

















Algorithm 1 Minimization of the bound in Theorem 3]

Input: Reference task samples and labels (Zg, Yr), Target task samples (Z7), Target task labels
(Yr) (optional). ~

Output: Estimate of task-relatedness using the learned transformations A, A, B, D.

Init: A:= A:=1, D := Pg(y), random B € REr*Kr

Randomly sample np points (2%, y%) ~ (Zg, Yr) as per the class prior D.
if Y7 is available then o

Randomly sample np points (2., y7.) ~ (Z7, Yr).
else

Randomly sample np points (z7.) ~ (Z7).

# Compute pseudo-labels for the target samples z7.

Y = argmaxyey, Bhr(A lzp) forj =1, -  nr.
end if
Compute (2., yh,) = (Azh, argmax, Be(yy)), fori =1, ng.
Assign yR/ = yR and yR// = yT.
Compute the optimal coupling 7* between the distributions R and T by minimizing
Wd(PR///, PT), i.e.,

TeYe NN

—_—

T{'GH(PRI//,PT)
st 3wy = Vi, S = — v
.T. . ZJ—nR B i z]—nT J-
12: Using 7*, solve for A, A, B, D using mini-batch SGD

min > i (A v ), (21, 97)]
; o

min Z i d((Zems Y )y (20, U7)
i,

+ a ZL: PR(yz)g(hR(ZR)vy ) +H(yR"‘yR')
+ Pr(y) — BDl5 + (|AA = I||r + |AA = I||p).

13: Repeat 1 - 12 until convergence.

the reference task has classes semantically related to the target task, Alg.[I|learns transformations that
achieve the smallest gap to transferability. However, since finding data semantically related to the
target task may not always be possible we choose a reference task with the same number of classes as
the target and fix that matrix B to a random permutation of identity (making the label mismatch term
zero) and D to the prior of the reference task, learning only the transformation A, in our experiments.

4 Empirical Analysis

Here, we empirically demonstrate the effectiveness of task-relatedness in explaining transferability in
various settings. We present additional results in App.[C|and dataset/experimental details in App. D}
Our codes can be found at https://github.com/akshaymehra24/TaskTransferAnalysis|

4.1 Task-relatedness achieves a small gap to actual transferability

Task-relatedness tightly upper bounds transferability across various architectures, pretraining meth-
ods, and datasets. We demonstrate this by using various pre-trained models with architectures such
as Vision Transformers (ViT) [20], ResNet-18/50/101/152 [27]], DistilRoBERTa [34] trained with
various pretraining methods including supervised training, adversarial training [48]], SimCLR [[11]],
MoCo [26], SWAV [10], and MAE [25]]. We also consider a wide range of target datasets including,
CIFAR10/100, Aircraft, Pets, DTD, AG-News, Yelp-5, and SST-5 whose details are in App.
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Figure 4: (a) Task-relatedness and transferability are highly correlated across various reference-target
pairs. (b) Improving the transferability of an encoder on a reference task (in the plot title) leads to
improved transferability of all related target tasks (x-axis). (e.g., compared to the original pre-trained
CLIP encoder (PE), a end-to-end fine-tuned CLIP encoder (FFE) on the reference task achieves
higher transferability to all related tasks.)

For this experiment, we fix the reference task to be ImageNet [[17] for image classification and to
DBPedia for sentence classification tasks and use Alg.[I]to estimate task-relatedness. The results
in Fig. B]and 0] (in the Appendix) show that our bound achieves a small gap to actual transferability.
As the task-relatedness between the reference and the target tasks improves, transferability also
improves showing that task-relatedness and transferability are strongly correlated. Task-relatedness
is also strongly correlated with the accuracy of the end-to-end fine-tuned classifiers on the target
task. In Fig. @ (in the Appendix), we show high Pearson correlation coefficients (> —0.57) for
task-relatedness and accuracy after fully fine-tuning various pre-trained encoders using data from
various target tasks.

4.2 Effect of the reference task on task-relatedness

Highly related reference—target task pairs, based on task-relatedness, achieve higher transferability
coinciding with the semantic relatedness between tasks. To understand how a reference task affects
task-relatedness and eventually transferability, we consider two experiments using convolutional
and CLIP-trained models with various character recognition tasks such as MNIST, Fashion-MNIST
(FMNIST), SVHN, MNIST-M, and USPS. Of these datasets, SVHN and MNIST-M contain colored
images while the rest contain gray-scale images. In the first experiment, we train convolutional
models on MNIST, FMNIST, and USPS and measure pairwise transferability. Here we use the
reference task to be the same task as that used for training the models. The results in Fig. {(a)
show that transferability to those target tasks is higher for which task-relatedness metric’s value is
smaller. Specifically, USPS achieves the best transferability (1.23) and the smallest task-relatedness
(2.80) when the reference task is MNIST. This is attributed to both datasets containing gray-scale
images of digits. On the other hand, when the reference task is unrelated to the target task i.e., the
task-relatedness value is high, transferability suffers, e.g., when the reference task is MNIST and the
target task is FMNIST. Results in App. [C.2.2]show similar results for the sentence classification task.

The gap between task-relatedness and transferability is smaller when a reference task performs well
with a given encoder. Here we use MNIST and SVHN as two reference tasks and compute the
task-relatedness and transferability with USPS and MNIST-M as target tasks, using CLIP (Vit B32)
model. A linear classifier trained on top of the embeddings from the CLIP model achieves ~98%
accuracy on MNIST but only ~61% accuracy for SVHN. Due to this, transferability (USPS:2.02,
MNIST-M:2.20) explained using task-relatedness with MNIST as the reference task (USPS:2.46,
MNIST-M:2.48) is better than that computed using SVHN (USPS:2.66, MNIST-M:2.65) as the
reference, even though MNIST-M is intuitively more similar to SVHN (as both contain colored
images of digits). This is evident from the results of PE (Pre-trained Encoder) in Fig. Ekb).

Improving the performance of an encoder on a reference task improves transferability to other
related (potentially unseen) tasks. To show this we fully fine-tune the CLIP encoder on MNIST and
SVHN tasks, increasing the accuracy of the classifiers for both MNIST and SVHN to 99% and 95%,
respectively. Using the representations from these new encoders, we find that the transferability of
both related target tasks improves along with task-relatedness (see FFE results in Fig. f(b)). Here,
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Table 1: Task-relatedness achieves high (negative) Pearson correlation to the accuracy after end-to-end
fine-tuning for various tasks. For NCE [56]], Leep [40], LogMe [61]], SFDA [51], OT-NCE, OTCE
[55]], and H-score [6] positive correlation is better whereas for PACTran [19] and task-relatedness
(ours) negative correlation is better.

Target task | LogMe Leep NCE PACTran SFDA | H-Score OT-NCE OTCE | Ours
Pets 0.82 0.80 0.73 -0.82 0.57 0.77 0.88 0.86 | -0.77
DTD 0.88 0.96 -0.19 -0.85 0.90 0.89 0.84 0.82 | -0.97
Aircraft -0.60 092 097 0.11 0.72 -0.80 0.56 0.60 | -0.72
Average 0.37 0.90 0.50 -0.52 0.73 0.29 0.76 0.76 | -0.82

we see that task-relatedness for MNIST-M and USPS is the best when the reference task is SVHN
and MNIST, respectively, aligning with our intuition of semantic relatedness between these tasks.
This also suggests that transferability on other related tasks can be improved by fully fine-tuning the
encoder on these reference tasks. Thus, in scenarios where target tasks are private (such as proprietary
Chest X-rays), an encoder trained to work well on related tasks (such as publicly available Chest
X-rays) is bound to achieve good transferability.

4.3 Task-relatedness for end-to-end transferability estimation

In this section, we show an efficient way of computing task-relatedness which enables its use for
estimating transferability after end-to-end fine-tuning. While Alg. [I] accurately estimates task-
relatedness by minimizing the bound in Eq. |3] it could be inefficient due to the requirement of
computing and minimizing the Wasserstein distance between distributions at every epoch. Thus, to
make the computation efficient, we replace the Wasserstein distance computation in step 11 and 12 of
Alg.[T] with mean and covariance matching terms. Specifically, we define the distance between two
distributions R and T as

F(R/N7T) = ||/1'RW — /’LTH% + A HZRH/ — ET”%; (5)

- — 1 _ T(,_
where ,LLRI///T T MR T EZEPR////T Zs ER”,/T T NR T ZZEPR////T (Z /’LR/”/T) (Z MR'”/T)’

and A is a regularization coefficient. Using I'( R, T) in place of W4 (R"’, T'), makes the computation
of task-relatedness by learning transformations A, B, and C' significantly more efficient.

Task-relatedness is an effective metric for the pre-trained model selection problem. The goal of this
problem is to find a pre-trained model from a model zoo that achieves the best accuracy on a given
target task after end-to-end fine-tuning of the model using labeled target data. Since end-to-end
fine-tuning is costly (takes almost a day to fully fine-tune a single model on a single target task as
shown by [61]]), an effective transferability metric is significantly more efficient to compute and is
correlated well with the accuracy after end-to-end finetuning. Using 5 different pre-trained models
(supervised ResNet-50/101/152, adversarially pre-trained [48]] ResNet50 with ¢ € {0.1,1}) and
ImageNet as the reference task, we show in Table[] that task-relatedness achieves a high correlation
with the accuracy after end-to-end fine-tuning on the target task. Our results also highlight the
instability of various popular SbTE metrics, such as LogMe [61] and NCE [56] which can produce
a high negative correlation, and those of PACTran [[19] which achieve low correlation values on
complex datasets. In comparison, task-relatedness consistently achieves a good correlation for various
target tasks. Computationally, it takes a mere 3-4 minutes to learn the transformations to compute
task-relatedness, providing a significant computation advantage over end-to-end fine-tuning. We also
show that rask-relatedness remains highly correlated with end-to-end fine-tuning accuracy even with
a limited amount of labeled data from the target task as shown in Fig. E]unlike other SbTE metrics.

Next, we show that rask-relatedness can even be estimated without using labels from the target task.
For scenarios, where labeled data from the tar-
get task is unavailable, estimating transferability
is challenging. This is because both fine-tuning
and most SbTE methods require labels to com-

Table 2: Correlation of task-relatedness and
end-to-end fine-tuning accuracy computed us-
ing true and pseudo labels of the target task.

pute the transferability scores. Here we show that Tareet True Pseudo
task-relatedness can still be an effective measure to arge labels  labels
estimate transferability in this challenging setting. Pets -0.77  -0.76
Since we use a transformative model and have ac- DTD -097  -091
cess to a reference task/classifier, we can use the Aircraft | -0.72  -0.16

predictions from the reference task’s classifier trans-
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Figure 5: Task-relatedness (Ours) remains highly correlated with accuracy after end-to-end fine-tuning
on a target task even when using a small percentage of target data unlike other SbTE methods (LogME,
Leep, NCE, PACTran, OT-NCE, OTCE, and H-Score) whose correlation is affected significantly.
For LogMe, Leep, NCE, OT-NCE, OTCE, and H-score positive correlation is better whereas for
PACTran and task-relatedness (ours) negative correlation is better.

formed via B (to obtain labels € Y1) and estimate the pseudo-labels of the target data. Concretely,

pseudo-label for a target sample 7 is obtained as y%°*“* = arg max,cy, Bhr(A~'(2r)). Results

in Table[2]show that our task-relatedness estimated via pseudo-labeled target data still achieves a high
correlation to transferability on most datasets. For datasets such as Pets and DTD, where transforming
the reference task classifier produces high accuracy on the target task, the difference between the
pseudo and true labels is small. Consequently, the difference in the correlations with pseudo and
true labels is also small. Thus, when the reference and target tasks are related, transferability can be
estimated accurately without requiring labels of the target task, showing that task-relatedness is an
effective metric even for unsupervised transferability estimation.

5 Conclusion

We analyzed TL in terms of the relatedness between the target and a reference task. Our analysis works
by transforming the distribution of a reference task to match that of the target. Using this we proved
an upper bound on transferability, defined as task-relatedness, consisting of three interpretable terms,
namely, the re-weighted reference task loss, label mismatch, and distribution mismatch. We proposed
an algorithm to compute task-relatedness and demonstrated its effectiveness at accurately predicting
transferability (even without target labels) with SOTA models. Moreover, the high correlation of
task-relatedness with accuracy after end-to-end fine-tuning and its efficient computability, makes it
an effective metric for transferability estimation.

Limitations. We studied transferability using the cross-entropy loss and used Wasserstein distance-
based distribution shift analysis due to their popularity. However, due to accuracy being the primary
metric of interest in classification tasks and the difficulty of computing the Wasserstein distance with
limited samples in a high dimensional representation space, extending the analysis to 0-1 loss and
other divergence measures are important directions which are not addressed here and are left for
future works.
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Appendix

We present the missing proofs of the theoretical results from Sec. [3]along with justifications for the
classifiers (hg/, hr, hg) as Corollaries in Appendix |A|followed by related work on learning in the
presence of distribution shift with the same feature and label space in Appendix [B] This is followed
by additional experimental results including NLP classification tasks with large pre-trained models in
Appendix [C] We conclude in Appendix [Dwith details of the experiments and datasets used.

A Proofs for Sec.

A.1 Notation

Table 3: Table of notations

Data related
R/T  Reference/Target task.
Xr/r Images of reference/target tasks.
Yr /T Label set of reference/target tasks.
Kpryr Number of classes in reference/target tasks.
Pgyr(z,y) Datadistribution of reference/target tasks.
(Zr/1, YR /T) Samples (features and labels) of the reference/target tasks.
Model related
g Encoder pre-trained on a pre-training dataset.
Zr/r Representations extracted for reference/target tasks using g.
hryr  Classifier learned for reference/target tasks on the representations of g.
¢ Cross-entropy loss.
7  Lipschitz constant.
Task-transformation related
A Parameters for feature transformation.
B Parameters for label transformation.
C  Parameters for class-prior transformation.

Pr/(z,y) and hp/
PRN (Z, y) and hR//
PR/// (Z, y) and hR///

Distribution and classifier of R after applying transformation C' on R.
Distribution and classifier of R” after applying transformation B on R'.
Distribution and classifier of R"’ after applying transformation A on R".

H  Conditional entropy as defined in Eq.
d Base distance between two samples as defined in Eq.
W,  Wasserstein distance between two distributions defined in Eq.
I Distance between two distributions based on their mean/variance defined

in Eq.[3}

A.2  Our task transformation model (Sec.[3.1)

Kr

A.2.1 Class-Prior transformation (R — R’)
Lemma 1. Let C' := [};Ig((j))} be a vector of probability ratios and the classifier hr/(z) =
y=1

hr(z), then Ep,, .. [0(hr (2),y)] = Epg (2, [C(y)l(hr(2), )], for any loss function L.
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Proof.

Eppz0) [E(hre (2),y)] = Epy (2 [¢(h z Pri(y ]EPR/(z\y) W(hr(2),v)]
YEVR
- iREz; Pri(y )EPR’(ZIy)[é(hR(Z)7y)] = Z PR(y)EPR,(ZIy) [C(y)e(hr(2),)]
YEYVR veyn
— Z Pr(Y)Ep (214 [C(y)l(hr(2),y)] (since Pr(z|ly) = Pr/(z|y) by construction)
YyEYVR

= Eppay) [C»)(hr(2),y)]-

O]
A.2.2 Label transformation (R’ — R”)
Lemma 2. Let B be a Ky x Kgr matrix with B;; = P(yrr = iy = j) and
hgi(z) = Bhri(z) and { be the cross-entropy loss. Then, Ep,, . ,)[l(hr(2),y)] <

Ep,, 2y [l(hr (2),y)] + H(YVp:|Vr), where H(Yg:|Vr) is the conditional entropy
- ZyR/EyR/ ZyR// EyR// PR/ (yR/)ByR/’vyR’ log(ByR”vyR/ ))

Proof. Note that P(z) := Pr/(z) = Pgr~(2) by construction.

Ep () [l(hr(2),y)] = EP(z y [(hri(2),9")]
= Ep)Epyr)l(hr(2) EP(Z)ZZP y" ¥ 12)(U(hrr(2),y")) (since y' € V)

= Ep)Epgyryo)l(hri(2),y")]
= Ep)Epw 9 Epwry)[l(hr(2),y")] (since P(y"ly’,2) = P(y"|y"))

= Ep)Epy ol Z U(hgri(2),y")Byr ] (since Byn o = Py"|y))
y”e)}Ru

= IE:P(z,y’)[ Z K(BhR’(Z%y”)By”’y’}
Yy EYRri

Since the loss / is the cross-entropy loss, we have

UBhp(2),y") = —log( S By (=) < —log(Byry i (2)) = ~0g(Byr ) — log(h(2)).
JE€EYVR
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Therefore, we have
Ep, () [l(hRr (2), y)]
— EP(z,y’) Z Z BhR'(Z);y//)By”,y’]

Yy EVRr
< “Epeyl Y By (log(By />+1og<h3a,<z>>)}
y”GyR//
= “Epeyyl Y. Byrylog(B [ By log(h%(2))
Yy €V Yy EVpy
= IEP(zy) Z B /1Og ')]+EP(z,y)[ log Z B
y//GyR” y//GyR”
= “Epeynl Y Byry 08By )] + Epe g~ log(h (2))]
y”GyR//
— Ep(zw ) Z By// Y log y//_’y/)} —+ ]EP(z,y/)[g(hR’(Z)7 y/)]
Yy EVr
= Epw)Eryiyl= D, Byrylog(Byry)l+Epiy lhr (2),y)]

Yy €Vgrr
= [7 Z Z P(y/)By//7y/ log(By”,y’)] +EP(z,y')[£(hR’(Z)7y/)]
Y €EVr Y €VRn
= H(yR” |yR’) + EPR/(z,y) [é(hR/(z)a y)]
O

Corollary [T| below, shows the conditions under which the optimal softmax classifier for the domain
R’ remains optimal for the domain R”, justifying our choice of classifier change from R’ to R”.

Corollary 1. Ler e be one-hot encoding of the labels, |Yr/| = |Vr/|, B be a Kr x Kg
permutation matrix and hg be the optimal softmax classifier for R' and yr» := o(yr/) =
arg maxycy,, (Be(yr'))y then under the assumptions of Lemma EI hri(z) := Bhg/(2) is the
optimal softmax classifier for R".

Proof. Since yp» := o(yr’) := argmaxyey, (Be(yr')), we have
Ep,, [l(hr(2),yr)] = Epeynl(Bhr (2 Z P(y")Ep(z1yn [0(Bhr (2),y")]
Y EYVRrn
= > PoW)Epgieqyl(Bhr(2),0y)]
Yy EYVR
= Y PW)Epiy)lhr(2),y)] = Ep,, [((hr(2), yr)]-
y’EyR/
The second last equality follows due to the symmetry of cross-entropy loss, i.e., £(h,y) = —log hy =

—log Bhy(yyy = {(Bh,0(y)).

Since miny, ., Ep,,, [{(hgr(2),yr~)] = ming,, Ep_, [((hr/(2),yr )] and hg: is optimal for R’ we
have hr(z) := Bhg/(2) is the optimal softmax classifier for R”. O

A.2.3 Feature transformation (R’ — R")

Lemma 3. Let A : Z — Z be an invertible linear map of features and the classifier hgn:(2) :=
hpi(A™Y(2)). ThenBp_,, (20 [0(hr (2),9)] = Ep,, (2. [{(hrr (2),y)] for any loss .

Proo.f: ]EPR///(Z,y)[é(hR/”(Z)7y)] = EPR///(Z,y)[g(hR”(A_l(z))7y)] = EPR//(Z,y)[g(hR”(Z)7y)%]
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Our Corollary below shows that the optimal softmax classifier for domain R” remains optimal for
domain R too.

Corollary 2. Let hr be the optimal softmax classifier in domain R" then under the assumptions of
Lemma3| hri(2) = hrin(A71(2)) is the optimal softmax classifier in domain R'".

Proof. When hR///(Z) = hR//(Afl(Z)), mlnhR,, EPR”( ,y)[g(hR//( ) y)] =
ming ., Ep,,, (2 [l(hr(2),y)] by Lemma l hence if hgr~ is optimal for R” then so is
hg for the domain R". O

A.2.4 Three transformations combined (R — R")

Pr(y)
Bij = P(ypr = ilyrr = j), A: Z — Z be an invertible linear map of features. Let the classifiers
hr(2) := hg(2), hgr(2) := Bhp/(2), hr(2) := hgr (A71(2)). Assuming ( is the cross-entropy
loss, we have

Epp Gz le(hr (2), )] < Epg (o) [C(W)E(hr(2), )]+ H(Vr/ | VR) -
Re-weighted reference task loss _

Theorem |1} Let C := {PR' (y)} be a vector of probability ratios , B be a K1t x Kgr matrix with
y=

Proof.
EPR///(z,y) [‘g(hR’”(Z)a y)] = EPR//(z,y [ﬂ(hR”( ) )] (Lemma '
< Epy e[ (2),9)] + H(Vr |Vr) (Lemmal2)
= Epuzy[CW)l(hr(2),y)] + H(Vr|Vr') (Lemmall).
O
R’”| = R — ARH be a
permutation matrix and yr» := o(ygr/) := arg maxyey . (Be(yr))y then under the assumptions
ofLemmasI I 2} and 3] Iwe have Ep_,,, ..\ [€(hr (2 11 Epp () [C»)l(hr(2),y)]
Proof. Since yp» := o(yr’) := argmaxyecy, (Be(yr')), we have
Epy, [l(hrr (2),yr)] = Epynl(Bha(2),y") = Y. P )Epyl(Bhr(z),y")]
Yy €Vgrr
= > PoW)Epgieqyl(Bhr(2).0y))]
Y EVR/
= > PW)Epeu)lhr(2),0)] = Ep,, o l(hr (2), ).
Yy EYVRs
The second last equality follows due to the symmetry of cross-entropy loss, i.e., £(h,y) = —log hy =

—log Bhy(y) = L(Bh,o(y)).
Therefore, we have

EPRW (z,9) [(hrm(2),y)] = EPRN(Z,y [((hRr(2),y)] (Lemma3)
(hr/(2),y)] (from above)
(1)0(hr(2),y)] (Lemmall).

EPR/ (z,y) [e
EPR(ZJJ) [C

O

A.3 Distribution mismatch between R’ and T (Sec.

Lemma 4. Let U and Q be two distributions on Z x Y with the same prior Py(y = 1)
Py(y = i) = P(y = i). With the base distance d defined as in Eq.[2] we have Wq(Py, Pg)

22y PIW)1, (Pu(2ly), Po(2[y)).
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Proof. Let w,, denote the optimal coupling for the conditional distributions (P (2]y), Po(z[y))
for y € Y and 7* denote the the optimal coupling for the joint distributions (Py (z,y), Po(z,y)).
Then, under the definition of our base distance d, 7*((z,y), (2’,%’)) = 0 when y 75 y' i.e. no
mass from the distribution U belonging to class y can be moved to the classes ¢y’ # y of the
distribution () when the class priors of U and () are the same. Moreover, since Z (wy)ij = Land

Z{z,j.yi: j:k}Tr - P(y - k) for k € ) we have w ((Z y) (Z Y )) ( ) ( ) y=y’ for
every i,y € ).

Then, we can show that the total Wasserstein distance between the joint distributions can be expressed
as the sum of conditional Wasserstein distances, as follows

Wa(Pu(,9), Pol2 )
= 3 [ F (G (), (e

= Z/W*((Z, Y): (2 y))lz = 2ll2 + 00 - Lyzyr)dzdz’
vy’
= Z/w;(z’ Z)P(y)ly=y (|2 = 2'll2 + 00 - Lyszys )dzd?’
vy’
- Z/WZ(Z’Z/)P(y)ly:y’HZ — #'|l2dzdz" (since Ly—y: - 1y = 0)
= ZP(y)ly:y/ /w;(z,z’)Hz — 2'||adzdZ’
vy’
= ZP / (2,2")||z — 2'||2adzdZ’

= ZpyWII-H2<PU(Z|9)>PQ(Z‘QD-

O

Theorem [2} Let the distributions T and R'"' be defined on the same domain Z x Y and assumption
holds, then EPT(z,y) [Z(h(z), y)] - EPR///(z,y) [f(h( ) y)] <rT Wd( Ry PT) with d as in Eq.
|

Distribution mismatch

Proof.
Epr (o [0(7(2), 9)] = Epg. (2, [€(R(2), y)]
= IEPT(y)EPT(zly E(h(z) )] ]EPR///(y)EPRm(z|y) [E(h(z),y)]
= Ep,)[Eppely)[l(h(2), )] = Epp,. (2ly) [E(R(2), y)]] (since Pr(y) = Pr(y))
(1

IA
=

3

S

sup Ep, 21 [0 (B (2),9)] = Eps 2y [€(H (2), )]
¢'oh’eT—Lipschitz

Ep,y)[m W), (Pr(2ly), Pr(2]y))] (Kantorovich — Rubinstein duality)
T Wy(Pr, Pr) (Lemmal]).

A.4 Final bound (Sec.[3.3)
Theorem [3| Let ¢ be the cross entropy loss then under the assumptions of Theorems|[I|and[2)we have,
IEPT(z,y) [E(hT(Z)v y)} < EPR(z,y) [C(y)é(hR(z)v y)] =+ H(yR” D)R/) +7 Wd(PR/”v PT) .

Re-weighted reference task loss _ Distribution mismatch
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Proof. Letl o hp, {ohpg,and £ o hr» be T—Lipschitz (from Assumption .
Ep, (2 [(hr(2),y)] Ep, (2 [l(hr(2),y)] (Optimality difference)

Ep,.. () [€(hr (2),y)] + T Wa(Pro, Pr) (Theorem R)

Epp ) [CW(hr(2),9)] + H(Vr|Yr') + T Wa(Pro, Pr) (Theorem[I).

O

ININIA

In our experiments, we enforce the 7—Lipschitz constraint for £ o hr and ¢ o hy and verify that the
Lipschitz constant of ¢ o hr/» remains close to 7 within tolerance.

A.5 Extension to non-linear classifiers and non-linear transformations

To extend our analysis to non-linear classifiers/transformations, we allow A : Z — Z to be a non-
linear map and the classifiers h € Hyon_linear to be also non-linear (such as multi-layer perceptron).
In addition to the Assumption [I|(1), which requires £ o g/ to be T—Lipschitz, we also require that
h e belongs to the same class Hyon_linear @S A7 and kg for any A. This holds for example when h
is linear and A is also linear or when h is a multilayer perceptron and A is linear. With this additional
assumption, all of our proofs work for any linear/non-linear transformation of the feature space,
without any change. Thus, Theorem I Theorem [2]and Theorem 3] hold for non-linear classifiers as
well. With these extensions, our bounds can be used to explain transferability even with non-linear
classifiers.

B Additional related work

Distributional divergence-based analyses of learning with distribution shifts (under same feature
and label sets): Here we review some of the previous works that analyzed the problem of learning
under distribution shifts in terms of distributional divergences such as the Wasserstein distance. These
analyses apply when the feature and label spaces remain the same between the original and the shifted
distribution.

Early works [8l 52} 36] showed that the performance on a shifted distribution (target domain) can
be estimated in terms of the performance of the source domain and the distance between the two
domains’ marginal distributions and labeling functions. Specifically, [8] showed that that

Er(h, fr) < Es(h, fs) + di(Ps, Pr) + min{Epy || fs(2) — fr(2)[], Ep,[|fs(2) — fr(2)[]},

where d; denotes the total variation distance, f : Z — [0, 1] denotes the labeling function, h :
Z — {0, 1} denotes the hypothesis and Ep(h, f) := E.p[|h(z) — f(2)|] denote the risk of the
hypothesis h. A follow up work [52]], showed a similar result using type-1 Wasserstein distance for
all K —Lipschitz continuous hypotheses i.e.,

Er(h, fr) < Es(h, fs) + 2K - Wi(Ps, Pr) + A,

where ) is the combined error of the ideal hypothesis h* that minimizes the combined error
Es(h, fs) + Er(h, fr). Another recent work [32] used a target transformation-based approach
and Wasserstein distance to quantify learning in the presence of data and label shifts. Other works
[31L150]] also presented an analysis based on Wasserstein distance to understand how the accuracy
of smoothed classifies and robustness change in the presence of distribution shifts. Compared to
these works the bound proposed in Theorem [2] considers cross-entropy loss (which is a popular
choice of the loss function in the classification setting) and uses a joint feature and labels Wasserstein
distance rather than only marginal Wasserstein distance. These differences make the bound proposed
in Theorem 2useful in the analysis of transfer learning than those proposed in previous works when
we have access to labeled target domain data.

Comparison with [56]: The closest work to ours is that of [56], which showed that transferability to
a target task can be related to transferability to another task (source task in their work) and the label
mismatch between the two tasks. However, the bound is proposed in a restrictive setting when both
the tasks have the same features but different labels (i.e. same images labeled differently between the
two tasks). In this setting, [56], showed that transferability is upper bounded by loss of the source
classifier on the source task and the conditional entropy (CE) of the label sets of the two tasks. We
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significantly extend this analysis to general tasks which is the most commonly used setting in practice
(e.g., our analysis allows us to study transfer learning from ImageNet with 1000 classes to CIFAR-100
with 100 unrelated classes, where both tasks have different images). In this setting, our main result in
Theorem 3] shows that transferability involves additional terms such as the distribution mismatch
term (in the form of Wasserstein distance), the prior mismatch term (in the form of re-weighted
source loss) and the conditional entropy between the label sets. Moreover, the bound proposed by
[56] is a special case of our bound with C' being the vector of all ones (no prior change) and A being
Identity (data distributions of two tasks are the same).

Comparison with other transferability estimation and model selection methods: The problem
of transferability estimation has gained a lot of attention recently, especially due to the availability of
a larger number of pre-trained models. Earlier works used models end-to-end fine-tuned on target
tasks to evaluate transferability via task-relatedness estimated using the actual target loss [[62] and the
Fisher information matrix [[1]. However, the requirement of models trained on target tasks limits their
practical utility. Other works [22] 21} |54]] used the representation of the data from the tasks from
these end-to-end fine-tuned models and developed similarity scores that achieved high correlation
with transferability. However, these approaches are not practical since they require models end-to-end
fine-tuned on the target task. Our work does not depend on models trained on target tasks as shown
in our analysis (Theorem [3) making it both theoretically and practically sound.

Another line of work [5, 140,29} 161155151} [19] focuses on the problem of pre-trained model selection
where the goal is to find the best pre-trained classifier from a model zoo that will achieve the highest
transferability to a particular downstream task. Thus, the main challenge of this problem is to be able
to estimate transferability in a way that is more efficient than fine-tuning the pre-trained models on
the downstream tasks. To this end, recent works have proposed several scores that are correlated with
the accuracy of the models after fine-tuning them on the target task, which we refer to as score-based
transferability estimation (SbTE) methods, in our work.

However, unlike our work, the goal of SbTE works is not to propose a universal bound or identify
terms that provably govern transferability. Moreover, while the scores proposed in SbTE works
correlate well with transferability, they are only meaningful in a relative sense. Concretely, a score
of 1 (e.g., for LogMe [46]) on a CIFAR-100 task for a particular model does not indicate whether
transferability is good or bad and requires comparison with scores of other pre-trained models on
the same target task. On the other hand, our upper bound directly approximates transferability, e.g.,
an upper bound of 1 on the CIFAR-100 task for a model implies that transfer learning will incur an
average cross-entropy loss of less than 1 implying a highly accurate transfer. Our results in Figs. 3]
and 9] attest that our upper bound is indeed a good estimate of the transferability.

Another disadvantage of the scores proposed in these works is that they cannot be compared across
target tasks, unlike our upper bound. As observed from Fig. 4 of LogMe [46], scores for CIFAR-10
are lower than scores for CIFAR-100 on the same pre-trained model, but, the transferability to
CIFAR-10 is better than that to CIFAR-100. On the other hand, from our Fig.[9] the upper bounds on
CIFAR-10 are lower than those of CIFAR-100 implying better transferability of classifiers pre-trained
on ImageNet to CIFAR-10. Thus, our work is more suitable for estimating the absolute performance
on various target tasks given a particular pre-trained classifier.

Thus, while the goal of our work differs fundamentally from SbTE approaches the problem addressed
in this work is of significant practical importance. In Sec.[4.3] we show that task-relatedness estimated
via Alg.|l|achieves competitive performance compared to popular SbTE methods on this problem.

Comparison with task transfer learning approaches: This approach focuses on explaining the
transfer performance based on the relationship between tasks. For instance, works such as [28} 157, [24]]
study the problem of few-shot learning (FSL) where a model is trained on data from related training
tasks and is adapted to an unseen task using only a few samples. Different from these works, we
focus on the setting where a pre-trained encoder trained on some pre-training dataset is adapted with
enough samples/gradient steps to a downstream task. This downstream target task may or may not
have any relation to the pre-training task unlike [28, 57} 24]].

Concretely, [28] proposed a model-agnostic metric called Task Attribute Distance to gauge the
success of transfer. Our work, on the other hand, defines task-relatedness based on the similarity of
the representations of reference and target tasks in the representations of the pre-trained model (and is
model dependent) rather than relying on the attribute information, which may not be available in TL
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setting. [57] analyzes the sample complexity for learning a model shared across tasks and adapting it
to a new target task and shows task diversity to be a crucial component for the success of transfer in
the FSL setting. Our work on the other hand does not assume access to shared tasks or restrict the
number of samples required for fine-tuning on the target task. Moreover, their notion of task diversity
requires access to a set of training tasks that may not be available in the TL setting, making our notion
of task-relatedness more practical for TL. Lastly, [24] proposes a notion of task-relatedness for the
FSL setting, allowing to utilize all the data from available training tasks to help learn a model on
a new task with a few gradient steps. This notion is model-agnostic and defined over the sample
space (X x ) unlike our measure which is defined in the representation space of the model whose
transferability needs to be evaluated.

Thus while task-relatedness is at the core TL, the notions proposed by [28} 157, 24] are suitable for
task transfer setting where as our notion is more suitable for the inductive TL setting.

C Additional experiments

C.1 Small-scale experiment to evaluate Alg. ]

1) Our algorithm produces transformations that achieve a better value for the bound compared to
naive transformations. 2) Having the same number of classes in the reference task as in the target
task leads to the best value of the bound. 3) It is only marginally better to have semantically related
classes in the reference task.

We evaluate Alg. [T]for computing task-relatedness and predicting the transferability of a ResNet-18
model to CIFAR-10 in two settings. In the first setting, we consider a reference task that comprises
data from 10 classes chosen at random and 10 classes that are semantically related to the labels
of CIFARIO from ImageNet [17] (see App. whereas in the setting we select reference task
with 20 classes. We compare the cross-entropy loss on CIFAR10 obtained after linear fine-tuning
(transferability) with our bound, by using various transformations including those learned via Alg. [T}
We test 3 different cases. The first is FixedAll: where

all transformations are fixed (A is fixed to the Identity

matrix, B is fixed to a random permutation matrix in the ad
setting with 10 classes, and to a matrix such that two | ggh2sz2s 2.682.502.49
reference classes match a single target class in the set- i e i e

ting with 20 classes, D is fixed to the reference prior).

Using 10 reference classes

Using 20 reference classes

Loss

The second is LearnedA: where we use Alg.|l|to learn 413.223.113.06 3.203.083.06
only A while B, D are fixed as in FixedAll, and lastly R
LearnedAll: where all the transformations are learned via P P
Alg.[T} Our results in Fig.[6] show that in both settings S FEF
using FixedAll, our bound is marginally better when the LS CES
reference task has classes semantically related to the target Random Classes Semantic Classes
task. In all cases, the bound becomes significantly better ——- Target Loss: 2.14

in the LearnedA setting due to learning the transformation Reweighted Reference Loss

A that transforms the reference distribution to better match L,,?:ﬁ::,‘;:‘na::ihsmatch

the target and decrease the distribution mismatch term of
the bound. Lastly, by learning all the transformations, in
the LearnedAll setting, we achieve the best value for the
bound, regardless of whether there are randomly chosen
or semantically related classes in the reference task. More-
over, we see that the value of the bound estimated when
the reference task has 10 source classes is better in all
cases. This is due to smaller re-weighted reference loss
since learning a 20-way classifier is more challenging than
learning a 10-way classifier, especially with the Lipschitz
constraint. In the setting with 20 classes, Alg.[I] prefers
to retain data from 10 of the 20 reference task classes, Fig. [/| (right), reducing the re-weighted
reference loss, makes B sparse, reducing the label mismatch term, and aligns the reference and target
distributions, via A, reducing the distribution mismatch term.

Figure 6: Transformations optimized
using Eq. [] produce a better task-
relatedness than obtained by naively cho-
sen transformations, primarily due to de-
creased distribution mismatch. The pres-
ence of the same number of classes in the
reference as those in the target achieves
the smallest task-relatedness value. Se-
mantically related classes in the refer-
ence task help but only marginally.
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Overall, our results show that 1) learning D prefers to retain the data from the same number of
reference classes as those present in the target, 2) the B matrix eventually becomes sparse, making the
label mismatch term zero, and 3) there is only a small difference in task-relatedness between Learned A
and LearnedAll settings. Based on these insights, we use Alg.[I]in the LearnedA setting, with the
reference task containing the same number of randomly sampled classes from ImageNet as the same
number of classes in the target task (since it may not always possible to find semantically similar
classes for all target tasks) and fix B to be a random permutation matrix, for all other experiments in
the paper. We select classes for the reference task from ImageNet due to its diversity and the fact that
it has a large number of classes. However, any dataset can be used to define the reference task (e.g.,
we used Digits datasets for the reference task in Sec.[d.2)).

Next, we evaluate the effect of knowing the exact matching between the labels of the reference and
the target tasks in comparison to a random permutation. We use MNIST as the reference task and
USPS as the target task (and vice-versa). We compare our results in a setting where only A is learned
and B is set to an identity matrix and when B is set to a random permutation matrix. Note that the
identity matrix corresponds to the correct mapping between the classes of MNIST and USPS tasks
(both contain digits from 0 to 9).

We find that the upper bound obtained when B is fixed to identity is only marginally better than the
case when B is a random permutation. Specifically, the difference between the bound when B is
fixed to a random permutation and when B is an identity matrix is 0.10 for the MNIST—USPS task
and 0.17 for the USPS—MNIST task. The primary reason for the decrease in the upper bound comes
from the reduced distribution mismatch term. While the upper bound improves slightly when the
ideal matching between the labels is known, such a mapping may not be known when the labels of
the tasks are not related such as for FMNIST and MNIST. Thus, fixing B to a random permutation
matrix yields a reliable estimate of transferability in most cases.

C.1.1 Visualization of the transformed data via t-SNE for various settings in Sec. [C.1]

Here we use the setting considered in App. [C.I] where we consider 20 randomly selected classes
from ImageNet as the reference task and consider the transfer to CIFAR-10. We plot the results of
using different transformations using t-SNE to show how various transformations affect the upper
bound in Theorem [3] Our results in Fig. [7(left) show that when no transformations are learned
(FixedAll), the 20 random reference task classes do not overlap with the 10 target classes leading
to an increased Wasserstein distance which in turn leads to a larger upper bound. By learning the
transformation A (LearnedA), Fig. [/(center) shows a significantly better alignment between the
classes of the reference and target which leads to a decreased Wasserstein distance and hence a tighter
upper bound. Moreover, by learning all the transformations (LearnedAll), Fig. [7(right) shows that
not only do the distributions align well but also the prior of the reference is changed to only keep 10
reference classes to match the prior of the target distribution providing a further improvement in the
upper bound. This clearly shows the effectiveness of our proposed optimization algorithm in learning
various transformations to minimize the upper bound.

C.1.2 Effectiveness of minimizing the upper bound in Theorem 3] via solving Eq. 4]

In Fig. [8] we show how the upper bound changes as the optimization progresses to transform the
reference task (ImageNet) into four target tasks with the ResNet-18 model. Similar to experiments
in Sec. of the paper we optimize over the transformation A while B and D are fixed to a
random permutation matrix and the reference prior. After about 600 epochs the optimization problem
converges to a local minima.

C.2 Additional results for the impact of the reference task on task-relatedness (Sec.
C.2.1 Additional results for image classification

Here we provide details of the experiment presented in Sec. [#.2]about the effect of the reference task
on task-relatedness and transferability. Similar to the results presented in Fig. @ of the main paper, the
results in Fig.[I0]show that when the reference and the target tasks are related then task-relatedness is
good as in the case when the reference task is MNIST and target is USPS or vice versa achieving
a smaller gap to transferability. When the target tasks are unrelated to the reference task data then
both the transferability and task-relatedness are low. E.g., when the reference task is MNIST and the
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Figure 7: (Best viewed in color.) t-SNE visualizations of the effect of various transformations on
the bound in Theorem [3] when data from 20 randomly selected classes from ImageNet are used to
transfer to CIFAR-10. When all transformations are fixed (FixedAll, left) the distance between the
distribution R (transformed reference) and T is high explaining the large upper bound. Learning
just the transformation A using the algorithm proposed in Sec. [3.4]significantly reduces the distance
between R’ and T leading to a tighter upper bound (center). Learning all the transformations further
improves the matching (right). Especially, learning B and D change the class priors of the reference
so that the same number of classes from the reference are used for matching as those present in the
target. This is evident from the right plot where only 10 unique reference task clusters are visible
compared to 20 in the center plot, with fixed D. Moreover, the zoomed-in portion shows that for the
center figure two classes from the reference task (green 2 and 3) match with class 1 (blue) of the
target whereas a single class from the reference task (green 18) matches class 1 (blue) of the target in
the right figure.

Imagenet to CIFAR-10 (ResNet-18) Imagenet to CIFAR-100 (ResNet-18) Imagenet to Pets (ResNet-18) Imagenet to Aircraft (ResNet-18)

4975

4.950
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Figure 8: Reduction of the proposed upper bound is shown as transformations are learned by
solving the optimization problem in Eq. 3. After 600 epochs, the upper bound stabilizes showing the
convergence of the optimization problem. Each subplot shows the effect of learning the transformation
parameters for the transfer learning task with ImageNet as the reference task and ResNet-18 (trained
in a supervised way) for different target tasks. The solid line is the average after 5 random restarts
and the shaded portion shows their standard deviation.

target is FMNIST or vice-versa. Task-relatedness is also correlated to transferability, i.e., a model
trained on MNIST achieves better transferability to USPS than FMNIST.

C.2.2 Results for NLP sentence classification task

In this section, we use sentence classification NLP task to demonstrate further the effect of the
reference task on task-relatedness. For this experiment, we first fine-tune the entire DistilRoBERTa
model distilled on OpenAl’s WebText dataset, using a subsample of 10,000 points from the
DBPedia dataset. We then use these fine-tuned models to evaluate the transferability to AG news,
SST-5, and Yelp datasets. The results in Fig.[T2]show that transferability on AG News is the smallest
among the three datasets. This coincides with the task-relatedness value obtained after learning the
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Figure 9: Full results for comparison of transferability vs. task-relatedness for large pre-trained
models on image and sentence classification tasks. Task-relatedness consistently achieves a small
gap to transferability. We denote cross-entropy loss on the y-axis. Plot-title denotes the pre-trained
model and the x-axis denotes the target tasks.

Il Target Loss Reweighted Reference Loss B Label Mismatch Distribution Mismatch

MNIST FMNIST USPS 2 DBPedia
4 4 a
2
S2 2 2 1
, NI I I N I I I I
© A © A A A @ bod b2l
Q Y Q 9 9 9 N ’ A
¥ & ¥ & & & S &8
v

Figure 10: Decomposition of task-relatedness into its three components illustrates that our task-
relatedness (specifically the distribution mismatch term) explains the difference in transferability.
Similar tasks such as USPS and MNIST have the highest transferability and also have the highest
task-relatedness.

transformations which explains why transfer from DBPedia to AG News is more successful compared
to other target tasks. This observation is reasonable, especially considering that both DBPedia and
AG News have structured information. Moreover, since DBPedia is related to Wikipedia, the terms
and entities appearing in AG News are more related to those appearing in DBPedia in comparison to
terms/entities appearing in SST-5 and Yelp which consist of movie reviews and reviews collected
from Yelp.

For our experiments, in this section, we follow a similar setting of fixing B to be a random permutation
matrix, C' to the prior of the reference task, and only learn the transformation A. We sample 10,000
points from DBPedia belonging to the same number of classes as those present in the target task (e.g.,
for AG News we sample data from 4 randomly selected classes of DBPedia) and use this data as the
reference task data to train hr with gradient norm penalty (7 = 0.02). All experiments are run for 3
random seeds and average results are reported in Fig.[T2]
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Figure 11: Task-relatedness is highly (negatively) correlated (Pearson correlation coefficient in the
subplot title) with the accuracy of the models after end-to-end fine-tuning. Each subplot shows
transfer learning with various target tasks for a specific model architecture and training method.
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Figure 12: Task-relatedness (Left) and transferability (Right) are highly correlated across various
reference-target pairs. A target task related to the reference task (DBPedia) such as AG News achieves
better transferability (with DistillRoBERTa model) and task-relatedness compared to less-related
tasks such as SST-5 and YelpS.

C.3 Lipschitz constrained linear fine-tuning
C.3.1 Implementing softmax classification with 7—Lipschitz loss

To use the bound Theorem. (3| it is required that the loss be 7—Lipschitz continuous w.r.t. z in
the input domain Z. To enforce this, while learning the weights of the softmax classifier (linear
fine-tuning) for the reference task or the target, we add the gradient norm penalty as used in previous
works [52} 4] and solve the following optimization problem

o1 2 ~ 104
min - 35 [0, 00) + pmgxanax{0, V(8 G2) ) = 707 = 107

where ((h(z),y) = —w, z + log > e™i * is the cross-entropy loss.

C.3.2 Trade-off between empirical and predicted transferability

Constraining the Lipschitz coefficient of the classifier increases both the target and the reference task
cross-entropy loss since the hypothesis set is being restricted. The smaller the 7 is, the larger the loss
becomes. On the other hand, the smaller 7 makes the distribution mismatch term in Theorem [3|also
smaller. Since the bound is the sum of the reference task loss and the distribution mismatch (and label
mismatch), there is a trade-off determined by the value of 7. We illustrate the effect of the values of 7
on the empirical and predicted transferability. As mentioned previously, we train both the classifier
for the reference task hp and the target hp with an additional penalty on the gradient norm to make
them 7—Lipschitz. In Fig.[I3] we present results of varying the value of 7 for the transfer to the Pets
dataset with ImageNet as the reference task. For this experiment, we selected 37 random classes
from ImageNet and only learned the transform A by keeping B fixed to a random permutation and
C fixed to the uniform prior over reference task classes. We observe that the performance of linear
fine-tuning degrades as we decrease the value of 7 but explainability through the bound improves
since the distribution mismatch term (dependent on 7) decreases in the bound. However, making
too small is not preferable since it leads to an increase in the first term of the bound (re-weighted
reference task loss) increasing the bound overall. Moreover, it also leads to a degradation in the
accuracy after linear fine-tuning. For our experiments, we use 7 = 0.02 since it doesn’t decrease
the accuracy of fine-tuning significantly and leads to a small gap between empirical and predicted
transferability.
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Figure 13: Trade-off between the cross-entropy loss (y-axis) after linear fine-tuning and the upper
bound in Theorem as a function of 7 (x-axis), for ResNet18 and ResNet50 models pre-trained on
ImageNet and linearly fine-tuned on the Pets dataset. Increasing the value of 7 leads to a decrease in
the cross-entropy loss after fine-tuning but increases in the proposed bound mainly due to the 7 - Wy
term.

D Details of the experiments

All codes are written in Python using Tensorflow/Pytorch and were run on an Intel(R) Xeon(R)
Platinum 8358 CPU with 200 GB of RAM and an Nvidia A10 GPU. Implementation and hyperpa-
rameters are described below. Our codes can be found in the supplementary material. We report an
average of three independent runs for experiments in Sec.[d.2]and[4.3]

D.1 Dataset details

In our work, we used the standard image classification benchmark datasets along with standard
natural language processing dataset

Aircraft [35]: consists of 10,000 aircraft images belonging to 100 classes.

CIFAR-10/100 [30]: These datasets contain 60,000 images belonging to 10/100 categories. Addi-
tionally, we created two subsets of CIFAR100 with the first 25 (small CIFAR-100-S) and 50 (medium
CIFAR-100-M) classes.

DTDI[13]: consists of 5,640 textural images belonging to 47 categories.

Fashion MNIST [60]: consists of 70,000 grayscale images belonging to 10 categories.
Pets [43]]: consists of 7049 images of Cats and Dogs spread across 37 categories.
ImageNet [17]: consists of 1.1 million images belonging to 1000 categories.

Yelp [63]: consists of 650,000 training and 50,000 test examples belonging to 5 classes.

Stanford Sentiment Treebank (SST-5) [63]]: consists of 8,544 training and 2,210 test samples
belonging to 5 classes.

AG News [63]: consists of 120,000 training and 7,600 test examples belonging to 4 classes
DBPedia [63]: consists of 560,000 training and 70,000 test examples belonging to 14 classes

D.2 Semantically similar classes for CIFAR-10 from ImageNet

For our experiments with CIFAR-10 in Sec. [C.T} we selected the following semantically similar
classes from ImageNet, {airliner, minivan, cock, tabby cat, ox, chihuahua, bull-
frog, sorrel, submarine, fire engine}.

D.3 Additional experimental details

Details of the optimization problem in Eq. @ and Alg.[I] In Step 5 of the algorithm, we use the
network simplex flow algorithm from POT [23]] to compute the optimal coupling. Since computing
the Wasserstein distance over the entire dataset can be slow, we follow [[16] and compute the coupling

'All NLP datasets and models are obtained from https://huggingface.co/\
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over batches. Note that the base distance defined in Eq. E] is non-differentiable. Thus, we use
a differentiable approximation d((z,y), (2/,Y")) = dyeatures(2,2") + v - |le(y) — e(y')]]2 (with
v = 108) where (2, y) and (2/,%/) are samples from the domains R~ and 7" and ¢(-) denotes the
one-hot embedding of the labels in Step 5/6 . The first three terms in Step 6 of our algorithm
correspond to the terms in the objective of Eq.[d] while the two additional terms are added to penalize
the constraints of class prior matching Pr(y) = BD and invertibility of the matrix A, respectively
as required by Theorem [3| We use the softmax operation to ensure B and D are a valid probability
matrix and vector.

In our experiments, in Sec. we used pre-trained models available from Pytorch for ResNet18/50,
along with publicly available pre-trained models provided in the official repositories of each training
method. For each experiment, we subsample data from the ImageNet dataset belonging to the
same number of classes as those present in the target dataset and use this data to train the linear
layer on top of the representations extracted from the pre-trained model along with a gradient norm
penalty (Reference task classifier). To speed up the experiments, we use only 10,000 points from the
subsample of ImageNet for training the linear classifier and computing the transfer. For evaluation,
we use a similar subsample of the validation dataset of ImageNet containing all the samples belonging
to the subsampled classes. Fine-tuning on this dataset takes about 0.05 seconds per epoch for the task
of transfer from ImageNet to Pets with the ResNet-18 model (we run the fine-tuning for a total of
5000 epochs).

Along with training the linear classifiers with a gradient norm penalty (with 7 = 0.02), we standardize
the features extracted from the pre-trained models to remove their mean (along each axis) and make
them have a unit standard deviation (along each axis). While standardizing the features do not have a
significant impact on the loss of the classifiers, including it makes it easier to match the distributions
of the reference task and target data after transformations. Since our optimization problem transforms
the reference task distribution to match the distribution of the target by solving the optimization
problem in Eq. ] by working on mini-batches, the size of the batch must be greater than the dimension
of the representation space of the pre-trained encoder. E.g., for ResNet18 models which have a
representation dimension of 512, we use a batch size of 1000 and for ResNet50 models which have a
representation dimension of 2048, we use a batch size of 2500. Having a smaller batch size than the
dimension could lead to a noisy gradient since for that batch the transformation can achieve a perfect
matching, which may not generalize to data from other batches or unseen test data.

While computing the transformations, we apply the same augmentation (re-sizing and center crop-
ping)/normalization to the training data as those applied to the test data. Along with this, we extract
the features of the training and test data from the pre-trained model once and use these to train
the linear layer. We note that this is done to save the computation time and better results could be
obtained by allowing for extracting features after data augmentation for every batch.

Finally, for our experiments in Sec.[d.2] the encoders are trained end-to-end on the reference task.
This is in contrast to our other experiments where the encoders are pre-trained and data from the
reference task is only used for linear fine-tuning. Using these models, task-relatedness is evaluated by
fine-tuning a linear layer using the data from the target task as well as the transformations computed
by solving Eq.[l] We used 7 = 0.2 here. We run the experiments with 3 random seeds and report the
average results.

For our experiments in Sec.[4.3] we used the official code from [61] to compute the scores for NCE,
Leep, and LogMe along with the official code of [51] for SFDA. For PACTran [19]], we also use their
official code with the PACTran-Gaussian method with N/K = 100, 8 = 10N, 0 = D/100 where
N denotes the number of samples and K denotes the number of classes. This setting is similar to
the PACTran-Gaussf;, setting used in their work with the difference that we use N/K = 100 to
use a sufficiently large number of samples, especially considering that all our other results for SbTE
methods are computed on the full training set. For OTCE, we follow the official code and compute
the recommended OT-based NCE score and OTCE score (A\; = —0.0001 and \s = —1) using 4000
randomly selected training samples from the two tasks. For the source task, we subsample the same
number of classes as the target task and use. For the H-score, we use the official code to compute the
H-score [6].

For estimating transferability by solving Eq. |5} we set A=0.01 for all the experiments in Sec.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope?

Answer: [Yes]
Justification: The abstract summarizes the paper’s contributions.
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made in
the paper.

 The abstract and/or introduction should clearly state the claims made, including the contri-
butions made in the paper and important assumptions and limitations. A No or NA answer
to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how much
the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals are
not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Discussed in Sec. 5 and elaborated here.

Here we present some of the potential limitations of our work and discuss the avenues for future
work. The analysis presented in the paper studies transferability using the popular cross-entropy
loss similar to that analyzed by [56]. While this is important and practically useful, extending
the analysis to other losses, primarily to the 0-1 loss, is an interesting future direction since in
most classification tasks, accuracy is the metric of primary interest.

Another limitation of our work is the dependence of our bound on the Wasserstein distance.
While it is a popular choice for analyzing performance in various distribution shift scenarios
[52}[16L 501, it is difficult to estimate in practice due to its sensitivity to the number of samples
and the dimension of the representation space. An analysis based on a different and easy-to-
compute divergence measure might be more amenable for making transferability estimation via
task-relatedness easier and faster.

We emphasize that even though we present some of the limitations of our current work above,
these are by no means weaknesses of our work, which non-trivially extends the current under-
standing of the transfer learning setting through a rigorous analysis and achieves impressive
performance on practical applications.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that the
paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings, model
well-specification, asymptotic approximations only holding locally). The authors should
reflect on how these assumptions might be violated in practice and what the implications
would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was only
tested on a few datasets or with a few runs. In general, empirical results often depend on
implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach. For
example, a facial recognition algorithm may perform poorly when image resolution is low
or images are taken in low lighting. Or a speech-to-text system might not be used reliably
to provide closed captions for online lectures because it fails to handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms and
how they scale with dataset size.
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« If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover limita-
tions that aren’t acknowledged in the paper. The authors should use their best judgment and
recognize that individual actions in favor of transparency play an important role in devel-
oping norms that preserve the integrity of the community. Reviewers will be specifically
instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and a
complete (and correct) proof?

Answer: [Yes]
Justification: In App.[A]
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they
appear in the supplemental material, the authors are encouraged to provide a short proof
sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented by
formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: In App.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived well
by the reviewers: Making the paper reproducible is important, regardless of whether the
code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken to
make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways. For
example, if the contribution is a novel architecture, describing the architecture fully might
suffice, or if the contribution is a specific model and empirical evaluation, it may be necessary
to either make it possible for others to replicate the model with the same dataset, or provide
access to the model. In general. releasing code and data is often one good way to accomplish
this, but reproducibility can also be provided via detailed instructions for how to replicate
the results, access to a hosted model (e.g., in the case of a large language model), releasing
of a model checkpoint, or other means that are appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submissions
to provide some reasonable avenue for reproducibility, which may depend on the nature of
the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how to
reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe the
architecture clearly and fully.
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the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the case
of closed-source models, it may be that access to the model is limited in some way
(e.g., to registered users), but it should be possible for other researchers to have some
path to reproducing or verifying the results.
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* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https!
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to
access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new proposed
method and baselines. If only a subset of experiments are reproducible, they should state
which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized versions

(if applicable).

Providing as much information as possible in supplemental material (appended to the paper)

is recommended, but including URLSs to data and code is permitted.
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Question: Does the paper specify all the training and test details (e.g., data splits, hyperparame-
ters, how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [Yes]
Justification: In App.
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* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail that
is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: An average of three independent runs are reported.
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» The answer NA means that the paper does not include experiments.
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* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall run
with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula, call to
a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error of the
mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should preferably
report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality
of errors is not verified.

 For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how they
were calculated and reference the corresponding figures or tables in the text.
8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the
experiments?

Answer: [Yes]
Justification: In App.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than the
experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make
it into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: There are no ethics concerns.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration
due to laws or regulations in their jurisdiction).

10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [NA]
Justification: NA

Guidelines:
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* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal impact
or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations (e.g.,
deployment of technologies that could make decisions that unfairly impact specific groups),
privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied to
particular applications, let alone deployments. However, if there is a direct path to any
negative applications, the authors should point it out. For example, it is legitimate to point
out that an improvement in the quality of generative models could be used to generate
deepfakes for disinformation. On the other hand, it is not needed to point out that a generic
algorithm for optimizing neural networks could enable people to train models that generate
Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
being used as intended but gives incorrect results, and harms following from (intentional or
unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks, mecha-
nisms for monitoring misuse, mechanisms to monitor how a system learns from feedback
over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release
of data or models that have a high risk for misuse (e.g., pretrained language models, image
generators, or scraped datasets)?

Answer: [NA]
Justification: NA
Guidelines:

e The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring that
users adhere to usage guidelines or restrictions to access the model or implementing safety
filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith effort.
12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [NA]
Justification: NA
Guidelines:

¢ The answer NA means that the paper does not use existing assets.

 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service
of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has curated
licenses for some datasets. Their licensing guide can help determine the license of a dataset.
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* For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.
13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: NA
Guidelines:

* The answer NA means that the paper does not release new assets.

¢ Researchers should communicate the details of the dataset/code/model as part of their sub-
missions via structured templates. This includes details about training, license, limitations,
etc.

 The paper should discuss whether and how consent was obtained from people whose asset
is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?

Answer: [NA]
Justification: NA
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribution
of the paper involves human subjects, then as much detail as possible should be included in
the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or
other labor should be paid at least the minimum wage in the country of the data collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals (or
an equivalent approval/review based on the requirements of your country or institution) were
obtained?

Answer: [NA|
Justification: NA
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you should
clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines
for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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