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Abstract

The ultimate goal of multi-objective optimization (MO) is to assist human decision-
makers (DMs) in identifying solutions of interest (SOI) that optimally reconcile
multiple objectives according to their preferences. Preference-based evolutionary
MO (PBEMO) has emerged as a promising framework that progressively approxi-
mates SOI by involving human in the optimization-cum-decision-making process.
Yet, current PBEMO approaches are prone to be inefficient and misaligned with
the DM’s true aspirations, especially when inadvertently exploiting mis-calibrated
reward models. This is further exacerbated when considering the stochastic nature
of human feedback. This paper proposes a novel framework that navigates MO to
SOI by directly leveraging human feedback without being restricted by a prede-
fined reward model nor cumbersome model selection. Specifically, we developed a
clustering-based stochastic dueling bandits algorithm that strategically scales well
to high-dimensional dueling bandits. The learned preferences are then transformed
into a unified probabilistic format that can be readily adapted to prevalent EMO
algorithms. This also leads to a principled termination criterion that strategically
manages human cognitive loads and computational budget. Experiments on 48
benchmark test problems, including the RNA inverse design and protein structure
prediction, fully demonstrate the effectiveness of our proposed approach.

1 Introduction

Multi-objective optimization (MO) represents a fundamental challenge in artificial intelligence [49],
with profound implications that span virtually every sector—from scientific discovery [67] to en-
gineering design [22], and societal governance [23]. In MO, there is no single utopian solution
that optimizes all objectives; instead, the Pareto front (PF) comprises non-dominated solutions,
each representing an efficient yet incomparable trade-off between objectives. The goal of MO is
to assist human decision-makers (DMs) in identifying solutions of interest (SOI) that optimally
reconcile these conflicting objectives according to their preferences. This field has been a subject
of rigorous study within the multi-criterion decision-making (MCDM) community [43] for more
than half a century. Over the past two decades, we have witnessed a seamless transition from purely
analytical methodologies to a burgeoning interest in interactive evolutionary meta-heuristics, known
as preference-based evolutionary MO (PBEMO) [39].

As in Figure 1(a), a PBEMO method involves three building blocks. The optimization module
uses a population-based meta-heuristics to explore the search space. The preference information is
progressively learned by periodically involving human DM in the consultation module to provide
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Figure 1: (a) Flow chart of a conventional PBEMO. (b) Conceptual illustration of reward-based,
model-based, and direct preference learning strategies.

preference feedback. The learned preference representation is then transformed into the format
that guides the evolutionary search progressively towards SOI in the preference elicitation
module. The overall PBEMO process is DM-oriented and is an optimization-cum-decision-making
process. While PBEMO has been extensively studied in the literature in the past three decades
(e.g., [44, 15, 8, 36, 59, 38]), there are several fundamental issues unsolved, especially in the
consultation and preference elicitation modules, that significantly hamper the further
uptake in real-world problem-solving scenarios.

• The consultation module serves as the interface for DM interaction with the
optimization module. It queries the DM about their preferences to effectively recommend
solutions. This closely aligns with preference learning in the machine learning community.
There are three strategies to accomplish this. The first, as shown in Figure 1(b-1), involves
reward models [51] or ranking mechanisms [29, 27, 38]. In this approach, DMs often pro-
vide scores or rankings for a large set of solutions. However, this overburdens the DM and
risks introducing errors into the optimization process due to overlooked human cognitive
limitations. The other two strategies are grounded in the dueling bandits settings [66],
utilizing pairwise comparisons in consultation but with different assumptions about human
feedback. Specifically, the second strategy relies on a parameterized transitivity model [5] or
a structured utility function for dueling feedback, such as the Bradley-Terry-Luce model [11]
in Figure 1(b-2). While theoretically appealing, this method faces a challenge in model
selection that can be as complex as the original problem, posing difficulties in practical
applications. Different from the previous two strategies, the last one tackles human feedback
as stochastic events such as Bernoulli trials [63], and it learns DM’s preferences from their
feedback as shown in Figure 1(b-3). However, a key bottleneck here is the souring number
of DM queries required when considering a population of solutions in PBEMO.

• The preference elicitation module acts as a catalyst, transforming the preference
information learned in the consultation module—usually not directly applicable—into a
format usable in the underlying EMO algorithm. The stochastic nature of human feedback [1]
can lead to a misuse of learned preferences that adversely disturb search processes. This
issue is pronounced in PBEMO contexts, where the number of consultations is constrained
to reduce the human cognitive burden. Additionally, there is no thumb rule for determining
the frequency of DM interactions or terminating such interactions, where current methods
are often heuristics (e.g., setting a fixed number of interactions [36]).

In this paper, we propose a novel direct PBEMO framework (dubbed D-PBEMO) that directly leverages
DM’s feedback to guide the evolutionary search for SOI. Note that it neither relies on any reward
model nor cumbersome model selection. Our D-PBEMO framework consists of two key features.

• Given the stochastic nature of human feedback, we develop a novel clustering-based stochas-
tic dueling bandits algorithm in the consultation module. It is model-free and its regret

2
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is O(K2 log T ), where K is the number of clusters and T is the number of rounds. This
overcomes the challenge of substantial queries inherent in conventional dueling bandits [4].

• The preference elicitation module transforms the learned preferences from the
consultation module into a unified probabilistic format, in which the associated uncer-
tainty represents the stochasticity involved in preference learning. This not only streamlines
the incorporation of learned preferences into the optimization module to guide EMO
to search for SOI, but also constitutes a principled termination criterion that strategically
manages human cognitive burden and the computational budget.

2 Preliminaries

2.1 Multi-Objective Optimization Problem

The MO problem is formulated as: min
x∈Ω

F(x) =
(
f1(x), . . . , fm(x)

)⊤
, where x = (x1, . . . , xn)

⊤ is

an n-dimensional decision vector and F(x) is an m-dimensional objective vector whose i-th element
is the objective mapping fi : Ω→ R, where Ω is the feasible set in the decision space Rn. Without
considering the DM’s preference information, given x1,x2 ∈ Ω, x1 is said to dominate x2 (denoted
as x1 ⪯ x2) iff ∀i ∈ {1, . . . ,m} we have fi(x

1) ≤ fi(x
2) and F(x1) ̸= F(x2). A solution x ∈ Ω

is said to be Pareto-optimal iff ∄x′ ∈ Ω such that x′ ⪯ x. The set of all Pareto-optimal solutions is
called the Pareto-optimal set (PS) and their corresponding objective vectors constitute the PF.

The ultimate goal of MO is to identify the SOI from the PS satisfying DM’s preference. It consists of
two tasks: ① searching for Pareto-optimal solutions that cover SOI, and ② steering these solutions
towards the SOI. PBEMO addresses the task ① by employing an EMO algorithm as a generator of
an evolutionary population of non-dominated solutions S = {xi}Ni=1, striking a balance between
convergence and diversity for coverage. For the task ②, PBEMO actively queries DM for preference
information regarding these generated solutions, then it leverages the learned preferences to guide the
EMO algorithm to approximate the SOI.

2.2 Preference Learning as Dueling Bandits

Since human feedback from relative comparisons is considerably more reliable than absolute labels
[48], we focus on pairwise comparisons as a form of indirect preference information. In PBEMO,
a DM is asked to evaluate pairs of solutions ⟨xi,xj⟩ selected from S, where i, j ∈ {1, . . . , N} and
i ̸= j. The DM’s task is to decide, based on her/his preferences, whether xi is better, worse, or
equivalent to xj , denoted as xi ≻p xj , xi ≺p xj , or xi ≃p xj . Regarding stochastic preference,
there is a preference matrix for K-armed dueling bandits defined as P = [pi,j ]K×K , where pi,j is the
winning probability of the i-th arm over the j-th arm [65]. In particular, we have pi,j + pj,i = 1 with
pi,i = 0.5. The i-th arm is said to be superior to the j-th one iff pi,j > 0.5. Simply considering each
solution as an individual arm will yield K = N , which suffers efficiency in targeting the SOI when
the evolutionary population is large [35]. The ranking of all arms is determined by their Copeland
scores, where the SOI should be the Copeland winners that have the biggest Copeland scores.
Definition 2.1 ([60]). The normalized Copeland score of the i-th arm, i ∈ {1, . . . ,K}, is given by:

ζi =
1

K − 1

∑

j ̸=i,j∈{1,...,K}
I (pi,j > 0.5) , (1)

where I (·) is an indicator function. Arm k⋆ satisfying k⋆ = argmax
i∈{1,...,K}

ζi is the Copeland winner.

The goal of dueling bandits algorithm is to identify the Copeland winner among all candidate arms
with no prior knowledge of P. To this end, a winning matrix is introduced as B = [bi,j ]K×K to record
the pairwise comparison labels, where bi,j is the number of time-slots when the i-th arm is preferred
from pairs of i-th and j-th arms. Consequently, we can approximate the preference probability with
mean p̃i,j =

bi,j
bi,j+bj,i

, whose upper confidence bound ui,j and lower confidence bound li,j can be
quantified as:

ui,j =
bi,j

bi,j + bj,i
+

√
α log t

bi,j + bj,i
, li,j =

bi,j
bi,j + bj,i

−
√

α log t

bi,j + bj,i
, (2)

3
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where α > 0.5 controls the confidence interval, and t is the total number of comparisons so far. The
performance of a dueling bandits algorithm is often evaluated by the regret defined as follows.
Definition 2.2. The expected cumulative regret for a dueling bandits algorithm is given as:

RT =

T∑

t=1

(ζ⋆ − ζ ′(t)) + (ζ⋆ − ζ ′′(t))
2

= ζ⋆T − 1

2

T∑

t=1

(ζ ′(t) + ζ ′′(t)) , (3)

where T is the total number of pairwise comparisons, ζ ′(t) and ζ ′′(t) denote the pair to be compared
at the t-th (1 ≤ t ≤ T ) round, ζ⋆ represents the Copeland score of the Copeland winner.

3 Proposed Method

Our proposed D-PBEMO framework follows the conventional PBEMO flow chart as in Figure 1(a).
In the following paragraphs, we mainly focus on delineating the design of D-PBEMO with regard
to both consultation and preference elicitation modules, while leaving the design of the
optimization module open.

3.1 Consultation Module

As the interface by which the DM interacts with an EMO algorithm, the consultation module
mainly aims to collect the DM’s preference information from their feedback upon S to identify the SOI.
We employ the stochastic dueling bandits [74], to directly derive preferences from human feedback
without relying on further assumptions such as contextual priors [41] or structured models [11]. In
this setting, a natural choice is to consider each candidate solution as an arm to play. However, since
the size of S is usually as large as over 100 in the context of EMO, the conventional dueling bandits
algorithms will suffer from a large amount of preference comparisons to converge [73, 35]. This
is impractical in PBEMO when involving DM in the loop. To address this problem, we propose
clustering-based stochastic dueling bandits algorithm that consist of the following three steps.

Step 1: Partition S into K subsets {S̃i}Ki=1 based on solution features in the context of EMO.
Such partitioning is implemented as a clustering method based on the Euclidean distances between
solutions of S in the objective space. Instead of viewing each solution as an individual arm, we
consider each subset S̃i as an arm in our proposed dueling bandits. We denote the solution-level
preference matrix as Ps = [psi,j ]N×N , where psi,j represents the probability that xi ≻p xj . Then, the
preference matrix P in the subset-level can be calculated by pi,j = 1

|S̃i||S̃j |
∑

xu∈S̃i

∑
xv∈S̃j psu,v,

where |S̃i| stands for the size of S̃i. This probability is well-defined since it satisfies pi,j + pj,i = 1.
So far, we have reformulated a subset-level dueling bandits problem. Accordingly, the subset-level
Copeland winner is the subset S̃⋆ that beats others on average.

Step 2: Subset-level dueling sampling and solution-level pairwise comparisons. We employ the
double Thompson sampling algorithm [62] to determine the subset pairs, and then select solutions
from the pairs to query DM preferences. We introduce two vectors v = (v1, . . . , vN )⊤ and ℓ =
(ℓ1, . . . , ℓN )⊤ to record the winning and losing times of each solution respectively, initialized by
vi = 0, ℓi = 0, i = {1, . . . , N}. We perform the following steps within a given budget T .

Step 2.1: Determine the subset S̃ ′ that most likely covers the SOI. We first narrow candidates
to the subsets having the highest upper confidence Copeland scores, denoted as C1 =
{S̃i|i = argmaxi ζ̃i}, where ζ̃i =

1
K−1

∑
j ̸=i I(ui,j > 0.5), i, j ∈ {1, . . . ,K}. Then,

∀S̃i ∈ C1, we apply Thompson sampling as θ
(1)
i,j ∼ Beta(bi,j + 1, bj,i + 1) to sample

the winning probability of S̃i over other subsets S̃j , where j ∈ {1, . . . ,K} and j ̸=
i. Finally, we apply the majority voting strategy to determine the candidate by S̃ ′ ←
argmaxS̃i∈C1

∑
j ̸=i I(θ

(1)
i,j > 0.5), where ties are broken randomly.

Step 2.2: Select the subset S̃ ′′ that can be potentially preferred over S̃ ′. To promote exploration,
we narrow candidates to the subsets whose lower-confident winning probability over S̃ ′ is
at most 0.5, denoted as C2 = {S̃i|li,′ ≤ 0.5}. Note that S̃ ′ ∈ C2 because l′,′ ≤ p′,′ = 0.5.

4
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Figure 2: (a) The evolutionary population of an EMO algorithm is divided into three subsets, where
S̃2 covers the SOI (denoted as a ⋆). (b) After a PBEMO round, in the next consultation session,
all solutions are steered towards the SOI and their spreads become more tightened towards the SOI.

Then, ∀S̃i ∈ C2, we apply Thompson sampling as θ(2)i,′ ∼ Beta(bi,′+1, b′,i+1) to sample

the winning probability of S̃i over S̃ ′, and fix θ
(2)
′,′ = 0.5 according to the definition of

preference matrix. Finally, the candidate is determined by S̃ ′′ ← argmaxS̃i∈C2 θ
(2)
i,′ .

Step 2.3: Select two representative solutions x′ ∈ S̃ ′ and x′′ ∈ S̃ ′′ to query DM. We conduct
uniform sampling to obtain solutions from the least-informative perspective. The DM
is asked to evaluate the pair of solutions ⟨x′,x′′⟩. If we observe x′ ≻p x′′, we update
b′,′′ ← b′,′′ + 1, v′ ← v′ + 1, and ℓ′′ ← ℓ′′ + 1, and vice versa. Note that other strategies
to obtain solutions x′ and x′′ can be used to improve the query efficiency.

Step 3: Output the learned preferences. The output is a triplet {S̃⋆,v, ℓ}, where S̃⋆ =

argmaxS̃i ζ̃i is the optimal subset that most likely covers SOI, and candidate solutions are considered
to be the SOI with uncertainty encoded by their winning and losing times.

The pseudo codes of the above algorithmic implementation are detailed in Appendix C. Figure 2
gives an illustrative example of the consultation process.

Remark 1. PBEMO is a optimization-cum-decision-making process. Instead of having a set of
Pareto-optimal candidate solutions upfront, PBEMO starts with a coarse-grained representation
of the PF. Then, it gradually steers incumbent solutions towards the learned SOI, which may be
inaccurate initially. Subsequent consultations then serve as a refinement process. In this context,
different from the dueling bandits, which are designed for identifying the single best solution in each
round, our proposed method aims to recognize the SOI with a progressively refined fidelity.

Remark 2. Based on the Remark 1, we intend to explore the dependency among solutions [47, 53].
This involves performing pairwise comparisons for solution groups, rather than for a single candidate,
to enable more efficient interaction. Consequently, in the preference elicitation stage, it becomes
essential not only to rely on the learned preference but also to consider the uncertainty introduced by
the coarse-grained representation.

Theoretical Analysis. We present a rigorous analysis of the regret bound of our proposed algorithm.
To this end, we introduce the following two assumptions derived from the current literature.

Assumption 3.1 ([62]). The winning probability between two arms satisfies pi,j ̸= 0.5, ∀i ̸= j.

Assumption 3.2 (Tight clustering [33]). All solutions in S̃⋆ are the Copeland winners over other
solutions in the sub-optimal subsets.
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Figure 3: The density ratio between pν(x̃) and pℓ(x̃) is shaded in blue, while its estimation is
shaded in red. The SOI falls within the estimated Gaussian distribution for 95% confidence interval.

Theorem 3.3. Under the Assumptions 3.1 and 3.2, for any ϵ ∈ (0, 1] and α > 0.5, the regret of our
clustering-based stochastic dueling bandits algorithm is bounded by:

RT (T ) ≤
∑

i ̸=j, p
i,j

<0.5

(
(1 + ϵ)

log T

DKL(pi,j ∥ 0.5)
+

4α log T

(p
i,j
− 0.5)2

)
+O

(
K2

ϵ2

)
.

Definitions of p
i,j

and proof can be found in Appendix B.1.

Remark 3. Theorem 3.3 reveals that the expected regret of our algorithm is bounded byO(K2 log T ).
Compared with the dueling bandits algorithms based on Thompson sampling and their extensions
to large arms [62, 35], whose regret is bounded by O(N2 log T ), our proposed clustering-based
stochastic dueling bandits algorithm is more efficient in searching for the SOI, given K ≪ N .

3.2 Preference Elicitation Module

The preference elicitation module plays as a bridge that connects consultation and optimiza-
tion. It transforms the preference learned from the consultation module into the configurations
used in the underlying EMO algorithm, thus steering the EMO process progressively towards the
SOI. In addition, this module maintains the preference information to inform a strategic termination
criterion of consultation, thus reduces DM’s workload. We present the design of this module by
addressing the following three questions.

How to leverage the preference learned from the consultation session? Let us assume the DM’s
feedback collected in the consultation session is drawn from a preference distribution as the
density ratio pv(x̃)/pℓ(x̃), where pv(x̃) and pℓ(x̃) is respectively the winning and losing probability
of a solution x̃ sampled from the PS, see an illustrative example in Figure 3(a). After the τ -th round of
the consultation session, we perform density-ratio estimation based on v and ℓ. By using moment
matching techniques (see Appendix B.2), we obtain a Gaussian distribution with mean x̃∗

τ and covari-
ance Σ̃τ . Let σ̃τ take the largest value of diagonal elements of Σ̃τ . The preference elicitation
module maintains a Gaussian mixture distribution by a convex combination of Gaussian distributions
from multiple consultation sessions:

P̃r(x) =
1

Z

Nconsult∑

τ=1

1

σ̃τ
N (x | x̃∗

τ , Σ̃τ ), (4)

where x ∈ Ω, Nconsult is the total number of consultation sessions conducted so far, and Z =∑Nconsult

τ=1 1/σ̃τ is the normalization term. Figure 3(b) gives an illustrative example of a Gaussian
distribution approximated by the DM’s feedback collected at one consultation session.

How to adapt P̃r(x) to EMO algorithms? We believe P̃r(x) can be applied in any EMO algorithms
with few adaptation in their environmental selection. For proof-of-concept purpose, this paper takes
NSGA-II [14] and MOEA/D [68], two most popular algorithms in the EMO literature, as examples
and we design two D-PBEMO instances, dubbed D-PBNSGA-II and D-PBMOEA/D.
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• At each generation of the original NSGA-II, it first uses non-dominated sorting to divide
the combination of parents and offspring into several non-domination fronts F1, . . . , Fl.
Starting from F1, one front is selected at a time to construct a new population, until its size
equals to or exceeds the limit. The exceeded solutions in the last acceptable front will be
eliminated according to the crowding distance metric to maintain population diversity. In
D-PBNSGA-II, we replace the crowding distance with P̃ r(x). As a result, the solutions
close to the SOI will survive to the next generation.

• The basic idea of the classic MOEA/D is to decompose the original MOP into a set of
subproblems using weight vectors. Then, these subproblems are tackled collaboratively
using population-based meta-heuristics. In D-PBMOEA/D, we progressively transform the
originally uniformly distributed weight vectors W = {wi}Ni=1 used in the original MOEA/D
to the preference distribution P̃r(x). In practice, the transformed weight vector is wi′ =

P̃r
−1

(wi), where P̃r
−1

(·) is the weighted sum of inverse Gaussian distribution, defined
in equation (19).

Detailed implementation of D-PBNSGA-II and D-PBMOEA/D are in Appendix C.

When to stop querying DM? There is no principled termination criterion in exiting PBEMO, but is
often set as a pre-defined number of consultation sessions. This is not rationale and likely to incur
unnecessary workloads to DM, even when the evolutionary population is either converged to the SOI
or being trapped by local optima. Under our D-PBEMO framework, we have the following theoretical
result about the convergence property of P̃r(x).

Theorem 3.4. Assume the preference distribution P̃r(x) around the SOI follows a Gaussian mixture
distribution. It becomes stable when Nconsult increases.

The proof of Theorem 3.4 is in Appendix B.3. In D-PBEMO, we apply Theorem 3.4 to adaptively
terminate the consultation session when P̃r(x) becomes stable. In practice, this happens when
the Kullback–Leibler (KL) divergence of P̃r(·) between two consecutive consultation sessions is
smaller than a threshold ε:

DKL

(
P̃rτ−1 ∥ P̃rτ

)
=

Ns∑

i=1

P̃rτ−1 (x̂i)
log P̃rτ−1 (x̂i)

log P̃rτ (x̂i)
, (5)

where 1 < τ ≤ Nconsult, x̂i is sampled from S̃⋆. Ns is the number of samples when calculating the
KL divergence. Here we use ε = 10−3, and its parameter sensitivity is studied in Section 4.4.

4 Experiments

4.1 Experimental Setup

This section outlines some key experimental setup including benchmark test problems and perfor-
mance metrics. More detailed information can be found in Appendix D.

Benchmark problems Our experiments considers 33 synthetic test instances including ZDT1 to
ZDT4 and ZDT6 [72] (m = 2), DTLZ1 to DTLZ6 [18] where m = {3, 5, 8, 10}, and WFG1, WFG3,
WFG5, and WFG7 [30] (m = 3). These problems are with various PF shapes and challenges such
as bias, plateau, and multi-modal. In addition, we also consider two scientific discovery problems
including 10 two-objective RNA inverse design tasks [55, 70] and 5 four-objective protein structure
prediction (PSP) task [69]. The problem formulations are detailed in Appendix D.1.

Performance metrics As discussed in [37], quality assessment of non-dominated solutions is far
from trivial when considering DM’s preference information regarding conflicting objective. In our
experiments, we consider two metrics to serve this purpose. One is approximation accuracy ϵ⋆(S)
that evaluates the closest distance of x ∈ S regarding the DM preferred solution in the objective
space, denoted as ‘golden point’ z⋆ ∈ Rm, while the other is average accuracy ϵ̄(S) that evaluates
the average distance to z⋆. Note that z⋆ is unknown to the underlying algorithm in practice, and
the corresponding settings used in our experiments are in Appendix D.2. Due to the stochastic
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Figure 4: Box plot for the Scott-Knott test rank of D-PBEMO and peer algorithms achieved by 33 test
problems running for 20 times. The index of algorithms are as follows: 1 ; D-PBNSGA-II, 2 ;
D-PBMOEA/D, 3 ; I-MOEA/D-PLVF, 4 ; I-NSGA-II/LTR, 5 ; IEMO/D.
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Figure 5: Comparison result of D-PBNSGA-II against the other three state-of-the-art PBEMO
algorithms on a selected RNA inverse design task (Eterna ID: 852950). The target structure is shaded
in blue color while the predicted structures obtained by different optimization algorithms are
highlighted in red color. In this experiment, the preference is set to σ = 1. The closer σ is to 1, the
better performance achieved by the corresponding algorithm. When the σ shares the same biggest
value, the smaller MFE the better the performance is. Full results can be found in Appendix F.

nature of evolutionary computation, each experiment is repeated 20 times with different random
seeds. To derive a statistical meaning of comparison results, we consider Wilcoxon rank-sum test and
Scott-Knott test in our experiments. They are briefly introduced in Appendix D.3.

4.2 Comparison Results with State-of-the-art PBEMO algorithms

To validate the effectiveness of our proposed D-PBEMO framework, we first compare the per-
formance of D-PBNSGA-II and D-PBMOEA/D against three state-of-the-art PBEMO algorithms,
I-MOEAD-PLVF [36], I-NSGA2/LTR [38], IEMO/D [58].

For the synthetic benchmark test problems, the comparison results of ϵ⋆(S) and ϵ̄(S) in Tables A5
and A6 have demonstrated the competitiveness of our proposed D-PBEMO algorithm instances. In
particular, D-PBNSGA-II and D-PBMOEA/D have achieved the best metric values in 77 out of 96
comparisons according to the Wilcoxon rank-sum test at the 0.05 significant level. In Figure 4, the
box plots of the ranks derived from the Scott-Knott test of D-PBNSGA-II and D-PBMOEA/D compared
against the other three peer algorithms further consolidate our observation about the effectiveness
of our D-PBEMO framework for searching for SOI within a given computational budget. From the
plots of the final non-dominated solutions obtained by different algorithms shown in Figures A8
to A9, we can see that the solutions found by our D-PBEMO algorithm instances are more concentrated
on the ‘golden point’ while the others are more scattered. Further, the superiority of our proposed
D-PBEMO algorithm instances becomes more evident when tackling problems with many objectives,
i.e., m ≥ 3. Similar observations can be found in the scientific discovery problems, as the results
shown in Tables A22, A23, A24 and A25. For the RNA inverse design tasks, the sequences identified
by our proposed D-PBEMO algorithm instances have a good match regarding the targets as the selected
results shown in Figure 5 (full plots in Figures A14 and A15). As for the PSP problems, from the
results in Figure 6, it is clear to see that D-PBEMO algorithm instances significantly outperform the
other peers. The protein structures predicted by our algorithms are more aligned with the native
protein structure. Full results can be found in Appendix F.
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Figure 6: Experiments results for comparison results between D-PBEMO and the other three
state-of-the-art PBEMO algorithms on the PSP problems. In particular, the native protein structure is
represented in a blue color while the predicted one obtained by different optimization algorithms are
highlighted in a red color. The smaller RMSD as defined in Equation (29) of appendix, the better
performance achieved by the corresponding algorithm.

4.3 Investigation of the Effectiveness of Our Consultation Module

The consultation module, which learns the DM’s preferences from their feedback, is one of the
most important building blocks of our proposed D-PBEMO framework. To validate its effectiveness,
we designed a D-PBEMO variant (denoted as D-PBEMO-DTS) that uses the double Thompson sampling
(DTS) widely used in conventional stochastic dueling bandits [62] as an alternative of our proposed
clustering-based stochastic dueling bandit algorithm. From the results in Tables A7 and A8, it is clear
to see that D-PBEMO-DTS is always outperformed by our three D-PBNSGA-II and D-PBMOEA/D. This
observation can be attributed to the ineffectiveness of the traditional dueling bandit algorithms for
tackling a large number of arms. In our PBEMO context, DTS requires at least thousands comparisons
when encountering more than 100 candidate solutions. This is not feasible under the limited amount
of computational budget. We envisage the same results will be obtained when considering other
dueling bandits variants such as [74, 34].

Further, we designed another variant (denoted as D-PBEMO-PBO) that uses a parameterized preference
learning model in Bayesian optimization [25] as alternative in the consultation module. From
the comparison results shown in Tables A7 and A8, we find that the performance of D-PBEMO-PBO
is competitive on problems with a small number of objective (m = 2). However, its performance
degenerate significantly with the increase of the number of objectives. This can be attributed to
the exponentially increased search that renders D-PBEMO-PBO ineffective by suggesting too many
solutions outside of the region of interest. In contrast, the clustering strategy in our proposed method
strategically and significantly narrow down the amount of comparisons without compromising the
learning capability. Additionally, the enlarged search space also makes the model selection in
D-PBEMO-PBO difficult. Our proposed method, on the other hand, learns human preferences directly
from their feedback, thus is scalable to a high-dimensional space.
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4.4 Parameter Sensitivity Study
This section discusses the sensitivity study of two hyperparameters of the D-PBEMO framework.

K is the parameter that controls the number of subsets used in our clustering-based stochastic dueling
bandits algorithm. From the results shown from Tables A11 and A12 considering K = {2, 5, 10}, it
is interesting to note that D-PBEMO is not sensitive to the setting of K when the dimensionality is low
(i.e., m = 2). This implies that we can achieve a reasonably good performance even when using a
smaller K, i.e., a coarser-grained approximation of SOI. By doing so, we can further improve the
efficiency of our D-PBEMO framework.

As the dimensionality increases (i.e., m = {3, 5, 8, 10}), the population size will increase. Generally,
as is shown in Table A13 ˜ A20, with larger populations, a higher K tends to yield better results,
aligning with our intuition. Furthermore, our significance analysis across 20 repeated experiment
(Figure 4) reveals that the optimal K does not show significant differences in performance. In
summary, K does not significantly impact the performance of our proposed D-PBEMO framework.
For most problems, we do not recommend choosing a very small/large K (e.g., K = 2, K = N ), as
it may inefficiently narrow down the ROI.

To a certain extent, the threshold ε plays an important role for controlling the budget of consulting
the DM. From the results shown in Tables A9 and A10, we find that all three settings of ε =
{10−1, 10−3, 10−6} have shown comparable results. However, a too large ε = 10−1 may lead to a
premature convergence risk. On the other hand, a too small ε = 10−6 may be too conservative to
terminate. This renders more consultation iterations, thus leading to a larger amount of cognitive
workloads to DMs. In contrast, we find that D-PBEMO algorithm instances can converge with less
than 10 consultation iterations with ε = 10−3.

5 Limitations

Our proposed D-PBEMO directly leverages DM’s feedback to guide the evolutionary search for SOI,
which neither relies on any reward model nor cumbersome model selection. However, there are
several potential limitations of D-PBEMO that warrant discussion here:

• The regret analysis of our proposed clustering-based stochastic dueling bandits is for the
optimal subset, i.e., the region of interest on the PF. It is not yet directly applicable to
identify the exact optimal solution of interest. As part of our future work, we will work on
efficient algorithms and theoretical study on the best arm identification in the context the
preference-based EMO.

• This paper only analyzes the regret of the consultation module. How to further analyze the
convergence of the D-PBEMOas a whole remains unknown. This will also lead to the next step
of our research. In particular, if it is successful, we may provide a radically new perspective
to analyze the convergence of evolutionary multi-objective optimization algorithms.

6 Conclusion
This paper introduced the D-PBEMO framework that is featured in a novel clustering-based stochastic
dueling bandits algorithm. It enables learning DM’s preferences directly from their feedback,
neither relying on a predefined reward model nor cumbersome model selection. Additionally, we
derived a unified probabilistic format to adapt the learned preference to prevelant EMO algorithms.
Meanwhile, such probabilistic representation also contributes to a principled termination criterion of
DM interactions. Experiments demonstrate the effectiveness of our proposed D-PBEMO algorithm
instances. In future, we will investigate more principled approaches to obtain K subsets, such as
fuzzy clustering with overlapping. Further, we plan to extend this current K-armed bandits setup to a
best arm identification. By doing so, we can directly obtain the solution of interest, with a potential
explainability for MCDM. Moreover, we will extend our theoretical analysis of the termination
criterion to a convergence analysis of PBEMO, even generalizable to the conventional EMO. Last but
not the least, we will collaborate with domain experts to promote a emerging ‘expert-in-the-loop’
scientific discovery platform, contributing to the prosperity of AI for science.
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A Related Works

A.1 Multi-objective optimization

In the context of MO, to align with DM’s preference, existing methods fall into three main categories:
the a posteriori methods, the a priori methods, and the interactive methods [12]. The a posteriori
methods first generates extensive efficient solutions through MO algorithms, then ask DM to select
SOI from these solutions. In this way, DM is involved only when solution generation from the
optimization module is finished, where the decision making process can be finished according to
multi-criterion decision analysis [26] or certain SOI analysis [13, 6, 40]. However, the absence of
DM’s preferences in solution generation can paradoxically complicate pinpointing the SOI, and the
sheer number of generated solutions can be cognitively overwhelming for DM to choose from. The
a priori method, leverages pre-defined DM’s preference to guide the search of SOI [7, 42, 57, 37].
In other words, the decision making happens before optimization. This is more related to offline
preference learning such as reinforcement learning from human feedback (RLHF) [38]. However,
given the black-box nature of real-world problems, eliciting reasonable preferences a priori can be
controversial. [39, 54] pointed out that the a priori method may lead to disruptive preferences and
result in faulty decisions. Moreover, elaborating the DM labeled dataset used for offline preference
learning such as RLHF is also a difficult task. In contrast, the interactive method also known
as preference-based evolutionary multi-objective optimization (PBEMO) [39] presents a valuable
opportunity for the DM to gradually comprehend the underlying black-box system and consequently
refine user preference information [44, 15, 8, 36, 59, 38].

A.2 Preference learning in PBEMO

The consultation module in PBEMO collects DM’s preference by actively querying DM’s preference
towards recommended candidates. Based on the requirements of human feedback, methods for
consultation can be categorized into the following three types, as also presented in Figure 1(b).

• The first type requires DM to provide scores or rankings for a bunch of (typically more than
three) solutions. In [38], a rank-net was introduced to conduct consultation in PBEMO. In
[27], a ranking model was required in the context of RLHF. In addition, as presented in
[50], relative preference can only be leveraged by ranking on more than three candidates.
However, providing reward or ranking on a bunch of solutions will not only increase the
workload of DMs, but will also introduce uncertainty and randomness into optimization
processes due to the limited capacity of DMs [48].

• Algorithms in the second type rely on a parameterized transitivity model or a structured
utility function for dueling feedback [5], such as the Bradley-Terry-Luce model [11] which
has been widely explored in the literature [32, 24, 11, 29, 71]. These algorithms can be traced
back to 1982, when [32] introduced the UTA (UTilités Additives) method for deducing
value functions based on a provided ranking of reference set. Following up work included
[24] that employed pairwise preference to predict a ranking for potential labels associated
with new training examples, [11] that utilized GP for pairwise preference learning (PGP)
within a Bayesian framework, and [9] that proposed the ListNet which was an NN-based
learning-to-rank method to model preference feedback. In addition, [29] extended the
work in [9] to handle multi-user scenarios by introducing a weight vector for each user
and combining multiple preference latent functions. More recently, [25] proposed a novel
pairwise preference learning method using the concept of Bayesian optimization based
on a structured surrogate model assumption, named preferential Bayesian optimization
(PBO). Moreover, in [71], a comparative study towards four prominent preference elicitation
algorithms was conducted, and results shown that ranking queries outperformed the pairwise
and clustering approaches in terms of utility models ad human preference.

• Algorithms that belong to the third type consider human feedback as stochastic events such
as Bernoulli trails, enabling quantifying randomness regarding the DM’s capability. Dueling
bandits algorithms are known for its efficiency towards interactive preference learning [65].
In recent years, work like [75, 62, 63] has improved dueling bandits algorithms in both
querying efficiency and computational complexity. Further investigations on dueling bandits
are presented in A.3.
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Algorithms in the first two types burden the development of PBEMO, as reward/ranking method fails
to take human capability into account and will navigate solutions to an inaccurate direction, while the
parameterized method relies heavily on model selection. It is well known that, in real-world problems,
selecting an appropriate model is as difficult as solving the original problems. We appreciate the
model-free settings in dueling bandits algorithms.

A.3 Bandit algorithms

The dueling bandits problem involves a sequential decision-making process where a learner selects
two out of K “arms” in each round and receives binary feedback about which arm is preferred.
Following [4], dueling bandits algorithms can be classified into three categories: MAB-related, merge
sort/quick sort, and tournament/challenge. In this paper, we focus on traditional dueling bandit
algorithms falling in the MAB-related category. comprising four distinct methodologies for handling
pairwise comparisons.

• The first method is known as explore then commit (ETC), which is utilized by algorithms
such as interleaved filtering (IF) [65], beat the mean (BTM) [66] and SAVAGE [60]. ETC
methods kick out solutions that are unlikely to win, but this approach may lead to lower
accuracy of predictive probability.

• The second method involves using the upper confidence bound (UCB), for example relative
upper confidence bound (RUCB) [74], MergeRUCB [73], and relative confidence sampling
(RCS) [75]. MergeRUCB, an extension of RUCB, is particularly designed for scenarios with
a large number of arms. RCS combines UCB and Beta posterior distribution to recommend
one arm for each duel in each iteration step.

• The third method employs Thompson sampling, as demonstrated by double Thompson
sampling (DTS) [62] and MergeDTS [35]. Similar to MergeRUCB, MergeDTS is designed
for dealing with a substantial number of arms. It is worth nothing that UCB methods
assume the existence of a Condorcet winner, whereas Thompson sampling methods assume
a Copeland winner, representing a fundamental distinction between these two types.

• The fourth method involves using the minimum empirical divergence, as introduced by
relative minimum empirical divergence (RMED) [34] and deterministic minimum empirical
divergence (DMED) [28]. RMED and DMED employ KL divergence as a metric to evaluate
candidate arms.

Overall, these four methods represent different approaches to pairwise comparison in traditional
dueling bandit algorithms. However, the key bottleneck here is the sourcing number of DM queries
required when considering a population solutions in PBEMO.

To our knowledge, there is no clustering-based dueling bandit algorithms. While in the field of
multi-armed bandit (MAB), there has already exists clustered MABs which consider the correlation
of arms [47, 46], they relied heavily on complex model selection that is not applicable for real-world
scenarios.

Additionally, it is noted that multi-objective multi-armed bandit (MOMAB) is potential to address
PBEMO problems. However, as pointed out in [31, 56], MOMABs belong to the a posteriori MO
method, recalling A.1. Specifically, the goal of MOMABs is to find an optimal multi-objective arm by
sampling potential winners. However, MOMABs do not involve optimization for PF generation nor
active query for preference learning. Thus it’s not feasible to use MOMABs as our peer algorithms or
consultation module.

B Derivation and Theoretical Analysis

B.1 Regret bound of clustering dueling bandits

Proof of Theorem 3.3. We follow the proof of double Thompson sampling for dueling bandits [62],
different from which the clustering operation will lead to a non-stationary environment. As shown
subsequently, the Assumption 3.2 is important to build an auxiliary problem that is stationary,
facilitating to apply the results in [62].

17

122222 https://doi.org/10.52202/079017-3884



According to the property of Beta distribution, the estimated mean of probability for subset i beats
subset j is p̃i,j(t) =

bi,j(t)
bi,j(t−1)+bj,i(t−1) . Unfortunately, the pairwise comparison feedback does not

follow a stationary distribution. Specifically, pi,j represents winning probability between the best
solutions in S̃i and S̃j , while p̃i,j(t) is computed from comparison among different solutions in the
two subsets due to limited knowledge of the best solutions at the beginning. As a result, the reward
distribution is drifting [10]. To handle this, we introduce an auxiliary problem with stationary reward
distributions. Based on comparison principles, the number of plays on each subset in the original
problem can be upper bounded by the ones of the auxiliary problem. Note that the auxiliary problem
are introduced merely for theoretical analysis.

Without loss of generality, we assume S̃1 to be S̃∗. Since we are most interested in locating the
optimal subset, we define the underestimation of winning probability of p1,j as p

1,j
, which is the

winning probability between: i) the solution x1 ∈ S̃1 with the lowest Copeland score over all
solutions in S̃j , and ii) the solution xj ∈ S̃j with the highest Copeland score over all solutions
in S̃1, j = 2, . . .K. Likewise, we define p

i,j
as the winning probability between: i) the solution

xi ∈ S̃i with the lowest Copeland score over all solutions in S̃j , and ii) the solution xj ∈ S̃j with
the highest Copeland score over all solutions in S̃1, pi,j > 0.5, ij = 1, . . .K. For pi,j < 0.5, denote
p
i,j

= 1 − p
j,i

. Lastly, we denote p
i,i

= 0.5, ∀i = 1, . . . ,K. According to Assumption 3.2, the
optimality remains, i.e., the optimal subset in the context of pij is also optimal in the context of p

ij
.

With the auxiliary problem, we introduce the virtual Thompson sampling strategy that generates
samples as θ′j,i ∼ Beta(b′j,i(t)− 1, b′i,j(t)− 1), where b′i,j is the number of time-slots when subsets
S̃i beats S̃j under p

i,j
. It is easy to verify two facts in expectation: i) b′i,j ≤ bi,j , and ii) b′j,i ≥ bj,i.

Consequently, when pi,j > 0.5 or i = 1, for samples θi,j(t) ∼ Beta(bi,j + 1, bj,i + 1) and
θ′i,j(t) ∼ Beta(b′i,j + 1, b′j,i + 1), we have θi,j dominates θ′i,j in expectation [10].

In what follows, we are going to quantify the number of plays of subset pair S̃i and S̃j To avoid
ambiguity, let Ni,j(t) denote the case where S̃ ′ = S̃i and S̃ ′′ = S̃j .

When the first subset for comparison has been determined as S̃i, the number of plays for S̃j , j ̸= i, is

E[Ni,j(T )] =

T∑

t=1

P
(
S̃ ′′ = S̃j

)

=

T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
< 0.5

)
+

T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
> 0.5

)
. (6)

When p
i,j

< 0.5, we consider the following facts: i) θj,i are sampled from Beta(bj,i + 1, bi,j + 1)

when j ̸= i; ii) θi,i = 0.5; iii) θj,i > θi,i since subset S̃j is selected by sampling for comparison.
From these observations, the problem is equivalent to a multi-arm bandit problem where the best arm
is indexed by i. Then, the left item of equation (6) can be further divided by

T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
< 0.5

)

=

T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
< c < 0.5

)
+

T∑

t=1

P
(
S̃ ′′ = S̃j , c < p

j,i
< 0.5

)

=

T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
< c,Nj,i(t− 1) ≤ log T

DKL(c∥0.5)

)

+

T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
< c,Nj,i(t− 1) >

log T

DKL(c∥0.5)

)
+

T∑

t=1

P
(
S̃ ′′ = S̃j , c < p

j,i
< 0.5

)
.

(7)
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When p
j,i

< 0.5, if pj,i > 0.5, we have pj,i > p
j,i

, thus θj,i dominates θ′j,i in expectation. Therefore,

we have P
(
Nj,i(t− 1) ≤ log T

DKL(c∥0.5)

)
≤ P

(
N j,i(t− 1) ≤ log T

DKL(c∥0.5)

)
, where N j,i(t− 1) is the

number of plays of pair S̃j against S̃i using the virtual Thompson sampling strategy. Otherwise, if
pj,i < 0.5, we have pj,i < p

j,i
, thus P (pj,i < c) ≥ P

(
pj,i < c

)
which follows the regular form as

Lemma 1 in [62]. According to the concentration property of Thompson samples [2], we have
T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
< 0.5

)

≤
T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
< c,N j,i(t− 1) ≤ log T

DKL(c∥0.5)

)

+

T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
< c,Nj,i(t− 1) >

log T

DKL(c∥0.5)

)
+

T∑

t=1

P
(
S̃ ′′ = S̃j , c < p

j,i
< 0.5

)

≤ log T

DKL(c∥0.5)
+

1

DKL(c∥pj,i)
+ 1. (8)

As shown in [2], for any ϵ ∈ (0, 1], c can be chosen such that DKL(c∥0.5) = DKL(pj,i∥0.5)/(1+ ϵ),
and 1/DKL(c∥pj,i) = O(1/ϵ2). Therefore the left item in equation (6) is bounded from above by

T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
< 0.5

)
≤ (1 + ϵ)

log T

DKL(pj,i∥0.5)
+O

(
1

ϵ2

)
. (9)

To account for the second term in equation (6), the concentration property of relative upper confidence
bound [74, 62] will be used. For p

j,i
> 0.5, define ∆j,i = p

j,i
− 0.5 > 0, thus the right side of

equation (6) can be divided into
T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
> 0.5

)

=

T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
> 0.5, Nj,i(t− 1) <

4α log T

∆j,i

)

+

T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
> 0.5, Nj,i(t− 1) ≥ 4α log T

∆j,i

)
. (10)

Note that the subset S̃j can be selected as S̃ ′′ only if lj,i < 0.5. For the right item in equation (10),
Nj,i(t− 1) ≥ 4α log T

∆j,i
is sufficient to yield lj,i +∆j,i ≥ uj,i, finally we have uj,i ≤ pj,i. Applying

concentration properties in Lemma 6 of [62], we have
T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
> 0.5, Nj,i(t− 1) ≥ 4α log T

∆j,i

)
≤

T∑

t=1

P (ui,j ≤ pi,j) = O(1).

As a result, we can also have a upper bound of the left item in equation (10) as
T∑

t=1

P
(
S̃ ′′ = S̃j , p

j,i
> 0.5, Nj,i(t− 1) <

4α log T

∆j,i

)
≤ 4α log T

∆j,i
. (11)

Altogether, for j ̸= i, we have

E[N ′
j,T ] =

T∑

t=1

P
(
S̃ ′′ = S̃j

)
≤ (1 + ϵ)

log T

DKL(pj,i∥0.5)
+

4α log T

∆j,i
+O

(
1

ϵ2

)
.

For the case where S̃ ′ and S̃ ′′ are selected to be the same subsets, an upper bound of O(K) has been
proven in Lemma 3 of [62]. Therefore we omit the proof of this case for brevity.
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B.2 Density-ratio estimation of preference distribution

Consider the DM’s preference distribution is determined by the density ratio of winning distribution
over losing distribution, in other word, preference on solution x̃ is determined by pv(x̃)/pℓ(x̃). From
consultation module, we have obtained the winning and losing time vectors v and ℓ of all candidate
solutions, which in turn gives us a density estimation of pv and pℓ. We are going to perform density-
ratio estimation based upon v and ℓ to obtain the density ratio, namely the preference distribution
pr(x̃), which can be mathematically formulated as

pv(x̃) = pr(x̃)pℓ(x̃). (12)

We use finite-order moment matching approach without conducting complex density estimation of
each pv(x̃) and pℓ(x̃). Denote a vector-valued nonlinear function ϕ : v → Rk. Consider the first
k-th order moments, we have ϕ(x̃) =

(
x̃(1), . . . , x̃(k)

)
, where x̃(k) stands for element-wise k-th

power of x̃. Then, the moment matching problem for density-ratio estimation can be formulated as

argmin
pr

∥∥∥∥
∫

ϕ(x̃)pr(x̃)pℓ(x̃) dx̃−
∫

ϕ(x̃)pv(x̃) dx̃

∥∥∥∥
2

. (13)

Equivalently, we can reformulate the problem by

argmin
pr

∥∥∥∥
∫

ϕ(x̃)pr(x̃)pℓ(x̃) dx̃

∥∥∥∥
2

− 2

〈∫
ϕ(x̃)pr(x̃)pℓ(x̃) dx̃,

∫
ϕ(x̃)pv(x̃) dx̃

〉
, (14)

where ⟨·⟩ denotes the inner product. Viewing each component in equation (14) as the expectation
operation of function ϕ(x̃)pr(x̃) over distribution pv(x̃) and pℓ(x̃), we use sample averages to esti-
mate the expectation [52]. To this end, we construct two sample vectors Φv =

(
ϕ(x̃1

v), . . . ,ϕ(x̃
Nv
v )

)

and Φℓ =
(
ϕ(x̃1

ℓ), . . . ,ϕ(x̃
Nℓ

ℓ )
)

based on the wining and losing time vectors v and ℓ. Specifically

x̃i
v and x̃i

ℓ are solutions that has won or lost one time during consultation. Note that a solution may
appear in Φv or Φℓ more than one time since its winning or losing time is greater than 1. Nv and Nℓ

are the number of winning and losing solutions, calculated by the sum of all winning or losing times
for all solutions. Correspondingly, we denote pr =

(
pr(x̃

1
ℓ), . . . , pr(x̃

Nℓ

ℓ )
)

. An estimator p̂r for pr

can be calculated by solving the following problem:

p̂r = arg min
pr∈RNℓ

1

N2
ℓ

p⊤
r Φ

⊤
ℓ Φℓpr −

2

NℓNℓ
p⊤
r Φ

⊤
ℓ Φv1Nv , (15)

where 1Nv is the Nv-dimensional vector whose elements are all valued by 1. The optimality is
reached by when the derivative of equation (15) is zero, i.e.,

2

N2
ℓ

Φ⊤
ℓ Φℓpr −

2

NℓNℓ
Φ⊤

ℓ Φv1Nv
= 0k, (16)

where 0k is the k-dimensional vector whose elements are all valued by 0. Correspondingly, we have

p̂r =
Nℓ

Nv

(
Φ⊤

ℓ Φℓ

)−1
Φ⊤

ℓ Φv1Nv . (17)

Note that p̂r is the estimation of true density ratio pr, namely the probability density function,
on solutions x̃i

ℓ, i = 1, . . . , Nℓ. By assuming Gaussian distribution around SOI, we can further
approximate the mean and variance by

x̃∗
τ =

Nℓ∑

i=1

x̃i
ℓp̂

i
r, Σ̃τ = diag

{
Nℓ∑

i=1

x̃i 2
ℓ p̂i

r − x̃∗ 2
τ

}
, (18)

where we dismiss the covariance between any two dimensions in solution space for brevity.

Remark 4. The sample averages can also be performed by first estimating the winning and losing
density distributions based on v and ℓ, then sample solutions on them to increase the sample numbers.
This will improve the estimation in equation (14) at the cost of complex density estimation. In addition,
perturbations on solutions can be introduced for legal inverse operation of Φ⊤

ℓ Φℓ in equation (17).
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B.3 Convergence of preference distribution

Proof of Theorem 3.4. Form Theorem 3.3, when Nconsult increases, the clustering dueling bandits
can grasp DM’s preference towards pairwise comparisons with increasing accuracy. Therefore, the
convergence of preference distribution P̃r(x) will be mainly influenced by the behaviors of EMO
algorithms as well as the landscape of MO problems. To this end, we consider two extreme cases: i)
the population distribution of candidate solutions from EMO generators remains unchanged, and ii)
the population of solutions are steered into shrinking regions by EMO algorithms.

For the first case, we let the unchanged distribution be N (x | x̃∗
u, Σ̃u), ∀τ > Nu, where Nu > 1

denotes a threshold number of consultation sessions. The convergence is presented by the following
truth:

P̃r(x) =
1

Z

Nu∑

τ=1

1

σ̃τ
N (x | x̃∗

τ , Σ̃τ ) +
1

Z

Nconsult∑

τ=Nu+1

1

σ̃u
N (x | x̃∗

u, Σ̃u)

=
1

∑Nu

τ=1
1
σ̃τ

+ (Nconsult −Nu)
1
σ̃u

Nu∑

τ=1

1

σ̃τ
N (x | x̃∗

τ , Σ̃τ )

+
1
σ̃u

(Nconsult −Nu)N (x | x̃∗
u, Σ̃u)

∑Nu

τ=1
1
σ̃τ

+ (Nconsult −Nu)
1
σ̃u

.

Note that 1
σ̃u

> 0 and is constant. When Nconsult ≫ Nu, we have P̃r(x) → 0 + N (x | x̃∗
u, Σ̃u),

therefore P̃r(x) is convergent to N (x | x̃∗
u, Σ̃u).

For the second case, shrinking regions with increasing Nconsult result in a uniform distribution in the
context of Gaussian distribution around SOI. In this case winning and losing probability are close to
each other. As a result, a large σ̃τ will be computed. Therefore this distribution hardly contributes
to the mixture distribution. Consequently, with shrinking regions, effect of consultation sessions
decreases to zero, thus P̃r(x) convergent ultimately.

Based on these observations, two extreme cases can result in a convergent stable mixture distribution,
covering all other cases in PBEMO between the two extreme ones. The proof is complete.

C Algorithmic Implementation of Our D-PBEMO Instances

The structural pseudocode for D-PBEMO is shown in Algorithm 1. The D-PBEMO framework is made
up of three component, consultation, preference elicitation and optimization module. In this paper,
our contribution is mainly in consultation and preference elicitation module (highlighted by rhd). In
consultation module, we proposed a clustering-based stochastic dueling bandit algorithm (pseudocode
can be referenced in Algorithm 2). While in this section, we will delineate the step-by-step process
of three different preference elicitation module. The code of our algorithms and peer algorithms are
available at https://github.com/COLA-Laboratory/EMOC/.

C.1 D-PBNSGA-II

This section will discuss how the learned preference information can be used in NSGA-II [17]. Based
on [16], solutions from the best non-domination levels are chosen front-wise as before and a modified
crowding distance operator is used to choose a subset of solutions from the last front which cannot
be entirely chosen to maintain the population size of the next population, the following steps are
performed:

Step 1: Before the first consultation session, the NSGA-II runs as usual without considering the
preference information.

Step 2: If it is time to consult user preferences (e.g., when we have evaluated the population for
50% of the total generation), we will update the preference distribution P̃r(x) defined
in equation (4).

Step 3: Between two interactions, the crowding distance of each solution will be evaluated by the
predicted preference distribution P̃r(x) learned from the last consultation session.
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Algorithm 1 D-PBEMO structure

Input: G maximum generation, N solutions in population.
1: τ ← 0; // τ represents the consultation session count.
2: current_generation← 0.
3: P̃r0(·)← 0.
4: while current_generation < G do
5: // Phase 1:Consult user using C-DTS.
6: if time to consult (e.g. current_generation ≥ 0.5 ∗G ) and DKL(P̃rτ−1||P̃rτ ) > ε then
7: �run clustering-based stochastic dueling bandit (Algorithm 2);
8: τ ← τ + 1;
9: end if

10: // Phase 2: Preference elicitation and optimization.
11: if s = 0 then
12: Optimization;
13: else
14: � Preference Elicitation, update P̃rτ (x);
15: Optimization;
16: end if
17: end while
Output: Solutions xi, i ∈ {1, 2, . . . , N}.

C.2 D-PBMOEA/D

Following [36], MOEA/D [68] is designed to use a set of evenly distributed weight vectors W =
{wi}Ni=1 to approximate the whole PF. The recommendation point learned from the consultation
module is to adjust the distribution of weight vectors. The following four-step process is to achieve
this purpose.

Step 1: Before the first consultation session, the EMO algorithm runs as usual without considering
any preference information.

Step 2: If time to consult (e.g., when we have evaluated the population for 50% of the total gen-
eration), the whole population is fed to consultation module and the three outputs will be
recorded and used to update the predicted preference distribution for the current population
as P̃r(x) defined in Equation (4).

Step 3: The weight vectors W = {wi}Ni=1 will be projected to the preference distribution P̃r by
using the weighted sum of inverse Gaussian distribution. For a specific weight vector wi:

wi′ = P̃r
−1

(wi) =
1

Z

Nconsult∑

τ=1

1

σ̃τ
N−1(wi | w̃∗

τ , Σ̃τ ), (19)

where i = 1, 2, . . . , N and w̃∗
τ is the corresponding weight vector of x̃∗

τ in P̃r(x) (Equa-
tion (4)). Output the adjusted wi′ as new weight vectors W ′ for next generation.

C.3 D-PBEMO-DTS

This section will discuss how to utilize DTS as consultation module in ablation experiment. In
each consultation session, the budget for pairwise comparison is limited to 100. The optimization
module is Pareto-based EMO algorithm, i.e., NSGA-II [17]. Based on [16], solutions from the best
non-domination levels are chosen front-wise as before and a modified crowding distance operator is
used to choose a subset of solutions from the last front which cannot be entirely chosen to maintain
the population size of the next population, the following steps are performed:

Step 1: Before the first consultation session, the NSGA-II runs as usual without considering the
preference information.

Step 2: If it is time to consult (e.g., when we have evaluated the population for 50% of the total
generation), then the whole population will be fed into the DTS and the optimal arm will be
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Algorithm 2 Clustering-based Stochastic Dueling Bandit (C-DTS)

Input: T ∈ {1, 2, . . .} ∪ {∞}, N arms, K subset.
1: v← 0N , ℓ← 0N ;
2: B ← 0K×K , ui,j = 1, li,j = 0 for i, j ∈ {1, . . . ,K};
3: for t = 1, . . . , T do
4: // Step 1: Choose the first candidate subset S̃ ′
5: ui,j =

bi,j
bi,j+bj,i

+
√

α log t/(bi,j + bj,i), li,j =
bi,j

bi,j+bj,i
−

√
α log t/(bi,j + bj,i), if i ̸= j,

and ui,i = ℓi,i = 1/2,∀i; // let x/0 := 1 for any x, when bi,j + bj,i = 0.
6: ζ̃i ← 1/(K − 1)

∑
j ̸=i I(ui,j > 1/2); // Upper bound of the normalized Copeland score

7: C1 ← {i : ζ̃i = maxi ζ̃i};
8: for i, j = 1, . . . ,K with i < j do
9: Sample θ

(1)
i,j ∼ Beta(bi,j + 1, bj,i + 1);

10: θ
(1)
j,i ← 1− θ

(1)
i,j ;

11: end for
12: S̃ ′ ← argmaxi∈C1

∑
j ̸=i I(θ

(1)
i,j > 1/2); //Choosing from C1 to eliminate likely non-winner

arms; Ties are broken randomly.
13: //Step 2: Choose the second candidate subset S̃ ′′
14: C2 ← {S̃i|li,′ ≤ 0.5};
15: Sample θ

(2)
i,′ ∼ Beta(bi,′ + 1, b′,i + 1) for all i ̸= S̃ ′, and let θ(2)′,′ = 1/2;

16: S̃ ′′ ← argmaxS̃i∈C2 θ
(2)
i,′ ;

17: // Step 3: Query and update
18: Randomly select an arm x′ from S̃ ′, and x′′ from S̃ ′′. And observe the result.
19: if x′ ≻p x′′ then
20: b′,′′ ← b′,′′ + 1 and v′ ← v′ + 1, ℓ′′ ← ℓ′′ + 1;
21: else
22: b′′,′ ← b′′,′ + 1 and v′′ ← v′′ + 1, ℓ′ ← ℓ′ + 1;
23: end if
24: end for
Output: {S̃⋆,v, ℓ}, where S̃⋆ = argmaxS̃i ζ̃i

recorded and used to update the predicted preference distribution P̃r(x) as Equation (4) for
the current population.

Step 3: Between two interactions, the crowding distance of each solution will be evaluated by the
predicted preference distribution P̃r(x) learned from the last consultation session.

C.4 D-PBEMO-PBO

In this section, PBO [25] is utilized as the consultation module for D-PBEMO. The PBO is initialized
with 4 pairwise comparisons and its query budget is limited to 10. Also the acquisition function is
set to Thompson sampling. The optimization module is chosen to be decomposition-based EMO
algorithm, i.e., MOEA/D [68]. Following [36], the decomposition-based EMO algorithm (e.g.,
MOEA/D [68]) is designed to use a set of evenly distributed weight vectors W = {wi}Ni=1 to
approximate the whole PF. The recommendation point learned from the consultation module is to
adjust the distribution of weight vectors. The following four-step process is to achieve this purpose.

Step 1: Before the first consultation session, the EMO algorithm runs as usual without considering
any preference information.

Step 2: If time to consult (e.g., when we have evaluated the population for 50% of the total genera-
tion), the whole population is fed to consultation module and the recommendation solution
will be recorded and used to update the predicted preference distribution for the current
population P̃r(x) as Equation (4).
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Step 4: The weight vectors W = {wi}Ni=1 will be projected to the preference distribution P̃r by
using the weighted sum of inverse Gaussian distribution as defined in Equation (19). The
adjusted weight vectors W ′ = {wi′}Ni=1 will be the new weight vectors for next generation.

We present the lookup table for key notations in the following table 2.

D Experimental Settings

D.1 Benchmark Test Problems

This section introduces the problem definitions of two real-world scientific discovery problems
considered in our experiments. Further, we summarize the key parameter settings in our experiments.

D.1.1 Inverse RNA design

An RNA sequence x of length n is specified as a string of base nucleotides x1x2 . . . xn where
xi ∈ {A,C,G,U} for i = 1, 2, . . . , n. A secondary structure P for x is a set of paired indices where
each pair (i, j) ∈ P indicates two distinct bases xixj ∈ {CG,GC,AU,UA,GU,UG} and each
index from 1 to n can only be paired once. For example, given a target secondary structure ”(...)”,
the predicted sequence x1x2x3x4x5 should satisfied that the 1st and 5th nucleotides in paired set
{CG,GC,AU,UA,GU,UG}.
Reference from [55, 70], our inverse RNA design problem adopts two objective functions.

Stability The ensemble of an RNA sequence x is the set of all secondary structures that x can
possibly fold into, denoted as Y(x). The free energy ∆G(x,y) is used to characterize the stability
of y ∈ Y(x). The lower the free energy ∆G(x,y), the more stable the secondary structure y for x.
The structure with the minimum free energy (MFE) is the most stable structure in the ensemble, i.e.,
MFE structure.

f1 = MFE(x) = argmin
y∈Y

∆G(x,y). (20)

Note that ties for argmin are broken arbitrarily, thus there could be multiple MFE structures for given
x. Technically, MFE(x) should be a set. In our experiment, the MFE is calculate by ViennaRNA3

package.

Similarity The second objective function is to assess the similarity between the best secondary
structure of our predicted sequence and the target structure.

σ = (n− d)/n, (21)

where d is the Hamming distance between our predicted structure and target structure, and σ ∈ [0, 1].
For example, when the target structure is ”(...)” and the predicted secondary structure is ”.....”, d = 2
and σ = (5− 2)/5 = 0.6. The bigger the similarity σ, the more precise our predicted structure is.
Since our MO problems are minimization problems, the second objective should be:

f2 = 1− σ = d/n. (22)

D.1.2 Protein Structure Prediction

Protein structure prediction (PSP) is the inference of the three-dimensional structure of a protein from
its amino acid sequence — that is, the prediction of its secondary and tertiary structure from primary
structure.

To computationally address PSP, the initial step involves constructing protein conformations using
a suitable model. Traditional Protein Data Bank files contain Cartesian coordinates of all atoms in
a protein, often totaling over 1000 atoms for a modest 70-amino acid sequence. This abundance
of coordinates renders Protein Backbone Exploration with EMO algorithms nearly impracticable.
To mitigate this, protein structures are represented using torsion and dihedral angles, obtained by

2In Table A1, we use the i-th arm to denote the i-th subset in the context of PBEMO.
3https://github.com/ViennaRNA/ViennaRNA
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converting atom coordinates along consecutive bonds, effectively reducing the search space while
retaining essential structural information. Protein backbones are primarily defined by three torsion
angles: Φ (around the −N − Cα− bond), Ψ (around the −Cα − C− bond), and Ω (around the
−C−N− peptide bond). Additionally, each amino acid residue may feature varying numbers of side-
chain torsion angles (χi, i ∈ 1, 2, 3, 4) depending on its structure. Despite this, the conformational
search space remains extensive. To address this, secondary structures and backbone-independent
rotamer libraries [21] are utilized to further constrain backbone and side-chain angles, respectively.
These libraries also integrate biological insights from protein secondary structures. Moreover, this
approach necessitates less optimization space compared to those relying on contact maps. For instance,
reconstructing the main and side chains of a 50-amino acid sequence requires only 250− 300 angles
using dihedral angles, whereas contact maps demand 2500 distances for the main chain alone.

In this paper, we consider PSP tasks as a four-objective optimization problem. Each objective function
is an energy function that determines a regulatory property of a protein.

CHARMM The first objective function f1 is CHARMM that calculates several energy terms that
determine protein properties. The corresponding energy function is formulated as:

f1 = EC =
∑

bounds

kb(b− b0)
2 +

∑

angles

kθ(θ − θ0)
2+

∑

dihedrals

kϕ[1 + cos(nϕ− δ)]+

∑

improper

kω(ω − ω0)
2 +

∑

Urey−Bradly

ku(u− u0)
2+

∑

V an−der−V aals

εij [(
Rij

rij
)12 − (

Rij

rij
)6] +

∑

charge

qiqj
e · rij

,

(23)

where b is the bound length, b0 is the ideal length, θ is the angle formed by three atoms involved in
two connected bonds, ϕ is the torsion angle, ω is the improper angle, u is the distance between two
atoms of nonbonded interactions in an angle, kb, kθ, kϕ, δ, n, kω, ω0, ku, u0 are constants. The bonds,
angles dihedrals, improper, and Urey-Bradley terms belong to the bond term, while the non-bond
term includes Van-der-Waals and charge terms. Apart from these, Van-der-Waals and charge terms
are used to calculate the Van der Waals force and electrostatic energy between a pair of atoms (i, j),
respectively.

dDFIRE The second one f2 is dDFIRE that follows two interactions of atom pairs, i.e., that
between polar and nonpolar atoms, and that between polar and non-hydrogen-bonded polar atoms, to
get excellent solution for potential. The energy of atoms (p, q) pair is calculated as:

µ̄D(r, θp, θq, θpq) =

{
−RT ln

No(θp,θq,θpq,r)

( r
rcut

)α ∆r
∆rcut

No(θp,θq,θpq,rcut)
, r < rcut,

0, r ≥ rcut,
(24)

where No(θp, θq, θpq, r) is the number of polar atom pair (p, q) at distance r. θp, θq and θpq are
orientation angles of polar atoms. R is the gas constant, temperature T is set as 300 K, r is the
distance between an atom pair, the cutoff distance rcut is set to 14.5Å, and ∆r(∆rcut) is the bin
width at r (rcut). The value of parameter α is proven to be 1.51 [64]. The total dDFIRE potential is
the summation of energy of all possible atom pairs (p, q) in the protein structure:

f2 = ED =
∑

rpq,θp,θq,θpq

µ̄D(rpq, θp, θq, θpq). (25)

Rosetta The third objective function f3 is Rosetta, a composite energy energy function based on
physics and knowledge, each potentials of it is intricately designed:

f3 = ER =
∑

i

wiEi(Θi, P ), (26)

where w and Θ are the weight and degree of freedom of each energy term, respectively. P is the
protein structure. Details on Rosetta can be referenced in [3].
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RWplus The last objective function f4 is RWplus, whose calculation is the same as that of dDFIRE.
However, it emphasizes more about the potential of short-range interactions:

f4 = ERW =
∑

α,β

−kT ln
No(α, β,R)

Ne(α, β,R)
+

∑

A,B

−0.1δ(A,B)kT ln
No(A,B,OAB)

Ne(A,B,OAB)
, (27)

where k is the Boltzmann constant and T is the temperature in units of Kelvin. No(α, β,R) and
Ne(α, β,R) are the observed and expected number of atom pairs, with α and β atom types within
a distance R, respectively. Similarly, No(A,B,OAB) and Ne(A,B,OAB) are the observed and
expected number of atom vector pairs with (A,B) type within a relative orientation OAB respectively.
The type of atom vector pairs between atom types α and β is (A,B). δ(A,B) is 0 when vector pairs
A and B are not contact, and 1 vice versa. The total RWplus potential is the sum of these atom pairs’
energies.

The problem formulation of PSP can be referenced in [69] 4.

D.2 Parameter Setting

This section lists several parameters used in experiments, including the parameters in EMO algorithms,
and other parameters we need in D-PBEMO:

• The probability and distribution of index for SBX: pc = 1.0 and ηc = 20;
• The mutation probability and distribution of index for polynomial mutation operator: pm =

1
m and ηm = 20;

• The population size for different problems can be referenced in Table A2;
• The maximum number of generation G can be referenced in Table A3;
• For I-MOEA/D-PLVF and I-NSGA2/LTR, the number of incumbent candidate presented to

decison maker (DM) for consultation: µ = 10;
• For I-MOEA/D-PLVF and I-NSGA2/LTR, there exists the number of consecutive consultation

session τ : τ = 25;
• The step size of reference point update η for MOEA/D-series PBEMO algorithms are set to:
η = 0.3.

• The reference points in different test problems can be referenced in Table A4. The reference
point of real-world problems will be introduced in their experiment results.

• While the winning probability is usually known in advance in dueling bandits, it however
does not exist in the context of MO. In this paper, to project a MO solution to an arm in
the bandit setting, we define the winning probability pi,j of a pair of candidate solutions
⟨xi,xj⟩,∀i, j ∈ {1, . . . , N} as [20]:

pi,j = µ(Pr(xi)− Pr(xj)), (28)

where µ(a) = 1/(1 + exp(−a)), Pr denotes the real preference distribution of each arm.
For example, we set Pr(x) = N (x|x⋆, σ⋆2), where x⋆ is decision vector of the reference
point z∗ (Table A4) and σ⋆ is a constant value initially set as 0.1. Note that pi,j can take
other forms in case it satisfies the conditions in Section 2.2.

• The subset number K:

K =





10 if m = 2,

8 if m = 3,

12 if m = 5,

14 if m = 8,

18 if m = 10.

• The budget for dueling bandits algorithm T is set as 100.
• The parameter α in ui,j and li,j is set as α = 0.6.

4https://github.com/zhangzm0128/PCM-Protein-Structure-Prediction
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D.3 Statistical Test

Wilcoxon rank-sum test To offer a statistical interpretation of the significance of comparison
results, we conduct each experiment 20 times. To analyze the data, we employ the Wilcoxon
signed-rank test [61] in our empirical study.

The Wilcoxon signed-rank test, a non-parametric statistical test, is utilized to assess the significance
of our findings. The test is advantageous as it makes minimal assumptions about the data’s underlying
distribution. It has been widely recommended in empirical studies within the EA community [19]. In
our experiment, we have set the significance level to p = 0.05.

Scott-Knott rank test Instead of merely comparing the raw ϵ⋆(S) and ϵ̄(S) values, we apply the
Scott-Knott test [45] to rank the performance of different peer techniques over 31 runs on each
experiment. In a nutshell, the Scott-Knott test uses a statistical test and effect size to divide the
performance of peer algorithms into several clusters. In particular, the performance of peer algorithms
within the same cluster is statistically equivalent. Note that the clustering process terminates until no
split can be made. Finally, each cluster can be assigned a rank according to the mean ϵ⋆(S) or ϵ̄(S)
values achieved by the peer algorithms within the cluster. In particular, since a smaller ϵ⋆(S) and
ϵ̄(S) value is preferred, the smaller the rank is, the better performance of the technique achieves.

E Experiment on Test Problem Suite

E.1 Population Results

In this section, we show the results of our proposed method running on ZDT, DTLZ, and WFG test
suites.

From the selected plots of the final non-dominated solutions obtained by different algorithms shown
in Figure A7 (full results are in Figures A8 to A9), we can see that the solutions found by our
D-PBEMO instances are more concentrated on the ‘golden solution’ while the others are more scattered.
Furthermore, the superiority of our proposed D-PBEMO algorithm instances become more evident
when tackling problems with many objectives, i.e., m ≥ 3.

The population results of D-PBEMO running on ZDT1∼ZDT4, and ZDT6 are shown in Figure A8.
The population results running on DTLZ1∼DTLZ4 (m = {3, 5, 8, 10}) are shown in Figure A10 Fig-
ure A11 Figure A12 Figure A13 respectively. The results running on WFG (m = 3) are shown
in Figure A9.

The performance metrics are shown in Table A5 and Table A6.

E.2 Parameter influence

In this section, we testify the influence of different hyperparameters, including KL threshold ε, and
subset number K.

We set ε in D-PBEMO-MOEA/D to three different values, ε = {10−1, 10−3, 10−6}. The experiment
results of ϵ⋆(S) and ϵ̄(S) can be referenced in A9 and A10.

We set K in D-PBEMO-MOEA/D to three different values running on ZDT test problems
(N = 100), K = {2, 5, 10}. The experiment results of ϵ⋆(S) and ϵ̄(S) can be referenced
in A11, A13, A15, A17, A19, A12, A14, A16, A18, and A20.

F Experiments on Scientific Discovery Problems

F.1 Experiment on Inverse RNA Design

This section shows the experiment result of our proposed method, specifically D-PBEMO-NSGA-II.
Our method and peer algorithms run on Eterna100-vienna1 benchmark5, which contains 100 RNA
sequences. We selectively run our method on 10 short sequences n ∈ [12, 36]. For inverse RNA

5https://github.com/eternagame/eterna100-benchmarking
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Figure A7: Selected plots of the final populations of a D-PBEMO instance and peer algorithms. The
red star (∗) or line (—) represents reference point, the gray lines (—) represent PF, and the black
points (•) or lines (—) represent the non-dominated solutions obtained by an algorithm.

design problems, the most important task is to predict an accurate sequence whose secondary structure
is the same as target structure, f2 = 0. However, in real-world scenarios, we need to tradE-off between
stability and similarity. When f2 = 0, the stability f1 can not reach its global optimum in PF. Our
D-PBEMO framework can do more than those singlE-objective algorithms for RNA. Users can guide
the search of D-PBEMO algorithms and finally reach a point which sacrifices a little similarity but has
better stability. So our experiment are divided into two parts. In the first part, D-PBEMO-NSGA-II
only focuses on finding the most similar solutions, whose reference point locates on f2 = 0. In
another part, user prefers a solution in the middle of PF, f2 ∈ (0, 1). The reference points of our
two-session experiments can be referenced in A21.

The experiment results of running on reference point 1 are listed in A22 and A23. The predicted
secondary structures of each algorithm are shown in A14 and A15. Each algorithm repeatedly runs
for 10 times. As we can see from these two tables, D-PBEMO-NSGA-II has best performance for 5
times from the perspective of ϵ⋆(S) while 6 times from ϵ̄(S).
The experiment results of running on reference point 2 are listed in A24 and A25. As we can see
from these two tables, D-PBEMO-NSGA-II has best performance for 8 times with reference to ϵ⋆(S)
and ϵ̄(S).

F.2 Experiment on PSP

In this section we listed the results implementing our proposed method, specifically
D-PBEMO-NSGA-II on PSP problems. We implement RMSD as the performance metric for PSP
problems:

RMSD =

√∑natom

i=1 d2i
natom

(29)
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Figure A8: The population distributions of D-PBEMO and peer algorithms running on ZDT test suite
(m = 2).

where natom is the total number of matched atoms between the two protein structures and di is the
distance between each pair of atoms. The four energy settings and predicted results of our proposed
method are in Table A26. Other parameters in PSP problems are align with [69].

The population results are shown in Figure A16 and the secondary structures are dipicted in Figure 6.
The RMSD comparison results are shown in Table A27. As we can see our proposed method have
better convergence and accuracy than synthetic problems. This may be caused by two reasons:

• The first one is the PSP problem is only conducted on 4-dimensional objective spaces. In
synthetic problems, our proposed method shows better performance results when dimension
m ≥ 3 while peer algorithms may collapse.

• The second reason is the formulation of PSP problems. In this paper, we adopt utilizing
4 energy function to represent, which are empirically proved to be more accurate than in
1-dimensional objective function[69].

29

122234 https://doi.org/10.52202/079017-3884



0
1

2
0 1 2 3

0

1

2

3

4

5

f1

f2

f 3

D-PBNSGA-II WFG1(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

D-PBNSGA-II WFG3(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

D-PBNSGA-II WFG5(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

D-PBNSGA-II WFG7(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

D-PBMOEAD WFG3(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

D-PBMOEA/D WFG5(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

D-PBMOEA/D WFG7(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

f1

f2

f 3

D-PBMOEA/D WFG1(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

f1

f2

f 3

I-MOEA/D-PLVF WFG1(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

I-MOEA/D-PLVF WFG3(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

I-MOEA/D-PLVF WFG5(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

I-MOEA/D-PLVF WFG7(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

f1

f2

f 3

I-NSGA-II/LTR WFG1(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

I-NSGA-II/LTR WFG3(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

I-NSGA-II/LTR WFG5(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

I-NSGA-II/LTR WFG7(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

f1

f2

f 3

IEMO/D WFG1(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

IEMO/D WFG3(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

IEMO/D WFG5(m = 3)

0
1

2
0 1 2 3

0

1

2

3

4

5

6

f1

f2

f 3

IEMO/D WFG7(m = 3)

Figure A9: The population distribution of D-PBEMO algorithms and peer algorithms running on
WFG test suite (m = 3).
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Figure A10: The population distribution of our proposed method (i.e., D-PBMOEA/D) running on
DTLZ test suite (m = 3).
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Table A1: Lookup Table for Key Notations
Notation Dimension Description

x Rn n-dimensional decision vector
xi R the i-th decision variable
F Rm m-dimensional objective vector
fi R the i-th objective function
P RK×K preference matrix of K arms

pi,j [0, 1]
winning probability of the i-th arm over the
j-th arm

ζi [0, 1]
the normalized Copeland score of the i-th
arm

k∗ NK the Copeland winner in K arms

B RK×K constructed winning matrix of K arms in
dueling bandits algorithm

bi,j [0, 1]
number of time-slots when the i-th arm is
preferred from the pair of the i-th and the
j-th arms

p̃i,j [0, 1]
approximated preference probability of the
i-th arm over the j-th arm

ũi,j [0, 1] upper confidence bound of p̃i,j
l̃i,j [0, 1] lower confidence bound of p̃i,j
α R+ parameter for confidence level
t N+ total number of comparisons so far

RT R+ expected cumulative regret
T N+ maximum number of comparisons
Ps RN×N solution-level preference matrix

psi,j [0, 1]
winning probability of xi is preferred over
xj

v NN winning time vector of population of solu-
tions

vi N winning times of the i-th solution

ℓ NN losing time vector of population of solu-
tions

ℓi N losing times of the i-th solution

ζ̃i [0, 1]
upper confidence Copeland score of the i-th
solution

θ
(1)
i,j

[0, 1] winning probability of S̃i subsets S̃j sam-
pled from Thompson sampling

θ
(2)
i,′ [0, 1] winning probability of S̃i over S̃ ′ sampled

from Thompson sampling
Ω Rn feasible set in the decision space
S finite set population of non-dominated solutions

S̃i finite set the i-th subset of population of non-
dominated solutions

C1 finite set
subset of population of non-dominated so-
lutions with the highest upper confidence
Copeland score

S̃ ′ finite set subset most likely covers the SOI

C2 finite set
subset of population of non-dominated so-
lutions with lower-confident winning prob-
ability over S̃ ′

S̃ ′′ finite set subset potentially preferred over S̃ ′
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Table A2: Population size in different problems
Problem m N

ZDT 2 100

DTLZ

3 64
5 128
8 224
10 288

WFG 3 64

PSP 4 50

Inverse RNA 2 100

Table A3: Maximum generation in different problems
Problem G

ZDT 250
DTLZ1 500 + 50(m− 2)
DTLZ2 200 + 50(m− 2)
DTLZ3 1000 + 50(m− 2)
DTLZ4 200 + 50(m− 2)
WFG 1000 + 50(m− 2)
PSP 300

Inverse RNA 250
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Figure A11: The population distribution of our proposed method (i.e., D-PBMOEA/D) running on
DTLZ test suite (m = 5)
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Figure A12: The population distribution of our proposed method (i.e., D-PBMOEA/D) running on
DTLZ test suite (m = 8).
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Table A4: The settings of the ‘golden solution’ z∗ for different benchmark problems (represented in
the objective space).

problem m reference point

ZDT1 2 (0.3, 0.4)⊤

ZDT2 2 (0.2, 0.8)⊤

ZDT3 2 (0.15, 0.4)⊤

ZDT4 2 (0.3, 0.4)⊤

ZDT6 2 (0.9, 0.3)⊤

WFG1 3 (0.2, 0.5, 0.6)⊤

WFG3 3 (0.6, 0.8, 0.8)⊤

WFG5 3 (0.3, 0.7, 0.3)⊤

WFG7 3 (0.7, 0.4, 0.4)⊤

DTLZ1

3 (0.3, 0.3, 0.2)⊤

5 (0.2, 0.1, 0.1, 0.3, 0.4)⊤

8 (0.1, 0.2, 0.1, 0.4, 0.4, 0.1, 0.3, 0.1)⊤

10 (0.02, 0.01, 0.06, 0.04, 0.01, 0.02, 0.03, 0.05, 0.08)⊤

DTLZ2

3 (0.7, 0.8, 0.5)⊤

5 (0.7, 0.6, 0.3, 0.8, 0.5)⊤

8 (0.6, 0.5, 0.75, 0.2, 0.3, 0.55, 0.7, 0.6)⊤

10 (0.3, 0.3, 0.3, 0.1, 0.3, 0.55, 0.35, 0.35, 0.25, 0.45)⊤

DTLZ3

3 (0.7, 0.8, 0.5)⊤

5 (0.7, 0.6, 0.3, 0.8, 0.5)⊤

8 (0.6, 0.5, 0.75, 0.2, 0.3, 0.55, 0.7, 0.6)⊤

10 (0.3, 0.3, 0.3, 0.1, 0.3, 0.55, 0.35, 0.35, 0.25, 0.45)⊤

DTLZ4

3 (0.7, 0.8, 0.5)⊤

5 (0.7, 0.6, 0.3, 0.8, 0.5)⊤

8 (0.6, 0.5, 0.75, 0.2, 0.3, 0.55, 0.7, 0.6)⊤

10 (0.3, 0.3, 0.3, 0.1, 0.3, 0.55, 0.35, 0.35, 0.25, 0.45)⊤

DTLZ5

3 (0.2, 0.3, 0.6)⊤

5 (0.12, 0.12, 0.17, 0.24, 0.7)⊤

8 (0.04, 0.04, 0.0566, 0.8, 0.113, 0.16, 0.2263, 0.68)⊤

10 (0, 0, 0, 0, 0.0096, 0.027, 0.082, 0.25, 0.75, 0.08)⊤
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10 (0, 0, 0, 0, 0.0096, 0.027, 0.082, 0.25, 0.75, 0.08)⊤
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Figure A13: The population distribution of our proposed method (i.e., D-PBMOEA/D) running on
DTLZ test suite (m = 10).
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Table A5: The mean(std) of ϵ⋆(S) obtained by our proposed D-PBEMO algorithm instances against
the peer algorithms.

PROBLEM m D-PBNSGA-II D-PBMOEA/D I-MOEA/D-PLVF I-NSGA-II/LTR IEMO/D

ZDT1 2 0.039(2.40E-7) 0.067(1.85E-3) 0.054(1.23E-3)† 0.064(5.99E-4)† 0.066(8.83E-3)
ZDT2 2 0.172(1.71E-3)‡ 0.208(1.26E-3)‡ 0.274(1.07E-2) 0.121(4.35E-4) 0.294(5.59E-2)
ZDT3 2 0.086(5.87E-4)‡ 0.098(2.17E-3)‡ 0.362(4.32E-2) 0.05(4.11E-4) 0.117(6.93E-4)
ZDT4 2 0.141(1.91E-2) 0.114(7.88E-3) 0.071(3.93E-3) 0.078(5.34E-3) 0.086(5.37E-3)
ZDT6 2 0.046(1.76E-6) 0.055(2.16E-5) 0.106(1.07E-2)† 0.048(7.62E-5) 0.052(5.77E-6)†

WFG1 3 2.24(6.44E-4)‡ 2.36(3.17E-1)‡ 2.02(3.81E-3) 2.2(2.30E-2) 2.48(9.35E-2)
WFG3 3 1.7(1.17E-1)‡ 1.01(4.48E-2)‡ 0.658(1.03E-3) 0.835(2.09E-3) 0.743(6.97E-5)
WFG5 3 1.29(3.74E-1) 1.62(1.23e+00) 2.24(2.27E-1)† 1.59(1.86E-2)† 2.64(2.28E-4)†
WFG7 3 1.1(3.78E-1) 1.79(1.58E-1) 2.12(3.19E-1)† 1.5(4.39E-4) 1.49(4.53E-3)†

DTLZ1

3 0.144(1.48E-3) 0.194(3.11E-4) 0.171(1.04E-3)† 0.178(4.41E-4)† 0.171(1.11E-4)†
5 0.417(2.20E-2)‡ 0.318(3.99E-4)‡ 0.25(1.69E-2) 0.198(4.92E-3) 0.302(3.38E-5)
8 0.526(7.62E-1)‡ 0.512(2.81E-4)‡ 0.364(3.34E-2) 0.367(1.78E-2) 0.473(7.06E-5)

10 0.5(4.91E-3)‡ 0.25(6.59E-4)‡ 0.208(6.88E-3) 0.246(4.95E-3) 0.224(2.97E-4)

DTLZ2

3 0.237(1.74E-3)‡ 0.213(1.77E-3)‡ 0.256(1.03E-2) 0.177(5.09E-5) 0.176(1.67E-5)
5 0.669(2.78E-2)‡ 0.507(4.02E-3)‡ 0.504(8.40E-3) 0.594(3.74E-2) 0.356(1.34E-4)
8 0.589(3.31E-2) 0.714(2.53E-3) 0.623(2.87E-2)† 1.06(7.44E-3)† 0.647(4.35E-3)†

10 0.675(1.07E-1) 0.336(4.38E-3) 0.684(2.87E-2) 0.845(1.74E-2)† 0.447(8.80E-3)†

DTLZ3

3 0.552(8.33E-2)‡ 0.265(6.54E-3)‡ 1.8(2.42e+00) 0.192(4.92E-3) 0.912(3.99E-1)
5 0.702(5.80E-1)‡ 0.498(7.69E-3)‡ 1.13(5.84E-1) 0.985(5.18E-1) 0.355(6.75E-5)
8 0.592(1.58E-1) 0.701(3.39E-3) 0.786(3.77E-2)† 2.28(3.64e+00) 0.625(4.35E-3)†

10 0.361(4.24E-1) 0.385(1.01E-2) 0.637(1.52E-2)† 1.35(4.79E-1) 0.431(7.60E-3)†

DTLZ4

3 0.551(9.04E-2)‡ 0.618(9.03E-2) 0.621(9.88E-2) 0.474(9.66E-2) 0.553(8.92E-2)
5 0.877(3.90E-2)‡ 0.612(2.75E-2) 0.583(2.27E-2) 1.16(1.15E-2) 0.664(6.38E-2)
8 0.875(2.18E-2)‡ 0.851(1.17E-2) 0.807(7.42E-2) 1.5(2.09E-6) 0.835(3.24E-2)

10 0.773(1.88E-1)‡ 0.6(2.26E-2) 0.668(1.69E-2) 1.26(1.10E-8) 0.556(1.65E-2)

DTLZ5

3 0.336(6.22E-5) 0.312(6.14E-7) 0.327(1.15E-3) 0.312(3.10E-6) 0.321(5.68E-9)†
5 0.226(8.72E-1) 0.223(1.09E-6) 0.344(4.26E-2)† 0.426(1.52E-2)† 0.23(3.00E-6)†
8 0.756(3.11E-1) 0.721(1.12E-4) 0.8(7.53E-3)† 0.734(1.14E-3) 0.736(1.42E-7)†

10 0.538(7.42E-1) 0.581(1.17E-2) 0.779(1.49E-2)† 1.51(5.33E-2)† 1.22(1.37E-9)†

DTLZ6

3 0.444(3.49E-2)‡ 0.425(1.06E-3) 0.459(2.43E-3) 1.54(1.40E-2) 0.424(7.19E-4)
5 0.449(7.50E-1) 0.33(9.20E-4) 0.4(4.59E-2) 3.41(2.17e+00)† 0.33(1.40E-3)
8 0.941(5.30E-1) 0.735(3.99E-4) 1.11(2.28E-1)† 2.76(5.79E-1)† 0.741(2.75E-4)

10 1.03(3.71E-1) 0.645(1.62E-2) 0.889(2.11E-2)† 7.54(1.06e+00)† 1.29(6.01E-4)†

† denotes our proposed method significantly outperforms other peer algorithms according to the
Wilcoxon’s rank sum test at a 0.05 significance level;
‡ denotes the corresponding peer algorithm outperforms our proposed algorithm.
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Table A6: The mean(std) of ϵ̄(S) obtained by our proposed D-PBEMO algorithm instances against the
peer algorithms.

PROBLEM m D-PBNSGA-II D-PBMOEA/D I-MOEA/D-PLVF I-NSGA-II/LTR IEMO/D

ZDT1 2 0.04(6.47E-7) 0.126(1.41E-3) 0.146(3.37E-3)† 0.162(1.24E-3)† 0.082(1.14E-2)
ZDT2 2 0.173(1.73E-3) 0.683(9.54E-2) 0.426(1.85E-2)† 0.208(1.64E-3) 0.366(9.23E-2)
ZDT3 2 0.088(5.80E-4) 0.209(3.26E-3) 0.593(4.02E-2)† 0.188(2.15E-3)† 0.129(8.78E-4)†
ZDT4 2 0.161(2.29E-2) 0.166(6.78E-3) 0.145(7.41E-3) 0.337(2.80E-2) 0.11(1.28E-2)
ZDT6 2 0.052(2.30E-4) 0.134(4.59E-5) 0.226(1.81E-2)† 0.33(1.21E-3)† 0.053(6.69E-6)†

WFG1 3 2.31(5.73E-4)‡ 2.37(3.19E-1)‡ 2.08(6.04E-3) 2.17(3.73E-4) 2.52(8.62E-2)
WFG3 3 1.7(1.17E-1)‡ 1.15(1.66E-1)‡ 1.12(3.28E-2) 1.27(2.38E-3) 0.745(6.44E-5)
WFG5 3 2.57(3.74E-1) 1.64(1.22e+00) 3.14(3.15E-1)† 2.5(2.69E-2)† 2.64(2.11E-4)†
WFG7 3 2.19(3.78E-1)‡ 1.8(1.57e+00)‡ 3.33(2.32E-1) 2.9(9.81E-3) 1.51(4.05E-3)

DTLZ1

3 0.223(1.42E-3) 0.143(2.05E-2) 0.239(2.02E-3) 0.21(8.71E-4)† 0.172(9.39E-5)†
5 0.56(8.51E-2)‡ 0.391(1.12E-4)‡ 3.6(5.58E-1) 0.265(3.57E-2) 0.305(1.65E-5)
8 3.38(8.02e+01) 0.54(2.00E-4) 57.6(4.90e+00)† 0.399(1.69E-2)† 0.548(1.40E-3)
10 13.3(5.29e+02) 0.209(4.21E-4) 8.87(7.74E-1)† 0.285(7.48E-3) 0.255(9.30E-4)†

DTLZ2

3 0.254(3.64E-3)‡ 0.416(2.08E-3)‡ 0.55(9.63E-3) 0.235(1.38E-3) 0.176(1.66E-5)
5 0.669(2.72E-2)‡ 0.626(3.14E-3)‡ 0.779(1.32E-2) 0.701(3.59E-2) 0.406(2.66E-2)
8 1.25(2.68E-2) 0.798(2.30E-3) 1.03(2.51E-2)† 1.12(3.55E-3)† 0.941(7.17E-2)†
10 1.65(3.64E-1) 0.498(1.77E-2) 0.968(1.13E-2)† 0.905(1.41E-2)† 0.831(4.02E-2)†

DTLZ3

3 0.574(8.00E-2) 0.447(1.06E-2) 158.0(1.42e+02)† 0.502(1.23E-2)† 1.04(4.56E-1)†
5 6.03(5.18e+01)‡ 0.633(6.21E-3)‡ 19.4(7.02e+00) 1.46(2.65e+00) 0.429(2.51E-2)
8 48.5(7.50e+03) 0.795(7.39E-3) 329.0(8.25e+01)† 4.82(1.14e+02)† 0.903(4.10E-2)†
10 1.47(3.72E-1) 0.565(4.12E-2) 49.7(5.93e+00)† 2.25(3.56e+00)† 0.814(2.43E-2)†

DTLZ4

3 0.566(9.57E-2) 0.716(5.49E-2) 0.834(5.17E-2) 0.615(4.95E-2) 0.563(9.02E-2)
5 0.989(4.83E-2)‡ 0.684(2.42E-2) 0.777(1.45E-2) 1.17(8.18E-3) 0.674(6.00E-2)
8 1.21(2.31E-2) 0.935(1.03E-2) 1.19(4.18E-2)† 1.5(0.00e+00)† 1.0(4.23E-2)
10 1.62(4.54E-1) 0.683(2.30E-2) 0.979(6.08E-3)† 1.26(5.69E-8)† 0.893(1.01E-2)†

DTLZ5

3 0.337(4.33E-5)‡ 0.345(1.37E-4)‡ 0.552(5.70E-3) 0.344(2.43E-4) 0.321(2.94E-9)
5 1.54(8.14E-1)‡ 0.261(6.29E-4)‡ 0.909(1.48E-1) 0.576(1.99E-2) 0.222(1.37E-11)
8 1.69(3.34E-1) 0.758(1.83E-4) 1.15(7.10E-2)† 0.772(4.92E-3) 0.776(4.04E-8)†
10 2.3(3.47E-1) 0.951(4.70E-3) 0.992(1.11E-1) 1.79(5.38E-2†) 1.22(1.41E-9)†

DTLZ6

3 1.54(7.80E-2)‡ 0.489(1.64E-3)‡ 1.81(4.49E-3) 1.83(2.18E-2) 0.424(7.21E-4)
5 8.99(8.03E-1)‡ 0.421(2.94E-3)‡ 1.57(4.90E-1) 3.86(2.41e+00) 0.332(1.46E-3)
8 9.57(5.51E-1)‡ 0.798(1.99E-3) 3.79(1.98E-1) 3.12(7.40E-1) 0.798(4.12E-4)
10 10.5(2.09E-1) 1.08(7.47E-2) 1.53(3.75E-1)† 8.15(8.62E-1)† 1.3(1.76E-3)†

† denotes our proposed method significantly outperforms other peer algorithms according to the
Wilcoxon’s rank sum test at a 0.05 significance level;
‡ denotes the corresponding peer algorithm outperforms our proposed algorithm.
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Table A7: The mean(std) of ϵ⋆(S) obtained by our proposed D-PBEMO algorithm in distillation
experiments.

PROBLEM m D-PBNSGA-II D-PBMOEA/D D-PBEMO-DTS D-PBEMO-PBO

ZDT1 2 0.039(2.40E-7) 0.067(1.85E-3) 0.721(4.48E-3)† 0.04(3.53E-6)
ZDT2 2 0.172(1.71E-3)‡ 0.208(1.26E-3)‡ 0.915(4.78E-2) 0.153(7.07E-4)
ZDT3 2 0.086(5.87E-4) 0.098(2.17E-3) 1.16(2.38E-2)† 0.75(4.25E-2)†
ZDT4 2 0.141(1.91E-2) 0.114(7.88E-3) 0.146(2.07E-2) 0.107(6.81E-3)
ZDT6 2 0.046(1.76E-6) 0.055(2.16E-5) 0.13(1.41E-3) 0.058(2.59E-5)

WFG1 3 2.24(6.44E-4) 2.36(3.17E-1) 2.26(8.56E-4) 2.28(2.03E-2)
WFG3 3 1.7(1.17E-1)‡ 1.01(4.48E-2) 0.913(3.05E-3) 0.926(3.82E-4)
WFG5 3 1.29(3.74E-1) 1.62(1.23e+00) 1.72(1.21E-3)† 1.97(2.74E-3)†
WFG7 3 1.1(3.78E-1) 1.79(1.58E-1) 1.33(2.30E-3)† 2.04(2.35E-2)†

DTLZ1

3 0.144(1.48E-3) 0.194(3.11E-4) 0.34(3.26E-3)† 0.204(2.32E-3)†
5 0.417(2.20E-2) 0.318(3.99E-4) 0.572(1.05E-1)† 0.327(1.93E-5)
8 0.526(7.62E-1)‡ 0.512(2.81E-4)‡ 4.23(5.36e+01) 0.35(1.28E-3)
10 0.5(4.91E-3) 0.25(6.59E-4) 5.99(5.99e+01)† 0.275(5.37E-2)

DTLZ2

3 0.237(1.74E-3)‡ 0.213(1.77E-3)‡ 0.56(1.89E-2) 0.17(2.74E-4)
5 0.669(2.78E-2) 0.507(4.02E-3) 1.06(1.62E-2)† 0.528(8.98E-5)†
8 0.589(3.31E-2) 0.714(2.53E-3) 1.42(9.76E-3)† 0.793(1.73E-4)†
10 0.675(1.07E-1) 0.336(4.38E-3) 1.13(1.75E-3)† 0.457(1.73E-6)†

DTLZ3

3 0.552(8.33E-2) 0.265(6.54E-3) 0.827(1.92E-2)† 0.298(8.37E-5)
5 0.702(5.80E-1)‡ 0.498(7.69E-3)‡ 2.26(3.21e+00) 0.351(1.29E-3)
8 0.592(1.58E-1) 0.701(3.39E-3) 133.0(8.89e+03)† 0.709(3.62E-3)†
10 0.361(4.24E-1) 0.385(1.01E-2) 981.0(5.48e+05)† 0.391(2.83E-3)

DTLZ4

3 0.551(9.04E-2) 0.618(9.03E-2) 0.72(3.47E-2)† 0.563(1.20E-2)
5 0.877(3.90E-2) 0.612(2.75E-2) 0.866(2.92E-2)† 0.698(8.33E-2)
8 0.875(2.18E-2) 0.851(1.17E-2) 1.47(4.52E-3)† 0.988(3.71E-1)†
10 0.773(1.88E-1) 0.6(2.26E-2) 1.23(4.61E-3)† 0.684(1.12E-4)

DTLZ5

3 0.336(6.22E-5) 0.312(6.14E-7) 0.392(5.13E-3)† 0.328(1.20E-2)
5 0.226(8.72E-1) 0.223(1.09E-6) 1.65(2.44E-1)† 0.36(3.38E-5)†
8 0.756(3.11E-1) 0.721(1.12E-4) 1.43(2.89E-1)† 0.749(4.35E-3)
10 0.538(7.42E-1) 0.581(1.17E-2) 0.923(2.15E-1)† 0.803(7.29E-2)†

DTLZ6

3 0.444(3.49E-2) 0.425(1.06E-3) 1.39(2.19E-2) 0.421(4.91E-3)
5 0.449(7.50E-1) 0.33(9.20E-4) 2.69(6.31E-1)† 0.383(1.48E-3)
8 0.941(5.30E-1) 0.735(3.99E-4) 4.64(1.58e+00)† 0.798(2.75E-2)†
10 1.03(3.71E-1) 0.645(1.62E-2) 4.33(6.03E-1)† 1.23(1.12E-4)†

† denotes our proposed method significantly outperforms other peer algorithms according to the
Wilcoxon’s rank sum test at a 0.05 significance level;
‡ denotes the corresponding peer algorithm outperforms our proposed algorithm.
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Table A8: The mean(std) of ϵ̄(S) obtained by our proposed D-PBEMO algorithm in distillation
experiments.

PROBLEM m D-PBNSGA-II D-PBMOEA/D D-PBEMO-DTS D-PBEMO-PBO

ZDT1 2 0.04(6.47E-7) 0.126(1.41E-3) 0.73(3.89E-3)† 0.061(8.99E-5)†
ZDT2 2 0.173(1.73E-3) 0.683(9.54E-2) 0.939(4.45E-2)† 0.174(3.00E-3)
ZDT3 2 0.088(5.80E-4) 0.209(3.26E-3) 1.21(6.54E-3)† 0.879(3.97E-2)†
ZDT4 2 0.161(2.29E-2) 0.166(6.78E-3) 0.231(2.66E-2) 0.138(7.41E-3)
ZDT6 2 0.052(2.30E-4) 0.134(4.59E-5) 0.211(4.04E-4)† 0.108(2.02E-5)†

WFG1 3 2.31(5.73E-4)‡ 2.37(3.19E-1)‡ 2.32(5.82E-4) 2.21(7.32E-5)
WFG3 3 1.7(1.17E-1)‡ 1.15(1.66E-1)‡ 0.914(3.05E-3) 1.27(8.38E-3)
WFG5 3 2.57(3.74E-1) 1.64(1.22e+00) 1.72(1.21E-3)† 1.69(9.87E-5)
WFG7 3 2.19(3.78E-1)‡ 1.8(1.57e+00)‡ 1.33(2.30E-3) 1.2(2.74E-3)

DTLZ1

3 0.223(1.42E-3) 0.143(2.05E-2) 0.393(5.06E-2)† 2.1(3.80E-4)†
5 0.56(8.51E-2) 0.391(1.12E-4) 2.04(9.56e+00)† 3.01(1.85E-4)†
8 3.38(8.02e+01) 0.54(2.00E-4) 11.8(1.32e+03)† 0.571(4.80E-3)

10 13.3(5.29e+02) 0.209(4.21E-4) 8.97(1.29e+02)† 0.269(8.92E-4)†

DTLZ2

3 0.254(3.64E-3) 0.416(2.08E-3) 0.585(2.20E-2)† 0.499(3.41E-3)†
5 0.669(2.72E-2) 0.626(3.14E-3) 1.15(9.99E-3)† 0.699(3.95E-3)
8 1.25(2.68E-2) 0.798(2.30E-3) 1.47(3.08E-3)† 1.21(4.87E-5)†

10 1.65(3.64E-1) 0.498(1.77E-2) 1.16(1.88E-3)† 1.0(1.87E-4)†

DTLZ3

3 0.574(8.00E-2) 0.447(1.06E-2) 0.86(1.66E-2)† 0.573(1.74E-4)†
5 6.03(5.18e+01) 0.633(6.21E-3) 5.21(3.68e+01)† 0.672(6.73E-3)
8 48.5(7.50e+03) 0.795(7.39E-3) 428.0(2.75e+05)† 0.798(7.85E-3)

10 1.47(3.72E-1) 0.565(4.12E-2) 1170.0(4.15e+05)† 0.609(1.78E-3)†

DTLZ4

3 0.566(9.57E-2) 0.716(5.49E-2) 0.746(3.35E-2)† 0.578(1.03E-4)
5 0.989(4.83E-2)‡ 0.684(2.42E-2) 1.05(1.94E-2) 0.649(2.17E-4)
8 1.21(2.31E-2) 0.935(1.03E-2) 1.49(8.32E-4)† 1.02(6.60E-3)†

10 1.62(4.54E-1) 0.683(2.30E-2) 1.25(6.01E-4)† 0.703(1.72E-4)†

DTLZ5

3 0.337(4.33E-5) 0.345(1.37E-4) 0.404(8.62E-3)† 0.348(4.73E-4)
5 1.54(8.14E-1) 0.261(6.29E-4) 1.74(2.58E-1)† 0.261(2.18E-4)
8 1.69(3.34E-1) 0.758(1.83E-4) 1.54(3.07E-1)† 0.78(1.82E-3)

10 2.3(3.47E-1) 0.951(4.70E-3) 0.992(2.13E-1)† 1.04(2.90E-3)†

DTLZ6

3 1.54(7.80E-2) 0.489(1.64E-3) 1.61(2.54E-2)† 0.509(1.91E-3)†
5 8.99(8.03E-1)‡ 0.421(2.94E-3) 3.1(8.25E-1) 0.402(2.78E-4)
8 9.57(5.51E-1) 0.798(1.99E-3) 5.03(1.44e+00)† 0.801(9.81E-4)†

10 10.5(2.09E-1) 1.08(7.47E-2) 4.75(6.14E-1)† 1.19(3.80E-4)†

† denotes our proposed method significantly outperforms other peer algorithms according to the
Wilcoxon’s rank sum test at a 0.05 significance level;
‡ denotes the corresponding peer algorithm outperforms our proposed algorithm.
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Table A9: The statistical comparison results of ϵ⋆(S) obtained by D-PBEMO with different KL
threshold ε.

PROBLEM m ε = 10−1 ε = 10−3 ε = 10−6

ZDT1 2 0.04(6.35E-7) 0.066(1.76E-3) 0.04(1.94E-6)
ZDT2 2 0.188(2.02E-3) 0.208(1.26E-3) 0.187(1.84E-3)
ZDT3 2 0.072(1.29E-5) 0.098(2.17E-3)† 0.073(1.79E-5)†
ZDT4 2 0.048(1.67E-5) 0.114(7.88E-3)† 0.058(2.90E-4)†
ZDT6 2 0.055(2.48E-6) 0.055(2.16E-5) 0.054(4.54E-7)

WFG1 3 2.2(1.06E-2) 2.36(3.17E-1) 2.25(4.02E-2)
WFG3 3 1.03(4.74E-2) 1.01(4.48E-2) 1.03(3.72E-2)
WFG5 3 3.7(1.90e+00) 3.24(1.23e+00) 3.29(1.17e+00)
WFG7 3 3.59(1.53e+00) 3.59(1.58e+00) 2.96(7.92E-2)

DTLZ1

3 0.18(2.46E-4)† 0.194(3.11E-4) 0.182(7.28E-5)
5 0.304(3.95E-4) 0.318(3.99E-4) 0.313(4.33E-4)
8 0.511(2.67E-4) 0.512(2.81E-4) 0.516(2.09E-4)

10 0.257(1.20E-3) 0.25(6.59E-4) 0.258(7.16E-4)

DTLZ2

3 0.211(2.04E-3) 0.213(1.77E-3) 0.21(8.70E-4)
5 0.442(4.39E-3) 0.507(4.02E-3)† 0.5(6.90E-3)†
8 0.757(6.38E-3)† 0.714(2.53E-3) 0.705(1.84E-3)

10 0.569(1.29E-2)† 0.336(4.38E-3) 0.377(7.22E-3)†

DTLZ3

3 0.22(4.63E-3) 0.265(6.54E-3) 0.219(3.08E-3)
5 0.457(3.82E-3) 0.498(7.69E-3) 0.467(2.76E-3)
8 0.775(8.16E-3)† 0.701(3.39E-3) 0.725(3.35E-3)

10 0.576(1.57E-2)† 0.385(1.01E-2) 0.371(5.07E-3)

DTLZ4

3 0.645(1.16E-1)† 0.618(9.03E-2) 0.474(1.18E-1)
5 0.654(2.14E-2)† 0.612(2.75E-2) 0.666(2.29E-2)†
8 0.926(1.60E-2)† 0.851(1.17E-2) 0.804(1.53E-2)

10 0.663(1.57E-2)† 0.6(2.26E-2) 0.507(1.02E-2)

DTLZ5

3 0.312(8.36E-7) 0.312(6.14E-7) 0.312(4.70E-7)
5 0.223(3.71E-6) 0.223(1.09E-6) 0.223(1.55E-6)
8 0.718(2.03E-5) 0.721(1.12E-4) 0.724(1.46E-4)

10 0.51(1.27E-3) 0.581(1.17E-2)† 0.617(1.19E-2)†

DTLZ6

3 0.42(1.38E-3) 0.425(1.06E-3) 0.418(8.85E-4)
5 0.339(1.11E-3) 0.33(9.20E-4) 0.341(1.53E-3)
8 0.743(3.77E-4) 0.735(3.99E-4) 0.742(9.50E-5)

10 0.562(2.30E-3) 0.645(1.62E-2) 0.663(9.24E-3)†

† denotes our proposed method with this ε setting significantly outperforms other settings
according to the Wilcoxon’s rank sum test at a 0.05 significance level.
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Table A10: Statistical comparison results of ϵ̄(S) obtained by D-PBEMO with different ε settings.
PROBLEM m ε = 10−1 ε = 10−3 ε = 10−6

ZDT1 2 0.113(6.44E-6)† 0.128(1.40E-3) 0.11(1.17E-5)
ZDT2 2 0.293(3.50E-3) 0.683(9.54E-2) 0.278(2.19E-3)
ZDT3 2 0.22(5.51E-4)† 0.209(3.26E-3) 0.201(3.05E-4)
ZDT4 2 0.121(1.40E-4) 0.166(6.78E-3) 0.127(3.47E-4)
ZDT6 2 0.139(1.16E-4)† 0.134(4.59E-5) 0.133(8.94E-7)

WFG1 3 2.22(6.62E-3) 2.37(3.19E-1)† 2.27(3.57E-2)
WFG3 3 1.15(1.63E-1) 1.15(1.66E-1) 1.12(1.20E-1)
WFG5 3 3.72(1.86e+00)† 3.27(1.22e+00) 3.51(1.61e+00)†
WFG7 3 3.6(1.51e+00) 3.6(1.57e+00)† 3.0(1.01E-1)

DTLZ1

3 0.243(4.50E-4)† 0.243(2.05e+02) 0.231(1.06E-4)
5 0.394(3.04E-4)† 0.391(1.12E-4) 0.384(7.81E-5)
8 0.561(3.85E-4) 0.56(2.00E-4) 0.555(2.68E-4)

10 0.318(2.49E-4)† 0.314(4.21E-4) 0.299(1.27E-4)

DTLZ2

3 0.416(3.42E-3) 0.416(2.08E-3) 0.396(5.66E-4)
5 0.655(3.28E-3) 0.626(3.14E-3) 0.627(3.67E-3)
8 0.929(7.71E-3)† 0.798(2.30E-3) 0.794(4.20E-3)

10 0.709(4.36E-3)† 0.498(1.77E-2) 0.58(3.64E-2)

DTLZ3

3 0.45(1.13E-2) 0.447(1.06E-2) 0.436(7.92E-3)
5 0.686(4.82E-3)† 0.633(6.21E-3) 0.599(1.89E-3)
8 0.93(5.40E-3)† 0.795(7.39E-3) 0.832(6.22E-3)

10 0.744(9.40E-3)† 0.565(4.12E-2) 0.504(1.32E-2)

DTLZ4

3 0.753(5.75E-2)† 0.716(5.49E-2) 0.604(6.36E-2)
5 0.836(1.39E-2)† 0.684(2.42E-2) 0.758(1.52E-2)
8 1.09(8.10E-3)† 0.935(1.03E-2) 0.916(2.05E-2)

10 0.829(1.24E-2)† 0.683(2.30E-2) 0.634(1.53E-2)

DTLZ5

3 0.359(2.06E-4)† 0.345(1.37E-4) 0.347(1.14E-4)
5 0.301(9.21E-3)† 0.261(6.29E-4) 0.265(8.00E-4)
8 0.83(2.45E-2)† 0.758(1.83E-4) 0.779(3.25E-3)†

10 0.964(4.45E-3) 0.951(4.70E-3) 0.991(1.12E-2)

DTLZ6

3 0.479(2.92E-3) 0.489(1.64E-3) 0.479(1.73E-3)
5 0.458(3.48E-3)† 0.421(2.94E-3) 0.439(2.02E-3)
8 0.834(3.81E-3)† 0.798(1.99E-3) 0.821(1.75E-2)†

10 1.04(1.21E-2) 1.08(7.47E-2)† 1.07(2.69E-2)

† denotes our proposed method with this ε setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.

Table A11: The statistical comparison results of ϵ⋆(S) obtained by D-PBMOEA/D with different
number of subsets K (m = 2).

PROBLEM m K = 2 K = 5 K = 10

ZDT1 2 0.041(9.27E-6) 0.04(3.53E-6) 0.041(1.10E-5)
ZDT2 2 0.189(1.93E-3) 0.195(2.67E-3) 0.178(1.55E-3)
ZDT3 2 0.075(6.53E-5) 0.079(1.12E-4)† 0.072(3.79E-5)
ZDT4 2 0.062(7.32E-4) 0.054(8.05E-4) 0.075(3.28E-3)
ZDT6 2 0.054(5.82E-7) 0.054(5.20E-7) 0.054(5.18E-7)

† denotes our proposed method with this K setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.

Table A12: The statistical comparison results of ϵ̄(S) obtained by D-PBMOEA/D with different
number of subsets K (m = 2).

PROBLEM m K = 2 K = 5 K = 10

ZDT1 2 0.111(2.08E-5) 0.112(2.38E-5) 0.112(1.52E-5)
ZDT2 2 0.283(1.73E-3) 0.283(2.13E-3) 0.269(2.11E-3)
ZDT3 2 0.2(2.37E-4) 0.208(1.00E-4) 0.206(3.72E-4)
ZDT4 2 0.121(5.99E-4) 0.115(6.68E-4) 0.144(2.85E-3)†
ZDT6 2 0.133(3.58E-6) 0.133(3.33E-6) 0.135(9.38E-6)†

† denotes our proposed method with this K setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.
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Table A13: The statistical comparison results of ϵ⋆(S) obtained by D-PBMOEA/D with different
subsets K (m = 3).

PROBLEM m K = 2 K = 4 K = 8 K = N

WFG1 3 1.808(1.94E-3) 1.791(8.30E-4) 1.817(1.52E-3)† 2.26(8.56E-4)†
WFG3 3 0.907(2.87E-2) 0.942(1.83E-2) 0.813(1.83E-2) 0.913(3.05E-3)†
WFG5 3 1.694(2.61E-4) 1.708(3.87E-3) 1.716(5.24E-3) 1.72(1.21E-3)
WFG7 3 1.3(7.86E-4) 1.324(1.63E-2) 1.369(1.00E-2) 1.33(2.30E-3)
DTLZ1 3 0.212(2.31E-4)† 0.187(2.68E-4) 0.184(1.57E-4) 0.34(3.26E-3)†
DTLZ2 3 0.363(6.72E-3)† 0.224(2.41E-3)† 0.213(5.77E-3) 0.56(1.89E-2)†
DTLZ3 3 0.402(4.42E-3)† 0.247(5.88E-3) 0.262(2.68E-2) 0.827(1.92E-2)†
DTLZ4 3 0.741(7.07E-2) 0.717(6.11E-2) 0.699(1.07E-1) 0.72(3.47E-2)
DTLZ5 3 0.312(1.06E-6) 0.313(1.39E-5) 0.313(1.06E-5) 0.392(5.13E-3)†
DTLZ6 3 0.417(6.82E-4) 0.418(1.13E-3) 0.413(1.25E-3) 1.39(2.19E-2)†

† denotes our proposed method with this K setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.

Table A14: The statistical comparison results of ϵ̄(S) obtainted by D-PBMOEA/D with different K
(m = 3).

PROBLEM m K = 2 K = 4 K = 8 K = N

WFG1 3 2.048(1.39E-3) 2.001(3.36E-3) 2.026(4.10E-3) 2.32(5.82E-4)†
WFG3 3 1.374(1.95E-2)† 1.299(2.68E-2)† 1.043(2.60E-2) 1.914(3.05E-3)†
WFG5 3 2.628(8.61E-3)† 2.278(9.09E-3) 2.542(7.15E-1) 2.72(1.21E-3)†
WFG7 3 2.498(7.02E-3) 2.499(4.10E-1) 2.264(7.41E-1) 2.63(2.30E-3)†
DTLZ1 3 0.286(3.20E-4)† 0.234(2.18E-4)† 0.214(3.22E-4) 0.393(5.06E-2)†
DTLZ2 3 0.678(5.52E-3)† 0.417(3.00E-3)† 0.321(4.72E-3) 0.585(2.20E-2)†
DTLZ3 3 0.67(2.42E-3)† 0.454(8.31E-3)† 0.382(2.71E-2) 0.86(1.66E-2)†
DTLZ4 3 0.857(2.50E-2) 0.775(3.55E-2) 0.742(7.41E-2) 0.746(3.35E-2)
DTLZ5 3 0.373(2.14E-4)† 0.342(2.98E-4) 0.338(7.64E-5) 0.404(8.62E-3)†
DTLZ6 3 0.503(1.14E-3)† 0.471(2.55E-3) 0.434(1.80E-3) 1.61(2.54E-2)†

† denotes our proposed method with this K setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.

Table A15: The statistical comparison results of ϵ⋆(S) obtainted by D-PBMOEA/D results with
different K (m = 5).

PROBLEM m K = 2 K = 8 K = 16 K = N

DTLZ1 5 0.303(3.83E-4) 0.317(4.75E-4)† 0.329(6.42E-4)† 0.572(1.05E-1)†
DTLZ2 5 0.606(8.00E-3)† 0.492(4.14E-3)† 0.436(4.15E-3) 1.06(1.62E-2)†
DTLZ3 5 0.624(1.06E-2)† 0.498(6.88E-3)† 0.439(1.78E-3) 2.26(3.21E+00)†
DTLZ4 5 0.724(1.80E-2) 0.684(3.20E-2) 0.657(3.27E-2) 0.866(2.92E-2)†
DTLZ5 5 0.223(1.54E-6) 0.223(1.62E-6) 0.222(7.60E-7) 1.65(2.44E-1)†
DTLZ6 5 0.33(1.34E-3) 0.343(1.65E-3) 0.333(1.19E-3) 2.69(6.31E-1)†

† denotes our proposed method with this K setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.

Table A16: The statistical comparison results of ϵ̄(S) obtainted by D-PBMOEA/D with different
subsets K (m = 5).

PROBLEM m K = 2 K = 8 K = 16 K = N

DTLZ1 5 0.418(1.77E-4)† 0.393(2.48E-4)† 0.373(1.28E-4) 2.04(9.56E+00)†
DTLZ2 5 0.879(4.95E-3)† 0.627(2.72E-3)† 0.557(3.96E-3) 1.15(9.99E-3)†
DTLZ3 5 0.878(4.22E-3)† 0.624(5.26E-3)† 0.578(3.56E-3) 5.21(3.68E+01)†
DTLZ4 5 0.942(7.57E-3)† 0.765(2.15E-2) 0.72(2.42E-2) 1.05(1.94E-2)†
DTLZ5 5 0.4(1.88E-3)† 0.28(3.81E-4) 0.27(2.75E-4) 1.74(2.58E-1)†
DTLZ6 5 0.607(5.81E-3)† 0.428(3.25E-3)† 0.39(2.47E-3) 3.1(8.25E-1)†

† denotes our proposed method with this K setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.
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Table A17: The statistical comparison results of ϵ⋆(S) obtained by D-PBMOEA/D with different K
(m = 8).

PROBLEM m K = 2 K = 8 K = 16 K = N

DTLZ1 8 0.486(9.41E-5) 0.509(2.88E-4)† 0.516(2.53E-4)† 4.23(5.36E+01)†
DTLZ2 8 0.857(4.91E-3)† 0.698(9.91E-4) 0.755(1.45E-2) 1.42(9.76E-3)†
DTLZ3 8 0.811(5.61E-3)† 0.708(6.81E-3) 0.689(3.39E-3) 133.0(8.89E+03)†
DTLZ4 8 0.926(9.45E-3)† 0.841(1.65E-2) 0.806(1.16E-2) 1.47(4.52E-3)
DTLZ5 8 0.714(4.61E-9) 0.717(3.27E-5)† 0.721(7.73E-5)† 1.43(2.89E-1)†
DTLZ6 8 0.714(1.81E-4) 0.732(3.54E-4)† 0.742(7.25E-4)† 4.64(1.58E+00)†

† denotes our proposed method with this K setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.

Table A18: The statistical comparison results of ϵ̄(S) obtained by D-PBMOEA/D with different K
(m = 8).

PROBLEM m K = 2 K = 8 K = 16 K = N

DTLZ1 8 0.58(1.52E-4)† 0.563(1.16E-4)† 0.554(9.18E-5) 11.8(1.32E+03)†
DTLZ2 8 1.101(3.59E-3)† 0.814(1.24E-3) 0.83(1.33E-2) 1.47(3.08E-3)†
DTLZ3 8 1.066(3.15E-3)† 0.831(4.91E-3)† 0.767(2.58E-3) 428.0(2.75E+05)†
DTLZ4 8 1.184(7.36E-3)† 0.947(1.12E-2) 0.888(1.54E-2) 1.49(8.32E-4)†
DTLZ5 8 0.83(8.00E-4)† 0.757(4.27E-4) 0.758(1.43E-4) 1.54(3.07E-1)†
DTLZ6 8 0.9(2.89E-3)† 0.802(9.58E-4) 0.794(5.72E-4) 5.03(1.44E+00)†

† denotes our proposed method with this K setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.

Table A19: The statistical comparison results of ϵ⋆(S) obtained by D-PBMOEA/D with different K
(m = 10).

PROBLEM m K = 2 K = 6 K = 24 K = N

DTLZ1 10 0.223(1.87E-4) 0.248(4.71E-4)† 0.244(6.34E-4)† 5.99(5.99e+01)†
DTLZ2 10 0.537(2.58E-3)† 0.437(8.59E-3) 0.412(1.41E-2) 1.13(1.75E-3)†
DTLZ3 10 0.496(3.96E-3)† 0.488(1.17E-2)† 0.382(6.49E-3) 981.0(5.48e+05)†
DTLZ4 10 0.639(1.72E-2) 0.611(3.25E-2) 0.561(2.38E-2) 1.23(4.61E-3)†
DTLZ5 10 0.495(3.18E-6) 0.511(3.24E-4)† 0.597(1.40E-2)† 0.923(2.15E-1)†
DTLZ6 10 0.527(4.77E-4) 0.562(2.03E-3)† 0.659(1.43E-2)† 4.33(6.03E-1)†

† denotes our proposed method with this K setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.

Table A20: The statistical comparison results of ϵ̄(S) obtained by D-PBMOEA/D with different K
(m = 10).

PROBLEM m K = 2 K = 6 K = 24 K = N

DTLZ1 10 0.342(1.41E-4)† 0.321(2.60E-4) 0.323(5.62E-4) 8.97(1.29e+02)†
DTLZ2 10 0.804(4.06E-3)† 0.567(4.54E-3) 0.562(3.63E-2) 1.16(1.88E-3)†
DTLZ3 10 0.791(3.31E-3)† 0.614(1.03E-2) 0.544(2.29E-2) 1170.0(4.15e+05)†
DTLZ4 10 0.934(2.92E-3)† 0.722(1.80E-2) 0.647(3.01E-2) 1.25(6.01E-4)†
DTLZ5 10 0.818(1.21E-2) 0.901(3.29E-3)† 0.896(8.05E-3)† 0.992(2.13E-1)†
DTLZ6 10 0.978(7.61E-3) 0.981(5.44E-3) 1.008(1.94E-2) 4.75(6.14E-1)†

† denotes our proposed method with this K setting significantly outperforms other settings according to the
Wilcoxon’s rank sum test at a 0.05 significance level.
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Table A21: RNA experiment settings.
RNA Eterna ID Target Structure Reference Point 1 Reference Point 2 Sample Solution n

1 1074756 ((((...)))). (−6.3, 0)⊤ (−7.1, 0.2)⊤ GAUAAAAUAUCA 12

2 20111 (((((......))))) (−9.1, 0)⊤ (−13.8, 0.125)⊤ GGGGGGAAAAACCCCC 16

3 997382 ((....)).((....)) (−4, 0)⊤ (−8.9, 0.6)⊤ CUGAAAAGAGUGAGAGC 17

4 852950 ..((((((((.....)).)))))).. (−12, 0)⊤ (−24, 0.23)⊤ AAAUGUGAAUGAA
26AAAUAUUAUAUAA

5 727172 (((((.....))..((.........))))) (−9, 0)⊤ (−17.7, 0.33)⊤ GCCGCGAAAAGCAAC
30CGAAAAAAAAGGGGC

7 477402 ....((((((((.(....)).).).))))).... (−24, 0)⊤ (−31, 0.24)⊤ AAAAUACAGGGCGCGAA
34AGGACUCACUGUAAAAA

8 997391 ((....)).((....)).((....)).((....)) (−13, 0)⊤ (−28, 0.57)⊤ GAGAAAUCAGAGAAAUC
35AGUGAAAGCAGGGAAACU

9 15819 ((((((.((((....))))))).))).......... (−15, 0)⊤ (−38, 0.58)⊤ CGUGACAUUAUAAAAAUG
36AGUCGAUGAAAAAAAAAA

10 816170 ((((((.((((((((....))))).)).).)))))) (−26.7, 0)⊤ (−45, 0.17)⊤ UAAAACGAGAAAAACGAA
36AGUUUUAUCAUGGUUUUA

The column reference point 1 lists our first session experiment (f2 = 0).
The column reference point 2 lists reference points in the second-session (f2 ∈ (0, 1)).
The sample solution is the possible sequence for the given target structure provided by benchmark.

Table A22: The mean(std) of ϵ⋆(S) comparing our proposed method with peer algorithms on inverse
RNA design problems given reference point 1

RNA D-PBNSGA-II D-PBMOEA/D I-MOEA/D-PLVF I-NSGA2/LTR IEMO/D

1 0.289(0.0) 0.679(0.27) 0.971(0.73)† 0.35(0.05) 0.605(0.21)
2 0.33(0.01) 1.02(1.11) 1.31(1.09)† 1.342(1.51)† 1.943(2.13)†
3 2.454(11.6) 7.89(3.39) 7.102(13.05) 1.332(0.19) 1.819(2.62)
4 4.514(17.76) 2.052(2.08) 1.612(1.62) 1.848(0.86) 2.96(2.05)
5 2.871(4.43) 5.497(21.22) 7.663(14.46)† 7.557(31.47) 6.951(11.98)†
6 1.764(4.51) 4.878(11.11) 5.699(21.21)† 7.656(12.38)† 4.1(10.83)†
7 4.522(7.7) 6.956(11.14) 6.51(16.64) 4.216(12.95) 5.284(13.19)
8 6.604(26.97) 12.114(23.74) 13.638(28.74) 5.945(15.62) 3.959(15.97)
9 1.445(1.73) 3.656(5.75) 4.506(10.72)† 4.424(14.0)† 6.731(40.42)†

10 3.988(11.25) 8.506(13.14) 3.86(10.51) 4.988(20.48) 7.128(23.01)

† denotes our proposed method significantly outperforms other peer algorithms according to the
Wilcoxon’s rank sum test at a 0.05 significance level;
‡ denotes the corresponding peer algorithm outperforms our proposed algorithm.

Table A23: The mean(std) of ϵ̄(S) of our proposed method with peer algorithms on inverse RNA
design problems given reference point 1

RNA D-PBNSGA-II D-PBMOEA/D I-MOEA/D-PLVF I-NSGA2/LTR IEMO/D

1 0.35(0.05) 0.685(0.26) 1.063(0.65)† 0.357(0.03)† 0.605(0.21)†
2 0.33(0.01) 1.259(1.14) 1.832(1.04)† 1.501(1.6)† 1.945(2.13)†
3 2.454(11.6) 8.667(2.27) 9.409(2.68) 1.697(0.39) 3.234(8.49)
4 4.514(17.76) 2.569(3.85) 1.758(1.35) 1.849(0.86) 3.226(2.22)
5 2.871(4.43) 6.894(15.14) 9.261(5.33)† 8.439(22.87)† 7.206(12.81)†
6 1.764(4.51) 5.372(10.74) 6.451(19.45)† 9.077(8.67)† 4.833(8.18)†
7 4.522(7.7) 7.226(17.14) 9.602(10.75) 4.216(12.95) 6.579(10.64)
8 6.604(26.97) 12.775(24.08) 14.764(25.17) 7.105(13.47) 7.131(14.81)
9 1.46(1.74) 4.94(5.79) 4.965(10.91)† 5.332(11.64)† 7.876(34.82)†

10 4.001(11.16) 9.077(17.27) 4.057(9.73) 5.014(20.4) 7.133(22.96)

† denotes our proposed method significantly outperforms other peer algorithms according to the
Wilcoxon’s rank sum test at a 0.05 significance level;
‡ denotes the corresponding peer algorithm outperforms our proposed algorithm.
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Table A24: The mean(std) of ϵ⋆(S) comparing our proposed method with peer algorithms on inverse
RNA design problems given reference point 2

RNA D-PBNSGA-II D-PBMOEA/D I-MOEA/D-PLVF I-NSGA2/LTR IEMO/D

1 0.459(0.07) 0.469(0.09) 0.333(0.09) 0.821(0.06) 1.614(1.33)
2 0.752(0.54) 0.74(0.24) 2.112(1.11)† 3.143(0.82)† 4.131(1.38)†
3 0.409(0.11) 0.064(0.0) 2.095(2.54)† 5.037(2.93)† 6.343(5.02)†
4 1.459(3.0) 1.72(2.1) 4.25(5.64)† 3.702(14.69) 9.43(14.85)†
5 2.247(2.19) 0.84(0.65) 7.28(13.67)† 5.405(23.99)† 5.934(12.8)†
6 1.846(2.53) 3.91(2.5) 3.592(10.88)† 7.571(19.21)† 7.94(14.85)†
7 2.612(4.65) 1.518(1.65) 3.601(6.84) 8.531(31.14)† 10.78(33.49)†
8 2.1(2.57) 1.388(0.99) 4.953(31.37) 7.202(50.66)† 9.016(23.62)†
9 5.559(25.5) 4.071(4.5) 4.276(17.19) 8.706(28.49)† 13.123(31.61)†

10 4.25(11.95) 7.42(2.38) 8.94(13.94)† 7.089(16.7) 15.29(49.85)†

† denotes our proposed method significantly outperforms other peer algorithms according to the
Wilcoxon’s rank sum test at a 0.05 significance level;
‡ denotes the corresponding peer algorithm outperforms our proposed algorithm.

Table A25: The mean(std) of ϵ̄(S) of our proposed method with peer algorithms on inverse RNA
design problems given reference point 2

RNA D-PBNSGA-II D-PBMOEA/D I-MOEA/D-PLVF I-NSGA2/LTR IEMO/D

1 0.459(0.07) 0.523(0.07) 0.425(0.07) 0.821(0.06) 1.614(1.33)
2 0.753(0.54) 0.745(0.22) 2.295(1.22)† 3.143(0.82)† 4.165(1.37)†
3 0.409(0.11) 0.688(0.03) 3.402(1.29)† 5.072(2.92)† 6.874(2.45)†
4 1.462(3.0) 2.51(4.3) 4.393(5.65)† 3.797(14.2)† 9.436(14.79)†
5 2.247(2.19) 2.918(1.27) 8.126(12.68)† 5.535(23.02)† 7.108(15.5)†
6 1.846(2.53) 4.442(3.9) 3.851(11.13)† 8.347(24.1)† 8.001(14.62)†
7 2.616(4.64) 4.066(5.7) 3.944(6.39) 8.924(26.74)† 11.35(31.91)†
8 2.141(2.47) 3.988(2.57) 9.281(12.21)† 7.267(49.92) 10.736(28.62)†
9 5.724(24.65) 5.729(7.45) 4.701(15.73) 8.736(28.2) 14.447(50.17)

10 4.272(12.0) 7.477(2.3) 8.954(13.95)† 7.345(13.88) 15.295(49.86)†

† denotes our proposed method significantly outperforms other peer algorithms according to the
Wilcoxon’s rank sum test at a 0.05 significance level;
‡ denotes the corresponding peer algorithm outperforms our proposed algorithm.

Table A26: The difference between native and predicted protein in energy

ID Type Bound dDFIRE Rosetta RWplus

1K36 Native 431.51 -52.84 293.70 -5059.39
Predicted 431.75 -41.66 402.33 -3990.52

1ZDD Native 297.18 -74.02 -27.73 -4604.18
Predicted 328.84 -63.03 63.03 -3986.78

2M7T Native 269.76 -39.51 -10.82 -3313.84
Predicted 276.12 -22.98 210.47 -2111.19

3P7K Native 379.04 -104.15 -11.29 -6140.81
Predicted 413.47 -91.21 184.17 -3399.93

Table A27: The mean(std) of RMSD comparing our propsoed emthod with peer algorithms on PSP
problems.

ID D-PBNSGA-II D-PBMOEA/D I-MOEA/D-PLVF I-NSGA2-LTR IEMO/D

1K36 583.29(117.08) 302.82(138.59) 682.23(182.63) 597.19(284.91) 610.62(402.31)
1ZDD 446.88(542.33) 360.25(17.73) 623.14(394.14) 450.23(582.19) 488.28(518.42)
2M7T 350.51(8.95) 477.56(76.93) 671.45(372.01) 721.73(502.31) 823.46(1023.54)
3P7K 719.90(1202.92) 152.53(7.45) 663.29(802.99) 692.31(823.13) 818.93(923.87)
3V1A 687.07(497.33) 584.43(28.34) 887.68(391.74) 791.13(304.72) 823.28(528.87)
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<latexit sha1_base64="CEqlB+i+pzNisTeCRrviTdT8j4g=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwocOMSu2mUBTFjVDBPqAdSiZN29AkMyQZoQ7FX3HjQhG3/oc7/8a0nYW2HrhwOOde7r0niBhV2nW/rbn5hcWl5cxKdnVtfWPT3tquqjCWmFRwyEJZD5AijApS0VQzUo8kQTxgpBb0L0d+7YFIRUNxrwcR8TnqCtqhGGkjtezd2+ur4nHeKRw1Fe1yVHSdwmnLzrmOOwacJV5KciBFuWV/NdshjjkRGjOkVMNzI+0nSGqKGRlmm7EiEcJ91CUNQwXiRPnJ+PohPDBKG3ZCaUpoOFZ/TySIKzXggenkSPfUtDcS//Mase4U/ISKKNZE4MmiTsygDuEoCtimkmDNBoYgLKm5FeIekghrE1jWhOBNvzxLqieOl3fyd2e50kUaRwbsgX1wCDxwDkrgBpRBBWDwCJ7BK3iznqwX6936mLTOWenMDvgD6/MH8FaS+w==</latexit>

MFE = �6.8, � = 0.83

<latexit sha1_base64="3+g7Nhpr21AIzyeNj/Qkz4GJRlQ=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQoeJSHVTKIriRqhgH9AOJZNm2tBkZkgyYhn6K25cKOLWH3Hn35i2s9DWAxcO59zLvff4MWdKu+63lVtaXlldy68XNja3tnfs3WJDRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm/7wauI3H6lULAof9CimnsD9kAWMYG2krl28u7munCDXQccdxfoCV1DXLrmOOwVcJCgjJZCh1rW/Or2IJIKGmnCsVBu5sfZSLDUjnI4LnUTRGJMh7tO2oSEWVHnp9PYxPDRKDwaRNBVqOFV/T6RYKDUSvukUWA/UvDcR//PaiQ4uvJSFcaJpSGaLgoRDHcFJELDHJCWajwzBRDJzKyQDLDHRJq6CCQHNv7xIGqcOKjvl+7NS9TKLIw/2wQE4Agicgyq4BTVQBwQ8gWfwCt6ssfVivVsfs9aclc3sgT+wPn8A6fiScw==</latexit>

MFE = �10.1, � = 1
<latexit sha1_base64="Va4qgVBq/8NvZ6iGrzo+xxTZwVY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXGhIqrbdFIqiuBEq2Ae0pUymk3boZBJmJkKJXfgrblwo4tbfcOffOG2z0NYDFw7n3Mu997gho1LZ9reRWlhcWl5Jr2bW1jc2t8ztnZoMIoFJFQcsEA0XScIoJ1VFFSONUBDku4zU3cHl2K8/ECFpwO/VMCRtH/U49ShGSksdc+/2+qp04pxaueOWpD0flWyrWDjvmFnbsieA88RJSBYkqHTMr1Y3wJFPuMIMSdl07FC1YyQUxYyMMq1IkhDhAeqRpqYc+US248n9I3iolS70AqGLKzhRf0/EyJdy6Lu600eqL2e9sfif14yUV2zHlIeRIhxPF3kRgyqA4zBglwqCFRtqgrCg+laI+0ggrHRkGR2CM/vyPKnlLCdv5e/OsuWLJI402AcH4Ag4oADK4AZUQBVg8AiewSt4M56MF+Pd+Ji2poxkZhf8gfH5A9cVk3A=</latexit>

MFE = �13.2, � = 0.875

<latexit sha1_base64="UojjDWg+qGd9IOcLHFJspNJk4Og=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCw2J1eqmUBTFjVDBPqANZTKdtENnkjAzEWoo/oobF4q49T/c+TdO2yy09cCFwzn3cu89XsSoVLb9bWTm5hcWl7LLuZXVtfUNc3OrJsNYYFLFIQtFw0OSMBqQqqKKkUYkCOIeI3Wvfzny6w9ESBoG92oQEZejbkB9ipHSUtvcub2+Kh0VrcJhS9IuRyXbOi20zbxt2WPAWeKkJA9SVNrmV6sT4piTQGGGpGw6dqTcBAlFMSPDXCuWJEK4j7qkqWmAOJFuMr5+CPe10oF+KHQFCo7V3xMJ4lIOuKc7OVI9Oe2NxP+8Zqz8czehQRQrEuDJIj9mUIVwFAXsUEGwYgNNEBZU3wpxDwmElQ4sp0Nwpl+eJbVjyylaxbuTfPkijSMLdsEeOAAOOANlcAMqoAoweATP4BW8GU/Gi/FufExaM0Y6sw3+wPj8AeP3kvM=</latexit>

MFE = �6.3, � = 0.53
<latexit sha1_base64="JdAYotNKNjnp6kz6pS60e657Qm4=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgQoeZWqqbQlEUN0IF+4B2KJk0bUOTzJBkhDIU/BU3LhRx63e4829M21lo64ELh3Pu5d57gohRpV3321pYXFpeWc2sZdc3Nre27Z3dmgpjiUkVhyyUjQApwqggVU01I41IEsQDRurB4Grs1x+JVDQUD3oYEZ+jnqBdipE2Utvev7u5Lp16eadw0lK0x1HJdc7ctp1zHXcCOE+8lORAikrb/mp1QhxzIjRmSKmm50baT5DUFDMyyrZiRSKEB6hHmoYKxInyk8n5I3hklA7shtKU0HCi/p5IEFdqyAPTyZHuq1lvLP7nNWPdvfATKqJYE4Gni7oxgzqE4yxgh0qCNRsagrCk5laI+0girE1iWROCN/vyPKnlHa/oFO8LufJlGkcGHIBDcAw8cA7K4BZUQBVgkIBn8ArerCfrxXq3PqatC1Y6swf+wPr8AUtGkyY=</latexit>

MFE = �12.4, � = 0.30
<latexit sha1_base64="cJyzijMAw2ROZLPERc88tqQHIeU=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwocOMlKqLQlEUN0IF+4B2KJk0bUOTzJBkhDoUf8WNC0Xc+h/u/BvTdhbaeuDC4Zx7ufeeIGJUadf9tubmFxaXljMr2dW19Y1Ne2u7qsJYYlLBIQtlPUCKMCpIRVPNSD2SBPGAkVrQvxz5tQciFQ3FvR5ExOeoK2iHYqSN1LJ3b6+visfnTv6oqWiXo6Lr5L2WnXMddww4S7yU5ECKcsv+arZDHHMiNGZIqYbnRtpPkNQUMzLMNmNFIoT7qEsahgrEifKT8fVDeGCUNuyE0pTQcKz+nkgQV2rAA9PJke6paW8k/uc1Yt058xMqolgTgSeLOjGDOoSjKGCbSoI1GxiCsKTmVoh7SCKsTWBZE4I3/fIsqZ44XsEp3OVzpYs0jgzYA/vgEHjgFJTADSiDCsDgETyDV/BmPVkv1rv1MWmds9KZHfAH1ucP5bCS9A==</latexit>

MFE = �9.4, � = 0.41

<latexit sha1_base64="RMKZfkimS8+gMDLRjjYmQd1hLFE=">AAAB+3icbVDLSgMxFL1TX7W+xrp0M1gEF1pmRKqbQlEUN0IF+4B2KJk004YmmSHJiGXor7hxoYhbf8Sdf2P6WGjrgQsn59xL7j1BzKjSrvttZZaWV1bXsuu5jc2t7R17N19XUSIxqeGIRbIZIEUYFaSmqWakGUuCeMBIIxhcjf3GI5GKRuJBD2Pic9QTNKQYaSN17PzdzXX5xHOL7nFb0R5HZa9jF8xzAmeReDNSgBmqHfur3Y1wwonQmCGlWp4baz9FUlPMyCjXThSJER6gHmkZKhAnyk8nu4+cQ6N0nTCSpoR2JurviRRxpYY8MJ0c6b6a98bif14r0eGFn1IRJ5oIPP0oTJijI2cchNOlkmDNhoYgLKnZ1cF9JBHWJq6cCcGbP3mR1E+LXqlYuj8rVC5ncWRhHw7gCDw4hwrcQhVqgOEJnuEV3qyR9WK9Wx/T1ow1m9mDP7A+fwDoa5Jy</latexit>

MFE = �10.0, � = 1

<latexit sha1_base64="w4Zg6XaJFnSZvvFe1g+p1zeZStQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZZEpbopFEVxI1SwD2hCmUwn7dCZJMxMhBIKbvwVNy4UcetPuPNvnLRZaOuBC4dz7uXee7yIUaks69vIzc0vLC7llwsrq2vrG+bmVkOGscCkjkMWipaHJGE0IHVFFSOtSBDEPUaa3uAy9ZsPREgaBvdqGBGXo15AfYqR0lLH3HE4Un3PT26vrypH5dLJoSNpj6OKPeqYRatkjQFniZ2RIshQ65hfTjfEMSeBwgxJ2batSLkJEopiRkYFJ5YkQniAeqStaYA4kW4y/mEE97XShX4odAUKjtXfEwniUg65pzvTi+W0l4r/ee1Y+eduQoMoViTAk0V+zKAKYRoI7FJBsGJDTRAWVN8KcR8JhJWOraBDsKdfniWN45JdLpXvTovViyyOPNgFe+AA2OAMVMENqIE6wOARPINX8GY8GS/Gu/Exac0Z2cw2+APj8wfVppZg</latexit>

MFE = �6.3, � = 1

<latexit sha1_base64="843zNYEx9+DBMVgrTIeTj5NpiAc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZZEpbopFEVxI1SwD2hCmUwn7dCZJMxMhBK6ceOvuHGhiFv/wZ1/46TNQlsPXDiccy/33uNFjEplWd9Gbm5+YXEpv1xYWV1b3zA3txoyjAUmdRyyULQ8JAmjAakrqhhpRYIg7jHS9AaXqd98IELSMLhXw4i4HPUC6lOMlJY65q7Dkep7fnJ7fVU5sq3SyaEjaY+jij0qdMyiVbLGgLPEzkgRZKh1zC+nG+KYk0BhhqRs21ak3AQJRTEjo4ITSxIhPEA90tY0QJxINxl/MYL7WulCPxS6AgXH6u+JBHEph9zTnenNctpLxf+8dqz8czehQRQrEuDJIj9mUIUwjQR2qSBYsaEmCAuqb4W4jwTCSgeXhmBPvzxLGsclu1wq350WqxdZHHmwA/bAAbDBGaiCG1ADdYDBI3gGr+DNeDJejHfjY9KaM7KZbfAHxucPgAaWqQ==</latexit>

MFE = �10.3, � = 1

<latexit sha1_base64="w4Zg6XaJFnSZvvFe1g+p1zeZStQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZZEpbopFEVxI1SwD2hCmUwn7dCZJMxMhBIKbvwVNy4UcetPuPNvnLRZaOuBC4dz7uXee7yIUaks69vIzc0vLC7llwsrq2vrG+bmVkOGscCkjkMWipaHJGE0IHVFFSOtSBDEPUaa3uAy9ZsPREgaBvdqGBGXo15AfYqR0lLH3HE4Un3PT26vrypH5dLJoSNpj6OKPeqYRatkjQFniZ2RIshQ65hfTjfEMSeBwgxJ2batSLkJEopiRkYFJ5YkQniAeqStaYA4kW4y/mEE97XShX4odAUKjtXfEwniUg65pzvTi+W0l4r/ee1Y+eduQoMoViTAk0V+zKAKYRoI7FJBsGJDTRAWVN8KcR8JhJWOraBDsKdfniWN45JdLpXvTovViyyOPNgFe+AA2OAMVMENqIE6wOARPINX8GY8GS/Gu/Exac0Z2cw2+APj8wfVppZg</latexit>

MFE = �6.3, � = 1
<latexit sha1_base64="w4Zg6XaJFnSZvvFe1g+p1zeZStQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZZEpbopFEVxI1SwD2hCmUwn7dCZJMxMhBIKbvwVNy4UcetPuPNvnLRZaOuBC4dz7uXee7yIUaks69vIzc0vLC7llwsrq2vrG+bmVkOGscCkjkMWipaHJGE0IHVFFSOtSBDEPUaa3uAy9ZsPREgaBvdqGBGXo15AfYqR0lLH3HE4Un3PT26vrypH5dLJoSNpj6OKPeqYRatkjQFniZ2RIshQ65hfTjfEMSeBwgxJ2batSLkJEopiRkYFJ5YkQniAeqStaYA4kW4y/mEE97XShX4odAUKjtXfEwniUg65pzvTi+W0l4r/ee1Y+eduQoMoViTAk0V+zKAKYRoI7FJBsGJDTRAWVN8KcR8JhJWOraBDsKdfniWN45JdLpXvTovViyyOPNgFe+AA2OAMVMENqIE6wOARPINX8GY8GS/Gu/Exac0Z2cw2+APj8wfVppZg</latexit>

MFE = �6.3, � = 1

<latexit sha1_base64="6xflu0hsUk38JvkEPZmurcydZeY=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAguNCQ+qptCURQ3QgX7gKaUyXTSDp2ZhJmJUEJXbvwVNy4Uces3uPNvnLRZaOuBC4dz7uXee/yIEqkc59uYmZ2bX1jMLeWXV1bX1s2NzZoMY4FwFYU0FA0fSkwJx1VFFMWNSGDIfIrrfv8y9esPWEgS8ns1iHCLwS4nAUFQaalt7ngMqp4fJLfXV6XDY9s58CTpMlhy7OLpsG0WHNsZwZombkYKIEOlbX55nRDFDHOFKJSy6TqRaiVQKIIoHua9WOIIoj7s4qamHDIsW8nojaG1p5WOFYRCF1fWSP09kUAm5YD5ujM9Wk56qfif14xVcN5KCI9ihTkaLwpiaqnQSjOxOkRgpOhAE4gE0bdaqAcFREonl9chuJMvT5Pake0W7eLdSaF8kcWRA9tgF+wDF5yBMrgBFVAFCDyCZ/AK3own48V4Nz7GrTNGNrMF/sD4/AE7/5cQ</latexit>

MFE = �3.0, � = 0.65
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<latexit sha1_base64="wlxdLxbsklbIyUOvdJJkTCW+WDk=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgQoeZKq2bQlEUN0IF+4B2KJk0bUOTzJBkhDIU/BU3LhRx63e4829M21lo64ELh3Pu5d57gohRpV3321pYXFpeWc2sZdc3Nre27Z3dmgpjiUkVhyyUjQApwqggVU01I41IEsQDRurB4Grs1x+JVDQUD3oYEZ+jnqBdipE2Utvev7u5Lp3m807xpKVoj6OS6xTO2nbOddwJ4DzxUpIDKSpt+6vVCXHMidCYIaWanhtpP0FSU8zIKNuKFYkQHqAeaRoqECfKTybnj+CRUTqwG0pTQsOJ+nsiQVypIQ9MJ0e6r2a9sfif14x198JPqIhiTQSeLurGDOoQjrOAHSoJ1mxoCMKSmlsh7iOJsDaJZU0I3uzL86SWd7yCU7g/z5Uv0zgy4AAcgmPggSIog1tQAVWAQQKewSt4s56sF+vd+pi2LljpzB74A+vzB1qkkzA=</latexit>

MFE = �22.7, � = 0.63

<latexit sha1_base64="wkfbm+zA4e6/kCSwNZKfo7acMfs=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgQoeZKq2bQlEUN0IF+4B2KJk0bUOTzJBkhDIU/BU3LhRx63e4829M21lo64ELh3Pu5d57gohRpV3321pYXFpeWc2sZdc3Nre27Z3dmgpjiUkVhyyUjQApwqggVU01I41IEsQDRurB4Grs1x+JVDQUD3oYEZ+jnqBdipE2Utvev7u5Lp3mz5z8SUvRHkcl1ykW23bOddwJ4DzxUpIDKSpt+6vVCXHMidCYIaWanhtpP0FSU8zIKNuKFYkQHqAeaRoqECfKTybnj+CRUTqwG0pTQsOJ+nsiQVypIQ9MJ0e6r2a9sfif14x198JPqIhiTQSeLurGDOoQjrOAHSoJ1mxoCMKSmlsh7iOJsDaJZU0I3uzL86SWd7yCU7g/z5Uv0zgy4AAcgmPggSIog1tQAVWAQQKewSt4s56sF+vd+pi2LljpzB74A+vzB1v7kzE=</latexit>

MFE = �23.2, � = 0.77
<latexit sha1_base64="np4gpCjUUwFtcJe7s5ThYppQUwE=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEFxqSUls3haIoboQK9gFtKJPppB06k4SZiVBCwV9x40IRt36HO//GaZuFth64cDjnXu69x4sYlcq2v43M0vLK6lp2PbexubW9Y+7uNWQYC0zqOGShaHlIEkYDUldUMdKKBEHcY6TpDa8mfvORCEnD4EGNIuJy1A+oTzFSWuqaB3c315WzQtE6P+1I2ueoYlvlctfM25Y9BVwkTkryIEWta351eiGOOQkUZkjKtmNHyk2QUBQzMs51YkkihIeoT9qaBogT6SbT88fwWCs96IdCV6DgVP09kSAu5Yh7upMjNZDz3kT8z2vHyr9wExpEsSIBni3yYwZVCCdZwB4VBCs20gRhQfWtEA+QQFjpxHI6BGf+5UXSKFhOySrdF/PVyzSOLDgER+AEOKAMquAW1EAdYJCAZ/AK3own48V4Nz5mrRkjndkHf2B8/gBiPZM1</latexit>

MFE = �24.5, � = 0.77
<latexit sha1_base64="YLZdXoWRoatZ/NHVMPxgVb+P1Fc=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgQoeZUlo3haIoboQK9gHtUDJp2oYmmSHJCGUo+CtuXCji1u9w59+YtrPQ1gMXDufcy733BBGjSrvut7W0vLK6tp7ZyG5ube/s2nv7dRXGEpMaDlkomwFShFFBappqRpqRJIgHjDSC4dXEbzwSqWgoHvQoIj5HfUF7FCNtpI59eHdzXT7PF5z8WVvRPkdl1ymVOnbOddwp4CLxUpIDKaod+6vdDXHMidCYIaVanhtpP0FSU8zIONuOFYkQHqI+aRkqECfKT6bnj+GJUbqwF0pTQsOp+nsiQVypEQ9MJ0d6oOa9ifif14p178JPqIhiTQSeLerFDOoQTrKAXSoJ1mxkCMKSmlshHiCJsDaJZU0I3vzLi6Sed7yiU7wv5CqXaRwZcASOwSnwQAlUwC2oghrAIAHP4BW8WU/Wi/Vufcxal6x05gD8gfX5A12NkzI=</latexit>

MFE = �24.2, � = 0.77

<latexit sha1_base64="wq3JZKD8pchef8FwyG6OZcxJP/Q=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEFzrMSGndFIqiuBEq2Ae0Q8mkaRuaZIYkI5Sh4K+4caGIW7/DnX9j2s5CWw9cOJxzL/feE0SMKu2631ZmaXlldS27ntvY3NresXf36iqMJSY1HLJQNgOkCKOC1DTVjDQjSRAPGGkEw6uJ33gkUtFQPOhRRHyO+oL2KEbaSB374O7munzmlRz3tK1on6Oy6xRKHTvvOu4UcJF4KcmDFNWO/dXuhjjmRGjMkFItz420nyCpKWZknGvHikQID1GftAwViBPlJ9Pzx/DYKF3YC6UpoeFU/T2RIK7UiAemkyM9UPPeRPzPa8W6d+EnVESxJgLPFvViBnUIJ1nALpUEazYyBGFJza0QD5BEWJvEciYEb/7lRVI/d7yiU7wv5CuXaRxZcAiOwAnwQAlUwC2oghrAIAHP4BW8WU/Wi/VufcxaM1Y6sw/+wPr8AVkBky8=</latexit>

MFE = �17.0, � = 0.47
<latexit sha1_base64="L1N8E3dSiJJJwc/2GFZVfk1ZTcA=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEFxqSUtpuCkVR3AgV7APaUCbTSTt0MgkzE6GEgr/ixoUibv0Od/6N0zYLbT1w4XDOvdx7jxcxKpVtfxuZldW19Y3sZm5re2d3z9w/aMowFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG11N/dYjEZKG/EGNI+IGaMCpTzFSWuqZR3c319WLQsUqnXclHQSoalvFcs/M25Y9A1wmTkryIEW9Z351+yGOA8IVZkjKjmNHyk2QUBQzMsl1Y0kihEdoQDqachQQ6Saz8yfwVCt96IdCF1dwpv6eSFAg5TjwdGeA1FAuelPxP68TK7/iJpRHsSIczxf5MYMqhNMsYJ8KghUba4KwoPpWiIdIIKx0YjkdgrP48jJpFiynZJXui/naZRpHFhyDE3AGHFAGNXAL6qABMEjAM3gFb8aT8WK8Gx/z1oyRzhyCPzA+fwBlhpM3</latexit>

MFE = �28.6, � = 0.47

<latexit sha1_base64="xEsH0TWVNuLo0PeNDF2iBI5ec9c=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwoSEppeqiUBTFjVDBPqAJZTKdtENnkjAzEUrozo2/4saFIm79BXf+jZM2C209cOFwzr3ce48XUSKkZX1ruYXFpeWV/GphbX1jc0vf3mmKMOYIN1BIQ972oMCUBLghiaS4HXEMmUdxyxtepn7rAXNBwuBejiLsMtgPiE8QlErq6vsOg3Lg+cnt9VX1pFQ27WNHkD6DVcs8L427etEyrQmMeWJnpAgy1Lv6l9MLUcxwIBGFQnRsK5JuArkkiOJxwYkFjiAawj7uKBpAhoWbTP4YG4dK6Rl+yFUF0piovycSyIQYMU91pleLWS8V//M6sfTP3IQEUSxxgKaL/JgaMjTSUIwe4RhJOlIEIk7UrQYaQA6RVNEVVAj27MvzpFky7YpZuSsXaxdZHHmwBw7AEbDBKaiBG1AHDYDAI3gGr+BNe9JetHftY9qa07KZXfAH2ucPt9SXTg==</latexit>

MFE = �24.1, � = 0.92

<latexit sha1_base64="vxHWTBM6G8kW6DWHUL8xRjogfcg=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAguNCRiH5tCURQ3QgX7gCaUyXTSDp1JwsxEKKErN/6KGxeKuPUb3Pk3TtostPXAhcM593LvPV5EiZCW9a0tLC4tr6zm1vLrG5tb2/rOblOEMUe4gUIa8rYHBaYkwA1JJMXtiGPIPIpb3vAy9VsPmAsSBvdyFGGXwX5AfIKgVFJXP3AYlAPPT26vr6qnRbN44gjSZ7BqmZXyuKsXLNOawJgndkYKIEO9q385vRDFDAcSUShEx7Yi6SaQS4IoHuedWOAIoiHs446iAWRYuMnkjbFxpJSe4YdcVSCNifp7IoFMiBHzVGd6tJj1UvE/rxNLv+ImJIhiiQM0XeTH1JChkWZi9AjHSNKRIhBxom410AByiKRKLq9CsGdfnifNM9MumaW780LtIosjB/bBITgGNiiDGrgBddAACDyCZ/AK3rQn7UV71z6mrQtaNrMH/kD7/AFNEJcb</latexit>

MFE = �5.5, � = 0.87
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<latexit sha1_base64="w4Zg6XaJFnSZvvFe1g+p1zeZStQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZZEpbopFEVxI1SwD2hCmUwn7dCZJMxMhBIKbvwVNy4UcetPuPNvnLRZaOuBC4dz7uXee7yIUaks69vIzc0vLC7llwsrq2vrG+bmVkOGscCkjkMWipaHJGE0IHVFFSOtSBDEPUaa3uAy9ZsPREgaBvdqGBGXo15AfYqR0lLH3HE4Un3PT26vrypH5dLJoSNpj6OKPeqYRatkjQFniZ2RIshQ65hfTjfEMSeBwgxJ2batSLkJEopiRkYFJ5YkQniAeqStaYA4kW4y/mEE97XShX4odAUKjtXfEwniUg65pzvTi+W0l4r/ee1Y+eduQoMoViTAk0V+zKAKYRoI7FJBsGJDTRAWVN8KcR8JhJWOraBDsKdfniWN45JdLpXvTovViyyOPNgFe+AA2OAMVMENqIE6wOARPINX8GY8GS/Gu/Exac0Z2cw2+APj8wfVppZg</latexit>

MFE = �6.3, � = 1
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MFE = �25.6, � = 0.3

Figure A14: The comparison results of D-PBEMO against the other three stat-of-the-art PBEMO
algorithms on inverse RNA design problems. In particular, the target structure is a sample of possible
solution represented in blue color while the predicted one obtained by different optimization
algorithms are highlighted in red color. In this graph, the reference point is set as σ = 1. The closer
σ is to 1, the better performance achieved by the corresponding algorithm. When the σ share the
same biggest value, the smaller MFE the better the performance is.
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MFE = �26.0, � = 0.88
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MFE = �31.2, � = 0.67
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MFE = �36.0, � = 0.83
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MFE = �31.0, � = 0.83
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MFE = �25.1, � = 0.94

<latexit sha1_base64="ly0+ydTKaRierRrEdM+Syc6IkM8=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkNSpO2mUBTFjVDBPqAJZTKdtEMnD2YmQgndufFX3LhQxK2/4M6/cdJmoa0HLhzOuZd773EjRoU0zW8tt7S8srqWXy9sbG5t7+i7ey0RxhyTJg5ZyDsuEoTRgDQllYx0Ik6Q7zLSdkeXqd9+IFzQMLiX44g4PhoE1KMYSSX19EPbR3Loesnt9VXtrFQxSqe2oAMf1UyjWp309KJpmFPARWJlpAgyNHr6l90PceyTQGKGhOhaZiSdBHFJMSOTgh0LEiE8QgPSVTRAPhFOMv1jAo+V0odeyFUFEk7V3xMJ8oUY+67qTK8W814q/ud1Y+lVnYQGUSxJgGeLvJhBGcI0FNinnGDJxoogzKm6FeIh4ghLFV1BhWDNv7xIWiXDKhvlu/Ni/SKLIw8OwBE4ARaogDq4AQ3QBBg8gmfwCt60J+1Fe9c+Zq05LZvZB3+gff4AxbaXVw==</latexit>

MFE = �27.2, � = 0.88

<latexit sha1_base64="0gsWNYzFT6h3o5fFvc7lRdcFJgw=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwoSEp2tZFoSiKG6GCfUBTymQ6aYfOJGFmIpTQnRt/xY0LRdz6C+78GydtFtp64MLhnHu59x43pERIy/rWMguLS8sr2dXc2vrG5pa+vdMQQcQRrqOABrzlQoEp8XFdEklxK+QYMpfipju8TPzmA+aCBP69HIW4w2DfJx5BUCqpq+87DMqB68W311eVk0LJLB87gvQZrFjm+dm4q+ct05rAmCd2SvIgRa2rfzm9AEUM+xJRKETbtkLZiSGXBFE8zjmRwCFEQ9jHbUV9yLDoxJM/xsahUnqGF3BVvjQm6u+JGDIhRsxVncnVYtZLxP+8diS9cicmfhhJ7KPpIi+ihgyMJBSjRzhGko4UgYgTdauBBpBDJFV0ORWCPfvyPGkUTLtoFu9O89WLNI4s2AMH4AjYoASq4AbUQB0g8AiewSt40560F+1d+5i2ZrR0Zhf8gfb5A8wTl1s=</latexit>

MFE = �27.8, � = 0.95

<latexit sha1_base64="uBdsiMiOLkOTkmU7B1Jg99UK4is=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwoSFppdZFoSiKG6GCfUBTymQ6aYfOJGFmIpTQnRt/xY0LRdz6C+78GydtFtp64MLhnHu59x43pERIy/rWMguLS8sr2dXc2vrG5pa+vdMQQcQRrqOABrzlQoEp8XFdEklxK+QYMpfipju8TPzmA+aCBP69HIW4w2DfJx5BUCqpq+87DMqB68W311eVk2LRLBw7gvQZrFhm+Xzc1fOWaU1gzBM7JXmQotbVv5xegCKGfYkoFKJtW6HsxJBLgige55xI4BCiIezjtqI+ZFh04skfY+NQKT3DC7gqXxoT9fdEDJkQI+aqzuRqMesl4n9eO5JeuRMTP4wk9tF0kRdRQwZGEorRIxwjSUeKQMSJutVAA8ghkiq6nArBnn15njQKpl0yS3en+epFGkcW7IEDcARscAaq4AbUQB0g8AiewSt40560F+1d+5i2ZrR0Zhf8gfb5A8KDl1U=</latexit>

MFE = �33.2, � = 0.89

<latexit sha1_base64="IOTDOaIUUrulzwS9kxVEUcaHF2A=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwoSGp0ropFEVxI1SwD2hCmUwn7dCZJMxMhBK6c+OvuHGhiFt/wZ1/46TNQlsPXDiccy/33uNFlAhpWd9abmFxaXklv1pYW9/Y3NK3d5oijDnCDRTSkLc9KDAlAW5IIiluRxxD5lHc8oaXqd96wFyQMLiXowi7DPYD4hMEpZK6+r7DoBx4fnJ7fVU9sU9N+9gRpM9g1TIrpXFXL1qmNYExT+yMFEGGelf/cnohihkOJKJQiI5tRdJNIJcEUTwuOLHAEURD2McdRQPIsHCTyR9j41ApPcMPuapAGhP190QCmRAj5qnO9Gox66Xif14nlv65m5AgiiUO0HSRH1NDhkYaitEjHCNJR4pAxIm61UADyCGSKrqCCsGefXmeNEumXTbLd2fF2kUWRx7sgQNwBGxQATVwA+qgARB4BM/gFbxpT9qL9q59TFtzWjazC/5A+/wBsaGXSg==</latexit>

MFE = �13.1, � = 0.72
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<latexit sha1_base64="LK77aBwkxjhrpcFwtygvbpaWHMk=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXGhIirTdFIqiuBEq2Ae0oUymk3boZBJmJkIJ2fgrblwo4tbPcOffOG2z0NYDFw7n3Mu993gRo1LZ9rextLyyurae28hvbm3v7Jp7+00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpeaOrid96JELSkD+ocUTcAA049SlGSks98zC5u7munhcdq3zWlXQQoKptVSppzyzYlj0FXCRORgogQ71nfnX7IY4DwhVmSMqOY0fKTZBQFDOS5ruxJBHCIzQgHU05Coh0k+kDKTzRSh/6odDFFZyqvycSFEg5DjzdGSA1lPPeRPzP68TKr7gJ5VGsCMezRX7MoArhJA3Yp4JgxcaaICyovhXiIRIIK51ZXofgzL+8SJpFyylZpfuLQu0yiyMHjsAxOAUOKIMauAV10AAYpOAZvII348l4Md6Nj1nrkpHNHIA/MD5/ADZGlEI=</latexit>

MFE = �21.7, � = 0.88

<latexit sha1_base64="HTFwAmBfEJH9jm/YbhDEjVu3ZJI=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJDUrTWRaEoihuhgn1AW8pkOmmHTiZhZiKUkI2/4saFIm79DHf+jdM2C209cOFwzr3ce48bMiqVbX8bmYXFpeWV7GpubX1jc8vc3qnLIBKY1HDAAtF0kSSMclJTVDHSDAVBvstIwx1ejf3GIxGSBvxBjULS8VGfU49ipLTUNffiu5vr8knhwiodtyXt+6hsW8WzpGvmbcueAM4TJyV5kKLaNb/avQBHPuEKMyRly7FD1YmRUBQzkuTakSQhwkPUJy1NOfKJ7MSTBxJ4qJUe9AKhiys4UX9PxMiXcuS7utNHaiBnvbH4n9eKlFfqxJSHkSIcTxd5EYMqgOM0YI8KghUbaYKwoPpWiAdIIKx0ZjkdgjP78jypFyynaBXvT/OVyzSOLNgHB+AIOOAcVMAtqIIawCABz+AVvBlPxovxbnxMWzNGOrML/sD4/AE81JRG</latexit>

MFE = �29.8, � = 0.65

<latexit sha1_base64="aT9PCiOEpVdKcHXutr1wIvqwMrM=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXGhIitZuCkVR3AgV7APaUCbTSTt0JgkzE6GEbPwVNy4UcetnuPNvnLZZaOuBC4dz7uXee7yIUals+9tYWFxaXlnNreXXNza3ts2d3YYMY4FJHYcsFC0PScJoQOqKKkZakSCIe4w0veHV2G8+EiFpGDyoUURcjvoB9SlGSktdcz+5u7munBbLlnPSkbTPUcW2zktp1yzYlj0BnCdORgogQ61rfnV6IY45CRRmSMq2Y0fKTZBQFDOS5juxJBHCQ9QnbU0DxIl0k8kDKTzSSg/6odAVKDhRf08kiEs54p7u5EgN5Kw3Fv/z2rHyy25CgyhWJMDTRX7MoArhOA3Yo4JgxUaaICyovhXiARIIK51ZXofgzL48TxpFyylZpfuzQvUyiyMHDsAhOAYOuABVcAtqoA4wSMEzeAVvxpPxYrwbH9PWBSOb2QN/YHz+ADBJlD4=</latexit>

MFE = �28.1, � = 0.56

<latexit sha1_base64="f1HjkK6+hvLjJmCd30Y548hjCFM=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFcKEhsdJ2UyiK4kaoYB/QhjKZTtuhM5MwMxFKyMZfceNCEbd+hjv/xmmbhbYeuHA4517uvccPKZHKcb6NzNLyyupadj23sbm1vWPu7jVkEAmE6yiggWj5UGJKOK4roihuhQJD5lPc9EdXE7/5iIUkAX9Q4xB7DA446RMElZa65kF8d3NdOSsUbPe0I8mAwYpjl8pJ18w7tjOFtUjclORBilrX/Or0AhQxzBWiUMq264TKi6FQBFGc5DqRxCFEIzjAbU05ZFh68fSBxDrWSs/qB0IXV9ZU/T0RQyblmPm6k0E1lPPeRPzPa0eqX/ZiwsNIYY5mi/oRtVRgTdKwekRgpOhYE4gE0bdaaAgFREpnltMhuPMvL5LGue0W7eL9Rb56mcaRBYfgCJwAF5RAFdyCGqgDBBLwDF7Bm/FkvBjvxsesNWOkM/vgD4zPHzAUlD4=</latexit>

MFE = �33.1, � = 0.78

<latexit sha1_base64="3pMHIZUjJVVhkpUplVeyUEjjRy4=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXGhItNRuCkVR3AgV7APaUCbTSTt0MgkzE6GEbPwVNy4UcetnuPNvnLZZaOuBC4dz7uXee7yIUals+9tYWFxaXlnNreXXNza3ts2d3YYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0veHV2G8+EiFpyB/UKCJugPqc+hQjpaWuuZ/c3VxXTs+LVvmkI2k/QBXbKhfTrlmwLXsCOE+cjBRAhlrX/Or0QhwHhCvMkJRtx46UmyChKGYkzXdiSSKEh6hP2ppyFBDpJpMHUniklR70Q6GLKzhRf08kKJByFHi6M0BqIGe9sfif146VX3YTyqNYEY6ni/yYQRXCcRqwRwXBio00QVhQfSvEAyQQVjqzvA7BmX15njTOLKdkle6LheplFkcOHIBDcAwccAGq4BbUQB1gkIJn8ArejCfjxXg3PqatC0Y2swf+wPj8ATgQlEM=</latexit>

MFE = �34.8, � = 0.84

Figure A15: The comparison results of D-PBEMO against the other three state-of-the-art PBEMO
algorithms on inverse RNA design problems. In particular, the target structure is a sample of possible
solution represented in blue color while the predicted one obtained by different optimization
algorithms are highlighted in red color. In this graph, the reference point is set as σ = 1. The closer
σ is to 1, the better performance achieved by the corresponding algorithm. When the σ share the
same biggest value, the smaller MFE the better the performance is.
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Figure A16: The population distribution of D-PBEMO and peer algorithms running on PSP problems
(m = 4).
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: The abstract and introduction clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: This paper discusses the computational efficiency of proposed algorithms and
how to scale with dataset size. Possible Limitations are discussed in Section 5.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]
Justification: This paper includes theoretical results in Appendix B.1, B.2and B.3. All
theorems, formulas, and proofs in the paper are numbered and cross-referenced. All
assumptions are clearly stated or referenced in the statement of any theorems.
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: The steps of our proposed algorithms are described step by step. The repro-
ducibility of experiments can be accomplished in various ways.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]
Justification: This paper includes experiments requiring code. Code link is provided
in Appendix C.
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: The vital experimental settings are presented in the core of the paper, Section 4.
And the full details can be referenced in D.2.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: The experiment results are accompanied by statistical significance tests. The
statistical significance tests are introduced in D.3. The significance level settings are also
included.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [No]
Justification: This paper doesn’t indicate the type of compute wokers CPU or GPU, internal
cluster, or cloud provider, including relevant memory and storage.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: The authors make sure to preserve anonymity.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justification: This paper is foundational research and not tied to particular applications, let
alone deployments.
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
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• If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: This paper poses no such risks.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The creators or original owners of assets (e.g., code, data, models), used in the
paper, are properly credited and are the license and terms of use explicitly mentioned and
properly respected.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.

51

122256 https://doi.org/10.52202/079017-3884



• For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: This paper does not release new assets.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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