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Abstract

Constrained Reinforcement Learning (CRL) tackles sequential decision-making
problems where agents are required to achieve goals by maximizing the expected
return while meeting domain-specific constraints, which are often formulated as
expected costs. In this setting, policy-based methods are widely used since they
come with several advantages when dealing with continuous-control problems.
These methods search in the policy space with an action-based or parameter-based
exploration strategy, depending on whether they learn directly the parameters
of a stochastic policy or those of a stochastic hyperpolicy. In this paper, we
propose a general framework for addressing CRL problems via gradient-based
primal-dual algorithms, relying on an alternate ascent/descent scheme with dual-
variable regularization. We introduce an exploration-agnostic algorithm, called
C-PG, which exhibits global last-iterate convergence guarantees under (weak)
gradient domination assumptions, improving and generalizing existing results.
Then, we design C-PGAE and C-PGPE, the action-based and the parameter-based
versions of C-PG, respectively, and we illustrate how they naturally extend to
constraints defined in terms of risk measures over the costs, as it is often requested
in safety-critical scenarios. Finally, we numerically validate our algorithms on
constrained control problems, and compare them with state-of-the-art baselines,
demonstrating their effectiveness.

1 Introduction

When applying Reinforcement Learning (RL, Sutton and Barto, 2018) to real-world scenarios, we
are tasked with addressing large-scale continuous control problems where, in addition to reaching
a goal, it is necessary to meet structural or utility-based constraints. For instance, an autonomous-
driving car has its main objective of getting to the desired destination (i.e., goal) while avoiding
collisions, ensuring the safety of people on the streets, adhering to traffic rules, and respecting
the physical requirements of the engine to avoid damaging it (i.e., constraints) (Likmeta et al.,
2020). To pursue such an objective, it is necessary to extend the RL problem formulation with the
possibility to account for constraints. Constrained Reinforcement Learning (CRL, Uchibe and Doya,
2007) aims at solving this family of problems by employing RL techniques to tackle Constrained
Markov Decision Processes (CMDPs, Altman, 1999), which provide an established and widely-used
framework for modeling constrained control tasks. The conventional CRL framework primarily
focuses on constraints related directly to expected costs (Stooke et al., 2020; Ding et al., 2020; Ying
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et al., 2022; Ding et al., 2024). However, especially in safety-critical contexts, the expected cost may
not represent a reliable index of safe behavior. In response to this issue, chance constraints were
introduced to ensure that the probability of unsafe events is minimized. Nonetheless, employing
chance constraints presents several challenges (Chow et al., 2017). To strike a balance between these
two extremes, constraints are defined in terms of risk measures over the costs. Examples include
the Conditional Value at Risk (CVaR, Rockafellar and Uryasev, 2000) and the Mean-Variance (MV,
Markowitz and Todd, 2000; Li and Ng, 2000). These risk measures offer a generalization of the
previous concepts, allowing for the consideration of uncertainties while preserving the focus on the
cost. When incorporating constraints on risk measures, CRL is often referred to as Risk-CRL (Chow
et al., 2017).

Among the RL methods applicable to CMDPs, Policy Gradients (PGs, Deisenroth et al., 2013) are
particularly appealing. Indeed, PGs have demonstrably achieved impressive results in continuous-
control problems due to several advantages that make them well-suited for real-world applications.
These advantages include the ability to handle continuous state and action spaces (Peters and Schaal,
2006), resilience to sensor and actuator noise (Gravell et al., 2020), robustness in partially-observable
environments (Azizzadenesheli et al., 2018), and the possibility of incorporating expert knowledge
during policy design (Ghavamzadeh and Engel, 2006), which can simplify the learning process and
improve the efficacy, safety, and interpretability of the learned policy (Likmeta et al., 2020). PGs can
be categorized into two key families depending on the way exploration is carried out in the policy
space (Montenegro et al., 2024). Following their taxonomy, we distinguish between the action-based
and the parameter-based exploration paradigms. The former, employed by REINFORCE (Williams,
1992) and GPOMDP (Baxter and Bartlett, 2001), focuses on directly learning the parameters of a
parametric stochastic policy. The latter, employed by PGPE (Sehnke et al., 2010), is tasked with
learning the parameters of a parametric stochastic hyperpolicy from which the parameters of the
actual policy (often deterministic) are sampled.

Policy-based CRL has gained significant popularity in solving constrained control problems (Achiam
et al., 2017). Within this field, algorithms are primarily developed using primal-dual methods (Chow
et al., 2017; Tessler et al., 2019; Ding et al., 2020, 2021; Bai et al., 2022), which can be formulated
through Lagrangian optimization of the primal (i.e., policy parameters) and dual variable (i.e.,
Lagrange multipliers). Even though the distinction between the exploration paradigms is well known
in the PG methods literature, the current state of the art in Policy-based CRL focuses only on the
action-based exploration approach (Achiam et al., 2017; Stooke et al., 2020; Bai et al., 2023), while
the parameter-based one remains unexplored. A critical challenge for policy-based Lagrangian
optimization algorithms is ensuring convergence guarantees. Existing works have spent a notable
effort in this direction (Ying et al., 2022; Gladin et al., 2023; Ding et al., 2024). Recently, (Ying
et al., 2022; Gladin et al., 2023; Ding et al., 2024) manage to ensure global last-iterate convergence
guarantees. However, these approaches are affected by some notable limitations: (¢) the provided
convergence rates depend on the problem dimension (e.g., the cardinality of the state and action
spaces), limiting their applicability to tabular CMPDs and preventing scaling to realistic continuous
control problems; (i7) they focus on softmax policies only, disregarding other more realistic policy
models; (¢4¢) (Ding et al., 2024) ensure convergence when a single constraint only is present.

Original Contribution. The goal of this work is to introduce a framework for solving constrained
continuous control problems using policy-based primal-dual algorithms that operate in both the
action-based and parameter-based policy gradient exploration scenarios, while providing global
last-iterate convergence guarantees with general (hyper)policy parameterization. Specifically, the
main contributions of this work can be summarized as follows:

¢ In Section 2, we introduce a general constrained optimization problem, which is agnostic w.r.t.
both the action-based or parameter-based paradigm.

¢ In Section 3, we introduce C-PG, a general policy-based primal-dual algorithm optimizing the
regularized Lagrangian function associated with the general constrained optimization problem
shown in Section 2. We show that, under (weak) domination assumptions, it simultaneously
achieves the following: (7) last-iterate convergence guarantees to a globally optimal feasible policy
(i.e., satisfying all constraints); (¢7) compatibility with CMDPs having continuous state and action
spaces; (1i1) the ability to handle multiple constraints.

* In Section 4, we introduce C-PGAE and C-PGPE, the action-based and parameter-based versions
of C-PG, respectively. Both algorithms are designed to also handle constraints on risk measures,
thus extending the applicability space of the father algorithm C-PG. This is achieved by employing
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a parametric unified risk measure formulation, for which we show the mapping to several risk
measures of the unified one and we present the specific form of all the estimators.

In Section 5, we numerically validate our proposals against state-of-the-art baselines in constrained
control problems. Related works are discussed in Appendix B. The proofs of all the statements are
reported in Appendix E.

2 Preliminaries

Notation. For a measurable set X', we denote as A(X') the set of probability measures over X.
For P € A(X), we denote with p its density function and we will interchangeably use x ~ P or
x ~ p to express that random variable z is distributed according to P. For n,m € N with n < m,

we denote [n] = {1,2,...,n} and with [n,m] := {n,n +1,...,m}. For a vector x € R?, we
denote as x; the i-th component of . For a € R, we define (a)™ := max{0,a} and we extend
the notation to vectors as () = ((z1)",...,(zq)")". Given a set X < RY, we denote with

ILy the Euclidean norm projection, i.e., Iy € argmin, y |y — x| for any 2 € R?. For two

vectors =,y € R, we denote with (x,y) their inner product. A function f : R — R is L;-
Lipschitz continuous if | f(x) — f(2')] < Li|xz — 2|2 and Ly-smooth if it is differentiable and
|Vaf(x) — Vaf(@)|2 < La|x — ||, for every z, 2" € R%.

Constrained Markov Decision Processes. A Constrained Markov Decision Process (CMDP, Altman,
1999) with U constraints is represented by Mc = (S, A, p, 7, {ci}iequy, {bi biefu], 10, 7). where
S < R% and A < R?* are the measurable state and action spaces, p : S x A — A (S) is the
transition model, where p(s’|s, a) is the probability density of getting to state s’ € S given that
action a € A is taken in state s € S, r : S x A — [—1,0] is the reward function, where r(s, a)
is the instantaneous reward obtained by playing action a in state s, ¢; : S x A — [0, 1] is the i-th
cost function, where ¢;(s, a) is the i-th instantaneous cost obtained by playing action a in state s,

b; € [0, Jmax] With Jpax = 11__7; is the threshold for the i-th cost for every i € [U], o € A(S) is the

initial state distribution, and «y € [0, 1] is the discount factor. A trajectory 7 of length T € N U {+00}
is a sequence of T state-action pairs: 7 = (S+,0,@r0,--.,S-7-1,ar7—1). The discounted return

over a trajectory 7 is R(7) = Z;‘F;Ol Y7 (8r.t,art), while the i-th discounted cumulative cost is

Ci(r) = ZtT;()l vtei(8r.t,ar ). We define the additional cost function co(s,a) = —r(s,a) and
Co(7) := —R(7). Note that R(7), C;(7) € [0, Jmax] for every i € [U] and trajectory 7.

Action-based Policy Gradients. Action-based (AB) PG methods focus on learning the parameters
0 € © < R9e of a parametric stochastic policy g : S — A(A), where 7g(a|s) represents the
probability density of selecting action a € A being in state s € S. At each step ¢ of the interaction
with the environment, the stochastic policy is employed to sample an action a; ~ mg,(-|s;). To
assess the performance of mg w.r.t. the i-th cost function, with ¢ € [0,U], we employ the AB
performance index Jx; : © — R, which is defined as Jx ;(8) = E._, (o) [Ci(7)], where

pa(T,0) = uo(s-o) 1—[3:01 7o(@rt|Sr1)p(Sr 41|81, ary) is the density of trajectory 7 induced
by policy mg.

Parameter-based Policy Gradients. Parameter-based (PB) PG methods focus on learning the
parameters p € R < RY® of a parametric stochastic hyperpolicy v, € A(©). The hyperpolicy v,
is used to sample parameter configurations 8 ~ v, to be plugged into an underlying parametric
policy g, that will be then used for the interaction with the environment. Notice that 7 can also be
deterministic. To assess the performance of v, w.r.t. the i-th cost function, with i € [0, U], we employ
the PB performance index Jp ; : R — R, which is defined as Jp ;(p) := Eo~,, [Ernp,(10) [Ci(T)]]-

Constrained Optimization Problem. Having introduced the AB and PB performance indices, we
formulate a constrained optimization problem (COP) agnostic w.r.t. the exploration paradigm:

min Jyo(v) st Jpi(v) < by, Vie [U], (1)
VE

where t € {A, P} and v is a generic parameter vector belonging to the parameter space V. When
i = A, we are considering the AB exploration paradigm, then VV = ©. On the other hand, when
1 = P, we are in the PB exploration paradigm, then V = R.
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3 Last-Iterate Global Convergence of C-PG

In this section, we present C-PG, a general primal-dual algorithm that optimizes a regularized version
of the Lagrangian function (Section 3.1) associated with the COP of Equation (1). After having
introduced the necessary assumptions (Section 3.2), we show that C-PG exhibit dimension-free'
last-iterate global convergence guarantees (Section 3.3). While C-PG is designed to be agnostic w.r.t.
the exploration approach, we introduce two specific versions of C-PG in Section 4 for AB or PB,
respectively. For notation convenience, in the rest of this section, we use J; in place of J; ;.

3.1 Regularized Lagrangian Approach

To solve the COP of Equation (1) we resort to the method of Lagrange multipliers (Bertsekas,
2014) introducing the Lagrangian function Lo (v, A) == Jo(v) + Zg;l Ai (Ji(v) = b;) = Jo(v) +
(X, J(v) — b), where v € V is the primal variable and Ae RY, are the Lagrangian multipliers or
dual variable, J = (Jy,...,Jy)",and b = (by,...,by)". This allows to rephrase the COP in
Equation (1) as a min-max optimization problem min,,cy max AeRY, Lo(v, A) and we denote with
Ho(v) = maxycpy Lo(v,A) the primal function and with Hi := minyey Ho(v). To obtain a
last-iterate convergence guarantee, we make use of a regularization approach. Specifically, let w > 0
be a regularization parameter, we define the w-regularized Lagrangian function as follows:

U
Lo(0.A) = o) + YN (i(0) = bi) = T AL = Jo(v) + A T(@) =) — TIN5 @)

The ridge regularization makes £, (v, A) a strongly concave function of A at the price of a bias
that is quantified in Lemmas E.1, E.2 and E.3. Thus, we address the w-regularized min-max
optimization problem min,ey maxxea Lo, (v, A), where A := {A € RY; : [A|2 < w™'VUmax}
in replacement of the original (non-regularized) one. For this problem, we introduce the primal
function H,, (v) = maxxep L, (v, A), that, thanks to the ridge regularization, admits the closed-
form expression H,(v) = Jo(v) + iZil((Jz(v) — b))% = Jo(v) + 5[ (I(v) — b)*[3,
where the optimal values of the Lagrange multipliers is given by A*(v) = II (1(J(v) — b)) =
%(J (v) — b) T that is guaranteed to have norm smaller than w ™! VU Jiax. Furthermore, we define
H* = mingyey H, (V). C-PG updates the parameters (v, A;) with an alternate gradient descent-
ascent scheme for every k € N:

Primal Update Dual Update
Vg4 < Iy ('Uk — Cok Vol (vg, )\k)) Apg1 11y (Ak + Ok VLo (Vg1, Ak)),

where Cy 1, (x5 > 0 are the learning rates and @vﬁw (U, Ak), @,\ﬁw(vk, Aj) are estimators of the
gradients V., L, (U, Ax), VAL, (Uk, Ak) of the regularized Lagrangian function.

3.2 Assumptions

Before diving into the study of the convergence guarantees of C-PG, in this part, we list and motivate
the assumptions necessary for our analysis.

Assumption 3.1 (Existence of Saddle Points). There exist v € V and A} € RY such that
Lo(vy, AF) = minyey maxyegy, Lo(v, A).

Assumption 3.1 ensures that the value of the min-max problem is attained by a pair of primal-dual
values v € V and A¥ € RY which, consequently, satisfy Lo (v, A) < Lo(vE, AF) < Lo(v, AF)
for every v € V and A € Rgo. Analogous assumptions have been considered by Yang et al.
(2020) and Ying et al. (2022). Thus, (vd, Af) is a saddle point of the Lagrangian function £, and,
consequently, strong duality holds. Alternatively, as commonly requested in CRL works, assuming

'The dimension-free property (Liu et al., 2021; Ding et al., 2020, 2022, 2024) is achieved when the conver-
gence rates do not depend on the cardinality of the state and/or action spaces.
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Slater’s condition combined with the requirement that the policy space covers all Markovian policies
ensures strong duality (e.g., Paternain et al., 2019; Ding et al., 2020, 2024).2

Assumption 3.2 (Weak 1)-Gradient Domination). Ler ¢ € [1,2]. There exist oy > 0 and 31 = 0
such that, for every v € V and A€ A, it holds that:

IVoLo(@ AL =y (ﬁo(v, A) — min Eo(v’)\)) B 3)

Assumption 3.2 is customary in the convergence analysis of policy gradient methods and it is usually
enforced on the objective Jy only (Yuan et al., 2022; Masiha et al., 2022; Fatkhullin et al., 2023). In
particular, when 3; = 0, we speak of (strong) -gradient domination. In this form, for a generic
exponent ¢ € [1, 2], this assumption has been employed by Masiha et al. (2022). Particular cases are
when 1 = 1, which corresponds to the standard (weak) gradient domination (GD), while for ¢ = 2,
we have the so-called Polyak-Lojasiewicz (PL) condition. Notice that Assumption 3.2 is enforced on
the non-regularized Lagrangian function Ly (i.e., w = 0). However, it is easy to realize that it holds
for the regularized one £, by simply computing the terms of Equation (3) replacing £y with L,,.

Remark 3.1 (When does Assumption 3.2 holds?). As remarked by Ding et al. (2024), the Lagrangian
Sfunction, for a fixed value of A\, can be regarded as the expected return of a new reward function —Cy—
(X, C), where C = (C4,...,Cy)". As a consequence, a sufficient condition for Assumption 3.2 is
when the selected class of policies guarantees the 1-gradient domination regardless of the reward
Sfunction. For instance, in tabular environments with natural policy parametrization, i.e., 7g(s) = Oy
for every s € S, the PL condition (v = 2 and 31 = 0) holds (Bhandari and Russo, 2024). Moreover,
in tabular environments with softmax policy, i.e., mg(a|s)xc exp(6(s,a)), GD (¢ = 1 and p; = 0)
holds (Mei et al., 2020). This enables a meaningful comparison of our results with resorting to softmax
policies (e.g., Ding et al., 2020; Gladin et al., 2023; Ding et al., 2024). More in general, when (i)
the Fisher information matrix induced by policy mg is non-degenerate for every 6 € ©, i.e., F(0) =
E,,[Velogme(a|s)Velogme(als)"] > url for some ur > 0 and (ii) a compatible function
approximation bias bound holds, i.e., Br, . [(A™(s,a) — (1 — v)u' Vglogmg(als))?] < €pias
being u = F(0)1VJy(0) and the advantage function A™ computed w.r.t. reward —Cy — (X, C),
the weak GD (¢ = 1) holds with oy, = G,u}1 and f; = (1 — 7)’1\/%, where G is such that
[V logme(als)|l2 < G (Masiha et al., 2022).

In principle, we could have enforced Assumption 3.2 on the primal function H,,(v) only. However,
this would come with two drawbacks: (¢) the assumption would now depend explicitly on w; (i)
the considerations of Remark 3.1 would no longer hold. Nevertheless, in Lemma E.4, we prove that
Assumption 3.2 induces an analogous property on the primal function H,,(v) in the regularized case.

Assumption 3.3 (Regularity of the Regularized Lagrangian £,,). There exists L1, Lo, L3 > 0 such
that, for every v,v' € V, and for every A, N'€ A, the following hold:

VaLo(+, A) Ly-Lipschitz w.r.t. v: HV,\ﬂo(U, A) — VaLo(v, /\)||2 < Iy HU — U/H2 , @
Lo(-;A) La-Smooth w.r.t. v : [VuLo(w,A) = Vo Lo(v', A)|, < La|v —v'[2,  (5)
VoLo(v,-) L3-Lipschitz w.r.t X: [VoLo(v,A) = Vo Lo(v, /\’)H2 < L3|A=XN]2.  (6)

Notice that, similarly to Assumption 3.2, we realize that if Assumption 3.3 holds for the non-
regularized Lagrangian L, it also holds (with the same constants) for the regularized one £, for
every w > 0. The regularity conditions of Assumption 3.3 are common in the literature (Yang
et al., 2020) and mild when regarded from the policy optimization perspective. Equation (4)
is satisfied whenever the constraint functions J; are Lipschitz continuous w.r.t. v. Indeed,
IVaLo(v,A) = VaLo(W', A)|l, = [|I(v) —T(v')|,. Equation (5) is fulfilled when the objec-
tive function Jy and the constraint functions J; are smooth w.r.t. v and the Lagrange multipliers
are bounded (guaranteed thanks to the projection II,), since [V, Lo(v,A) — Vo Lo(vV', A)[, <
|Vydo(v) =V do(v)]+ ZZU:1 Ai|[Vodi(v) — Vo J;(v)]. Finally, Equation (6) is fulfilled whenever
functions J; admit bounded gradients, since |V, Lo(v, X) — Vi, Lo(v, X) |y < [V J(0)(A=X)|2.
It is worth noting that Lo depends on the norm of the Lagrange multipliers and, consequently, due

?Assumption 3.1 combined with Slater’s condition, i.e, the existence of a parametrization ¥ € V for which
there exists £ > 0 such that J;(0) — b < —& for all ¢ € [U] (strictly feasible), allows providing an upper bound
to the Lagrange multipliers | AF |2 < €71 (Jo (D) — Jo(v§)) using standard arguments (see Ying et al., 2022).
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to the projection operator, we have that Ly = O(w™1!), whereas L; and L3 are independent on w.?

Explicit conditions on the constitutive elements of the MDP and (hyper)policies to ensure Lipshitz-
ness and smoothness of these quantities are reported in (Montenegro et al., 2024, Appendix E) for
both the AB and PB cases. These regularity properties enforced on £, are inherited by the primal
function H,, which results to be (Lg + L%w‘l)—smooth (Lemma E.7). Concerning the regularity of
L, w.r.t. XA, we observe that it is a quadratic function and, therefore, it is w-smooth and satisfies the
PL condition, i.e., Assumption 3.2 with ¢ = 2, #; = 0, and with @; = w (Lemma E.5).

Assumption 3.4 (Bounded Estimator Variance). For every v € V and X € A, the estimators
Vol (v,A) and VL, (v, X) are unbiased for Vo, L,,(V,A) = V. Jo(v) + 27[]:1 AiVJi(v) and
VaLu(v,A) = J(v) — b — wA with bounded variance, i.e., there exist V,,, Va < 400 such that:

Var[@vﬁw(v,)\)] < Vo, Var[@)‘ﬁw(v,)\)] < V. @)

Note that V,, typically depends on the Lagrange multipliers and, for standard sample mean estimators,
it is of order V,, = O(w~2) thanks to the projection operator. Contrary, Vy is usually not affected by
w since the term wA is not estimated and, thus, it does not impact on the variance of the sample mean
estimator. In Section 4, explicit estimators are provided for both the AB and PB cases. The variance
of such estimators can be easily controlled by leveraging on the properties of the score function as
done in previous works (see Papini et al. 2022 and Montenegro et al. 2024, Appendix E).

3.3 Convergence Analysis

We are now ready to attack the convergence analysis of C-PG to the global optimum of the COP of
Equation (1). To this end, we study the potential function defined as Py(x) = ar + xbx, where
ay, = E[Hy(vg) — HE] and by, = E[H, (vg) — L, (vk, Ax)] and x € (0,1) will be specified
later. Since ag, by = 0, intuitively, if Px(x) ~ 0 we have that both ay, bx, ~ 0 and, consequently,
convergence is achieved. Let us start relating Py, (), with the solution of the COP in Equation (1).

Theorem 3.1 (Objective Function Gap and Constraint Violation). Let € > 0. Under Assumption 3.1,
if Pr < €, it holds that:

E[Jo(vk) = Jo(vg)] < €+ gHAé‘Hg, E[(Ji(vk) = bi)T] < e + w[AG 2, Vie [U]. (8)

Theorem 3.1 justifies the study of the potential 7P}, as a technical tool to ensure convergence. Indeed,
whenever P, < € both the (2) objective function gap and (i7) the constraint violation scale linearly
with e and with the regularization parameter w of the regularized Lagrangian £, multiplied by the
norm of the Lagrange multipliers of the non-regularized problem |A{ |2, which are finite under
Assumption 3.1. This expression also suggests a choice of w = O(e) to enforce an overall € error on
both quantities. Note that, from Theorem 3.1, it is immediate to employ a conservative constraint
(b = b; — 4e — w|A¥||3) to achieve zero constraint violation with no modification of the algorithm.

We are now ready to state the convergence guarantees for the potential function.

Theorem 3.2 (Convergence of Pk). Under Assumptions 3.2, 3.3, 3.4, for x < 1/5, sufficiently small
€ and w, and a choice of constant learning rates Cy,, (x, we have P (x) < € + b1/ whenever:*

e K = O(w tlog(e™!)) ifty = 2 and the gradients are exact (i.e., V,, = Vx = 0);
« K = O(wile_%_l) ify € [1,2) and the gradients are exact (i.e., Vo, = Va = 0);

c K = (’)(w_?’efiﬂ) if ¥ € [1,2] and the gradients are estimated (i.e., Vo, = O(w™?) and
Va = 0()).

Some comments are in order. First, Theorem 3.2 holds for a specific choice of the constant x €
(0,1/5) defining the potential function P . Second, the presented rates hold for sufficiently small
values of € and w. This is just for presentation purposes, as the sample complexity> can only improve
if we increase the values of € and w. Third, in the proof, an explicit expression of the learning rates is
provided. Concerning their orders, for the case of exact gradients, we choose (y = w™! and (,, =
O(w), whereas for the estimated gradient case, we choose ¢y = O(we?¥) and ¢, = O(w3e?/¥).

>We highlight the dependences on w since, as we shall see later, we will set w = O(¢) having, consequently,
an effect on the convergence rate.

“In the context of this statement, the (O(-) notation preserves dependences on € and w only.

STheorem 3.2 provides an iteration-complexity guarantee. Concerning the estimated gradient case, this
translates into a sample complexity guarantee since we are allowed to estimate gradients with a single sample.
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Exact Gradients Estimated Gradients
Y=1GD) | ¢e(12) | ¢=2(°L) | ¢=1@GD) | ve(12) | ¢=2(L)
Fixed w wle ! wle vl wlog(e™1) || w3e 3log(e™) w’357%+110g(6’1) w3 Hog(e™h)
w=0(e) €2 e e log(e™1) e Slog(e1) 67%7210g(5’1) e Hog(e™ 1)

Table 1: Summary of the sample complexity results of C-PG when either keeping w fixed or setting it
asw = O(e).

Assuming w to be a constant, we observe that both learning rates ‘ i —

. 8| |=— Exact gradients
Fhsp}ay the; same dependence on € and, conseqpently, they are Estimated gradients
in single-time scale. However, as we have seen in Theorem 3.1, 6 -
in order to obtain guarantees on the original non-regularized za

problem, we have to set w = O(e), leading to a rwo-time scales 4r

algorithm. Fourth, we observe that, for both exact and estimated 9 i
gradients, the sample complexity degrades as the constant v of the ¥
gradient domination moves from 2 to 1, delivering the smallest 1 12 14 16 18 2
sample complexity when the PL condition holds. Finally, we W

highlight that C-PG jointly: (i) converges to the global optimum
of the COP problem of Equation (1); (:¢) delivers a last-iterate
guarantee; (z¢¢) has no dependence on the cardinality of the state
or action spaces, making it completely dimension-free. Table 1
and Figure 1 summarize the results of Theorem 3.2.

Figure 1: Plot of the exponents of
€1 in the cases of Table 1.

4 Action-based and Parameter-based Primal-Dual Algorithms

In this section, we introduce C-PGAE and C-PGPE, the action-based and the parameter-based versions
of C-PG, respectively. Both the algorithms have been designed to tackle continuous risk-constrained
optimization problems (RCOP), generalizing the COP of Equation (1) and thus extending the appli-
cability space of C-PG. This is done by employing a parametric unified risk measure formulation,
which leads to having a framework for solving risk-constrained problems via policy-based primal-
dual methods operating in both the action-based and parameter-based PGs exploration scenarios.
Moreover, this framework allows to handle constraints enforced on several risk measures, which
will be discussed below. We first introduce a parametric unified risk measure and formulate an
exploration-agnostic RCOP (Section 4.1). Then, we present both C-PGAE and C-PGPE (Section 4.2).

4.1 Risk-Constrained Optimization Problem

We start presenting the notion of unified risk measure originally introduced by Bisi et al. (2022). For
the AB case, to evaluate the performance of policy g w.r.t. the i-th cost, with ¢ € [0, U], given two
functions f; : R?> — R and g; : R — R, we define the AB-risk measure as:
min Jx;(6,n;) where  Jai(0,n:) = B [fi(Ci(T),m)] + gi(ni)- ©)
ni€R 7~pa(:16)
Similarly, for the PB case, to assess the performance of hyperpolicy v, w.r.t. the i-th cost, with
i € [0, U], we define the PB-risk measure as:

min Jp ;(p,n:) where  Jpi(p,mi) = E [ E  [fi(Ci(T),m:)]] + gs(ns)- (10)
niek O~ T~pa(16)

Some observations are in order. First, by selecting the functions f; and g;, we generate different
risk measures (Table 2). Details on the presented risk measures and on the mappings can be found
in Appendix C. Second, the risk measure itself is defined as another minimization problem over
the additional real variable 7;. In principle, if we replace the constraints on cost expectation of the
COP in Equation (1) with the risk measures presented above, we are in the presence of a bilevel
optimization problem. However, it is immediate to realize that we can merge variables 7; with the
primal variables v of the COP without changing the optimum. Finally, let us appreciate the semantic
difference between enforcing risk-based constraints in the AB and PB cases. Indeed, while for AB
the stochasticity inducing the risk is the one generated by the policy mg and the environment, for
PB we have the joint stochastic process of the hyperpolicy v, policy mg (when stochastic), and the
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q AB GPOMDP-like
Risk Measure || Parameter | Need for 7 fi(Ci(T),n) gi(n) Estimator
Expected Cost - Ci(7) 0 Yes
Mean Variance K v (1 —260)Ci(7) + £Ci(T)? | Kn? Partial

CVaR,, o v/ ﬁ(CZ(T) —n)* n No
Chance n 1{Ci(t) = n} 0 No

Table 2: Mapping of the unified risk measure to risk measures.

environment. To the best of our knowledge, this paper is the first proposing to enforce risk-based
constraints for parameter-based exploration.

Having introduced the notions of AB and PB unified risk measures, we can formulate a risk-
constrained optimization problem (RCOP) agnostic w.r.t. the exploration paradigm and the risk

measure:°
min kﬂﬁo('l),?’}o) S.t. jT,i('U, 771) < bi, Vie [[U]], (11)
veV,neRYV
where | € {A, P}, v € Vis the parameter and ) = (11, . ..,ny) € RV are the auxiliary variables.

As for the COP of Equation (1), we define the regularized Lagrangian function for the RCOP
(Equation 11) as follows:

~ w
Lrw(v.Am) = T o(v,70) w (Fru(w,m) = bu) = 5 1AL (12)

HMQ

with t € {A, P}. We assume that EJW is dlﬁferennable w.r.t. v and subdifferentiable’ w.r.t. n, while,
by construction, it is already differentiable w.r.t. A.

Remark 4.1 (Do the Convergence Guarantees of Section 3 Apply to the RCOP?). When all the f; and
gi are selected in order to consider the expected values of the corresponding C; (i.e., f;(Ci(7),n;) =

Ci(7) and g;(n;) = 0), then ET,M coincides with L, thus, all the theoretical results presented in

Section 3 hold. This is not true in general. For some risk measures ETM may not be smooth or even
differentiable in v or m), or it may violate the weak gradient domination assumption. Although out
of the scope of the present paper, studying the preservation of the (weak) gradient domination for
risk-based objectives is an appealing future research direction.

4.2 Algorithms: C-PGAE and C-PGPE

Algorithms. Both algorithms, whose pseudo-codes are deferred to Appendix A, aim at solving
the RCOP of Equation (11), finding the best feasible (hyper)policy parameterization. The alternate
ascent/descent primal-dual prototypical algorithm is the same as described in Section 3. In particular,
at each iteration k € [K], the algorithms collect N trajectories (employing the chose exploration
paradigm) to update the primal and dual variables as:

Primal Updates’ Dual Update
Vit1 < Uk = Cok VoLiw(Vks Ak, M)

Aeg1 < A + Valtw(v s Ak ,
Mist — 1 — G ko Bt (O Aps 1) k+1 kO VaLs w1, Ak Met1)

where the values are considered to be projected into their spaces, and Cy,k, (%, G,k > 0 are the
learning rates at the k-th iteration for v, A, and 7, respectively. Notice that, since we use alternate
ascent/descent, the update for Ag 1 uses the updated primal values v and 11. In practice, this
requires collecting a first batch of N /2 trajectories using the (hyper)policy vy, to perform the primal
updates, computing vg1 and 11. Then, it is necessary to collect a new batch of N /2 trajectories
using the updated (hyper)policy v 41 in order to perform the dual update, computing A1, which
also leverages 1,1 1.

8For the sake of generality, we admit risk optimization also for the objective function.
7 As illustrated in Appendix D, some risk measures (e.g., CVaR,) deliver Lagrangian functions that admit
subgradients and not gradients w.r.t. 7.
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Estimators. Here, we provide the risk-agnostic form of the estimators used to perform the primal
and dual updates. In particular, the gradient of LNTM with respect to 7 is closely related to the choices
of f; and g;. Therefore, the discussion is deferred to Appendix D, where we also explicitly derive all
the estimators for the risk measures presented in Table 2 and for both exploration paradigms. The
estimator of the gradient of [,NT . W.L.t. X has the same form for both C-PGAE and C-PGPE, that is:

VaLiw(w,Am) = & Z ) 41) = 9(M11)) = b — WA, (13)

where the trajectories are collected w1th the AB or the PB exploration paradigm , f(C(7),n) =

(f1 (CL(T)sm) s~ fu (Cu(r),mw)) " and g(n) = (g1 (m), - - g0 ()"

C-PGAE (Algorithm 1) is the action-based version of C-PG. At each iteration k € [K], the agent
collects IV trajectories by playing the policy mg, , then it alternatively updates the policy parameter 6
and the risks parameter 1), or the Lagrange multipliers A. The 8 update relies on the estimator:
o N T

VoLnw (B )= NZI(Z Vologma, (ax,.1[sr..) ) (fo(Co() o) Z M (fulCul) ) ),
which reduces to the prototypical action-based algorithm REINFORCE (W1111ams, 1992) in the
risk-neutral case. When allowed by the choice of f;, we switch to a GPOMDP-style estimator (Baxter
and Bartlett, 2001) which suffers less variance. See Appendix D for details.

C-PGPE (Algorithm 2) is the parameter-based version of C-PG. At each iteration k € [K], the
algorithm samples N parameter configurations {6); };cpn7 from the hyperpolicy v, , then collects a
single trajectory 7;, obtained by playing the policy 7g,, for each sampled parameterization 6;. The
sampled trajectories and parameters are then used to alternatively update the hyperpolicy parameter
vector p and the risks parameter vector 1), or the vector of Lagrange multipliers A. In particular, the
p update relies on the following estimator:

v oL (P Ay T8 = ZV log vy, (6 )(fo (Co(m3),Mk0) Z Aufu (Cu(3), i, u))

u=1
which reduces to the pammeter-based algorithm PGPE (Sehnke et al., 2010) in the risk-neutral case.

5 Numerical Validation

In this section, we empirically validate some of the theoretical results shown throughout this work. Ex-
perimental details and additional results are provided in Appendix H. The code to run the experiments
in this paper is available at https://github. com/MontenegroAlessandro/MagicRL.

Comparison in DGWW. We compare our C-PGAE against the sample-based versions of NPG-
PD (Ding et al., 2020, Appendix H) and RPG-PD (Ding et al., 2024, Appendix C.9) on a Discrete
Grid World with Walls (DGWW, see Appendix H) with a horizon of 7' = 100, and with a single
constraint on the average trajectory cost. The methods are learning the parameters of a tabular softmax
policy and the learning phase considers constant step sizes. Figure 2a shows the average return and
the average cost curves over the trajectories seen during the learning. As can be noticed, C-PGAE
strikes the objective of the COP with fewer trajectories w.r.t. the competitors. Indeed, both NPG-PD
and RPG-PD require additional O(|S| + |S||.A|) trajectories per iteration.

Comparison in LQR. We compare our C-PGAE and C-PGPE against the continuous sample-based
version of NPG-PD2 (Ding et al., 2022, Algorithm 1), working with generic policy parameterizations.
Additionally, we consider RPG-PD2, a ridge-regularized version of NPG-PD2. The environment is a
bidimensional CostLQOR (Appendix H) with a horizon T" = 50 and a single cost that the algorithms
should keep below b = 0.2 on average. C-PGAE, NPG-PD2, and RPG-PD2 learn the parameter of a
linear gaussian policy, while C-PGPE the ones of a gaussian hyperpolicy over a linear deterministic
policy. All the step sizes are chosen with Adam (Kingma and Ba, 2015) scheduler. Figure 2b reports
the learning curves for the average return and the cost, confirming that our methods solve the COP
with fewer trajectories. Indeed, being both NPG-PD2 and RPG-PD2 actor-critic methods, they suffer
from the inner critic loop, which requires the collection of additional trajectories (500 here). We
stress that the actor-critic methods were very sentitive to the hyperparameters selection, especially
the length and the step size of the inner loop (see Appendix H).
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Figure 2: Average return and cost in CostLQR and DGWW environments (5 runs, mean +£95% C.L).
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Figure 3: Cost distributions with (hyper)policies learned considering different risk measures (5 runs).

Risk constraints on Swimmer. In Figure 3, we show the empirical distributions of costs over 100
trajectories of the learned (hyper)policies via C-PGPE and C-PGAE. This experiment considers the
cost-based version of the Swimmer-v4 MuJoCo (Todorov et al., 2012) environment, with a single
constraint over the actions (see Appendix H), for which we set b = 50. The experimental results
show that C-PGPE learns a hyperpolicy paying less cost when using risk measures compared to
average cost, with the smallest costs attained by CVaR,,. C-PGAE shows similar results, although
the difference between CVaR ,or the Chance constraints and average cost constraints are not very
significant. Notice that, the minimum amount of cost is obtained using MV constraints even if the
learned policy exhibits poor performances (Table 3c). In all the other cases, both C-PGPE and C-PGAE
learns (hyper)policies exhibiting similar performance scores.

6 Conclusions

In this work, we proposed a general framework to address continuous CRL problems via primal-dual
policy-based algorithms, leveraging on an alternate ascent-descent approach. Our exploration-
agnostic proposal C-PG exhibits dimension-free global last-iterate convergence guarantees, under the
standard (weak) gradient domination assumption. Furthermore, we introduced C-PGAE and C-PGPE,
the action and parameter-based versions of C-PG which enable embedding risk-based constraints,
enlarging the capabilities of our framework in addressing constrained real-world problems. Future
works should focus on matching the sample complexity lower bound prescribed by (Vaswani et al.,
2022) and devising algorithms with the same rates of C-PG with a single time-scale.
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A Pseudo-codes

Algorithm 1: C-PGAE. Algorithm 2: C-PGPE.
Input :Iterations K; batch size N; regularization Input :Iterations K; batch size N; regularization
w; initial parameters: @y, Ao, and 7o; w; initial parameters: po, Ao, and 1o;
step sizes: Co,k, (A k> Cn,k- step sizes: Cp,k, A, k> Cn,k-
1 for k € [K] do 1 for k € [K] do
2 Collect N trajectories {7}, jny With 7e,_, 2 Sample N parameters {0:},. 7 With vp,,_,
3 if k is odd then o 3 With each {m, } [y collect a trajectory 7
4 O — Ok—1 — Cop-1VoLlaw(Or—1, k-1, Mk-1) 4 if k& is odd then
5 M — M1 — Cnke1Vn Law(Ok—1, Xe—1, 1) 5 Pk — Pt — Cok1VpLr o (Ph—1, Ab—1, 1)
6 else o 6 M — NMh—1 — Cr,,k—l@r,fr}’.u(Pk—ls)\k—lﬂ']k—l)
7 ‘ Ak — Aim1 + Oe—1VaLaw(Ok—1, A1, Mk—1) 7 else
8 end 8 ‘ Ak — Ak + Ok 1 VLo (Pr—1, Ab—1, 1)
9 end 9 end
10 end
10 Return Ok 11 Return pg
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B Related Works

Policy Optimization Approaches for Constrained Reinforcement Learning. Policy
Optimization-based algorithms for Constrained Reinforcement Learning mostly follow primal-only
or primal-dual approaches. Primal-only algorithms (Dalal et al., 2018; Chow et al., 2018; Yu et al.,
2019; Liu et al., 2020; Xu et al., 2021) avoid considering dual variables by focusing on the design
of the objective function and by designing the update rules for the policy at hand incorporating the
constraint satisfaction part.

The main benefit of employing primal-only algorithms lies in the fact that there is no need to consider
another variable to learn, and therefore, no need to tune its learning rate. However, few of the existing
methods establish global convergence to an optimal feasible solution. For instance, Xu et al. (2021)
propose CRPO, an algorithm employing an unconstrained policy maximization update taking into
account the reward when all the constraints are satisfied, while leveraging on-policy minimization
updates in the direction of violated constraint functions. Moreover, it exhibits average global
convergence guarantees for the tabular setting. On the other hand, primal-dual algorithms (Chow
et al., 2017; Achiam et al., 2017; Tessler et al., 2019; Stooke et al., 2020; Ding et al., 2020, 2021;
Bai et al., 2022; Ying et al., 2022; Bai et al., 2023; Gladin et al., 2023; Ding et al., 2024) are the
most commonly used and investigated. Indeed, the effectiveness of using the primal-dual approach is
justified by Paternain et al. (2019), which states that this kind of approach has zero duality gap under
Slater’s condition when optimizing over the space of all the possible stochastic policies. Among the
reported works, Stooke et al. (2020) propose PID Lagrangian, a method to update the dual variable,
smoothing the oscillations around the threshold value of the costs during the learning. The practical
strength of such a method is that can be paired with any of the existing policy optimization methods.
The other cited works are treated in details in the next paragraph.

Lagrangian-based Policy Search Convergence Guarantees. A lot of research effort has been
spent in studying the convergence guarantees for primal-dual policy optimization methods. In this
field, the goal is to ensure last-iterate convergence guarantees showing rates that are dimension-free,
i.e., not relying on the state and action spaces’ dimensions, and working with multiple constraints.
In the rest of this paragraph, we talk about single time-scale algorithms when the methods at hand
prescribe the usage of the same step sizes for both the primal and dual variables’ updates. Vazquez-
Abad et al. (2002) and Bhatnagar and Lakshmanan (2012) propose primal-dual policy gradient-based
methods built upon distinct time-scales and relying on nested loops. Such methods only show
asymptotic convergence guarantees. Chow et al. (2017) propose two primal-dual methods ensuring
asymptotic convergence guarantees. The peculiarity of those methods lies in the fact that their notion
of CMDP encapsulates risk-based constraints, introducing an additional learning variable. Their
algorithms have guarantees of asymptotic convergence to stationary points. The recent works by
Zheng et al. (2022) and Moskovitz et al. (2023) also propose methods ensuring asymptotic global
convergence guarantees. These methods exploit occupancy-measure iterates rather than policy iterates.
Ding et al. (2020) propose NPG-PD, which relies on a natural policy gradient approach and, under
Slater’s assumption, ensures dimension-dependent average-iterate global convergence guarantees
in the single-constrained setting with a single time-scale and with exact gradients. This work has
been extended by Ding et al. (2022), which strikes dimension-free rates, but still guaranteeing just
average-rate convergence with exact gradients. However, sample-based versions of NPG-PD showing,
under additional assumptions, the same convergence rates are provided by the authors. Another work
ensuring an average-iterate rate is the one by Liu et al. (2021). The latter exhibits a convergence rate
of order O(e™1), considering to act in tabular CMDPs with softmax policies and having access to
exact graidents and to a generative model. Liu et al. (2021) propose also a sample-based version of
their algorithm, keeping the same setting previously described, which ensures a convergence rate
on average of order O(e~?). Both Ying et al. (2022) and Gladin et al. (2023) propose algorithms
involving regularization. The proposed methods rely on natural policy-based subroutines and show
dimension-dependent last-iterate global convergence guarantees, relying on two time-scales. These
methods work also with multiple constraints. Finally, Ding et al. (2024) propose RPG-PD and
OPG-PD, exhibiting last-iterate global convergence guarantees under Slater’s condition in a single-
constraint setting. The former is a regularized version of the algorithm proposed by Ding et al. (2020),
showing last-iterate global convergence at a sublinear rate. The latter leverages on the optimistic
gradient method (Hsieh et al., 2019) to unlock a faster linear convergence rate. These methods show
single time-scale dimension-dependent rates and both leverage on exact gradients. However, for
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. Dimension . Exploration Single . A . Sample Iteration
Algorithm free Setting Type time-scale Gradients ption: C lexity C lexity
4 . U=1 )
Dual Descent T=x AB Inexact Slater o ((’2 log? (’1) o (log2 (’1)

(Ying et al., 2022) Sufficient Exploration

Softmax param.

Cutting-Plane ;/ =1 i Sl"ger .. 413 1 3 4
(Gladin et al., 2023) = AB Inexact Uniform Ergodicity | O (¢~*log”e~!) O (log’e™!)
v - Softmax param. Oracle
U-1
Exact RPG-PD T=w AB v/ Exact Slater - O (e ®log®e )

(Ding et al., 2024) Softmax param.

U=1 Slater
- . Stat. Err. Bounded 612 1 612 1
Soflia; Q;Iam AB 7 Inexact Transf. Err. Bounded O(E log” ™) O(f log®e™")
P ’ Cond. Num. < +w0

Inexact RPG-PD
(Ding et al., 2024)

U=1
T=x AB v Exact Slater - 9] (log2 € l)
Softmax param.

OPG-PD
(Ding et al., 2024)

U=1
C-PG Exact Asm. 3.1,
(This work) v TeNu{+w} | ABandPB Inexact 32.33.34 Table 1 Table 1
General param.
Lower Bound U=1 i
(Vaswani et al., 2022) T—o Inexact Slater Q(e?)

Table 3: Comparison among primal-dual methods ensuring last-iterate global convergence guarantees.

RPG-PD there exists an inexact version showing, under additional assumptions on the statistical
and transfer errors and the relative condition number (Ding et al., 2024, Assumption 2), the same
guarantees of the exact one. It is worth noticing that all the mentioned works just consider the
action-based exploration approach for policy optimization, while the parameter-based one remains
unexplored. For the sake of clarity, Table 3 shows a detailed comparison among our approach and the
other presented methods exhibiting last-iterate global convergence guarantees.

Furthermore, Vaswani et al. (2022) have recently proposed a dimension-dependent lower bound
for the sample complexity of O (672) , assuming to be under the Slater condition and considering
single-constrained CMDPs with finite state and action spaces.

Risk-Constrained Reinforcement Learning. For safety-critical problems, it is often insufficient
to consider constraints solely on expected costs or utilities. Therefore, constraints are sometimes
applied to risk measures over cost or utility functions (Chow and Pavone, 2013; Borkar and Jain,
2014; Chow et al., 2017; Zhang et al., 2024). The employed risk measures are those most commonly
applied in risk-averse RL (Tamar et al., 2014; Bisi et al., 2020, 2022; Luo et al., 2023). For instance,
Tamar et al. (2014) consider the Conditional Value at Risk (CVaR,,, Rockafellar and Uryasev, 2000),
while Bisi et al. (2022) consider a unified formulation embracing several risk measures, including
the CVaR,and the Mean-Variance (MV, Markowitz and Todd, 2000; Li and Ng, 2000). More details
on risk measures are discussed in Appendix C. Among the works on Risk-Constrained RL, the one
by Chow et al. (2017) considers both CVaR,constraints and chance constraints over cost functions.
In particular, the authors propose a trajectory-based policy gradient algorithm and an actor-critic
one, both primal-dual methods. For what concerns the CVaR,-constrained problem, the authors
incorporate into the constrained optimization problem the real-valued variable associated with the
CVaR,,. This leads to three variables to learn, requiring algorithms with three time-scales. Finally,
the recent work by Zhang et al. (2024) considers an extension of the CPO algorithm (Achiam et al.,
2017) imposing constraints over the CVaR,of cost functions.

C On the Unified Risk Measure

In this section, we deepen the risk measures presented in our work, showing also how to select the
functions f and g to obtain the desired risk measure. For what follows, we define Z as a finite-mean
random variable that has F'z(-) as the cumulative distribution function. Formally:

E[|Z]] < +0 and Fz(z) =P(Z < 2). (14)
For what follows, let such a random variable represent a loss.
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C.1 Expected Cost and Mean-Variance

One of the most natural risk measures is represented directly by the expected cost on the trajectories
induced by a (hyper)policy. This “risk neutral” risk measure was introduced in Section 2 for both the
PG exploration paradigms as .Joc ; and Jpc ;, where ¢ is the cost function index.

However, in some scenarios, it may be desirable to minimize jointly the expected cost and its variance.
To this end, it is possible to consider the Mean-Variance (MV, Markowitz and Todd, 2000; Li and
Ng, 2000) risk measure which models this kind of objective. Indeed, the MV is a combination of the
mean cost and its variance over the trajectories. The MV with parameter x over the random variable
7, which represents a loss, is defined as follows:

MV, (Z) :=E[Z] + kVar[Z]. (15)

C.2 Chance Constraints, Value at Risk, and Conditional Value at Risk

Value at Risk (VaR,,) and Conditional Value at Risk (CVaR,,) are two popular and strongly connected
risk measures. In the following, we report their standard definition as provided by Rockafellar and
Uryasev (2000) and Chow et al. (2017).

VaR ,measures risk as the maximum cost that might be incurred with respect to a given confidence
level a € (0, 1). Such a quantity models the potential loss and the probability that the loss will occur.
In its classical definition, the VaR,,is the worst-case loss associated with a probability and a time
horizon. This risk metric is particularly useful when there is a well defined failure state. Formally:

VaR,(Z) = min{z|Fz(z) > a}. (16)

CVaR,measures risk as the expected cost given that such cost is greater than or equal to VaR,,
and provides a number of theoretical and computational advantages. Such a quantity represents the
expected loss if the worst-case threshold is passed (i.e., beyond the VaR,breakpoint). Formally:

1
CVaR,(Z) = r;gﬂg {77 + EE [(Z - 77)+]} ) (17)

Another risk measure, similar to the VaR,and the CVaR,,, is the chance one. Considering chance
constraints means to consider constraints to hold with high probability. Indeed, constraints are
imposed on the probability that the loss random variable exceeds a certain threshold n:

Chance,,(Z) :=P(Z = n). (18)

C.3 Unified Risk Measure Mapping

Here we introduce an objective for writing an optimization problem for different risk measures (Bisi
et al., 2022). For every i € [0, U], we introduce the functions f; : R> — R and g; : R — R in order
to express the unified risk-minimization objective function over a risk measure on C; as:

mm{mm B UGl + gim)}. (19)

1n:€R | 0€O T~pa(-|6

Thus, by fixing a policy parameter configuration @, we obtain an AB unified risk measure over C;; as
follows:

Zp.i(0) = min{ E : [fi(Ci(T),mi)] + gi(m)} . (20)

n;€R T»\,pA(-‘G

In order to switch to the PB exploration paradigm, we need to consider also the expectation over the
parameter configuration of the underlying policy. Indeed, by fixing a hyperparameter configuration p,
we can define:

zo)=min{ B | B o] +aon . @

n;€ER 9~l/p 'erA(-|0)

By selecting the functions f; and g; we can consider distinct risk measures to minimize, as we show
in Table 4.
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The focus of this section is to derive the mapping between the functions f and g and the desired
risk measure as shown in Table 4. In particular, we consider just the AB exploration scenario,
since then passing to the PB one is straightforward. In this section, we consider a generic cost
function ¢ : S x A — [0, 1] with its cumulative cost index over a trajectory 7 which is C(7) =
ZtT:_Ol vtc(sT,t, a- ). In what follows, with a little abuse of notation, we will write the risk measures
with also a dependence on the policy parameters @ which induce trajectories .

Mean Cost. This is the simplest case, indeed, we can express the minimization problem of the
mean cost as:

min r~pIE:(~\9) [C(T)]. (22)

Thus, it suffices to select f(C(7),n) = C(7) and g(n) = 0 to make the minimization problem fit
with the form of the unified cost minimization formulation.

Conditional Value at Risk. For what concern the CVaR,,, we can start from its formulation:

. . . 1 +
min CVaR, (0) = min {glelﬂg {77 T e Ee [(C(r) =) ]}} (23)
. . 1 +
= %161]% {77 +nin T~pIAE(-\0) [1 — a(C(T) ) ] } . 24
Thus, we need to select f(C(7),n) = = (C(7) —n)™ and g(n) = 7 to complete the mapping to

the unified cost minimization objective.

Mean Variance. For the MV, (0) objective, we need to make some preliminary observations. In
particular, for a generic finite-mean random variable X, we have that:

Var[X] = E[X?] - E[X]°. (25)
Moreover, by Fenchel duality, we have the following:
E[X]* = max {27 E [X] — n?}. (26)
neR

Given that, we can start the derivation from the minimization of the Mean Variance:
in MV 0 27
min MV (C, 6) @7)
= min E cn]+x E C(r)?l-k E 072} 28)

6 {T~pA(~|0) [6(r)] T~pa(-0) [ (7) ] T~pa(-0) ()] (

=min{ E [C(r)]+x E [0(7)2]—ﬁmax{217 E [C(T)]—nQ}} (29)

0€0 (7~pa(:|6) T~pa(-0) neR T~pa(-0)

—min{ E [C(n]+x E [0(7)2]+/$min{—277 E [C(T)]+772}} (30)

0e0 (7~pa(:|6) 7~pa(:|6) ner T~pa(-0)
= min /{2+min{12n E C(r)]+x E 072}}. 31
wip (s i {1 20) B (CO 4B (OGP 61

Thus, to complete the mapping, we need to select
fC(m)m=>0-26m) E [C(r)]+s E [C(r)]
T~pa(-0) T~pa(-0)

and g(n) = .

Chance. For characterizing the chance constraints, we start by expressing the probability of an
event A as the expected value of the indicator function:

P(A) =E[1{A}]. (32)
Thus, having to minimize a chance measure on the cost with a parameter n, we can rewrite it as:
. o >
min Chance,, (C, 0) %lelélmp]i.w) [P(C(1) = n)] (33)
=min E [1{C(r)>=n}]. (34)

06 T~pa(-|0)

126381 https://doi.org/10.52202/079017-4014



Thus, to complete the mapping to the unified cost minimization objective, it suffices to select
f(C(7),n) = T{C(7) = n} and g(n) = 0.

D Estimators

Here, we provide all the explicit estimators’ forms for both C-PGAE and C-PGPE and for each risk
measure. For the sake of clarity, we report the mapping between the f; and g; functions and the risk
measures in Table 4.

q AB GPOMDP-like
Risk Measure | Parameter | Need for fi(Ci(7),n) 9i(n) Estimator
Expected Cost - Ci(1) 0 Yes
Mean Variance K v (1= 260)Ci(7) + KC3(1)? | Kn? Partial

CVaR, « v == (Ci(r) —n)* n No
Chance n 1{Ci(7) = n} 0 No

Table 4: Mapping between f; and g; and the cost measures.

The general Lagrangian function for the problem in Equation (11) is the following:

~ w
Lrw(v. A1) = Fyo(v,1m0) Z (T (v, 70) = bu) = 5 |AL; (35)

For what follows we are going to compute the following gradients:

1. VUET,UJ(U7A’/”);
2. VaLiw(v, A n);
3. VpLliw(v, A n).

Before entering into the details of the estimators, we show the general forms of the gradients of the
Lagrangian.

General Gradient w.r.t. v. Notice that the following holds:

U
VUET,w(UvAa n) = VUJT,O('UaﬂO) + Z )‘uvvj’r,u(v777U)a (36)
u=1
thus, in what follows, for the gradient w.r.t. v we focus on the single terms V,, 7+ (v, 7,,) for every

u e [0,U].

General Gradient w.r.t. A. The general gradient w.r.t. X has the form:
V)\ZTM(’U, An) =Ti(v,n) —b+w, 37
where J+(v,n) = (Ji1(v,m), ..., $7U(U,77U))T and b = (by,....by) .

General Gradient w.r.t. 7.  As done for the gradient w.r.t. v, the following holds:

U
anT,W(Ua)\»n) = anT,O('l%nO) + Z >‘1tvn~7T,1L(Ua77u)~ (33)
u=1
Thus, also in this case, we will focus on the single terms V,, 7; ., (v, n,,) for every u € [0, U].

D.1 Parameter-based Algorithm: C-PGPE

In the following we consider a generic hyperpolicy v, and a generic parameterization p. Before
starting with the derivations, we report the definition of 7 ;(p, 1;):

Tei(p,ymi) = [fi(Ci(T),m )]] + gi(1:), (39

A
O~vp [ T~pa(:|6)
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for every i € [0, U].

D.1.1 Gradients w.r.t. Parameters

The first step of the derivation can be done via the log-trick for the parameter-based exploration
paradigm as stated by Sehnke et al. (2010):

Voo (pus) = L£:(Ci(r), nﬂ (40)

v,k | E
Po~v, [ rapal10)
= E [Vplogyp(g)

~Vp

[£.(Co(r)m ﬂ]. 1)

T~pa(-|0)

To switch to the sample-based versions of all the gradients, we consider the behavior of C-PGPE
described in Section 4. In particular, we have the following:

Vodbi(pm) = Z Vplogp(8;) fi(Ci(7;), m:)- (42)

Thus, to obtain the estimators for all the risk measures, it suffices to map the selection of the f;
functions in Equation (42).

D.1.2 Gradients w.r.t. Lagrangian Multipliers

Given the general gradient w.r.t. X of the regularized Lagrangian Ep_/w- in the parameter-based scenario,
the partial derivative w.r.t. ), is the following:

V)\i ZPA,UJ (p» )‘7 T’)
This is defined for any ¢ € [U].

[.(Co(r)m ﬂ]+m@ﬂ—@+w&. 3)

‘|
O~vp | T~pa(:]0)

In order to switch to the sample-based version of the partial derivative, we consider the behavior of
C-PGPE as described in Section 4. In particular we have the following:

VaLrw(p. Am) Z fi(C )+ gi(mi) — bi + wAi. (44)

Thus, to obtain the estimator for all the risk measures, it suffices to map the choices of f; and g; in
Equation (44).

D.1.3 Gradients w.r.t. Risk Parameters

For what concern the gradients w.r.t. 77, we have to enumerate the mappings shown in Table 4. Notice
that, when the employed risk measure is the expected cost or the chance, the estimator of the gradient
w.r.t. 17 is not needed. Indeed, in the unified risk measure formulation such mappings do not depend
on 7). As shown at the beginning of this section, we can just focus on the terms V,, Jp ;(p,7;), and in
particular on the partial derivative V,, 7p ; (p, ;i ), that exhibits the common form:

Vo hlp) =V B | B CE 0] + Tt @s)

v mﬁ<z<>mn]+vmmmn. (46)

o~ [nm 1)

Mean Variance. In this case we have that f;(C;(7),n;) = (1 — 2k;7;)Ci(7) + #;C;(7)? and that
gi(n;) = r;n?. Thus, from Equation (46), we get the following:

Vo, Iv,i(psmi) = OEEV [mp]iw) [—2/%01'(7')]] + 2K 47)
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Considering the behavior of C-PGPE described in Section 4, we obtain the following sample-based
version:
N

Vm Tp, /(pa 771 = Tj + 2K;1;. (48)

Conditional Value at Risk. 1In this case we have that f;(C;(7),n;) = == (Ci(7) — ;)" and
that g;(n;) = 7;. As also shown by Chow et al. (2017), due to the presence of the non-differentiable

term (-)*, we need to resort to sub-differentiability theory. The following holds:
O (Ci(m) —mi) T =4 —q: qe[0,1] ifCy(r) =m; (49)
0 elsewhere.

Thus, from Equation (46), we can write what follows:

On, Te.i(ps i) (50)

= 1 [ . . +

e GEEVP _T~pIAE('|9) [ém (CGilr) = m:) ]] 1 GD
. -

el | G SR TOR A I 52
) -

= 1o o0& —J Pa(7|0)qL{Ci(T) = n;} dr — f pa(7]0)1{Ci(T) > m}d’r:l +1, (53)

with g € [0, 1].

In particular, for ¢ = 1, we obtain the following partial derivative:

oo Tos(s11) = [1{Ci(r) > i}]] .y (54)

1-— oy O~vp, [‘r~pA( |6)

Finally, according to the C-PGPE behavior described in Section 4, we obtain the following sample-
based version:

O, Toi(p715) = NZJI{C () = mi} + 1. (55)

With a little abuse of notation, we will use V., 7v.; (9, ;) = Oy, Jv.+(p, ;) for the 1 update in the
case in which the CVaR ,risk measure is employed.

D.2 Action-based Algorithm: C-PGAE

In the following we consider a generic policy g and a generic parameterization 6. Before starting
with the derivations, we report the definition of 74 ;(0,;):

Tn,i(0,m;) = T~pIAE(-\9) [fi(Ci(7),m:)] + g:(n3), (56)
for every i € [0, U].

D.2.1 Gradients w.r.t. Parameters

Also in this case, the first step of the derivation can be done via the log-trick, which provides an
analogous result of the Policy Gradient Theorem (PGT, Sutton et al., 1999):

VoJx.i(0,1;) = Ve T~pE(»\9) [fi(Ci(T),m:)] (57)
= T~pE("9) [V logpa(7|0)fi(Ci(T),m:)] (58)
T—1
= Z v@ logﬂ-(a‘rt)ST t)fl( L( )ani) . (59)
T~PA( |6)
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To switch to the sample-based versions of all the gradients, we generally resort to the Monte Carlo
version of Vg 7 (0, 1;), obtaining a REINFORCE-like (Williams, 1992) estimator, that is:

~ | N (T
VoTx.i(0,n;) =N Z <Z Veologm(ar, i, 5.t )) fi(Ci(T5),m4)- (60)

t=0

Thus, to obtain the estimators for all the risk measures, it suffices to map the selection of the f;
functions in Equation (60).

It is worth noticing that some of the choices for f; and g; allow to switch to a GPOMDP-like (Baxter
and Bartlett, 2001) estimator, which suffers from less variance. This holds for the expected cost and
mean variance risk measures.

Expected Cost GPOMDP-like Estimator. In this case f;(C;(7),n;) = C;(7), thus we can obtain
exactly the GPOMDP estimator:

R 1 N T-1
VoTui(0.m) = 5 3 (Z Yei(Se,as @, Z Ve log(a, h,smh)) . (D)

j=1 \t=0 h=0

Mean Variance GPOMDP-like Estimator. In this case f;(Ci(7),n;) = (1 — 2r;n;)C;(7) +
k;C;()?, thus we can obtain the GPOMDP estimator just for the C;(7) part:

Vodn.i(6,7m:) (62)
1 N /T
-~ 2 <Z Vo log W(aTj’t,sTj,t)> ((1 — 2k;n;)Ci(75) + KJiCZ‘(Tj)Q) (63)
j=1 \t=0
1= 2k, N /T-1 ) t
=T N Z (Z Y Ci(STj,t,arj,t) Z Ve logﬂ(arj,ha Srj,h)> (64)
j=1 \t=0 h=0
o N T
N 2 (2 Velogm(ar, ., sTj,t)) Ci(rj)?. (65)
j=1 \t=0

D.2.2 Gradients w.r.t. Lagrangian Multipliers

The result is the same as the one obtained for C-PGPE. The difference lies in the way in which
trajectories are collected. The estimator for the partial derivative w.r.t. \; is:

VA EA (0 A 77 Z fz 772 +gz(771) b + wA;. (66)

To obtain the estimator for all the risk measures, it suffices to map the choices of f; and g; as
prescribed by Table 4.

D.2.3 Gradients w.r.t. Risk Parameters

As for the exploration-based case, also here we need to enumerate the mappings reported in Table 4.
However, the expected cost and the chance risk measures do not depend on m, thus they are not
treated. As shown at the beginning of the section, we can just focus on the V74 ; (0, 7;) terms and,
in particular, we consider the partial derivative V,, 7x ;(0, ;). For it, we can recover the common
form:

Vo Jai(@,m:) = E [V, fi(Ci(7),m:)] + Vi,9:(n:). (67)

T~pa(:10)

Mean Variance. In this case we have that f;(C;(7),n;) = (1 — 2k;7;)Ci(7) + 1;C;(7)? and that
gi(n:i) = k;n?. Thus, from Equation (67), the following holds:

ij/\_’i(o, 771) = E( 0) [—2I<;Z'Ci(’7')] + 2I<;Z"I7i. (68)
T~pal
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Considering the behavior of C-PGAE described in Section 4, we obtain the following sample-based
version:
N

677“7A,i,(03 z

TJ + 2K;1;. (69)

Conditional Value at Risk. In this case we have that f;(C;(7),n;) = 1= (Cs(7) —m;)" and

that g;(n;) = 7,;. Here we face the same issues we have discussed in the corresponding C-PGPE part.
With the same procedure, we obtain the following partial derivative:

On, Ini(0,mi) = [L{Ci(T) = ni}] + 1. (70)

1— oy T~pA( 18)

Finally, according to the C-PGAE behavior described in Section 4, we obtain the following sample-
based version:

On,Tn.i(8,m:) = NZI{C (r3) = i} + 1. 7

Jj=1

Also in this case, we will use ﬁm Ini(pymi) = (37” Ja.i(p,n;) for the i update in the case in which
the CVaR,risk measure is employed.

E Proofs

Lemma E.1 (Regularization Bias on Saddle Points - 1). Under Assumption 3.1, for every w = 0, let
(v, AE) be a saddle point of L, it holds that:

w
0 < Lo(vF, A5) = Lo(vZ, A5) < 5 (IAFIE — IAZ[3) -

Proof. From the fact that (v, A}) is a saddle point of L,,, we have for every v € V and Ae A:

Lo,(0,A5) = Lo, (V] )\*) L,(vE ) (72)
w w
— Lo(v,A]) — 5 H>\ 5> Lo(vh M%) — 5 HA?ZHE > Lo(viA) = S Al (73)
= Lo(v,A) > co<vwxzt> > Lo(w3,N) + 5 (INX]5 = INI3) (74)
From the fact that (v, Af) is a saddle point of £, we have for every v € V and Ae A:
,Co(’v,)\ak) Zﬁo(vé‘,)\g‘) > Eo(’vg,)\). (75)
By setting (v, )\) (v, A¥) in Equation (75) and (v, A) < (v, A) in Equation (74), we obtain:
Lo(vg, AG) = Lo(vg, Ag) = Lo(vg, AL) (76)
w
= Lo(vf, A) > Lo(v3, A%) = Lo(wh Af) + 5 (IALE = IN513) D)
w
> Lo(vi, A9 + 5 (INZ15 = IN313) - 78)
thus:
%y ok ® )k ® oy ok w ® 2 ® 12
Lo(vF, A5) > Lo(wE, AL) = Lo(vi, A9 + 5 (IAS13 = IAS13) - (19)
O

Lemma E.2 (Regularization Bias on Saddle Points - 2). Under Assumption 3.1, for every w = 0, it
holds that:

w
< : < ZiaE(2
O RRRER A N T R Ll N < 5 IA

Proof. The first inequality follows from the observation that Lo(v, A) = L, (v, A) for every w = 0.
For the second inequality, let us denote as (v, A¥) the saddle point for £,, and let A* = {A\&, AX}.
We have:

XY = Lo, (vE, X A i o(v, A 80
Lo(v5,A5) = Lo (v, AL) = min max Lo(v, A) — min max L, (v, A) (80)
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< max | max Lo(v, ) — max L, (v, )\)‘ (81)
= cmax, [Lo(v,X) = L (v, A)] (82)
= 5 max {[AF]3: 1515 (83)
= 21N, (84)
where we used Lemma E.1 to conclude that | A} Hg > |AX Hg O

Lemma E.3 (Objective bound and Constraint violation). Under Assumption 3.1, for every w = 0,
letting (v}, A}) be a saddle point of L,,, it holds that:

0 < Jo(vf) — Jo(vd) < w|AF3, (85)
[(J(vh) = b) 2 < w| A2 (86)

Proof. Since (v, A}) is a saddle point of Lo, it holds that v is feasible and, consequently,
Lo(vd, A) = Jo(vd). Moreover, let w > 0: since (v, A¥) is a saddle point of £, it holds
that A¥ = A*(v*) = I, (%(J(v;‘j) —b)) = %(J(v;’j) — b)™, since %H(J('U:j) — b)) <

W™ /U Jmax. Thus, we have:
1
Lo(vh, AL) = Jo(vlh) + (A5, I(vE) —b) = Jo(v) + ;H(J(Uﬁﬁ) —b)"[5. (87)

From Lemma E.1, we have:

1 w 1
0 < Jo(vg) = Jo(vZ) = —I(T (WD) =b)"[5 < SIAFIE — 5-|(F(wE) =b)*[3. (88)
By summing 1 (J(v) — b) ™3 to all members, we have:
1 w 1
—1@@D) =b) 15 < Jo(vF) = Jo(vD) < FIAFIE + 5 (T (@WE) = b) 7. (89)

Now taking the first and last member, we conclude:
[I(wE) =b)"[5 < w?|AT . (90)
Since L [(J(v}) — b)T[3 > 0 and plugging the latter inequality into the third member of (89) we
obtain:
0 < Jo(v§) = Jo(vh) < w|AF 3. oD
O

Lemma E.4 (Weak ¢-Gradient Domination on H,,(v)). Under Assumption 3.2, if w > 0, for every
v €V and € A, it holds that:

|V Hy(0)]Y = ay (Hw(v) — min Hw(v’)> — B (92)

v'eV

Proof. If w > 0, the dual variable exist finite since the maximization problem over A is concave:
A*(v) = argmax L, (v, \).
AEA

Thus, we have from Lemma E.7 thatV,, H,,(v) = V4 Ly (0, A)[a=x#(v) and by Assumption 3.2 we
have the following:

vaHw(U)H2 = HV"-"CW(U’A)‘A:A*(U)”2 ©3)
> o ((Lulv A" (0) - mig .0 X)) = 1 o)

> o (Hw(v) - minmax L, (v, A)) — B ©5)

= ay (Ho(v) — H) = Bi. (96)

0

Lemma E.5. Let w > 0 and v € V. The following statements hold:
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o L, (v,-) is w-smooth, i.e., for every X\, N'e A it holds that:
[VALo (0, X) = VaLo(v,A)] <w|X - N

* L, (v,-) satisfies the PL condition, i.e., for every A€ A it holds that:
IVALy (0, N2 = w (r/\naj)\( L,(v,\) — CW(U7>\)> .
‘e

* L, (v,") satisfies the error bound (EB) condition, i.e., for every X, N'€ A it holds that:
[VAL (0. N)] = SIA* (@) = Al,
where A*(v) = argmaxyp Lo (v, ).
o L, (v,") satisfies the quadratic growth (QG) condition, i.e., for every XA, X'e A it holds that:
Ho(v) = Lo(0,3) > TIX*(v) = Az,
where A*(v) = argmaxyp Lo (v, ).
Proof. For the first property, it is enough to observe that £, is twice differentiable in A and that its

Hessian is wl. For the second property, we observe that £, is quadratic in A and, consequently it
satisfies the PL condition with parameter w:

NeRV

For the third and fourth properties, we refer to Lemma A.1 of Yang et al. (2020). O

IVALs(v,A)]3 = w (max L,(v, X)) — Lw(v,)\)> >w <1§1a1>\<£w(v,)\') - Ew('u,)\)> .
‘e

Lemma E.6. Let w > 0. For every v € V, it holds that:
Ho(v) = HE > Z|X*(0) = X o ©7)

Proof. Let us consider the following derivation:

Hy(v) — H} = Hy(v) — Lo (v, AL) (93)
> H,(v) — L,(v, AF) (99)
> 2 () = Ao (100)

having exploited the fact that, from the saddle point property, L, (v, A) < L, (v, Ak) and, then,
Lemma E.5. 0

Lemma E.7. Let w > 0. The following statements hold:

e H,, is Ly-smooth, i.e., for every v,v’ € V), it holds that:
VoHy, (V') = Vo Hy(v)]2 < Lu|v' — vl

L2
where Ly = Lo + >
s For every v,v' € V we have Vo H,(V) = VyLy(V, A)|[x=r#(v), where X*(v) =
argmaxyep Lo (v, A).
Proof. The first and second statements follow from Lemma A.5 of Nouiehed et al. (2019). O

Theorem 3.1 (Objective Function Gap and Constraint Violation). Let € > 0. Under Assumption 3.1,
if Pr < €, it holds that:

E[Jo(vk) = Jo(vg)] < €+ gHAE'iH%, E[(Ji(vk) = b)) "] < de + w[AG 2, Vie [U]. (8)

Proof. Since Py, < e, it follows that a) < € and, consequently, 0 < E[H,, (vy) — H*] < e. We start
by bounding the norm of the dual variables:

IA*(i)ll2 < [AD]l2 + A (vk) = Al (101)
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4
<ALz + = (Ha(vr) — HE). (102)

where we applied the triangular inequality and Lemma E.6. The projection IT, is such that A*(v) =
) (1(J(v) — b)) = L(J(v) — b)* and, consequently, we have:

w

[(I(ve) = b) T2 = [(I(vE) = b) " |2 < A(H.s (vi) — HY). (103)
By the last inequality, together with Lemma E.3, having applied the expectation on both sides:
E[[(I(vr) =b)" 2] < [(I(wD) = b) "2 + AE[Ho(vk) — H] (104)
S w[Ag 2 + de. (105)
Recalling that:
E[|(J(vr) = b)) " 2] = [E[(I(vk) = b)*]], = |E[(J(vk) = b)*]]cc. (106)

For the objective function bound, let us consider the following derivation. By definition of H,,(v)
and A*(v) we have:

w

To(wg) = Jo(v) = Ho(or) — 2 — 5 (IA%(0i)[3 ~ IAZ]3). (107)
Taking the expectation on both sides and upper bounding | A% | with |Af | from Lemma E.1:
w

E[Jo(vk) = Jo(v)] = E[Ho(vr) = HZ] = 5 E[IA* (ve)[3 — |AZ[3] (108)
< E[H, (v0) - H] + SIA%13 (109)
<e+ SN (110)

The result is obtained by applying Lemma E.3 as follows:
E[Jo(vr) = Jo(vg)] = E[Jo(vk) — Jo(vi)] + Jo(vg) — Jo(vg) - (111)

—_———
<0

O

Theorem 3.2 (Convergence of Pr). Under Assumptions 3.2, 3.3, 3.4, for x < 1/5, sufficiently small
€ and w, and a choice of constant learning rates (,,,(x, we have Py (x) < € + B1/a; whenever:®

e K=0(w™! log(e_l)) if 1 = 2 and the gradients are exact (i.e., Vo, = Vy = 0);
« K = O(wile_é_l) ify € [1,2) and the gradients are exact (i.e., Vo, = Va = 0);

c K = (’)(w_?’e*%H) if ¥ € [1,2] and the gradients are estimated (i.e., Vo, = O(w™?) and
Va = 0()).

Proof. The proof is subdivided into several parts. We will omit the w subscript for notational easiness.
Let us focus on a specific iteration k € N.

Part I: bounding the a; term. Let us start with the aj term:
L
Hy,(vgy1) — H* < Hy(vg) — H* + (Vg1 — Ok, VoHy,(vg)) + TH |vksr — vl (112)
< Hy(0) = H* = ok (Vo Lo 0k Ab), VoHu(vr)) (113)

H G w0 (114)

where the first line is due to the fact that the function H,, is Ly-smooth (Lemma E.7), the last
inequality is due to the update rule of v. Now, we apply the expected value on both sides of the
inequality and we use the fact that the gradient estimation is unbiased and has variance bounded by

v

E[Hy(Vgt1)|Fro1] — H* < Hy(vg) — H* = Co i (Vo Lo (Vk, Ak), VoHy(vk)) (115)

Hfmﬂﬁammﬁwﬂ, (116)

8In the context of this statement, the O(-) notation preserves dependences on € and w only.
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where F,_; is the filtration associated with all events realized up to interaction k — 1. We recall that:

E [H%ﬁw(vk, )\k)Hz |]—"k1] — Var [@vcw(vk, Ak)mH] + Vo Lo(vm A2, (117)

and that Var [@Uﬁw(vk, )\k)] < V,, by Assumption 3.4. Thus, selecting ¢, 1 < 1/Lp, we have

that:
E [Ho(v11)| Fior] — H* (118)
< Hy(vr) — H* — Gk (VoL (U, Ak) Vo Hy(vy)) (119)
v, L
C K Hv L., (vk,)\k)H + 222 Ve (120)
—H( k) — Cok (VoL (UkJ\k)V Hy,(vg)) (121)
v, L
4 2T L0 M) £ Vo ()]} + 23 Vi (122)
Consider that:
C”’“ |V o Loy (Vk, Ak) — Vs Hy(01) + Vi Hy () |2 (123)
4“’“ Vo Lo M) = Vol (o)l — 25 |9, H (w0 (124)
+Cv,k <Vv£w(vk7>\k)7 Vva(Uk)> . (125)
Thus, the following holds:
E[Hy(vgs1)|[Fr—1] — H* (126)
L
< Ho(0r) = H* = Goe (Vo Lo (0n M), Vol () + 576 Vo (127)
4 ST (0 M) — Vo Ho (0} — S [V, H (00 (128)
+<v,k¢ <vv£w(vka)\k) vaw(Uk:)> (129)
= Ho(ow) — H* — 25 [V Ho(o) 3+ 25 |V Luwr M) — VoHu(o)l} (130
N LTH 2 V. (131)
Thus, we have obtained:
@ = E[H,(vps1)|Fo_1] — H (132)
< Ho(on) — H* — 25 [0 Ho ()]} + 25 [V Lo(or M) — VoHu(wi) |} (133)
L
GV (134)
holding via the selection of ¢, < 1/Ly. Notice that, from @ the following directly follows:
O = E[Hy,(Vg41)|Fr-1] — Ho(vr) (135)
v, v, L
< S | H )l + 2R [V aon M)~ VBl + TG,V (136

Part II: bounding the b; term. We are ready to analyze the by term. Recall that for ridge
regularization of the Lagrangian function presented in the main paper, we have that £, is w-smooth
and fulfills the PL condition with constant w, as shown in Lemma E.5. Since £ is a quadratic function
of A and A*(vg11) € A, we have that considering the non-projected Ax41 can only increase the
distance. Thus, we will ignore projection for the rest of the proof. We have:

Hy(Vgs1) = Lo (Ups1, Akg1) (137)
w
< Hy(Vkr1) = Lo(Vkr1, Ak) = Mkt — Ay VaLo(Vks1, Ax)) + 3 [Are1 — Aels (138

= H,(Vk+1) — Lo (Vks1, X)) — Cak <6>\Ew(vk+17 Ak)s VaLy(Vigt, Ak-)> (139)
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+ 238 [atowin ] (140)

that is possible under Assumption 3.3 (i.e., £, is Lo-smooth) and due to the update rules we are
considering. Now, by applying the expectation on both sides, we obtain the following:

E[Hy(vrs1) = Lo (Vks1, Akg1) | Fr-1] (141)

< E[Hy (V1) = Lo (Wrg1, Ae) [ Free1] — ok [VALo (U1, Ak)“é (142)
w ~ 2

+ S GAE [vxﬁw(vkﬂ,xk)\g |fk_1] (143)

w
< E[Hy(Vkt1) = Lo kg1, M) | Fro1] — ok VLo (Vkt1, Ak)“; + §<§,kv>\ (144)

H2 (145)

w ~
+ §<§\,k HvAﬁw(’UHl,)\) )

< E[Hy(vki1) — Lo (U1, )| Fao1] — Qkﬂvxﬁ (Vkt1, A)|5 + CMVA, (146)

where the last line follows by selecting (x » < 1/w. Since L, enjoys the PL cond1t10n w.r.t A with
constant w, for every pair (v, A) we have:

VAL, (v, )\)||§ > w (max Lo (v,A) = Ly, (v, )\)) > w (maxﬁw(v,)\) - L, (v, A)) . (147
AeRY AeA

By applying the PL condition:
E[Hey(Vk+1) = Loo(Vkt1, A1) Fre—1] (148)

w
Sk w1, )5 + §C§,kv>\ (149)

< E[Hy (V1) — Lo (UVkg1, Ae) [ Freo1] —

<E[Ha(inn) ~ Lorar, A Fir] — SECE [Ho(vir) — Lo(in, M)\ Fia] (150

+ 3GV (151)

(1 . C*T" ) E[Hy (V1) — Lo (Vis1, M) | Foa] + %giﬁkvh (152)
where we enforce 1 — <*2 *w = 0, ie., (xr < 2/w. However, we do not have a proper recursive term,

thus consider the following:
Hw(’l)k+1) — ﬁw(vk-&-l; )\k) = Hw(’l}k) — ,Cw(’l)k, AkJ) + Ew(vk, )\k) — Ew(’vk-&-l, )\k) (153)

-

Recursive Term ©
+ Hy (V1) — Ho(v) - (154)
O

A bound on O has already been derived, so let us bound the term ©):
L
Lo (Ui, Ak) — Lo (Vrg1, Ak) < — (Vg1 — Vg, VoLlo(Vg, Ag)) + ?2 [vg+1 — ’Ung (155)

< Cuk <6v£w<vk7)\k), Vv‘cw(vk7>\k)> + %Cﬁ,k Hﬁvﬂw(vkaAk)‘ z’ (156)

again because of Assumption 3.3 and the update rule. Now, as usual, we consider the expectation
conditioned to the filtration F,_; and the properties of the variance, to obtain:

© = Lo (v, M) — E[Li(Vkg1, Ai) [ Fr—1] (157)

L L
<Cou (1+2<v,k) V0 Lo (00, A2 + 22

having set (,, , < 1/Lo. We are finally able to conclude the bound of the term B):

ox Vo, (158)

® = E[H,(Vrs1) = Lo(UVks1, Aps1)|Fr—1] (159)
< (1 - Q\2kw> E[Hy(Vit1) = Lo Uk, M) [ Fr1] + %Ci,kVA (160)
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— (1 CZ’k ) (Ho(vg) — Lo (Vk, Ak))

+ (1 — C)‘2’kw> (Ew(vk)\k) —E [ﬁw(karh)\k)l]:k*l])

. (1 - C;%) (B [Ho (0r1) P 1] — Ho(wr) + 5 GV

Now we apply the bounds on © and ©) (the latter is from Eq. 136), obtaining:
E[He(Vk41) = Lo (Vks1, Akgr) | Fr-1]

< (155 (aton) - Lofvran)

(“%g (o (14 Fun ) IFuLutor MIE + 22,70 )

2
Cak Cuk Cvk 2
(1 sk, ( IV Ho (w2 + 25 [V Lo (0, Ab) — Voo Ha (1) 2

+2C12;,kvv> + ECikVA,

that is the second fundamental term.

(161)

(162)

(163)

(164)

(165)

(166)

(167)

(168)

Part III: bounding the potential function P (). Before going on, we recall that so far we enforced:
Cuk < 1/Lp (since Ly > Lo) and {x x < 1/w, for every t € [K]. What we want to bound here is

the potential function Py1(X) = ag+1 + Xbk+1. Using the final results of Part I and Part II:

ak+1 + Xbk41 = E[Hy (V1) — H*] + X E [Hy (V1) — Lo (Vk41, Akt1)]
< E[Ho(vn) ~ H*] ~ 22 B[V Ho(on)]

v, L
+ 2R (19,L, <vk,Ak>—vaw<vk>H§] s,

Ak

(1 ) [Hy,(vr) — Lo (U, Ar)]
+x <1 CA k > <Cu k <1 + L;Q;,k) E [vaﬁw(vk,)\k)‘@] I; 9 e >
+x (1 Ak ) ( vk g [\\Vva(uk)||§]
+ CUTk [HV Lo (vk, Ar) _Vva(vk)Hg] L2H 9 kV>
+X%C§kV>\
=ak+X<1—C)‘2kw>bk
-5t (1o (1=t B et ton]
" Q;k <1 X <1 B Q\ka>> E [vaﬁw(vm Ak) — vaw(’Uk)H;]

+ Cv,k <1 + LQCv,k) X (1 - <>\27kw) E [”V‘U‘Cw(vkv Ak)“;]

4 vk (LH +x < C;%) (Lg + LQ)) Vo + x%Ci,ka
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(170)
171)

(172)

(173)

(174)

(175)

(176)

(177)

(178)

179)

(180)

(181)



Now we can re-arrange the terms by noticing that:

VoL (Vk, Ak)”g = | VoL (vr, Ak) — Vo Hy(vr) + vaw(Uk)H; (182)
= vaﬁw(l}k, Ak:) - vaw(Uk)Hg (183)
+ Vo Ha(0r) 5 + 2 (Vo Lo (Vk, M) — Vo Ho(vr), VoH,(vr)) (184)
< 2| Vo Lo (ks M) = Vo Ho(vr)[5 + 2| Vo Ho (vg)], (185)
where the last inequality holds by Young’s inequality. Then we can write what follows:
apy1 + Xbry1 (186)
<ap+ X (1 - Czkw) b (187)
L

+ <2<U,k <1 + ;cu,k) X (1 - CZ"@) (188)
f’é—*’“ (1 +x (1 - C;’m))) E|IVoHo(v0)]3 (189)

L v
T+ (2C0n (14 Z¢on ) X k) Cok 1+y |k, (190)

' 27 2 2 2
E [vaﬁw(vk,)\k) - vaw(vk)H;] (191)
2

+ UTIC (LH + X (1 - C;’kw) (LH + LQ)) Vo + X%Cika)\. (192)

Let us now proceed to bound |V, L, (vk, Ax) — Vva(vk)Hg. By Lemma E.7, we have that
VoH, (V) = VLo, (v, X (v)) for every A*(v) € arg maxx,_, Lo, (v, A), thus we can write:

IV Ly (Vr, Ak) — Vva(Uk)Hg = | Vo Ly (Vi Ak) = Vo Ly (Vg A*('Uk))Hg (193)
< L3 [ A% () — Axls (194)
since Assumption 3.3 holds.

For a fixed value of v, by Lemma E.5 it follows that £, (v, -) satisfies the quadratic growth condition
(since it satisfies the PL condition), for which the following holds:

4
IA* (vr) — /\k||§ <5 (Ho(vr) — Lo (vr, Ar)) (195)
and thus we have:
»  AL2
va‘cw<vkv)‘k) - vaw('Uk)Hz < o (Hw<Uk> - ‘Cw(vka)\k» . (196)

By applying the total expectation, it trivially follows:
o1 4L2 AL2
E [vaﬁw(vm)\k) - Vva(Uk)Hg] <~ ElHo(vr) = Lo(vk, Ar)] = =0k (197)

Thus, we have:

g1 + Xbrt1 (198)
<ap+y (1 - C;%) b (199)
+ (%m (1 + L;cu,k> b% <1 - Czkw) (200)
*CUTJC <1 X <1 - ngw») = [”vaw('Uk)H;] (201)

2
+ <2<U,k (1 L Cv,k> X <1 ~ C”"w) L ok <1 +x (1 - Q’“w») %bk (202)
2 2 2 2 w
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2
“2”“ (LH +y (1 - C;%) (Ly + L2)> Vo + X%gﬁykvx (203)

Part IV: apply the ¢)-gradient domination. Now we need to bound the term |V H,,(vy) Hg We
consider Assumption 3.2 and we get: |V, Hy(vp)]5 = ai (Hu(vy) — H*) — B1. By defining
H* = H* + 81 /ay, we also have:

IV o Hoy (0¥ > 01 max {o, Hw('u)—ﬁ*} (204)
N
IV o Heo (0)]2 = af max{o, HL,Jw)fﬁr"}E

If we apply the total expectation on both sides of the inequality, we get:

2 2
E [vaHw(mng] >al E [max {o Ho( *}‘”] (205)
2 2
af E [max {o Ho( H*}] v (206)
> o} max {0 IE[ H*]} (207)
which is achieved by a double application of Jensen’s inequality, since 2% ¥ is convex for v € [1, 2]

and z > 0, and the maximum is convex. Let us start from Equation (198):

ak+1 + Xbr41 (208)
<ap+x < C/\Q’k ) by, (209)
+ <2<v,k (1 + L;Cu,k> X <1 - CAka) — ouk (1 +x (1 — C;%))) (210)
=—C
E IV Ho (w1 3] 211
2
+ <2Cv,k (1 + L;Cu,k) X (1 - C*Z’Cw) + C‘;k (1 Ty ( C;’m))) %bk 212)
2
‘;’“ <LH X <1 - C“w> (Ly + L2)> Vo + x%éi,ka- (213)

=V
We first enforce the negativity of —C'. To this end:

\_;;_/2__/
< ok <3x< Cgkw> - % (1 + X(l - C;%))) 215)
<<”7”€ 5x (1—%’“)—1 <<”7’k(5x—1)<0. (216)
<1

Thus, it is enough to enforce 5y — 1 < 0 = x < 1/5. We now plug in the gradient domination
inequalities:

ag+1 + Xbry1 (217)

https://doi.org/10.52202/079017-4014 126394



<ak+x<1mw> bka’ozl maX{O E|H,(v) — H*]}ﬂ +V (218)

+ <2Cv,k (1 + 22<v,k) x( C;’kw) + <1 Ty <1 - C*T’“ >)> 4L2b (219)

Now we introduce the symbol @y, := E [Hw(vk) —H*| = ar — f1/aq, to get:

—_

Q41 + XDrg1 (220)
2
<dp — Caf max{0,d,}% +V 221)

+ (x ( C;%) + (241,7,@ (1 + L;c,,,k> Y (1 - )"kw) (222)
4 Suik (1 +x (1 - mw))) 4L§) b (223)
2 2 w

For what follows, we call B the term that is multiplying by:

B=x (1 — C;kw) + (2Cv,k (1 + I;Cz:,k) X <1 - <>\2»kw> (224)
Cv k Cx k 413

Let refer to dy, + xby, as P, (X) with x € (0, 1). For the sake of clarity, we re-write our main inequality
as:

~ 2
Pi(x) = Gr+1 + xbr+1 < G + Bby, — Cmax {0; ai}? + V. (226)
Then, from Lemma F.1 having set a < @y, and b < xbg, we have:

ﬁt-ﬁ-l( ) = Qg1 + Xbk+1 < Gr + Bbg + C(ka)% — 217%Cmax {0, a + ka}% + V. (227)
By choosing x so that xby, < 1,i.e., x < 1/ maxye[x] bx, we have:

Pt+1(x) = Qg1 + Xbp+1 < i + Bby + C(ka)u% — 9173 C'max {0, @y + ka}% +V (228)
G + (B + XO)by, — 2" % Cmax {0, & + xbs}® +V  (229)
= B,(B + xC) — 2"~ % C'max {0, ﬁt(x)}w YV (230)

To unfold the recursion, we need to ensure that B + xC < X, which leads to a condition relating the
two learning rates:

B+ xC (231)
=x <1 —~ 4*2’%)) + | 2Cok ( 5 2 k) ( C;’“w> (232)
;3(/2 5
» 412
FROLY B (1 - C*”‘m) it} (233)
2 2 w
|
<1

+ x| 2ok < Cv k) ( CA”“w) +<“7’k 1+y (1 - Cz’kw) ol (234

- | —)

<x—x<2 w+<v,k< »

1 2
(1+7x) + ;X@P)gx (235)

126395 https://doi.org/10.52202/079017-4014



WXk

2 )
(1+ x)way +4L%(1+ Tx)
where we exploited ,, ; < 1/Lo and (x » < 2/w. Thus, we have:

= Cv,k <

<

Bisr(x) < Pu(x) — 2% C max {o, ﬁk(x)} +V.

Collecting all conditions on the learning rates, we have:

1 WXk
C’u kS min T7 fa 2 )
H 22 (14 x)way +4L4(1 4 Tx)

1 2 1
(GWIES mlﬂ{,} =—.
w

w
As a further simplification, let us observe that:

L 2
C=|—2Cx (1 + ;gv,k>x<1 - 4*2’%) Soke (1 + X(l C;%)) al
;__\f__/
<3/2
%
Cu,k Ak 2 _ Cuko
> ’; L5 (1=257w ) x ) af 2”71.

2
Vo= 2wk <LH +x <1 - Q‘Tk > (L + L2)> Vo + X%Ci,kvk

2
<(1+2X)L2+(1+X)L )V + x5 CAkVA— V.

2

1-1 ¢o kO‘w

=: P 2L
: 91 bt

Denoting with C , we are going to study the recurrence:

Pri1(x) < Pi(y) — € max {07 ﬁk(x)}v s

Part V: Rates Computation

(236)

(237)

(238)

(239)

(240)

(241)

(242)

(243)

(244)

Part V(a): Exact gradients We consider the case V = 0. Let us start with 1 = 2. From Lemma G.3,

we have:

Pe@ < (1-0)" oy <

1 Po(8) - ]5 21 Po(&)
— K< B grijeg L) _ Zloe T
C ‘ 27V p e
The inequality on K holds under the conditions:
~ 2 21+%
vh(x)” wa{” Po(x)7 ™!
11 W2XC>\ k
Co,k < min o' Iy
(1+ x)wal +4L3(1 + Tx)
: WQXCA k
= 1min )
Ly +2 (1+ X)cuoz1 +4L3(1+ 7x)
1
Ok < —
w’
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(245)

(246)

(247)

(248)

(249)

(250)



where the first one derives from the hypothesis of Lemma G.3 and the other two from the conditions
on the learning rates derived in the previous parts. We set:

-1
C)\,k =w -,

. 21+'¢% 1 wx
Cok = min — — Ow).

2 o ’ 2 2
dai Po(x)v T La+ T (14 xJway +4L3(1+ 7x)
Thus, the sample complexity becomes K = O (w™*log 1).

Consider now ¢ € [1,2). We have from Lemma G.3:

_ ¥
~ ~ 22—
Bl < <<i - 1) CK> <e @251)
— K < %5*16—%“ = 2w1 = et (252)
—v (2 - )2 F o par

holding under the same conditions as before. With the same choices of learning rates, we obtain the
sample complexity K = O (w‘le_%“) as sample complexity.
Part V(b): Estimated gradients We consider V > 0. In this case, from Lemma G.5, we have:

~ - N 7\ 2
Pr(x) < (1 —(jl—%v%) Py(x) + (g) . (253)

We enforce both terms to be smaller or equal to /2. With the first one, we can evaluate the sample
complexity:

~w s\ K o~ €
(1—V 202) Py <5 (254)
log 2P0 (x)
= K< —% (255)
Vi-z(C=
log 2P0 (x)
_ € - (256)
2 L2 1_% 1—L1¢ a% 2
( 5 ((1 +2x) Ly + (1 + x)ﬁ) Vo + x%c‘i,kVA) 2T
Regarding the second one, we have:
@ 2 2 w 2
7\ . C"T’“ ((1 +2x)Ly + (1 + X)%) Vo + xgg“i?,ﬂv,\ p
= <= = 5 < - (257)
c 2 1-1 Cv,ka;) 2
2 v

By enforcing the relation between the two learning rates, we set ¢, , = O(w?(x ). By enforcing
the previous inequality, recalling that Ly < O(w™') and V,, < O(w™2), we obtain {y = O(we?/?),
from which (, = O(w? %/ ¥). Substituting these values into the sample complexity upper bound, we
get (highlighting the terms possibly depending on w):

log L
K<O = (258)
((Lz + @ )Vald + w3126
log
=0 (((Lz + w )V, (w3e2/¥)2 + w(weQ/w)Q)l—w/Q(w362/'¢’)¢/2) (259)
log 1
<0 (wf‘e‘*/w—l) , (260)
having bounded the sum at the denominator with the second addendum. O
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F Technical Lemmas

LemmaF.1. Leta e R, b > 0, and ¢ € [1,2]. It holds that:
max{0,a}? > 2'"% max{0,a + b} v — b*. (261)

Proof. Let us consider the following derivation:

max{0 a}% = a¥ ifa>0 (262)
’ 0  otherwise
1—-2 2 .z
> 2% (a+b)v —bv 1fa>9 (263)
0 otherwise
21" (a+b)F —b¥ ifa>0
=10 if —b<a<0 (264)
0 otherwise
21" % (a+b)F — b ifa>0
=32 (a+b)F —bv if —b<a<0 (265)
—b% otherwise
2" % (a+b)% —be ifa+b>0
_ Sa Vv — ifa+b> (266)
—b? otherwise
= 2" % max{0,a + b} — b, (267)
(268)

where the first inequality follows from (x + y)ﬂ% <297t (x% + y%) for x,y > 0, from Holder’s
inequality; the second inequality from observing that 2= % (a+0) T obv < (21_% - 1)6% < 0 for
—-b<a<0. O

G Recurrences

In this section, we provide auxiliary results about convergence rate of a certain class of recurrences
that will be employed for the convergence analysis of the proposed algorithms. Specifically, we study
the recurrence:

Tetr1 < 7 — amax{0,7}? + b (269)
fora > 0,b > 0, and ¢ € [1, 2]. To this end, we consider the helper sequence:
Po =To
(270)
{pk+1 = pr. —amax{0, pp}* + b

The line of the proof follows that of Montenegro et al. (2024). Let us start showing that for sufficiently
small a, the sequence pj, upper bounds 7.

Lemma G.1. Ifa < ﬁfor every k = 0, then, v, < py, for every k = 0.
k

Proof. By induction on k. For £ = 0, the statement holds since py = 9. Suppose the statement
holds for every j < k, we prove that it holds for k + 1:

Pr+1 = pr — amax{0, pp}? + b (271)
> 7, — amax{0,7,}% + b (272)
= Tht1, (273)

where the first inequality holds by the inductive hypothesis and by observing that the function

f(z) = x — amax{0, z}? is non-decreasing in x when a < #. Indeed, if < 0, then f(x) = x,
k
which is non-decreasing; if x > 0, we have f(z) = x — ax?, that can be proved to be non-decreasing
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in the interval [0, (agi))_ﬁ] simply by studying the sign of the derivative. Thus, we enforce the
following requirement to ensure that p;, falls in the non-decreasing region:

pr < (a9)" 7T = a < (274)

—
opy,

So does rj, by the inductive hypothesis. O

Thus, from now on, we study the properties of the sequence py. Let us note that, if pj, is convergent,
then it converges to the fixed-point p computed as follows:

b\ ¢
ﬁ=ﬁ—amax{0,ﬁ}¢+b = p= () , (275)
a
having retained the positive solution of the equation only, since the negative one never attains the
maximum max{0, p}. Let us now study the monotonicity properties of the sequence py.

Lemma G.2. The following statements hold:

e Ifro>panda < ﬁ, then for every k > 0 it holds that: p < pr+1 < pk.
0

e Ifrg <panda < ﬁ, then for every k = 0 it holds that: p = pr1+1 = pr.

Proof. The proof is analogous to that of (Montenegro et al., 2024, Lemma F.3). O

From now on, we focus on the case in which ry > p, since, as we shall see later, the opposite case is
irrelevant for the convergence guarantees. We now consider two cases: b = 0 and b > 0.

G.1 Analysis when b = 0

From the policy optimization perspective, this case corresponds to the one in which the gradients are
exact (no variance). Recall that here p = 0. We have the following convergence result.

Lemma G.3. Ifa < ﬁ ro = 0, and b = 0 it holds that:
(1—a)**'ro ifop=1

. . 276

Phet {min{ro,((qﬁ—l)a(H 1))‘ﬂ} ifoe(l,2] (270

Proof. Since 7y = 0 = p, from Lemma G.2, we know that p; > 0 and, thus, max{0, p;} = p. For
¢ = 1, we have:

Pr+1 = pr —app = (1 —a)pr = (1 —a)
For ¢ € (1, 2], we have:

o = (1 —a)**ir. (277)
Pra1 = pr — apj,. (278)

We proceed by induction. For k£ = 0, the statement hold since pg = r¢ and rg < ((ba)*w%l <

((¢ — l)a)_ﬁ from the condition on the learning rate. Suppose the thesis holds for j < k, we
prove it for & + 1. pr11 < ro by monotonicity, and, from the inductive hypothesis:

Prs1 = pr — apl, < (gak) 7T — a(¢ak) 71 (279)
= (¢ak)™7 T — (pa(k + 1))" 7T — a(pak) 77 +(da(k + 1))"77T. (280)
(%)

We now prove that () is non-positive:

(¥) = (¢ — Dak)" 71 — ((¢ — Dalk + 1))"71 —a((¢ — V)ak) 77 (281)
= (6~ Do) Pk (k k) (k_’jl)> (- DR ()
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. 1 1
<a FTRTE (¢ — 1) 7T ( ) <0, (283)

having observed that:

kE—(k+1 i & = li kE—(k+1 k o = ! 284
sup | k= (k+ D\ 57 g LGl (e =51 @

G.2 Analysis for b > 0

From the policy optimization perspective, this corresponds to the case in which the gradients are
estimated, i.e., the variance is positive. In this case, we proceed considering the helper sequence:

Mo = Po
. 2
{nk-H = (1 — aﬁ¢_1) m+b ifk=0 (285)

We show that the sequence 1 upper bounds p;, when py = rg = p.

Lemma G4. [frg > panda < ﬁ, then, for every k = 0, it holds that n,, = py.
0

Proof. The proof is analogous to that of (Montenegro et al., 2024, Lemma F.4). O

Thus, we can provide the convergence guarantee.

Lemma G.5. Ifa < ﬁ, ro = 0, and b > 0 it holds that:
)

1

1 o1\ k+1 b\ ¢
M1 < (1 —bl’gag) + (a) . (286)

Proof. By unrolling the recursion:

M1 = (L—ap® ") me + b (287)
k .
— (1—ap® ) 40 Y (1-ap® ) (288)
j=0
—p—1\k+1 IS —p—1\J
<(L—ap® )" rg 0> (1-ap®) (289)
j=0
L1 1\ K+l b
— (1-v"%a?) o (290)
1
1 1 k B
- (1 fbl_g(ﬂ) Ty (b) " (291)
a
O

H Experimental Details and Additional Results

H.1 Experimental Details

H.1.1 Employed Policies and Hyperpolicies

Linear Gaussian Policy. A linear parametric gaussian policy g : S x A — A(A) with variance

o2 samples the actions as a; ~ N(0" s, 021, ), where s; is the observed state at time ¢ and 0 is the

parameter vector.
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Tabular Softmax Policy. A rabular softmax policy mg : S x A — A(A) with a temperature
constant 7 is such that:

)

exp -

A Te N\ (292)
A 6i.-

ZL:‘I exp (T)

where 0, ; is the parameter associated with the ¢-th state and the j-th action. Notice that the total

number of parameters for this kind of policy is |S||.Al.

mo(a;ls;) =

Linear Deterministic Policy. A linear parametric deterministic policy ug : S x A — A samples
the actions as a; = 0 s;, where s, is the observed state at time ¢ and 6 is the parameter vector.

Gaussian Hyperpolicy. A parametric gaussian hyperpolicy v, : R — A(O) with variance o2

samples the parameters @ for the underlying generic parametric policy 79 as 8; ~ N'(p, %14, ),
where p is the parameter vector for the hyperpolicy.

H.1.2 Environments

Discrete Grid World with Walls. Discrete Grid World with Walls (DGWW) is a simple discrete
environment we employed to compare C-PGAE against the sample-based versions of NPG-PD (Ding
et al., 2020, Appendix H) and RPG-PD (Ding et al., 2024, Appendix C.9). DGWW is a grid-like
bidimensional environment in which an agent can assume only integer coordinate positions and in
which an agent can play four actions stating whether to go up, right, left, or down. The goal is to
reach the center of the grid performing the minimum amount of steps, begin the initial state uniformly
sampled among the four vertices of the grid. The agent is rewarded negatively and proportionally
to its distance from the center, where the reward is 0. Around the goal state there is a “U-shaped”
obstacle with an opening on the top side. In particular, when the agent lands in a state in which
the wall is present, it receives a cost of 1, otherwise the cost signal is always equal to 0. In our
experiments, we employed a DGWW environment of such a kind, with |S| = 49, i.e., with each
dimension with length equal to 7.

Linear Quadratic Regulator with Costs. The Linear Quadratic Regulator (LQR, Anderson and
Moore, 2007) is a continuous environment we employed in the regularization sensitivity study of
C-PGAE and C-PGPE, and in the comparison among the same algorithms against the sample-based
version of NPG-PD2 (Ding et al., 2022, Algorithm 1) and its ridge-regularized version RPG-PD2 (not
provided by the authors, but designed by us). LQR is a dynamical system governed by the following
state evolution:

Si11 = As; + Bay, (293)
where A € R%s*%s and B € R%s*d4,
In the standard version of the environment, the reward is computed at each step as:
r = —8; Rs; — a/ Qay, (294)
where R € R45%ds and Q € Réaxda,

We modified this version of the LQR environment introducing costs. In particular, in our CostLOR,
the state evolution is treated as in the original case, while the reward at step ¢ is computed as:

ry = —s; Rsy, (295)

where R € R%s*ds Moreover, we added a cost signal ¢ which is computed as follows at every time
step ¢:

¢ = a; Qay, (296)
where ) € R%axda,

In our experiments, we consider a CostLQOR environment whose main characteristics are reported in
Table 5.

Additionally, we considered a uniform initial state distribution in [—3, 3] and the following matrices:

10 0.9 0 01 0
A:B:O"g[o 1]’ Qz[o 0.1]’ Rz[o 0.9]' (297)
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Environment H State Dimension ds | Action Dimension d 4 | Action Range [amin, Gmax| | State Range [Smin, Smax|

CostLQR 2 2 (—00, +0) (=00, +0)
Swimmer-v4 8 2 [-1,1] (=0, +0)
Hopper-v4 11 3 [-1,1] (—00, +00)

Table 5: Main features of CostLQOR, Swimmer-v4, and Hopper-v4.

MuJoCo with Costs. For our experiments on risk minimization, we utilized environments from
the MuJoCo control suite (Todorov et al., 2012), which offers a variety of continuous control
environments. To tailor these environments to our specific requirements, we introduced a cost function
that represents the energy associated with the control actions. In standard MuJoCo environments, a
portion of the reward is typically calculated as the cost of the control action, which is proportional to
the deviation of the chosen action from predefined action bounds. In our MuJoCo modification, at
each time step we make the environment return a cost computed as:

|a: — min {max {at, amin} s Gmax}| 5 , (298)

where an,iy, and apax are respectively the bounds for the minimum and maximum value for each
component of the action vector. Then, the action min {max {a, &min}, @max} i passed to the
environment. In our experiment we consider Swimmer-v4 and Hopper-v4 MuJoCo environments,
whose main features are summarized in Table 5.

H.2 Details for the comparison against the baselines in DGWW

In Section 5, we compare our proposal C-PGAE against the sample-based versions of NPG-PD (Ding
et al., 2020, Appendix H) and RPG-PD (Ding et al., 2024, Appendix C9). The environment in which
the methods are tested is the Discrete Grid World with Walls (DGWW, see Appendix H) with a
horizon of 7' = 100. In this experiment, the methods aim at learning the parameters of a tabular
softmax policy with 196 parameters, maximizing the trajectory reward while considering a single
constraint on the average trajectory cost, for which we set a threshold b = 0.2. All the methods were
run for K = 3000 iterations with a batch size of N = 10 trajectories per iteration, and with constant
learning rates. In particular, for both C-PGAE and NPG-PD, we employed (9 = 0.01 and () = 0.1,
while for RPG-PD we selected (9 = 0.01 and {» = 0.01. For C-PGAE and RPG-PD we used a
regularization constant w = 10~*. All the details about the experimental setting are summarized
in Table 6. We would like to stress that, as prescribed by the respective convergence theorems, we
chose a two time-scales learning rate approach for C-PGAE and a single time-scale one for RPG-PD.
Figure 2a shows the performance curves (i.e., the one associated with the objective function and the
cost ones. As can be noticed, C-PGAE manages to strike the objective of the constrained optimization
problem with less trajectories. Indeed, the sample-based NPG-PD requires to estimate the value and
the action-value functions for all the states and state-action pairs, resulting in analyzing |S| + |S||.A|
additional trajectories w.r.t. C-PGAE for every iteration of the algorithm. The sample-based RPG-PD
also requires additional trajectories to be analyzed, which in practice, for a correct learning behavior,
result to be the same in number to the extra ones analyzed by NPG-PD.

H.3 Details for the comparison against baselines in CostLQR

In Section 5, we compare our proposals C-PGAE and C-PGPE against the continuous sample-based
version of NPG-PD (Ding et al., 2022, Algorithm 1) with works with generic policy parameterizations.
In the following, we refer to this version of NPG-PD as NPG-PD2. Moreover, we added a ridge-
regularized version of NPG-PD2, that we call RPG-PD2, to resemble the type of regularization we
employed for our proposed methods. For all the regularized methods (i.e., C-PGAE, C-PGPE, and
RPG-PD2) we selected as regularization constant w = 10~%. The setting for this experiment considers
a bidimensional LQR environment with a single cost over the provided actions (see Appendix H)
and with a fixed horizon T" = 50. Here, the methods aim at maximizing the average reward over
trajectories, while keeping the average cost over trajectories under the threshold b = 0.9. In particular,
C-PGAE learns the parameters of a linear gaussian policy with a variance 03 = 1072 and employing
a learning rate schedule governed by the Adam scheduler (Kingma and Ba, 2015) with (g o = 0.001
and (x 0 = 0.01. C-PGPE learns the parameters of a gaussian hyperpolicy, with a variance 03 = 1073,
which samples the parameters of a deterministic linear policy. It employs a learning rate schedule
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Details for the Comparison in DGWW Experiment

Environment DGWW
Horizon T =100

Policy Tabular Softmax
Constraint Threshold b=0.2
Iterations K = 3000
Batch Size N =10

Learning Rates C-PGAE
Learning Rates NPG-PD
Learning Rates RPG-PD

(o =0.0land ¢, = 0.1
(o =0.0land ¢, = 0.1
(e = 0.01 and { = 0.01

w=10"4

w=10"4

Regularization C-PGAE
Regularization RPG-PD

Table 6: Details for the comparison of C-PGAE against NPG-PD and RPG-PD in DGWW.

governed by Adam too with (, ¢ = 0.001 and {x,0 = 0.01. Both C-PGAE and C-PGPE were run
for K = 6000 iterations with a batch of NV = 100 trajectories per iteration. NPG-PD2 and RPG-
PD2 are both actor-critic methods which were run for K = 1000 iterations with a batch size of
N = 600 trajectories per iteration. In particular, among the trajectories of the reported batch size,
N7 = 500 were used for the inner critic-loop, while N = 100 for performance and cost estimations.
The inner loop step size was selected constant, as prescribed by the original algorithm, and with a
value a = 10~°. Furthermore, since such methods were designed for infinite-horizon discounted
environments, we tested them on the same LQR as for C-PGAE and C-PGPE, but leaving T' = +0
and v = 0.98 (the effective horizon is (1 — v)~! = 50). The step sizes for the primal and dual
variables updates were governed by Adam with (g o = 0.003 and (o = 0.01. As for C-PGAE, both
NPG-PD2 and RPG-PD2 aimed at learning the parameters of a linear gaussian policy, with variance
03 = 1073. All the details about this experiment are summarized in Table 7. Figure 2b reports the
learning curves for the average return and the cost over trajectories. As can be seen, our methods
manage to solve the constrained optimization problem at hand by leveraging on less trajectories.
Indeed, NPG-PD2 and RPG-PD2 suffer the inner critic loop, which add additional trajectories to be
analyzed per iteration (in this specific case N; = 500). We would like to stress that the actor-critic
methods were very sensible to the hyperparameters selection, especially the length and the step size
of the inner loop.

H.4 Details for the risk-constrained experiment on Swimmer-v4

In Section 5, we presented an experiment comparing what happens when considering the two explo-
ration approaches of C-PGAE and C-PGPE and on different risk-constrained optimization problems
on the cost version of Swimmer-v4 (details in Appendix H). In particular, we considered such an
environment with a horizon of 7' = 100. Both the algorithms were run for K = 3000 iterations,
with a batch size of N = 100 trajectories per iteration, and with step sizes governed by the Adam
scheduler. Moreover, they had a regularization constant w = 104,

C-PGAE employed a linear gaussian policy with variance o3 = 1. In Table 8, we list the characteristics
for all the experiments with all the risk measures.

On the other hand, C-PGPE employed a gaussian hyperpolicy with variance o3 = 0.01. Such an
hyperpolicy sampled parameters for an underlying linear deterministic policy. In Table 9, we list the
characteristics for all the experiments with all the risk measures.

As also highlighted in the main paper, C-PGPE delivers an hyperpolicy which samples (after having
sampled the parameters for the underlying policy) actions whose costs are always under the fixed
threshold. Moreover, by considering risk measures different from the average cost one, the empirical
distribution of costs shows that these are way lighter w.r.t. the ones associated with the deployment of
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Details for the Comparison in CostLQR Experiment

Environment Bidimensional CostLQR
Horizon T =50

(Hyper)Policy Linear Gaussian with 02 = 1073
Constraint Threshold b=0.9

Iterations (C-PGPE and C-PGAE) K = 6000

Iterations (NPG-PD2 and RPG-PD?2) K = 1000

Batch Size (C-PGPE and C-PGAE) N =100

Batch Size (NPG-PD2 and RPG-PD2) | N = 600

Learning Rate (Adam) C-PGPE (o0 =10"%and (, = 1072
Cg,o =10"2and (= 10~2
Co=3-10"3and ¢, = 1072

Co =3-10"3and ¢ = 102

Learning Rates (Adam) C-PGAE
Learning Rates (Adam) NPG-PD2
Learning Rates (Adam) RPG-PD2

Regularization C-PGPE w=10"*
Regularization C-PGAE w=10"*
Regularization RPG-PD2 w=10"*

Table 7: Details for the comparison of C-PGPE and C-PGAE against NPG-PD2 and RPG-PD2 in a
bodomensional CostLQR.

Risk Measure H RiskParameter’ b ‘ Co,0 ‘ x0 ‘ Cn,0 ‘

Average Cost 50 | 1073 | 1072
CVaR, a=0.95 50 [ 107* | 107! | 1071
MV k=05 50 [ 107* | 107! | 1071
Chance n =50 0.05 | 1074 | 107 | 107!

Table 8: Parameters of the risk measures employed in the experiment on Swimmer-v4 with C-PGAE.

Risk Measure H Risk Parameter ’ b ‘ Cp,0 ‘ Cx0 ‘ Cn,0 ‘
Average Cost 50 | 1073 | 1072
CVaR, a=10.95 50 | 1072 | 1072 | 1073
MV k=0.5 50 [ 1072 | 1072 | 1073
Chance n = 50 0.05 | 1072 | 1072 | 1073

https://doi.org/10.52202/079017-4014

Table 9: Parameters of the risk measures employed in the experiment on Swimmer-v4 with C-PGPE.

an hyperpolicy learned considering average cost constraints. C-PGAE also shows results of this kind.
However, the displacement between the final empirical cost distributions is not as marked as the one
shown with C-PGPE. The exception is from the MV risk measure side, which seems to make C-PGAE
learn a policy able to pay lighter costs, but resulting in poor-performing policy. All the other found
(hyper)policies, instead, provide similar performance scores.
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H.5 Risk-constrained experiment on Hopper-v4

Here, we present a similar experiment to the one shown on Swimmer-v4. Also in this case, we
compare what happens when considering the two exploration approaches of C-PGAE and C-PGPE and
on different risk-constrained optimization problems, but on the cost version of Hopper-v4 (details in
Appendix H). The experimental setting is quite the same of the one considered above (i.e., T' = 100,
K = 3000, N = 100, w = 107%).

C-PGAE employed a linear gaussian policy with variance o3 = 1. The characteristics for all the risk
measures’ experiments are presented in Table 10. For the learning rates schedules, we employed the
Adam scheduler.

Risk Measure H RiskParameter’ b ‘ Co,0 ‘ x0 ‘ (n,0 ‘

Average Cost 100 | 1072 | 107!
CVaR, a=0.95 100 [ 1072 | 107! | 107!
MV k=0.5 100 | 107* | 107 | 107!
Chance n = 100 0.05 | 10=* | 107! | 107!

Table 10: Parameters of the risk measures employed in the experiment on Hopper-v4 with C-PGAE.

C-PGPE employed a gaussian hyperpolicy with variance o2 = 0.1 over an underlying linear deter-
ministic policy. The characteristics for all the experiments with all the risk measures are summarized
in Table 11. For the learning rates schedules, we employed the Adam scheduler.

Risk Measure H Risk Parameter ’ b ‘ Cp,0 ‘ 20 ‘ G ‘
Average Cost 100 | 1072 | 1071
CVaR, a=10.95 100 | 1072 | 107t | 1072
MV k=05 100 | 1072 | 107 | 1072
Chance n = 100 0.05 | 1072 | 107 | 1072

Table 11: Parameters of the risk measures employed in the experiment on Hopper-v4 with C-PGPE.

Figure 5 shows the empirical distributions of costs over 100 trajectories of the learned (hyper)policies
via C-PGPE and C-PGAE. C-PGPE shows a behavior that is quite the same as the one shown in the
Swimmer-v4 environment. Indeed, by considering constraints on the CVaR,,, the MV, or on the
Chance, the learned hyperpolicy selects parameters for the underlying policy selecting actions that
pay a way lighter cost w.r.t. the ones provided by an hyperpolicy learned by considering constraints on
average costs. It is worth noticing that the lightest costs are observed when considering the CVaR ,or
the MV risk measures. In this case, C-PGAE shows a similar behavior to C-PGPE for what concern the
distance in costs between the ones observed by learning considering constraints on the average cost
and the ones observed by learning with other risk measures. The lightest costs here can be observed
by learning with chance constraints, while, by considering constraints on the MV, the observed costs
exceed the ones observed under average cost constraints. For what concern the performances of the
learned (hyper)policies (see Table 4c, C-PGPE exhibit high-performing hyperpolicies under average
cost or chance constraints, while the ones under CVaR,and MV shows similar (low) performance
scores. On the other hand, for C-PGAE the learned policy under CVaR,exhibits the same good-
performing behavior as the one of the policy learned under average cost constraints.

H.6 Regularization Sensitivity Study

Here, we study the sensitivity of C-PGAE and C-PGPE w.r.t. the regularization term w. We tried the
algorithms on a bidimensional LQR environment which has been modified to output a cost signal
based on the selected action. For the environment at hand, we considered a horizon T = 50. We run
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Cost Value Cost Value
(a) C-PGPE (b) C-PGAE
‘ Algo. ‘ Cost CVaR, MV Chance
C-PGPE | 200.18 +1.6 | 126.37 +£1.71 | 122.28 +1.91 | 190.81 + 1.83
C-PGAE | 228.04 + 0.48 | 216.81 £ 0.46 | 136.45 + 1.35 | 159.25 + 2.06

(c) Avg. Ret. (5 runs, mean =+ std).

Figure 5: Cost distributions with (hyper)policies learned considering different risk measures (5 runs).

Details for the Regularization Sensitivity Study in CostLQR Experiment

Environment Bidimensional CostLQR
Horizon T =50

(Hyper)Policy Linear Gaussian with 02 = 1073
Constraint Threshold b=10.2

Iterations K =10*

Batch Size N =100

Learning Rate (Adam) C-PGPE | (,0 = 1072 and (5 = 1072
Learning Rates (Adam) C-PGAE | (g0 = 1073 and (5 = 1072
Regularization we {0,1074,1072} 10~*

Table 12: Details for the reguarization sensitivity study of C-PGPE and C-PGAE in a bodomensional
CostLQR.

both the algorithms for K = 10* iterations, with a batch size N = 100 trajectories per iteration, and
with a varying regularization term such that w € {0, 10~%,10~2}. We considered a single constraint
on the average trajectory cost, for which we set a threshold b = 0.2. For the step size schedules,
we employed Adam (Kingma and Ba, 2015) with initial rates (, 0 = Co,0 = 1073 and a0 = 1072
Moreover, in this specific experiment C-PGAE employed a linear gaussian policy with a variance
U; = 1073. On the other hand, C-PGPE employed a linear gaussian hyperpolicy with a variance
o3 = 1073 over a linear deterministic policy. The experimental environment is summarized in
Table 12. Figures 7 and 6 show the Lagrangian curves, the performance ones (i.e., the one associated
with the objective function), and the cost-related ones. From the shown curves it is possible to notice
that, for both C-PGAE and C-PGPE, a higher regularization (w = 10~2) corresponds to a higher bias
w.r.t. the constraint satisfaction. This bias is compliant with what shown by Theorem 3.1, indeed,
the higher the regularization, the higher the constraint threshold should be made stricter. Finally, we
report in Figure 8§ the evolution of the values of the Lagrangian multipliers A during the learning. As
expected from the theory, for both C-PGAE and C-PGPE a higher regularization leads to have smaller
values of A. Moreover, we empirically notice that C-PGAE reaches higher value of A w.r.t. the ones
seen by C-PGPE.
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C-PGPE: Lagrangian Curve
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Figure 6: Lagrangian, performance and cost curves for C-PGPE over CostLQOR with regularization
values w € {0,107%,1072} (5 runs, mean + 95% C.L.).
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C-PGAE: Lagrangian Curve
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Figure 7: Lagrangian, performance and cost curves for C-PGAE over CostLQOR with regularization
values w € {0,107%,1072} (5 runs, mean + 95% C.L.).
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C-PGPE: A Curve
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Figure 8: X curves for C-PGPE and C-PGAE over CostLOR with regularization values w €
{0,107%,1072} (5 runs, mean + 95% C.L.).

H.7 Computational Resources

All the experiments were run on a 2019 16-inches MacBook Pro. The machine was equipped as
follows:

CPU RAM GPU
Intel Core i7 (6 cores, 2.6 GHz) 16 GB 2667 MHz DDR4  Intel UHD Graphics 630 1536 MB

In particular, N = 100 trajectories of the MuJoCo environments with 7" = 100 scored ~ 2 iterations
per second for C-PGAE, while ~ 3 iterations per second for C-PGPE. N = 100 trajectories of the
CostLQOR environment with 7" = 100 scored ~ 5 and ~ 8 iterations per second respectively for
C-PGAE and C-PGPE. All the performances are to be considered with a parallelization over 10 CPU
cores.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: The abstract and the introduction reflect the original contribution of the paper.
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The limitations of the work emerges in the final section of the work and in the
related works section.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: All the statements are correlated with proofs. The definitions and the quantity
used are clearly presented.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All the experimental settings are described, together with choices of all the
parameters for the settings at hand.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The implemented code is provided in a zip file which contains detailed
instructions on how to use it.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: All the experimental settings are described, together with choices of all the
parameters for the settings at hand.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The plots of all the experiments are made over an average of different trials
and we report, for each shown curve, the 95% confidence interval.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: The computational resources employed for th experiments are discussed.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We checked the guidelines and we are compliant with them.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: As a theoretical research paper, the authors do not see any negative societal
impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The only existing asset employed is the MuJoCo (Todorov et al., 2012) control
suite, that is properly mentioned.

Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: In order to run the experiments, we implemented a detailed code-base. This
asset is provided in an anonymized zip file and, conditionally on the paper acceptance, it
will be made public. The zip file includes a file explaining how to employ the code-base.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
14. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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