides a direct
reduction to isoperimetric constants of the target distribution.

While the current work focuses on uniform sampling of convex bodies, there are a number of natural
extensions that may be considered. It may be possible to prove analogous results for general log-
concave distributions, and on non-log-concave distributions satisfying isoperimetric inequalities,
e.g., it is open to find a polytime algorithm for sampling a general distribution satisfying a Poincaré
inequality presented by a function oracle (with no smoothness assumptions).
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A Helpful lemmas

Before proceeding, we state two important lemmas which are needed for our proofs. The first is the
data-processing inequality for Rényi divergence and f-divergence, given below.

Lemma 4 (Data-processing inequality). For measures i, v, Markov kernel P, f-divergence Dy, and
q > 1, it holds that

Dy(uP | vP) < Dy(ulv), and Ry(pP|[vP) <Ry(pllv).

Functional inequalities allow us to show exponential contraction of various divergences, through the
following helpful inequality.

Lemma 5 (Gronwall). Suppose that u, g : [0,T] — R are two continuous functions, with u being
differentiable on [0, T] and satisfying

u'(t) <gt)u(t)  forallte[0,T].
Then,
u(t) < exp (/0 g(s) ds) w(0)  forallt €0,T].

B Analysis

Before proceeding, we first give the proof of Lemma 2 in the main text. A more general version of
Lemma 1 is proved in the form of Lemma 12.

Proof of Lemma 2. We explicitly show that the forward and backward heat flows indeed interpolate
the two discrete steps given in Algorithm 1. For the forward part, we have Z; = Zy + ¢ for
¢ ~N(0,hly), so

law(Zp,) = law(Zo) * N(0, hla) = piye * N'(0, hlq) = piyyq -

Regarding the backward part, it is known from [27, Lemma 14] that the construction of the time-
reversal SDE ensures that (Z;~, Z§~) and (Zg, Z,) have the same joint distribution, when Zy ~ 7%

(and so Z;, ~ w¥). Hence, law(Z;"|Z§ = y) = law(Zy|Zy = y) = 7X1Y=Y, where the last
equality follows from (Zo, Z) ~ . Since we initialize (BH) with Z§~ = y ~ ), we have

law(Z) = / law(Zi |25 = y) 1 (dy) = / XY () o (dy) = i

where the last follows from the definition of Line 3. O

B.1 Functional inequalities

The contraction of an outer loop of our algorithm is controlled by isoperimetry of the uniform
distribution 7%, which is described precisely by a functional inequality. The most natural ones
to consider in this setting are the Poincaré inequality (Pl) and log-Sobolev inequality (LSI-I). In
Appendix D, we provide a more detailed discussion of how these are related to other important
notions of isoperimetry, such as the Cheeger and log-Cheeger inequalities.

Below, we use i, v to denote two arbitrary probability measures over R%. The relationship between a

Poincaré inequality and the y2-divergence is derived by substituting f = cdiTl: into (PI).

Lemma 6. Assume that v satisfies (Pl) with parameter Cp\(v). For any probability measure . over

R with w <L v, it holds that

C) Pl (l/)
2

dp 2
X(ullv) < E IV 1]

The Poincaré inequality implies functional inequalities for the Rényi divergence.
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Lemma 7 ([23, Lemma 9]). Assume that v satisfies (P1) with parameter Cp\(v). For any q > 2 and
probability measure 1. over RY, it holds that

qCpi(v)
4

where RF (1||v) :==qE, [(%)q |V log % 12] /E, [(%)q] is the Rényi Fisher information of order
q of p with respect to v.

L —exp(=Re(p[|v)) < RFq(ullv),

The log-Sobolev inequality paired with the KL-divergence (LSI-II) can be understood as a special
case of the following inequality’ paired with the g-Rényi divergence for ¢ > 1.

Lemma 8 ([23, Lemma 5]). Assume that v satisfies (LSI-l) with parameter C\ s (v). For any ¢ > 1
and probability measure y over R, it holds that

qCLsi(v)

Ryl v) < L2

RF,(u |l v).
Note that limg_,1 R4 = KL and RF; = FI.

We have collected below the functional inequalities used to establish the mixing of our algorithm (see
Appendix D for a detailed presentation).

Lemma 9. Let K C R? be a convex body with diameter D, and 7 be the uniform distribution over K.
Then, Cpi(m) < ||Cov(m)||op logd and Cisi(w) < D2 If m is isotropic, then Cpi(m) < logd and
Cisi(m) < D.

B.2 Contraction and mixing

We start by analyzing how many outer iterations of In-and-Out are required to be e-close to 7%, the
uniform distribution over K. The contraction of Algorithm 1 comes from analyzing Lines 2 and 3
through the perspective of heat flows (see §3). To exploit this view, we first revisit the previous
contraction analysis in [27], which is carried out for distributions with smooth densities. Although the
uniform distribution is not even continuous, we prove a technical lemma (Lemma 12) that enables us
to extend previously known results to the uniform distribution. Lastly, combining the previous results
with our technical lemma, we obtain clean contraction results of Algorithm 1 toward the uniform
distribution 7% in Theorem 3.

Part I: Contraction analysis for smooth distributions. In this part, we review the contraction
results for heat flow and its time-reversal [27], which are intimately connected with our algorithm.
We also provide key technical ingredients needed for its proof, such as the computations for measures
evolving under simultaneous forward/backward heat flows. We refer interested readers to Appendix E
for additional details. Only in Part I, we assume that v denotes a probability measure with smooth
density.

Forward heat flow. We begin by introducing the “heat flow” equation (or also known as the
Fokker-Planck equation), which describes the evolution of the law of Z, under (FH),

1 1
Ocpie = 5 Ape = 5 div(peVlog pe) (FP-FH)

It is well known that one can realize this equation in discrete time through a Gaussian transition
density, in the sense that, for uy, (the solution at time h > 0 to (FP-FH) with initial condition p),
and for any smooth function f : R? — R,

B [f ()] = Bpo [P f ()],

where Py f(x) = En(z,n1,)[f]-* By this we can formally identify 15, = 110 Pp, and also write yj, for
the law of Zj,, where {Z}, }5>¢ solves (FH).

3Such inequalities are often called Polyak-F.ojasiewicz inequalities, which say for f : R? — R, and all
y € R% that f(y) < c¢||Vf(y)]|? for some constant c, if min f(z) = 0.
4{Ph}h20 is often called the heat semigroup.
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Backward heat flow. Although there are many ways to define a “reversal” of P, we will use the
notion of adjoint introduced by [53], which is the most immediately useful.

Given some initial measure v and some time horizon h, the adjoint corresponds to reversing (FH)
for times in [0, 2] when the initial distribution under consideration is Zy ~ v. For other measures, it
must be interpreted more carefully, and is given by the following partial differential equation starting
from some measure p~ (see (E.1) and its derivation):

1
Oupi = —div(pf Vieg(vPy—y)) + §Auf fort € [0, h]. (FP-BH)

Write uj~ = pd Qy " where {Q7 ’h}te[o, n) is a family of transition densities. Write P j, for the
joint distribution of the (Zy, Z;,)-marginals of (FH), when Z; ~ v, and Py, for the conditional.
Note that Py (:|z) = N (z, hiy). It is also known that (FP-BH) gives a time-reversal of the heat

equation at the SDE level, in the sense that we can interpret 5xQ,”L’h = Pyju(|Zn = x). Thus
us Q" = [Popn(-|Zy = 2) i (d), and vP,QY" = v Py, forall t € [0, h].

The ultimate purpose of this machinery is to affirm our earlier description of the Gibbs sampling

procedure as alternating forward and backward heat flows. Indeed, notice that, if ;X is the law of
X

the iterate at some iteration 7, then ;X P, is precisely 41}, ; under our scheme, while (1;* P;,)Q} h

X
is ufil, assuming Qp " is well defined for non-smooth measures 7~ . Thus, while Algorithm 1 is

implemented via discrete steps, it can be exactly analyzed through arguments in continuous time. We
shall see the benefits of this shortly.

Instead of considering the change in metrics along the evolution of P, with respect to “fixed” v,
it will be useful to consider the simultaneous evolution of uP;, v P; (and similarly pQ+, (v Pr)Q¢).
This type of computation was carried out for specific metrics in earlier work [23, 27]. The following
is a more generalized form of one appearing in [57, Lemma 2]. In the lemma below, we consider an
arbitrary diffusion equation with corresponding Fokker-Planck equation:

1
dXt = bt(Xt) dt + dBt and 8tut =-V- (bt/,l,t) + iAut (Bl)

where b; : R? — R is smooth, X; € R%, and p; = Law(X;) if Xo ~ po.

Lemma 10 (Decay along forward/backward heat flows). Let (1)1>0, (Vt)i>0 denote the laws of the
solutions to (B.1) starting at g, vy respectively. Then, for any differentiable function g,

1
%g(Dylpe | 1)) = _§gl(Df(“t 1ve)) x Em<v(f/ ° %),Vlog %:>

Proof. The case where g # id is an application of the chain rule, so it suffices to take g = id and
simply differentiate an f-divergence.

For brevity, we drop the variable x of functions involved, and proceed as follows:

0Dy (pe | ) = [{(£0 20w+ (0 2 (2) 01} o
= [{om((ro )~ (1o 2 2) + (7 E)ou } s
t t

vyt vt

— /[*V (beve) + %AV’J <(f ° %) — e &)%) o

(7) Vi
1 ;M
+ /[—V “(bepr) + iAHt} (f'o Z) dz,

where in (i) we substitute the F-P equation from (B.1). Integrating by parts (i.e., [ fdiv(G) =
— f (Vf, G) for a real-valued function f and vector-valued function G), we have that

/[—v (b)) (f o %f) do = /<btz/t, (f o %)V%>daz. (B.2)

t
On the other hand, we have that

- /[—V (b)) (10 1)t de = /(btut, TV(f et 4 (0 Bo) da

Vi vt vt vt
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The second term cancels with the RHS of (B.2). We have a similar cancellation for the %Ayt term:

1 I 1 Bty o Bt
/iAl/t( O;j) dl':—/§<vl/t7(f/07f)vi>d$,

Vi Vi

and
= [ aanre i it ar— [ (o v (o By 4 (10 v da
2 2 v

V' g Vi Vi Vi

Combining these, we are left with

JE- g am) (102 = (70 2) 2 ) o

Ve Vg
1 ity o
:_/<bt1/t—§v1/t,V(f/07I)7:>dx
1
= —/<btﬂt — iﬂtVIOth,V(f/ ° %)>dx

Finally, we note that

/[—v (bo) + D] (1 o) do = /<btﬂt 5V V(o B ) o

2 Vy
1
= /<btut — mVlogu, V("o %:)> dz

Putting it all together, noticing that the drift terms cancel, we are left with
1 Ht Mt 1 Mt et
3th(Mt | ve) = 7/§<utVlog Z’v(f/ ° Z)>dx = —§E,L,/<Vlog Z’v(fl o VT)>’

which completes the proof. O

To recover the decay result for the g-Rényi divergence, one can substitute g(x) = q_% log « and

f(x) = 27 — 1. For the x2-divergence, instead substitute g(x) = z and f(z) = 22 — 1. From this,
we can obtain a single step of decay for the Rényi and x2-divergences under different functional
inequalities.

Before proceeding, we need a standard lemma on functional inequalities under (FH).

Lemma 11 (Functional inequalities under Gaussian convolutions, [S8, Corollary 13]). The following
inequality holds for any m with finite log-Sobolev and Poincaré constants,

Cpi(nP) < Cpy(m) + t, and Cisi(mPy) < Crsi(m) + t.

Combining the previous two lemmas, we can establish contraction between 1P}, @y, and v after one
forward/backward iteration.

Theorem 4 ([27, Theorem 3 and 4]). Assume v, a measure with smooth density, satisfies (LSI-I)
with constant Cys). For any q > 1 and initial distribution p with a smooth density, denoting again

Qn = Q"
Ryl v)

R PL L S —F 57 -
(J(:u }Q} || V) (1+h/CLSI)2/q

If v satisfies (Pl) with constant Cp,, then it follows that

CuPaQ || v) < B

(1+h/Cpi)*
Moreover, for all ¢ > 2,
R V) — 2log(1+h/Cr) if R V) > 1,
Ry (uPaQn || v) < | ol V)= TS AR ) 2
(+h/Ce)277 ifRe(pllv) <1.
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Proof. Since the SDE in (B.1) captures the forward heat flow (FH), we set 19 and 1y in Lemma 10
to 1 and v, respectively, obtaining contraction along the forward heat flow as follows: Substituting
the ¢-Rényi into Lemma 10, we have, from the definition of the Rényi divergence as R, (u || v) :=

=7 log(Dy(u || v) + 1), with f(z) = 29 — Land g(z) = 25 log(z + 1),
o Bor(V(58)" Vs i)
2 @-0ER[(%)]

o Eun [ (45)" (V25 W 0g 5

T el

q
Evn | (45) IV 10g 4117
q “vh vP; v P, 1
=73 ) PN =—§RFq(uPt | vF),
(i) Eypt[(gpz) }

where in (i), we use again that V[f’(‘:—:)ﬂ] =V(f o ’;—:) s f’(%)V‘:—:, and (4¢) uses that

V¢

O Ry(uby || vFr) = —

v 55; = “P -V log £5 ”P ¢, and the last equality recalls the definition of the Rényi Fisher information.
This ylelds

1 1 Rq(uly || vP:) 1 Rq(ply || vP:)
Ry (uP, || vP,) = —=RF (P, ||vP) < ——= =L/ < v "7 "1/
iRo(nPe | vFY) 2 auPe [ vEy) @ a4 Cwsi(vP) Gy q Cisi+t
where we used Lemma 8 in (¢) and Lemma 11 in (zz) Applying Gronwall’s inequality (Lemma 5),

Ry (|| v)
Ry(uPy || vPy) < exp —7/ CLs. dt) onllv) < W-

Since the SDE (B.1) also captures the backward equation (BH), we set ;o and 1y in Lemma 10 to
wPy, and v := v P}, respectively, obtaining contraction along the backward heat flow:

OR (HPLQ: | Q1) = —3 R, (1@ | 720)
1R (A0 7Q)
T g Csi(vQ)

where () follows from that 7Q; = v P, Q¢ = v P, and Ci 5 (PQ
Applying Lemma 5 again yields
Ry (1P || 7)

(MPth || V) (1 + h/CLSI)l/q

Composing these two inequalities leads to the decay rate claimed in the theorem.

1 (1P Q¢ || PQ4)
q C’Ls| +h—t
1) <

—~
-|/\
S

Clsi+h—tduetoLemma 1.

The result in the y2-divergence can be derived entirely analogously. For instance, the decay from the
forward part can be shown as follows:

0o (P, | V) = 3 B |

‘vuPt } < _XWPlvP) _  XP(uPi|lvP)
)

vP; Cp|(l/Pt) - Cp+t
where (7) follows from Lemma 6. Applying Gronwall’s inequality then gives
e ve <en(~ [ o a) iy < SEIY
- 0 Cpr+t - 1+h/CP|

The decay along the backward heat flow in x? is entirely analogous to the Rényi case. Then we
combine two contraction results from the forward and backward flows, completing the proof.

The result in the R, under (PI) can be shown in a similar manner. Only difference is that in forward
and backward computations, one should use the functional inequality in Lemma 7 and the following
standard inequalities:
1 .
= ifR,(p||v)>1
1 —exp(—R v 2{2 . =
RN = g 0) Ry <1
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Part II: Extension to constrained distributions. We now prove a technical lemma that extends
the contraction results to constrained distributions. This lemma guarantees the existence of weak
solutions to two stochastic processes that describe the evolution of distributions involved in Line 2
and 3 in In-and-Out, in addition to lower-semicontinuity of f-divergence. We shall prove it for any
measure that is absolutely continuous with respect to 7%, since this imposes no additional technical
hurdles.

Lemma 12. Let v be a measure, absolutely continuous with respect to the uniform measure w=. The
forward and backward heat flow equations given by

1
at,ut = iAut )
1
Ops = —div(py Vieg(vPu—y)) + §AMZ_ with u§~ = pn

admit solutions on (0, h], and the weak limit lim,_,j, pi~ = pi exists for any initial measure o with
bounded support. Moreover, for any f-divergence with f lower semi-continuous,

Dy [l v) < Hm Dy (pipy || )

Proof. The existence of weak solutions for the forward equation is well-known, since po can be
weakly approximated by measures with continuous density, for which the heat equation admits a
unique solution for all time. In particular, the weak solution is C'*° for ¢ > 0.

The reverse SDE is more subtle, since V log v P; will in general cease to be Lipschitz as ¢ — 0. On
the other hand, for any h > 0, we can write explicitly

z— 2
(o) = s [ (=) dua).

If one considers the system started at jig = . = v P, and solve the forward-backward Fokker-Planck
equations on times [0, h — €], then fip— = pp = p§ = A and

llz—yl?

exp(— 2(h—e) JvPe()

a [ exp(— ”;@f!)? JvP.(2)dz

dpn(y) -

This follows from that if we consider system started at time € > 0, with initial distribution p., then
we obtain the above through the Bayesian perspective on the forward and reverse heat semigroups,
elaborated in Appendix E.

We now show that the following integral is indeed integrable, so fi;~ is well-defined:

i) = [ SR )

_ i dpn(y) -
fexp(fiﬂzg]f” Jv(z)dz n(y)

For fixed z and € < h/2,

5 — 2
/eXP(l(h_yel))u(z)dz > exp(—

(ly — zoll + D)Q)
2(h —e) ’

as the support of v is constrained to K C Bp(xg). Since po has bounded support, up(y) <

~

2
exp(—%) for some constant ¢ > 0. Thus,

oxp (=525 ) () _ exp(— 52 n(y)

a2 ~ =z 3
fexp(—ilg(hf!) )Z/PS(Z) dz exp(—i(“y?(,ﬂj)m )

(2(x — 20),y) + 2Dly — w0l HyIIQ)
h a /)’

S eXp(

and the last bound is integrable in y.
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We then show the pointwise convergence of fi;__ to i~ as € — 0. Note that vP, — v, as v has a
bounded support. Also, the denominator is independent of € due to

1 Iz —yl?
2r(h — €))4/2 /eXp(_ 2(h —¢)

Hence, for e < d1,

YvP.(z)dz = N (0, (h — €)I) x vP. = v« N(0, hI).

exp(— 728

fexp( HQZ(hyLl)Q)VP( )dz

h \d/2 exp(—iﬂm;}i’”z)
< (=)

—€ fexp(—i‘lzg}fw)u(z) dz

exp(~ Lz

~ fexp(—%)u(z) dz

As shown above, the last bound is integrable with respect to puy, so the dominated convergence
theorem implies

llz—yll® eyl
(- 2(h 6)) — exp(—"5-)
Ho/fexp 2(h 2)uP( )dz dunly) = [ exp(— o2y (2) d2 dun(y)

Thus, the pointwise convergence follows. Note that if we take v(z) = 7% (2) = 351((,?), then fij-

is the distribution of the backwards step of our algorithm. In particular, this corresponds to first
sampling x ~ fip, then y ~ }”Lh(\x), which is precisely the law of 4}~ given by (FP-BH).

As for the second statement it follows from Scheffé’s lemma [59, Theorem 16.12] that the pointwise
convergence of (1f_ . — (7 leads to its TV-convergence, which in turn implies the weak convergence.
It follows from lower semlcontlnulty of Dy [60, Theorem 2.34] that the weak convergence ensures
Dy (i [ v) < limygyo Dy (g | vi—)- O

In the sequel, we will only consider v = 7X. Since the Rényi divergence is a continuous func-
tion of the x4 divergence (see Definition 1), which itself is an f-divergence, it enjoys the same
lower-semicontinuity properties. Using this lower-semicontinuity together with the decay results in
Theorem 4, we can easily derive the contraction results of In-and-Out in R, and x? for any ¢ > 1.
We remark that this result does not require convexity of .

ProofofTheorem 3. Let us set g = Mo and my = 7. Then, ,uh =puy = ,u}/, T, =Ty = Y,
and pi = pf, 757 = 7. Forsmall € > 0, as p. = (u)e = pd *N( ,€l4) is C*°-smooth, we
can now invoke the decay results with step size h — € in Theorem 4. Thus, for contraction constants

Co=(1+g=)/%and C. = (1 + )~ 2 respectively when ® = R, and ® = x?,

CP|+6
D(pp_c | me) < Ce- @(pe || me) < Ce - @(pao || 7o),

where we used the data-processing inequality for the last inequality. By the second result of Lemma 12,
sending € — 0 leads to

O(uy || 7%) = ®(ujy | m0) < C - @(po || mo) = C - @(ugy || 7).

Repeating this argument k times completes the proof. O

B.3 Failure probability and wasted steps

We begin by defining a suitable version of local conductance [4].
Definition 6 (Local conductance). The local conductance £ on R is defined by

o e e R gille —yl) dy oSl ) dy
Jos 0= [ = yIP) dy @rh) 7

The local conductance at y quantifies the success probability of the proposal at y in Line 3. Then the
expected number of trials until the first success of Line 3 is 1/¢(y). Revisiting (3.1), we can notice

™ (y) = £(y)/ vol(K).
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Naive analysis for expected number of trials. Starting from 7, when we just naively sample
from 7YX (-|z) for all 2 without imposing any failure condition, the expected number of trials for
one iteration is that for the probability density p, of N'(z, hly),

1 X (dz) = Lﬂ_Y _ 1 {(y) —
sy = [ s an = [ e o du=co.

This suggests that one should consider the algorithm as having “failed” if the number of trials exceeds
some threshold.

Refined analysis under a failure condition. Going forward, we assume an M-warm start as in

Lemma 13 (Propagation of warm-start). From an M-warm start, we have dps; /d7rX < M for all .

Proof. Assume that ;12* satisfies the M-warm start. Then, for any measurable S and the transition
kernel T, of Algorithm 1 at z,

iE0(8) = [ T84 @) < M [ T(8)dn¥ (@) = M (5).
where the last equality follows from the stationarity of 7. Hence, duiX+1 JdnX < M. O

We now establish a lemma that comes in handy when analyzing the failure probability of the algorithm.
In essence, this lemma bounds the probability that taking a Gaussian step from 7% in Line 2 gets
§-distance away from K. Let us denote the §-blowup of K by K5 := {z € R? : d(z,K) < §}.

Lemma 14. For a convex body K C R? containing a unit ball B;(0),
Y 62
Ks) < — od) .
T (K§) < exp( 2h+ )

Proof. Fory € 0K s, we can take the supporting half-space H (y) at proj(y) containing /C, due to
convexity of /C. Then,

1 exp(—g5 lly — =%
Y cy — 2h drd
™ (K5) vol(K) /c/ (2mh)@/2 vy
1 exp(—g5 lly — =%
< dzd
= vol(K) /e /H(y (2mh)@/2 i

1 exp( ;—h)
= dzdy. B.3
vol(K) /c / dy,K) V2mh Y -3

Let us denote the tail probability of the 1-dimensional Gaussian with variance h by

T(s) :=Pron)(Z = 5) =1—d(h™'/?s),

where ® is the CDF of the standard Gaussian. By the co-area formula and integration by parts,

/ / P52 )dzdy:/ T(s) vol(0Ks) ds
cJawr)y V2mh 5

oo < 1 52 s
= [T( )/0 vol(9K;) dz L +/6 — exp(—%)/o vol(0K.) dzds. (B.4)

=F

Recall that T(s) < £ exp(—3(h™1/25)?) for h~1/2s > 0 due to a standard tail bound on a Gaussian
distribution. This tail bound, combined with

/S vol(0K.) dz = vol(K,) — vol(K) < vol((1 + s) K) — vol(K) = ((1 + s)* — 1) vol(K),
0
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ensures that F vanishes at s = co. Hence, bounding the first term in (B.4) by 0 results in

> exp(—gr2?) 1 /°° 52 d
dzdy < exp(——)((1+5)*—1) vol(K)ds
/g/d(y,lC) V2rh Y V2rh Js p( Qh)u ) ()

<exp(sd)

vol(K) 9 /°° 1 9
< exp(hd”/2 exp(——— (s — hd)") ds
< o OPd/2) | exp(=gp (s = hd)%)
)2
< vol(K) exp(hd®/2) exp(— M)
@) 2h
52
= vol(K) exp(—% +4d) ,
where in (¢) we used the tail bound for a Gaussian. O

This core lemma suggests taking ¢ = t/d and h = ¢/a? for some t, ¢ > 0, under which we have
2
¥ (K§) < exp(—% + t) .

Now we choose a suitable threshold N for bounding the failure probability. Following (B.3) in the
proof, one can notice that for y € K$, § = Q(1/d), and h = ©(d2),

(o) 1 .2

exp(—sr 2

l(y) < / o®(—57) dz =Pgopnon(Z > 6) < exp(—Q(t?)).
d(y.K) 2mh

Thus, the expected number of trials from K§ for the rejection sampling in Line 3 is £(y)~! >
exp(2(t?)). Intuitively, one can ignore whatever happens in KCs, since K5 takes up most of measure
of m¥". As the number of trials from K is at least exp(§2(¢?)) in expectation, the most straightforward

way to ignore algorithmic behaviors from KC§ is simply to set the threshold to N = O(exp(t2?)). Even
though the threshold is N, the expected number of trials is much lower.

Lemma 3 bounds the failure probability and expected number of trials per iteration.

Proof of Lemma 3. For py, = pu * N(0,hl,), the failure probability is E,, [(1 — £)V]. Since
dp/drX < M implies dyy, /d(7X), = dup/dr¥ < M, it follows that

Eu (1= 0N < ME[(1-0)N].
Then,

/ (le)Nder:/ A+/ A+/ A
R4 T ¢ KsN[¢>N—1log(3mM/n)] KsNE<N~1log(3mM/n)]

<7V (K§) + / exp(—¢N) drY¥
[£>N~1log(3mM /n)]

14
+/ (v) ly
KsN[e<N—1log(3mM/n)] VOI(IC)
t? 7 log(3mM /n) vol(Ks)
< _ t
exp( 2c + ) * 3mM + N vol(KC)

t2 n et 3mM
< ) 4 —— + — log ——
<exp(-g, +1) + gty los n

where we used vol(Ks) C vol((1 + 8)K) = (1 + §)¢vol(K) < e’ vol(K). Taking ¢ = IZ%éZgZZ’
t =+/8loglogZ,and N = Z (log Z)*, we can bound the last line by ‘- Therefore,

m

By [(1 =) < MEv [(1-0())V] <

i
m
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We now bound the expected number of trials per iteration. Let X be the minimum of the threshold N
and the number of trials until the first success. Then the expected number of trials per step is bounded
by ME,v X since duy,/dr¥ < M. Thus,

1 1 vol(Ks)
SAN)drY < “dnY + NaY(K¢) = Na¥ (K
/Rd(ﬂ/\ )dm _//ca gdw + N7* (K§) vol(K) + N7* (K§)

t? M
<eét +Nexp(—2— +1) < (log Z2)? +3(logZ)4:(9(log4m

)-

Therefore, the expected number of trials per step is O(M log and the claim follows since
each trial uses one query to the membership oracle of K. O

4 mM
=),

B.4 Putting it together

We can now show that In-and-Out subsumes previous results on uniform sampling from convex
bodies (such as Ball walk and Speedy walk), providing detailed versions of the main results in §4.

We first establish that the query complexity of In-and-Out matches that of the Ball walk under
stronger divergences. Recall that 2| - [|2,, < KL < log(1 + x?) < x°.

Theorem 5. For any given n,¢ € (0,1), ¢ > 1, m € N defined below and any convex body K given
by a well-defined membership oracle, consider In-and-Out (Algorithm 1) with an M -warm initial

distribution jif’, h = (2d?log W)_l, and N = 5(%) For ™~ the uniform distribution over IC,

o It achieves R, (p:X || 7%) < € after m = O(qd?||Cov(n X)|op log? M) iterations. With probability

1 —n, the algorithm iterates this many times without failure, using (Q(qu2 [ Cov(7X)||op log® E)
expected number of membership queries in total.

* For isotropic %, with probability 1 — n, the algorithm achieves R, (p:% || #%) < e with m =
O(qd?log? M) iterations, using O(qMd? log® ) membership queries in expectation.

Proof. We just put together Lemma 3 and Theorem 3. For target accuracy € > 0, we use the R,-decay
under (PI) for ¢ > 2 in Theorem 3. The M -warm start assumption guarantees R, (g || 7%) < log M.
Due to Cpi(7X) = O(HCOV( *lop log d) (Lemma 9), In-and-Out can achieve R, (p;\ || 7¥) < e
after m = O(qd2||Cov(7X)]|op log2 M) jterations. Since each iteration has 7/m-failure probability
by Lemma 3, the union bound ensures that the total failure probability is at most 7 throughout
m iterations. Lastly, each iteration requires O(M log® %) membership queries in expectation by
Lemma 3. Therefore, In-and-Out uses O(gMd2 min(D?, ||Cov(r XY |op) log® ) expected number
of membership queries over m iterations. Since R, is non-decreasing in ¢, we can obtain the desired
bound on R, for ¢ € [1,2).

For isotropic 7%, we have Cov(7™) = I, so the claim immediately follows from Cp(7X) =
O(log d) (see Lemma 9). O

We now show that the number of proper steps is bounded as claimed for general non-convex bodies
and any feasible start in JC. We first establish this result under an M -warm start (Theorem 2).

Proof of Theorem 2. By the Rényi-decay under (LSI-1) in Theorem 3, In-and-Out can achieve ¢-
distance to 7~ after O(qhichy (%) log W) iterations for ¢ > 1.

For g > 2, we use the decay result under (PI). In this case, In-and-Out decays under two different
rates depending on the value of R, (- || 7). It first needs O(gh = Cpi (7% )R, (1 || #X)) iterations
until Ry (- || 7%) reaches 1. Then, In-and-Out additionally needs O(gh™' Cpi(7%) log 1) iterations,
and thus it needs O(gh ' Cpi(7%) (Rq(pg || #X) + log 1)) iterations in total. By substituting
Ry (u | 7X) < log M, we complete the proof. O

Next, we show that In-and-Out mixes from any start.
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Corollary 2. For any given ¢ € (0,1) and set K C Bp(0), In-and-Out with variance h and
any feasible start xo € K achieves R, (1% || #%) < € after m = O(qh™1CLsi(7) log W)
iterations.

Proof. We first bound the warmness of ;5 w.r.t. 7% when uf = d,,. One can readily check that

— L — 22 _ 1., 2
o) = (o) [ Sl el k),
(27h) /2 [ exp (=g [ly — [|?) dz

By Young’s inequality, ||y — z||? < (|jy|| + D)? < 2||y||> + 3D? for x € K. Hence,

[entalo— st gl —si)
Jeexp(=a5lly — 2l1?) dz
<exp(2h’1D2)
vol(K)
exp(2h~1D?)
T vol(K)
—12
W/eXp(—Lllly = 2(z +0)|I?) dy
exp(5h~1D?)
- vol(K)

1 3
[exo(= 55y = ol + 1y = ol = Z11?))

1,1
[ exp(= 55 (Glly = 20+ o)+ (el + ol = 2 + ol)) ) dy

(4mh)¥/?

Therefore, M = esssup Z—ﬁ < 2d/2 exp(5h*1D2). By Theorem 2 under (LSI-I), In-and-Out needs
O(gh='Crs)(7X) log ’HDfQ/h) iterations. O

We then obtain the following corollary for a convex body K.

Corollary 3. For any given € € (0,1) and convex body K C Bp(0), In-and-Out with variance
h and an M-warm initial distribution achieves Ry(pi% || 7)) < € after m = O(gh~*D?log 1)

~ 2
iterations. If 7% is isotropic, then In-and-Out only needs O(qh™1 D log d“éi/h) iterations.

Proof. For convex K, it follows from Lemma 9 that Ci (7~ ) = O(D?) and Cis)(7*) = O(D) for
isotropic /C. The rest of the proof can be completed in a similar way. O

For h = ©(d~2), In-and-Out requires O(qd2 D?) iterations and in particular O(qd2 D) iteration for
isotropic uniform distributions. These results match those of Speedy walk [61, 37] (see Theorem 7).

C Ball walk and Speedy walk

We restate the previously known guarantees for uniform sampling by Ball walk and Speedy walk.
Below, let B,.(x) denote the d-dimensional ball of radius r centered at x.

Algorithm 2 Ball walk

Input: initial distribution 7, convex body KC C R4, iterations T, step size 6 > 0.
. Sample z¢ ~ 7.
cfori=1,...,Tdo
Sample y ~ Unif(Bs(z;—1)).
If y € IC, then x; < y. Else, x; < x;_1.
end for

A T

Ball walk is particularly simple; draw a uniform random point from B; around the current point,
and go there if the drawn point is inside of /C and stay at the current point otherwise. Its stationary
distribution can be easily seen to be m o 1, the uniform distribution over K.
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In the literature, there are two approaches to analyzing the convergence rate of this sampler: (i) a
direct analysis via the s-conductance of Ball walk and (ii) an indirect approach which first passes
through Speedy walk.

Direct analysis. The following TV-guarantee is obtained by lower bounding the s-conductance of
Ball walk, which requires a one-step coupling argument and the Cheeger inequality for 7w. We refer
interested readers to [16, §5].

Theorem 6 (Convergence of Ball walk). For any e € (0,1) and convex body K C R? presented by a

well-defined membership oracle, let m; be the distribution after t steps of Ball walk with an M-warm

initial distribution mo. Then, Ball walk with step size 6 = ©( ME\/Q) achieves ||y — 7||tv < € for

t=> d2D2A€'—[22 log % If  is isotropic, then Ball walk needs O(d”\g—; log dlog %) iterations.

The mixing time of Ball walk under this approach has a polynomial dependence on 1/¢, rather than a
polylogarithmic dependence.

Indirect analysis through Speedy walk. [4] introduced Speedy walk, which could be viewed as
a version of Ball walk and converges to a speedy distribution (see Proposition 1), which is slightly
biased from 7. Then, Speedy walk is used together with another algorithmic component (rejection
sampling) [4, Algorithm 4.15] that converts the speedy distribution to the uniform distribution. In
the literature, Ball walk often refers to ‘Speedy walk combined with the conversion step’, rather than
a direct implementation of Algorithm 2. Strictly speaking, a mixing guarantee of this combined
algorithm should not be referred to as a provable guarantee of Ball walk.

Algorithm 3 Speedy walk

Input: initial distribution 7y, convex body K C R¢, iterations 7', step size § > 0.
: Sample ¢ ~ 7.
cfori=1,....,Tdo
Sample x; ~ Unif(XC N Bs(xi—1)).
end for

Bl e

As opposed to Ball walk, Speedy walk always takes some step at each iteration. However, the problem
of sampling from x; ~ Unif(XC N Bs(x;—1)) in Line 3 is not straightforward. This step admits the
following implementation based on rejection sampling, via a procedure denoted by (x):

* Propose y ~ Unif(Bs(z;—1)).

* Setx;41 + yif y € K. Otherwise, repeat the proposal.

Each actual step (indexed by 7) in Speedy walk is called a proper step, and rejected steps during ()

are called improper steps. For example, if 1, x1, 22, T3, T3, 23,24, ... are the positions produced
by Ball walk, then only proper steps x1, 2, T3, 24, . .. are recorded by Speedy walk.

To describe the theoretical guarantees of Speedy walk, we define the local conductance ¢(x) at x € IC,
which measures the success probability of the rejection sampling scheme in (x):

vol(K N Bs(x))

@)= =B

and define the average conductance:

1
A.:EWEZVOI(K)/’CE(m)da:.

Proposition 1 ([4]). The stationary distribution v of Speedy walk has density
_ lx) Ty (x)
v(z) = Jic t(x)dz

The speedy distribution v is indeed different from the uniform distribution 7, and this discrepancy is
quantified in terms of the average conductance.
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Proposition 2 ([4, Page 22]). [|v — | tv < 152

One can relate the step size J to the average conductance.

Proposition 3 (Bound on average conductance, [4, Corollary 4.5]). A > 1 — 52@‘

The best known result for Speedy walk’s mixing is due to [61] devising the blocking conductance
and using the log-Cheeger inequality. When v is isotropic (i.e., it has covariance proportional to the
identity matrix), [37] improves the mixing bound via the log-Cheeger constant.

Theorem 7 (Mixing of Speedy walk). For any ¢ € (0,1) and convex body K C R? presented by a
well-defined membership oracle, let v, be the distribution after t proper ste s of Speedy walk started
at any feasible point xo € K. Then, Speedy walk with step size § = %) achieves ||v;—v||Tv <
e fort > (D? + log(D+Vd)) d? log % From an M -warm start, the expected number of improper
steps during t iterations is O(tM). When v is isotropic, Speedy walk needs O(d*D log % loglog D)
proper steps to achieve e-TV distance to v.

Then, [4] uses the following post-processing step to obtain an approximately uniform distribution on
K, with a provable guarantee.

2d 1X € K. If so, return X = 23‘11X
Proposition 4 ([4 Theorem 4.16]). Under the same setting above, assume vy — v||tv < € for step
size 0 < (8d10g )~Y/2 and fixed t € N. For v = law(X) given by A, it holds that |7 — 7| 1v < €,
and the expected “number of calls on the conversion algorithm is at most 2.

A: Call Speedy walk to obtain a sample X ~ v; until

Combining the previous two results, we conclude that the total expected number of membership
queries to obtain a sample e-close to 7 in TV is O(M d*D? log ), which now has a poly-logarithmic
dependence on 1/e.

Remark 3 (Backward heat flow analysis of Speedy walk). Consider a Gaussian version of
Speedy walk, whose one-step corresponds to ;11 ~ N (x;, hlg)|x, and this transition kernel ex-

X
actly matches integrating (BH) for time h. Thus, vQ} " — ¥ due to the stationarity of v under

7r $

Speedy walk, where (), ' is the transition kernel defined by the backward heat flow for time A that
reverses T~ * N (0, h1,) to 7. Hence, if we can control the LSI/PI constants of v along the backward
heat-flow’s trajectory, then we could directly analyze Speedy walk by emulating computations in
Lemma 4.

D Functional inequalities

We provide full details on functional inequalities omitted in Appendix B.1. We use p and ¢ to
denote a probability measure and log-concave probability measure over R?, respectively.

Cheeger and PI constants. The Cheeger isoperimetric constant Ccp(p) measures how large
surface area a measurable subset with larger volume has, defined by

+
. 1 (S)
C = In - )
U= e i (9), w(57)
where the infimum is taken over all measurable subsets S, and p*(S) is the Minkowski content of S
under p defined as, for S€ := {z € X : d(z,S) < e},
S€) — (S

pt(9) :=liminf wlS°) = m(S) .

e—0 £

[62] established Cpi(p) < C’th (u)°, and then [33] showed that for covariance matrix L, =
E#[( - ]EuX)(' - EMX)T]’

1 1
(EHLC[HX _EMLCXHQ])1/2 (tI’ Z;MLc)l/Q .

Cen(prc) 2 (D.1)

>The opposite direction Cpi(pic) 2 CC_h2 (piLc) also holds for log-concave distributions due to [63], while
Cpi(p) 2 Cg2 (w)/d for general distributions due to [64].
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This immediately leads to Cpi(7) < (E,[||X — EX|]?])'/? < D? for the uniform distribution
over a convex body K with diameter D > 0.

Kannan et al. proposed the KLS conjecture in the same paper, which says that for the spectral norm

I [l2,
1

I1Suslly

While the original result in [33] ensures Ccp, > d~'/? for an isotropic log-concave distribution
(due to 3 = I), this conjecture indeed claims C¢p, 2 1 for such case. Following a line of work
[37, 55, 65, 34], the current bound is

cn(pis) 2

(logd)~1/2
1/2
[

which implies that Cp|(7) < log d when 7 is isotropic for convex K.

ch(ps) 2

Log-Cheeger and LSI constants. Just as the Cheeger and PI constants are related above, there are
known connections between LSI and log-Cheeger constants. The log-Cheeger constant Clogch () of
a distribution p € P(RY) is defined as

pt(S)

C Ch(ﬂ) = inf L S —
o8 SCR:pu(S)<3 u(S) /logﬁ

[64] established that Cig(u) < C|;:Ch(u)6, and [61] showed that any log-concave distributions
with support of diameter D > 0 satisfy Ciogcn(fiLs) 2 D1, Later in 2016, [37] improved this to

Clogch(kiLs) 2 D~1/2 under isotropy. Therefore, for convex K, it follows that Cigi(7) < D? and
that Ci g () < D if 7 is isotropic.

E The Wasserstein geometry

We present additional technical background on the Wasserstein geometry and Markov semigroup
theory. Interested readers can refer to [66, 67, 28] for standard references on Wasserstein spaces and
applications to sampling.

Wasserstein gradient. Let P2 ,.(R?) be the space of probability measures admitting densities on
R? with finite second moment. Although there are many ways to metrize P2 ac (R%), the geometry
induced by the Wasserstein-2 distance Wj is a particularly useful structure for analysis.

Under the W,-geometry, one can define a “gradient” of a functional defined over Py ,.(R?). Specifi-
cally, for a functional F : Py ».(R?) — R U {oc}, the Wasserstein gradient of F at ji € Pa ac(R?)
is defined as Vyy, F(u) = V(6F)(n) € L?(i), where V is the standard gradient and §.F is the first
variation of F’. Equipped with this WW,-gradient, one can define the Wasserstein gradient flow of F
that describes the evolution of a measure { ,ut}tzo, from some initial measure g, as follows:

at,U,t = le(,UftVWQf(/Jt)) .

More generally, we can identify the Wasserstein “velocity” for some measure (i as vy if the time
derivative of p; can be written in the form

at,ut = — diV(/LtUt) .

Under this identification, the time derivative of a functional F on Pz ,.(R?) with smooth Wasserstein
gradient under these dynamics can be written as

at]:(:ut) = ]EHt <VW2}—(Mt)a vt> ’

SThe opposite direction holds under dimension-scaling due to [64]: Clsi(2) > C,OgCh( )/d.
F(a- t)l’o+tl’1) F(vo) _

"The first variation can be defined, for any measures o, V1 € P2 ac (Rd) as limy £10
(0F (o), v1 — o). This definition is unique up to an additive constant, which is irrelevant as we are only
concerned with its gradient.
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L2 (pe —L* (e .
when v; € {V¢ : ¢p € C°(R?)} v ), where {-} #) denotes the closure of a set with respect to
L?(uy). This is the appropriate notion of tangent space in this geometry.

For instance, when we take the functional to be the entropy of the measure, H(u) = % [ wlog p,
one can verify Vi, H(u) = %V log 1. The heat flow equation can be written as Oy = %A,ut =
1 div(Vp) = £ div(p:V log 1), which indicates that the velocity of measures 4, under the heat

flow is v; = —%V log p1+. Hence, we can notice that Vyy, H(p+) = —vy, and thus recover the heat
flow as the Wasserstein gradient flow of the entropy of the measure.

Fokker-Planck equation and time-reversal of SDE. Consider a stochastic differential equation
(X¢) given by
dXt = —Clt(Xt) dt + dBt with Xo ~ o - (El)

It is well known that measures p; described by

. 1
Orpy = div(pgaz) + iAHt ) (E.2)

correspond to law(X}). In this context, (E.2) is referred to as the Fokker-Planck equation correspond-
ing to (E.1).

From this equation, one can deduce the Fokker-Planck equation of the time reversal u; = pp_y:
. 1 . 1
Oy~ = — div(piar—) = 5 A = — div (pi (ar—¢ + Vlog pr—+)) + 3 Aui
In particular, this describes the evolution of law(X}) of the stochastic differential equation:
dX; = (aT,t(Xt) + Vlog ,uT,t(Xt)) dt + dB; with Xo ~ p§” = pr. (E.3)

While the law of this process will give j5- = pug at time 7', it is also true that it will give g7 (-|2) if
one starts (E.3) at Xy = z. This is a subtle fact, whose justification requires the introduction of a tool
called Doob’s h-transform. The presentation of this subject is beyond the scope of this paper, and we
refer interested readers to [53] as a reference to its application in this context.
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [Yes] , ,or [NA]J.

* [NA] means either that the question is Not Applicable for that particular paper or the relevant
information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope?

Answer: [Yes]

Justification: The primary claim is that we are presenting a new algorithm for uniform sampling
convex bodies, with guarantees in Rényi divergence. This is achieved by Algorithm 1 through
Theorem 5.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made in the
paper.

* The abstract and/or introduction should clearly state the claims made, including the contributions
made in the paper and important assumptions and limitations. A No or NA answer to this
question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how much the
results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals are not
attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The primary limitations of this work are due to the assumptions. The assumptions
are clearly given when presenting our main results, and some potential extensions or relaxations
are given in our conclusion.

Guidelines:
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» The answer NA means that the paper has no limitation while the answer No means that the
paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to violations of
these assumptions (e.g., independence assumptions, noiseless settings, model well-specification,
asymptotic approximations only holding locally). The authors should reflect on how these
assumptions might be violated in practice and what the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was only tested
on a few datasets or with a few runs. In general, empirical results often depend on implicit
assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach. For
example, a facial recognition algorithm may perform poorly when image resolution is low or
images are taken in low lighting. Or a speech-to-text system might not be used reliably to
provide closed captions for online lectures because it fails to handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms and how
they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by reviewers
as grounds for rejection, a worse outcome might be that reviewers discover limitations that
aren’t acknowledged in the paper. The authors should use their best judgment and recognize
that individual actions in favor of transparency play an important role in developing norms that
preserve the integrity of the community. Reviewers will be specifically instructed to not penalize
honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and a
complete (and correct) proof?

Answer: [Yes]

Justification: The assumptions are provided for each theorem, and the full proofs can be found in
Appendix B. A brief proof overview of the proofs are found in the main text, following the results.

Guidelines:

* The answer NA means that the paper does not include theoretical results.
* All the theorems, formulas, and proofs in the paper should be numbered and cross-referenced.
* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they appear
in the supplemental material, the authors are encouraged to provide a short proof sketch to
provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented by
formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main experi-
mental results of the paper to the extent that it affects the main claims and/or conclusions of the
paper (regardless of whether the code and data are provided or not)?

Answer: [NA]

Justification: The contribution of this paper is primarily theoretical, and the paper does not contain
any experimental results.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived well by the
reviewers: Making the paper reproducible is important, regardless of whether the code and data
are provided or not.
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* If the contribution is a dataset and/or model, the authors should describe the steps taken to make
their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways. For
example, if the contribution is a novel architecture, describing the architecture fully might
suffice, or if the contribution is a specific model and empirical evaluation, it may be necessary
to either make it possible for others to replicate the model with the same dataset, or provide
access to the model. In general. releasing code and data is often one good way to accomplish
this, but reproducibility can also be provided via detailed instructions for how to replicate the
results, access to a hosted model (e.g., in the case of a large language model), releasing of a
model checkpoint, or other means that are appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submissions
to provide some reasonable avenue for reproducibility, which may depend on the nature of the
contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how to
reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe the
architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should either
be a way to access this model for reproducing the results or a way to reproduce the model
(e.g., with an open-source dataset or instructions for how to construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors are
welcome to describe the particular way they provide for reproducibility. In the case of
closed-source models, it may be that access to the model is limited in some way (e.g.,
to registered users), but it should be possible for other researchers to have some path to
reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions to
faithfully reproduce the main experimental results, as described in supplemental material?

Answer: [NA]
Justification: The paper does not contain experiments and therefore does not require data or code.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be possible,
so “No” is an acceptable answer. Papers cannot be rejected simply for not including code, unless
this is central to the contribution (e.g., for a new open-source benchmark).

* The instructions should contain the exact command and environment needed to run to reproduce
the results. See the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to access
the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new proposed
method and baselines. If only a subset of experiments are reproducible, they should state which
ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized versions (if
applicable).

* Providing as much information as possible in supplemental material (appended to the paper) is
recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,
how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [NA]

Justification: The paper does not contain experiments.
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Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail that is
necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper does not contain experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the main claims
of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for example,
train/test split, initialization, random drawing of some parameter, or overall run with given
experimental conditions).

* The method for calculating the error bars should be explained (closed form formula, call to a
library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error of the
mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should preferably
report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality of
errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how they were
calculated and reference the corresponding figures or tables in the text.
8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the experi-
ments?

Answer: [NA]
Justification: The paper does not contain experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud
provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual experimental
runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than the
experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it
into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The paper conforms to the Code of Ethics and the guidelines prescribed therein.

Guidelines:
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10.

11.

12.

» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a deviation
from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration due
to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [NA]

Justification: The impact of this paper is primarily theoretical, and it is therefore difficult to
quantify societal impact directly. The discussion surrounding the main theorems contains the
benefits and limitations of our analysis, which we would hope also captures their societal impact.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal impact or
why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses (e.g.,
disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), privacy
considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied to par-
ticular applications, let alone deployments. However, if there is a direct path to any negative
applications, the authors should point it out. For example, it is legitimate to point out that
an improvement in the quality of generative models could be used to generate deepfakes for
disinformation. On the other hand, it is not needed to point out that a generic algorithm for
optimizing neural networks could enable people to train models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being used
as intended and functioning correctly, harms that could arise when the technology is being used
as intended but gives incorrect results, and harms following from (intentional or unintentional)
misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation strategies
(e.g., gated release of models, providing defenses in addition to attacks, mechanisms for
monitoring misuse, mechanisms to monitor how a system learns from feedback over time,
improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release of
data or models that have a high risk for misuse (e.g., pretrained language models, image generators,
or scraped datasets)?

Answer: [NA|
Justification: The paper does not release data or models.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with necessary
safeguards to allow for controlled use of the model, for example by requiring that users adhere
to usage guidelines or restrictions to access the model or implementing safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not require
this, but we encourage authors to take this into account and make a best faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?
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Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a URL.
* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service of
that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package should
be provided. For popular datasets, paperswithcode.com/datasets has curated licenses for
some datasets. Their licensing guide can help determine the license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the derived
asset (if it has changed) should be provided.

» If this information is not available online, the authors are encouraged to reach out to the asset’s
creators.
13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their sub-
missions via structured templates. This includes details about training, license, limitations,
etc.

* The paper should discuss whether and how consent was obtained from people whose asset is
used.

* At submission time, remember to anonymize your assets (if applicable). You can either create
an anonymized URL or include an anonymized zip file.
14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?

Answer: [NA]

Justification: The paper involves neither crowdsourcing nor research with human subjects.
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with human

subjects.

* Including this information in the supplemental material is fine, but if the main contribution of
the paper involves human subjects, then as much detail as possible should be included in the
main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or other
labor should be paid at least the minimum wage in the country of the data collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human Sub-
jects

Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution) were
obtained?

Answer: [NA] .
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Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent) may be
required for any human subjects research. If you obtained IRB approval, you should clearly
state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines for
their institution.

* For initial submissions, do not include any information that would break anonymity (if applica-
ble), such as the institution conducting the review.
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