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Figure 15: Performance of VTL & choice of k in the CIFAR-100 experiment.

J.6 Additional experiments

We conduct the following additional experiments:

1. Imbalanced PS (Figure 13): We artificially remove 80% of the support of PA from PS . For
example, in case of MNIST, we remove 80% of the images with labels 3, 6, and 9 from PS .
This makes the learning task more difficult, as PA is less represented in PS , meaning that
the “targets” are more sparse. The trend of ITL outperforming CTL which outperforms
RANDOM is even more pronounced in this setting.

2. Imbalanced A ∼ PA (Figure 14): We artificially remove 50% of part of the support of PA
while generating A ∼ PA to evaluate the robustness of ITL and CTL in presence of an
imbalanced target space A. Concretely, in case of MNIST, we remove 50% of the images
with labels 3 and 6 from A. In case of CIFAR-100, we remove 50% of the images with
labels {0, . . . , 4} from A. We still observe the same trends as in the other experiments.

3. VTL & choice of k (Figure 15): We observe that VTL performs almost as well as ITL.
Additionally, we evaluate the effect of the number of points k at which the decision rule
is evaluated. Not surprisingly, we observe that the performance of ITL, VTL, and CTL
improves with larger k.

4. Choice of m (Figure 16): Next, we evaluate the choice of m, i.e., the size of the target
space A relative to the number M of candidate points A ∼ PA. We write p = m/M . We
generally observe that a larger p leads to better performance (with p = 1 being the best
choice). However, it appears that a smaller p can be beneficial with respect to accuracy
when a large number of batches are selected. We believe that this may be because a smaller
p improves the diversity between selected batches.

5. Choice of M (Figure 17): Finally, we evaluate the choice of M , i.e., the size of A ∼ PA.
Not surprisingly, we observe that the performance of ITL improves with larger M .

J.7 Ablation study of noise standard deviation ρ

In Table 2, we evaluate the CIFAR-100 experiment with different noise standard deviations ρ. We
observe that the performance of batch selection via conditional embeddings drops (mostly for the less
numerically stable gradient embeddings) if ρ is too small, since this leads to numerical inaccuracies
when computing the conditional embeddings. Apart from this, the effect of ρ is negligible.
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Figure 16: Evaluation of the choice of m relative to the size M of A ∼ PA. Here, p = m/M .
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Figure 17: Evaluation of the choice of M , i.e., the size of A ∼ PA, in the CIFAR-100 experiment.

Table 2: Ablation study of noise standard deviation ρ in the CIFAR-100 experiment. We list the
accuracy after 100 rounds per decision rule, with its standard error over 10 random seeds. “(top-b)”
denotes variants where batches are selected by taking the top-b points according to the decision rule
rather than using batch selection via conditional embeddings. Shown in bold are the best performing
decision rules, and shown in italics are results due to numerical instability.

ρ 0.0001 0.01 1 100

G-ITL 78 .26 ± 1 .40 79 .12 ± 1 .19 87.16± 0.29 87.18± 0.28
L-ITL 87.52± 0.48 87.52± 0.41 87.53± 0.35 86.47± 0.22
G-CTL 58 .68 ± 2 .11 81 .44 ± 1 .04 86.52± 0.44 86.92± 0.56
L-CTL 86.40± 0.71 86.38± 0.75 86.00± 0.69 84.78± 0.39
G-ITL (top-b) 85.84± 0.54 85.92± 0.52 85.84± 0.54 85.55± 0.46
L-ITL (top-b) 85.44± 0.58 85.46± 0.54 85.44± 0.59 85.29± 0.36
G-CTL (top-b) 82.27± 0.67 82.27± 0.67 82.27± 0.67 82.27± 0.67
L-CTL (top-b) 80.73± 0.68 80.73± 0.68 80.73± 0.68 80.73± 0.68
BADGE 83.24± 0.60 83.24± 0.60 83.24± 0.60 83.24± 0.60
INFORMATIONDENSITY 79.24± 0.51 79.24± 0.51 79.24± 0.51 79.24± 0.51
RANDOM 82.49± 0.66 82.49± 0.66 82.49± 0.66 82.49± 0.66
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Figure 18: We perform the tasks of Figure 5 using Thompson sampling to evaluate the stochastic
target space PAn. We additionally compare to GOOSE (cf. Appendix K.2.3) and ISE-BO (cf.
Appendix K.2.4).

K Additional Safe BO Experiments & Details

In Appendix K.1, we discuss the use of stochastic target spaces in the safe BO setting. We provide
a comprehensive overview of prior works in Appendix K.2 and an additional experiment highlighting
that ITL, unlike SAFEOPT, is able to “jump past local barriers” in Appendix K.3. In Appendix K.4,
we provide details on the experiments from Figure 5.

K.1 A More Exploitative Stochastic Target Space

Alternatively to the target space An which comprises all potentially optimal points, we evaluate the
stochastic target space

PAn(·) = P( argmax
x∈X :g(x)≥0

f(x) = · | Dn) (47)

which effectively weights points in An according to how likely they are to be the safe optimum,
and is therefore more exploitative than the uniformly-weighted target space discussed so far. Samples
from PAn can be obtained efficiently via Thompson sampling (Thompson, 1933; Russo et al., 2018).
Observe that PAn is supported precisely on the set of potential maximizers An. We provide a formal
analysis of stochastic target spaces in Appendix E. Whether transductive active learning with An

or PAn performs better is task-dependent, as we will see in the following.

Note that performing ITL with this target space is analogous to output-space entropy search (Wang &
Jegelka, 2017). Samples from PAn can be obtained via Thompson sampling (Thompson, 1933; Russo
et al., 2018). That is, in iteration n + 1, we sample K ∈ N independent functions f (j) ∼ f | Dn

from the posterior distribution and select K points x(1), . . . ,x(K) which are a safe maximum of
f (1), . . . , f (K), respectively.

Experiments In Figure 18, we contrast the performance of ITL with PAn to the performance of
ITL with the exact target spaceAn. We observe that their relative performance is instance dependent:
in tasks that require more difficult expansion, ITL with An converges faster, whereas in simpler
tasks (such as the 2d experiment), ITL with PAn converges faster. We compare against the GOOSE
algorithm (Turchetta et al., 2019) which is a heuristic extension of SAFEOPT that explores more
greedily in directions of (assumed) high reward (cf. Appendix K.2.3). GOOSE suffers from the
same limitations as SAFEOPT, which were highlighted in Section 5, and additionally is limited
by its heuristic approach to expansion which fails in the 1d task and safe controller tuning task.
Analogously to our experiments with SAFEOPT, we also compare against ORACLE GOOSE which
has oracle knowledge of the true Lipschitz constants.

The different behaviors of ITL with An and PAn, respectively, as well as SAFEOPT and GOOSE
are illustrated in Figure 19. We observe that ITL with An and SAFEOPT expand the safe set more
“uniformly” since the set of potential maximizers encircles the true safe set.21 Intuitively, this is
because the set of potential maximizers conservatively captures migh points might be safe and

21This is because typically, there will always remain points in Ŝn \ Sn of which the safety cannot be fully
determined, and since, they cannot be observed, it can also not be ruled out that they have high objective value.
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optimal. In contrast, ITL with PAn and GOOSE focus exploration and expansion in those regions
where the objective is likely to be high.

Figure 19: The first 100 samples of (A) ITL with An, (B) SAFEOPT, (C) ORACLE SAFEOPT, (D)
ITL with PAn, (E) GOOSE, (F) ORACLE GOOSE. The white region denotes the pessimistic safe set
S100, the light gray region denotes the true safe set S⋆ (i.e., the “island”), and the darker gray regions
denotes unsafe points (i.e., the “ocean”).

K.2 Detailed Comparison with Prior Works

The most widely used method for Safe BO is SAFEOPT (Sui et al., 2015; Berkenkamp et al., 2021)
which keeps track of separate candidate sets for expansion and exploration and uses UNSA to pick
one of the candidates in each round. Treating expansion and exploration separately, sampling is
directed towards expansion in all directions — even those that are known to be suboptimal. The
safe set is expanded based on a Lipschitz constant of g⋆, which is assumed to be known. In most
real-world settings, this constant is unknown and has to be estimated using the GP. This estimate
is generally conservative and results in suboptimal performance. To this end, Berkenkamp et al.
(2016) proposed HEURISTIC SAFEOPT which relies solely on the confidence intervals of g to expand
the safe set, but lacks convergence guarantees. More recently, Bottero et al. (2022) proposed ISE
which queries parameters from Sn that yield the most “information” about the safety of another
parameter in X . Hence, ISE focuses solely on the expansion of the safe set Sn and does not take into
account the objective f . In practice, this can lead to significantly worse performance on the simplest
of problems (cf. Figure 5). In contrast, ITL balances expansion of and exploration within the safe
set. Furthermore, ISE does not have known convergence guarantees of the kind of Theorem 5.1.
In parallel independent work, Bottero et al. (2024) proposed a combination of ISE and max-value
entropy search (Wang & Jegelka, 2017) for which they derive a similar guarantee to Theorem 5.1.22

Similar to SAFEOPT, their method aims to expand the safe set in all directions including those that are
known to be suboptimal. In contrast, ITL directs expansion only towards potentially optimal regions.

In the 1d task and quadcopter experiment (cf. Figure 5), we observe that SAFEOPT and even ORACLE
SAFEOPT converge significantly slower than ITL to the safe optima. We believe this is due to their
conservative Lipschitz-continuity/global smoothness-based expansion, as opposed to ITL’s expansion,

22We provide an empirical evaluation in Appendix K.2.4.
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which adapts to the local smoothness of the constraints. HEURISTIC SAFEOPT, which does not rely
on the Lipschitz constant for expansion, does not efficiently expand the safe set due to its heuristic
that only considers single-step expansion. This is especially the case for the 1d task. Furthermore,
in the 2d task, we notice the suboptimality of ISE since it does not take into account the objective,
and purely aims to expand the safe set. ITL, on the other hand, balances expansion and exploration.

K.2.1 SAFEOPT

SAFEOPT (Sui et al., 2015; Berkenkamp et al., 2021) is a well-known algorithm for Safe BO.

Lipschitz-based expansion SAFEOPT expands the set of known-to-be safe points by assuming
knowledge of an upper bound Li to the Lipschitz constant of the unknown constraints g⋆i .23 In each
iteration, the (pessimistic) safe set Sn is updated to include all points which can be reached safely
(with respect to the Lipschitz continuity) from a known-to-be-safe point x ∈ Sn. Formally,

SSAFEOPT
n

def
=

⋃
x∈SSAFEOPT

n−1

{x′ ∈ X |

ln,i(x)− Li∥x− x′∥2 ≥ 0 for all i ∈ Is}.

(48)

The expansion of the safe set is illustrated in Figure 20.

We remark two main limitations of this approach. First, the Lipschitz constant is an additional safety
critical hyperparameter of the algorithm, which is typically not known. The RKHS assumption
(cf. Assumption C.25) induces an assumption on the Lipschitz continuity, however, the worst-case
a-priori Lipschitz constant is typically very large, and prohibitive for expansion. Second, the
Lipschitz constant is global property of the unknown function, meaning that it does not adapt to the
local smoothness. For example, a constraint may be “flat” in one direction (permitting straightforward
expansion) and “steep” in another direction (requiring slow expansion). Furthermore, the Lipschitz
constant is constant over time, whereas ITL is able to adapt to the local smoothness and reduce the
(induced) Lipschitz constant over time.

Undirected expansion SAFEOPT addresses the trade-off between expansion and exploration by
focusing learning on two different sets. First, the set of maximizers

MSAFEOPT
n

def
= {x ∈ SSAFEOPT

n |
un,f (x) ≥ max

x′∈SSAFEOPT
n

ln,f (x)}

which contains all known-to-be-safe points which are potentially optimal. Note that if SSAFEOPT
n = Sn

thenMSAFEOPT
n ⊆ An since An contains points which are potentially optimal and potentially safe

but possibly unsafe.

To facilitate expansion, for each point x ∈ Sn, the algorithm considers a set of expanding points

F SAFEOPT
n (x)

def
= {x′ ∈ X \ SSAFEOPT

n |
un,i(x)− Li∥x− x′∥2 ≥ 0 for all i ∈ Is}

A point is expanding if it is unsafe initially and can be (optimistically) deduced as safe by observing
x. The set of expanders corresponds to all known-to-be-safe points which optimistically lead to
expansion of the safe set:

GSAFEOPT
n

def
= {x ∈ Sn | |Fn(x)| > 0}.

That is, an expander is a safe point x which is “close” to at least one expanding point x′. Observe that
here, we start with a safe x and then find a close and potentially safe x′ using the Lipschitz-property
of the constraint function. Thus, the set of expanding points is inherently limited by the assumed
Lipschitzness (cf. Figure 20), and generally a subset of the potential expanders En (cf. Equation (27)):

Lemma K.1. For any n ≥ 0, if SSAFEOPT
n = Sn then⋃

x∈Sn

F SAFEOPT
n (x) ⊆ En.

23Recall that due to the assumption that ∥g⋆i ∥k < ∞, g⋆i is indeed Lipschitz continuous.
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𝒮⋆x

x′￼

Figure 20: Illustration of the expansion of the safe set à la SAFEOPT. Here, the blue region denotes
the pessimistic safe set S , the red region denotes the true safe set S⋆, and the orange region denotes
the optimistic safe set Ŝ. Whereas ITL learns about the point x′ directly, SAFEOPT expands the
safe set using the reduction of uncertainty at x, and then extrapolating using the Lipschitz constant
(cf. Equation (48)). The dashed orange line denotes the expanding points of SAFEOPT which
under-approximate the optimistic safe set of ITL (cf. Lemma K.1). Thus, ITL may even learn about
points in Ŝ which are “out of reach” for SAFEOPT.

Proof. Without loss of generality, we consider the case where Is = {i}. We have

En = Ŝn \ Sn = {x ∈ X \ Sn | un,i(x) ≥ 0}.

The result follows directly by observing that Li∥x− x′∥2 ≥ 0.

SAFEOPT then selects xn+1 according to uncertainty sampling within the maximizers and expanders:
MSAFEOPT

n ∪ GSAFEOPT
n . We remark that due to the separate handling of expansion and exploration,

SAFEOPT expands the safe set in all directions — even those that are known to be suboptimal.
In contrast, ITL only expands the safe set in directions that are potentially optimal by balancing
expansion and exploration through the single set of potential maximizers An.

Based on uncertainty sampling As mentioned in the previous paragraph, SAFEOPT selects as
next point the maximizer/expander with the largest prior uncertainty.24 In contrast, ITL selects the
point within Sn which minimizes the posterior uncertainty within An. Note that the two approaches
are not identical as typicallyMSAFEOPT

n ∪ GSAFEOPT
n ⊂ SSAFEOPT

n and An ̸⊇ Sn.

We show empirically in Section 3.3 that depending on the kernel choice (i.e., the smoothness
assumptions), uncertainty sampling within a given target space neglects higher-order information that
can be attained by sampling outside the set. This can be seen even more clearly when considering
linear functions, in which case points outside the maximizers and expanders can be equally
informative as points inside.

Finally, note that the set of expanders is constructed “greedily”, i.e., only considering single-step
expansion. This is necessitated as the inference of safety is based on single reference points. Instead,
ITL directly quantifies the information gained towards the points of interest without considering
intermediate reference points.

Requires homoscedastic noise SAFEOPT imposes a homoscedasticity assumption on the noise
which is an artifact of the analysis of uncertainty sampling. It is well known that in the presence
of heteroscedastic noise, one has to distinguish epistemic and aleatoric uncertainty. Uncertainty
sampling fails because it may continuously sample a high variance point where the variance is
dominated by aleatoric uncertainty, potentially missing out on reducing epistemic uncertainty at
points with small aleatoric uncertainty. In contrast, maximizing mutual information naturally takes

24The use of uncertainty sampling for safe sequential decision-making goes back to Schreiter et al. (2015) and
Sui et al. (2015).
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into account the two sources of uncertainty, preferring those points where epistemic uncertainty is
large and aleatoric uncertainty is small (cf. Appendix C.1).

Suboptimal reachable safe set Sui et al. (2015) and Berkenkamp et al. (2021) show that SAFEOPT
converges to the optimum within the closure R̄SAFEOPT

ϵ (S0) of

RSAFEOPT
ϵ (S) def= S ∪ {x ∈ X | ∃x′ ∈ S such that

f⋆i (x
′)− (Li∥x− x′∥2 + ϵ) ≥ 0 for all i ∈ Is}.

Note that analogously to the expansion of the safe set, the “expansion” of the reachable safe set is
based on “inferring safety” through a reference point in S and using Lipschitz continuity. This is
opposed to the reachable safe set of ITL (cf. Definition C.29).

We remark that under the additional assumption that a Lipschitz constant is known, ITL can easily be
extended to expand its safe set based on the kernel and the Lipschitz constant, resulting in a strictly
larger reachable safe set than SAFEOPT. We leave the concrete formalization of this extension to
future work. Moreover, we do not evaluate this extension in our experiments, as we observe that even
without the additional assumption of a Lipschitz constant, ITL outperforms SAFEOPT in practice.

K.2.2 HEURISTIC SAFEOPT

Berkenkamp et al. (2016) also implement a heuristic variant of SAFEOPT which does not assume a
known Lipschitz constant. This heuristic variant uses the same (pessimistic) safe sets Sn as ITL. The
set of maximizers is identical to SAFEOPT. As expanders, the heuristic variant considers all safe points
x ∈ Sn that if x were to be observed next with value un(x) lead to |Sn+1| > |Sn|. We refer to this set
as GH-SAFEOPT

n . The next point is then selected by uncertainty sampling withinMSAFEOPT
n ∪GH-SAFEOPT

n .

The heuristic variant shares some properties with SAFEOPT, such that it is based on uncertainty
sampling, not adapting to heteroscedastic noise, and separate notions of maximizers and expanders
(leading to an “undirected” expansion of the safe set). Note that there are no known convergence
guarantees for heuristic SAFEOPT. Importantly, note that similar to SAFEOPT the set of expanders
is constructed “greedily”, and in particular, does only take into account single-step expansion. In
contrast, an objective such as ITL which quantifies the “information gained towards expansion” also
actively seeks out multi-step expansion.

K.2.3 GOOSE

To address the “undirected” expansion of SAFEOPT discussed in the previous section, Turchetta
et al. (2019) proposed goal-oriented safe exploration (GOOSE). GOOSE extends any unsafe BO
algorithm (which we subsequently call an oracle) to the safe setting. In our experiments, we evaluate
GOOSE-UCB which uses UCB as oracle and which is also the variant studied by Turchetta et al.
(2019). In the following, we assume for ease of notation that Is = {c}.
Given the oracle proposal x⋆, GOOSE first determines whether x⋆ is safe. If x⋆ is safe, x⋆ is
queried next. Otherwise, GOOSE first learns about the safety of x⋆ by querying “expansionist”
points until the oracle’s proposal is determined to be either safe or unsafe.

GOOSE expands the safe set identically to SAFEOPT according to Equation (48). In the context of
GOOSE, SSAFEOPT

n is called the pessimistic safe set. To determine that a point cannot be deduced as
safe, GOOSE also keeps track of a Lipschitz-based optimistic safe set:

ŜGOOSE
n,ϵ

def
=

⋃
x∈SSAFEOPT

n−1

{x′ ∈ X |

un,c(x)− Lc∥x− x′∥2 − ϵ ≥ 0}.

We summarize the algorithm in Algorithm 2 where we denote by O(X ) the oracle proposal over
the domain X .

It remains to discuss the heuristic used to select the “expansionist” points. GOOSE considers all
points x ∈ SSAFEOPT

n with confidence bands of size larger than the accuracy ϵ, i.e.,

WGOOSE
n,ϵ

def
= {x ∈ SSAFEOPT

n | un,c(x)− ln,c(x) > ϵ}.
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Algorithm 2 GOOSE
Given: Lipschitz constant Lc, prior model {f, gc}, oracle O, and precision ϵ
Set initial safe set SSAFEOPT

0 based on prior
ŜGOOSE
n,ϵ ← X
n← 0
for k from 1 to∞ do
x⋆
k ← O(ŜGOOSE

n,ϵ )

while x⋆
k ̸∈ SSAFEOPT

n do
Observe “expansionist” point xn+1, set n← n+ 1, and update model and safe sets

end while
Observe x⋆

k, set n← n+ 1, and update model and safe sets
end for

Which of the points in this set is evaluated depends on a set of learning targets AGOOSE
n,ϵ

def
= ŜGOOSE

n,ϵ \
SSAFEOPT
n akin to the “potential expanders” En (cf. Equation (27)), to each of which we assign a

priority h(x). When h(x) is large, this indicates that the algorithm is prioritizing to determine
whether x is safe. We use as heuristic the negative ℓ1-distance between x and x⋆. GOOSE then
considers the set of potential immediate expanders

GGOOSE
n,ϵ (α)

def
= {x ∈ WGOOSE

n,ϵ | ∃x′ ∈ AGOOSE
n,ϵ with

priority α such that un,c(x)− Lc∥x− x′∥2 ≥ 0}.
The “expansionist” point selected by GOOSE is then any point in GGOOSE

n,ϵ (α⋆) where α⋆ denotes
the largest priority such that |GGOOSE

n,ϵ (α⋆)| > 0.

We observe empirically that the sample complexity of GOOSE is not always better than that of
SAFEOPT. Notably, the expansion of the safe set is based on a “greedy” heuristic. Moreover,
determining whether a single oracle proposal x⋆ is safe may take significant time. Consider the
(realistic) example where the prior is uniform, and UCB proposes a point which is far away from
the safe set and suboptimal. GOOSE will typically attempt to derive the safety of the proposed point
until the uncertainty at all points within SSAFEOPT

0 is reduced to ϵ.25 Thus, GOOSE can “waste” a
significant number of samples, aiming to expand the safe set towards a known-to-be suboptimal point.
In larger state spaces, due to the greedy nature of the expansion strategy, this can lead to GOOSE
being effectively stuck at a suboptimal point for a significant number of rounds.

K.2.4 ISE and ISE-BO

Recently, Bottero et al. (2022) proposed an information-theoretic approach to efficiently expand the
safe set which they call information-theoretic safe exploration (ISE). Specifically, they choose the
next action xn by approximating

argmax
x∈Sn−1

max
x′∈X

I(1{gx′ ≥ 0}; yx | Dn−1)︸ ︷︷ ︸
αISE(x)

. (ISE)

In a parallel independent work, Bottero et al. (2024) extended ISE to the Safe BO problem where
they propose to choose xn according to

argmax
x∈Sn−1

max{αISE(x), αMES(x)} (ISE-BO)

where αMES denotes the acquisition function of max-value entropy search (Wang & Jegelka,
2017). Similarly to SAFEOPT, ISE-BO treats expansion and exploration separately, which leads
to “undirected” expansion of the safe set. That is, the safe set is expanded in all directions, even
those that are known to be suboptimal. In contrast, ITL balances expansion and exploration through
the single set of potential maximizers An. With a stochastic target space, ITL generalizes max-value
entropy search (cf. Appendix K.1).

We evaluate ISE-BO in Figure 18 and observe that it does not outperform ITL and VTL in any of
the tasks, while performing poorly in the 1d task and suboptimally in the 2d task.

25This is because the proposed point typically remains in the optimistic safe set when it is sufficiently far
away from the pessimistic safe set.
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Figure 21: The ground truth f⋆ is shown as the dashed black line. The solid black line denotes the
constraint boundary. The GP prior is given by a linear kernel with sin-transform and mean 0.1x. The
light gray region denotes the initial optimistic safe set Ŝ0 and the dark gray region denotes the initial
pessimistic safe set S0.

Figure 22: First 100 samples of ITL using the potential expanders En (cf. Equation (27)) as target
space (left) and SAFEOPT sampling only from the set of expanders GSAFEOPT

n (right).

K.3 Jumping Past Local Barriers

In this additional experiment we demonstrate that ITL is able to extrapolate safety beyond local
unsafe “barriers”, which is a fundamental limitation of Lipschitz-based methods such as SAFEOPT.
We consider the ground truth function and prior statistical model shown in Figure 21. Note that
initially, there are three disjoint safe “regions” known to the algorithm corresponding to two of the
three safe “bumps” of the ground truth function. In this experiment, the main challenge is to “jump
past” the local barrier separating the leftmost and initially unknown safe “bump”.

Figure 22 shows the sampled points during the first 100 iterations of SAFEOPT and ITL. Clearly,
SAFEOPT does not discover the third safe “bump” while ITL does. Indeed, it is a fundamental
limitation of Lipschitz-based methods that they can never “jump past local barriers”, even if the oracle
Lipschitz constant were to be known and tight (i.e., locally accurate) around the barrier. This is be-
cause Lipschitz-based methods expand to the point x based on a reference point x′, and by definition,
if x is added to the safe set so are all points on the line segment between x and x′. Hence, if there is a
single point on this line segment which is unsafe (i.e., a “barrier”), the algorithm will never expand past
it. This limitation does not exist for kernel-based algorithms as expansion occurs in function space.

Moreover, note that for a non-stationary kernel such as in this example, ITL samples the “closest
points” in function space rather than Euclidean space. We observe that SAFEOPT still samples
“locally at the boundary” whereas ITL samples the most informative point which in this case is
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Figure 23: Ground truth and prior well-calibrated model in 1d synthetic experiment. The function
serves simultaneously as objective and as constraint. The light gray region denotes the initial safe
set S0.
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Figure 24: Size of Sn in 1d synthetic experiment. The dashed black line denotes the size of S⋆. In
this task, “discovering” the optimum is closely linked to expansion of the safe set, and HEURISTIC
SAFEOPT fails since it does not expand the safe set sufficiently.

the local maximum of the sinusoidal function. In other words, ITL adapts to the geometry of the
function. This generally leads us to believe that ITL is more capable to exploit (non-stationary) prior
knowledge than distance-based methods such as SAFEOPT.

K.4 Experiment Details

K.4.1 Synthetic Experiments

1d task Figure 23 shows the objective and constraint function, as well as the prior. We discretize
using 500 points. The main difficulty in this experiment lies in sufficiently expanding the safe set to
discover the global maximum. Figure 24 plots the size of the safe set Sn for the compared algorithms,
which in this experiment matches the achieved regret closely.

2d task We model our constraint in the form of a spherical “island” where the goal is to get a good
view of the coral reef located to the north-east of the island while staying in the interior of the island
during exploration (cf. Figure 25). The precise objective and constraint functions are unknown to
the agent. Hence, the agent has to gradually and safely update its belief about boundaries of the
“island” and the location of the coral reef. The prior is obtained by a single observation within the
center of the island [−0.5, 0.5]2. We discretize using 2 500 points.
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Figure 25: Ground truth in 2d synthetic experiment.

K.4.2 Safe Controller Tuning for Quadcopter

Modeling the real-world dynamics We learn a feedback policy (i.e., “control gains”) to compen-
sate for inaccuracies in the initial controller. In our experiment, we model the real world dynamics
and the adjusted model using the PD control feedback (Widmer et al., 2023),

δt(x)
def
=(x⋆ − x)[(s⋆ − st) (ṡ

⋆ − ṡt)], (49)

where x⋆ are the unknown ground truth disturbance parameters, and s⋆ and ṡ⋆ are the desired state
and state derivative, respectively. This yields the following ground truth dynamics:

st+1(x) = T (st,ut + δt(x)). (50)

The feedback parameters x = [xp xd]
⊤ can be split into xp tuning the state difference which

are called proportional parameters and xd tuning the state derivative difference which are called
derivative parameters. We use the “critical damping” heuristic to relate the proportional and
derivative parameters: xd = 2

√
xp. We thus consider the restricted domain X = [0, 20]4 where

each dimension corresponds to the proportional feedback to one of the four rotors.

Ground truth disturbance parameters are sampled from a chi-squared distribution with one degree
of freedom (i.e., the square of a standard normal distribution), x⋆

p ∼ χ2
1, and x⋆

d is determined
according to the critical damping heuristic.

The learning problem The goal of our learning problem is to move the quadcopter from its
initial position s(0) = [1 1 1]⊤ (in Euclidean space with meter as unit) to position s⋆ = [0 0 2]⊤.
Moreover, we aim to stabilize the quadcopter at the goal position, and therefore regularize the control
signal towards an action u⋆ which results in hovering (approximately) without any disturbances. We
formalize these goals with the following objective function:

f⋆(x)
def
= −σ

(
T∑

t=0

∥s⋆ − st(x)∥2Q + ∥u⋆ − ut(x)∥2R

)
(51)

where σ(v) def= tanh((v − 100)/100) is used to smoothen the objective function and ensure that its
range is [−1, 1]. The non-smoothed control objective in Equation (51) is known as a linear-quadratic
regulator (LQR) which we solve exactly for the undisturbed system using ILQR (Tu et al., 2023).
Finally, we want to ensure at all times that the quadcopter is at least 0.5 meter above the ground, that
is,

g⋆(x)
def
= min

t∈[T ]
szt (x)− 0.5 (52)

where we denote by szt the z-coordinate of state st.

We use a time horizon of T = 3 seconds which we discretize using 100 steps. The objective is
modeled by a zero-mean GP with a Matérn(ν = 5/2) kernel with lengthscale 0.1, and the constraint
is modeled by a GP with mean −0.5 and a Matérn(ν = 5/2) kernel with lengthscale 0.1. The prior
is obtained by a single observation of the “safe seed” [0 0 0 10]⊤.
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Adaptive discretization We discretize the domain X adaptively using coordinate LINEBO
(Kirschner et al., 2019). That is, in each iteration, one of the four control dimensions is selected
uniformly at random, and the active learning oracle is executed on the corresponding one-dimensional
subspace.

Safety Using the (unsafe) constrained BO algorithm EIC (Gardner et al., 2014) leads constraint
violation,26 while ITL and VTL do not violate the constraints during learning for any of the random
seeds.

Hyperparameters The observation noise is Gaussian with standard deviation ρ = 0.1. We let
β = 10. The control target is u⋆ = [1.766 0 0 0]⊤.

The state space is 12-dimensional where the first three states correspond to the velocity of the
quadcopter, the next three states correspond to its acceleration, the following three states correspond
to its angular velocity, and the last three states correspond to its angular velocity in local frame. The
LQR parameters are given by

Q = diag {1, 1, 1, 1, 1, 1, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1} and
R = 0.01 · diag {5, 0.8, 0.8, 0.3}.

The quadcopter simulation was adapted from Chandra (2023).

Each one-dimensional subspace is discretized using 2 000 points.

Random seeds We repeat the experiment for 25 different seeds where the randomness is over the
ground truth disturbance, observation noise, and the randomness in the algorithm.

26On average, 1.6 iterations of the first 50 violate the constraints.
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Table 3: Magnitudes of γn for common kernels. The magnitudes hold under the assumption that X
is compact. Here, Bν is the modified Bessel function. We take the magnitudes from Theorem 5 of
Srinivas et al. (2009) and Remark 2 of Vakili et al. (2021). The notation Õ(·) subsumes log-factors.
For ν = 1/2, the Matérn kernel is equivalent to the Laplace kernel. For ν →∞, the Matérn kernel is
equivalent to the Gaussian kernel. The functions sampled from a Matérn kernel are ⌈ν⌉ − 1 mean
square differentiable. The kernel-agnostic bound follows by simple reduction to a linear kernel in |X |
dimensions.

Kernel k(x,x′) γn

Linear x⊤x′ O(d log(n))

Gaussian exp

(
−∥

x−x′∥2
2

2h2

)
Õ
(
logd+1(n)

)
Laplace exp

(
−∥

x−x′∥
1

h

)
Õ
(
n

d
1+d log

1
1+d (n)

)
Matérn 21−ν

Γ(ν)

(√
2ν∥x−x′∥

2

h

)ν

Bν

(√
2ν∥x−x′∥

2

h

)
Õ
(
n

d
2ν+d log

2ν
2ν+d (n)

)
any O(|X | log(n))
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification:

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification:

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification:
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: The code is publicly available.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification:
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: See the extensive discussions in the appendices.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification:
Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
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• It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: All individual experiments require only small compute resources.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification:

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader Impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper presents work whose goal is to advance the field of Machine
Learning. There are many potential societal consequences of our work, none which we feel
must be specifically highlighted here.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification:

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification:

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

69

124754 https://doi.org/10.52202/079017-3961

paperswithcode.com/datasets


• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [Yes]
Justification:
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification:
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification:
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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