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Abstract

Algorithms with predictions are gaining traction across various domains, as a way
to surpass traditional worst-case bounds through (machine-learned) advice. We
study the canonical problem of k-facility location mechanism design, where the n
agents are strategic and might misreport their locations. We receive a prediction
for each agent’s location, and these predictions are crucially allowed to be only
“mostly” and “approximately” correct (MAC for short): a )-fraction of the predicted
locations are allowed to be arbitrarily incorrect, and the remainder of the predictions
are required to be correct up to an e-error. Moreover, we make no assumption on
the independence of the errors. Can such “flawed” predictions allow us to beat the
current best bounds for strategyproof facility location?

We show how natural robustness of the 1-median (also known as the geometric
median) of a set of points leads to an algorithm for single-facility location with
MAC predictions. We extend our results to a natural “balanced” variant of the
k-facility case, and show that without balancedness, robustness completely breaks
down even for k = 2 facilities on a line. As our main result, for this “unbalanced”
setting we devise a truthful random mechanism, which outperforms the best known
mechanism (with no predictions) by Lu et al. [2010]. En route, we introduce the
problem of “second” facility location, in which the first facility location is already
fixed. Our robustness findings may be of independent interest, as quantitative
versions of classic breakdown-point results in robust statistics.

1 Introduction

Algorithms with predictions is a popular field of study in recent years within the paradigm of
beyond the worst case analysis of algorithms — see Mitzenmacher and Vassilvitskii| (2022) for a
comprehensive survey. Motivated by developments in machine learning, this area assumes that
algorithms can access predictions regarding the input or solution, thus leveraging predictability in
typical computational problems. Recently,|Agrawal et al.|(2022) and |Xu and Lu|(2022)) proposed to
study predictions in the context of mechanism design, where they have the potential to transform
existing designs by adding information about agents’ private knowledge (see Balkanski et al.| (2023a)).

Our focus in this work is on the canonical problem of facility location. The (utilitarian) k-facility
location problem is as follows: Consider a multi-set of n points X C R¢ and k facility locations; the
cost of point x € X is the minimum distance between x and any of the k locations. The goal is to
compute k locations that minimize the utilitarian cost, which is the total cost of points in X. In the
context of mechanism design, the points X are the privately-known true locations of strategic agents,
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and the mechanism receives location reports (see |Chan et al.| (2021) for a recent survey). Facility
location mechanism design with predictions has been studied by |Agrawal et al.|(2022)); Xu and Lu
(2022)[1_-] We diverge from previous work by assuming a prediction for each point — that is, the advice
X' consists of a prediction z; for every x; € X. Importantly, our measure of prediction error allows
for very large errors (outliers) for a d-fraction of points (hence we call it the “mostly approximately
correct” model). Our work shows how to get improved bounds despite these large errors, and can
thus be of interest beyond facility location.

Standard worst-case prediction error. In the majority of the literature, the goal of (algorithm or
mechanism) design with predictions centers around two seemingly-conflicting properties: robustness
to erroneous predictions, and consistency with predictions that are non-erroneous. A fairly common
way of achieving both consistency and robustness is interpolating between the approaches of com-
pletely following the predictions, and applying the best worst-case algorithm while disregarding the
predictions. An ideal design is one that gracefully transitions — as the prediction error increases —
from optimal performance when the prediction is correct, to the best-known worst-case performance
(Lykouris and Vassilvitskii, 2021; [Purohit et al.l 2018; [Agrawal et al.| 2022). By definition, achieving
such graceful degradation hinges on how the prediction error is measured.

The most common measure of prediction error is arguably the distance between the predicted
and actual values. If X = {z1,...,xz,} contains the actual values and X' = {a},...,a} } is
the prediction, the error is defined as n = Ep(X — X', where ¢, represents either the ¢; norm
(01(t) = >, |ti|) or the £o norm (/o (t) = max; [t;]). This is a “worst case” measure of prediction
error, since a single deviation in one of the n entries can significantly inflate the error. Prediction errors
measured in this way appear in the context of ski rental |Purohit et al.|(2018)), online caching [Lykouris
and Vassilvitskii| (2021)); Rohatgi (2020)), the secretary problem |Antoniadis et al.| (2020)), single-item
auctions | Xu and Lu| (2022, and many other problems. In what follows, we address this type of
prediction error as the “worst case” error model.

Motivation for an alternative measure. We demonstrate the need for an alternative measure of
prediction error combined with new algorithms through the following k-facility location instance, in
which a single error causes the optimal solution for prediction X’ to perform badly for the actual
dataset X

Example 1 (Sensitivity of 2-facility location on a line). Let k = 2, and assume the n agents’ actual
locations X are divided evenly between 0 and 1 on the real line. Let X' be the prediction, with all
coordinates predicted accurately except for a single coordinate i, which is predicted erroneously to
be located at x;, = M > n. While the optimal solution for X is to place the k = 2 facilities at 0 and
1 for a total cost of zero, in the optimal solution for X' one of the facilities moves to M. This solution
performs badly for X — the approximation ratio compared to the optimal solution is unbounded.

Predictions ! Real

n/2 n/2-1 1 n/2 n/2
: : It
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0 1 M , 0 1

Figure 1: Illustration of Example [I} the predictions X’ are on the left side and the real points X
are on the right side. The triangles are the optimal facility locations for the points. A single bad
prediction translates into an unbounded “worst case” error and approximation ratio.

In many ML contexts, it is very possible that a small fraction of points have a large “worst case”
prediction error — even excellent predictors may err on a certain fraction of the dataset. This
motivates alternative measures of prediction accuracy. Concretely, we ask:

Question 1. For 2-facility location on a line (as in Example[l)), can we design a mechanism that uses
agent reports to get a good solution despite a large “worst case” prediction error?

We answer this question positively, proving that, using agent reports, it is possible to design resilient
mechanisms against adversarial “worst case” errors. The main take-away is that predictions can still

"Predictions have also been studied for the online non-strategic version of facility location — see Appendix@
2Similarly, bad performance persists for any algorithm that does not get location reports from the agents.
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be valuable despite high “worst case” prediction error, if the fraction of such grossly-erroneous points
is small. In other words, a high “worst case” prediction error may not always justify “throwing out”
the predictions and settling for the best worst-case guarantee (although it is currently standard in
design with predictions). Our new error model and results thus suggest a new pathway for effectively
utilizing predictive advice in strategic settings, despite significant uncertainties in the predictions.

2 Overview of Contributions

2.1 Our Model

We introduce MAC predictions where MAC stands for Mostly Approximately Correct. This formula-
tion captures the essential features of some closely related previous models, e.g., the model (Azar
et al., 2022) formulated for online metric problems, and the PMAC model of (Balcan and Harveyl,
2018) formulated in the context of learning submodular functions. A vector of predictions X’ is
MAC(g, §) with respect to dataset X if at least a (1 — §)-fraction (i.e., most) of the predictions are
approximately correct up to an additive e-error. Intuitively, if we do not think it is likely that most
of our predictions will be close to being correct —we would typically refrain from relying on them
in decision-making processes. Throughout, 6 € [0, 0.5) is assumed to be small (but can still be a
constant). Crucially, when a prediction is not approximately correct (i.e., it belongs to the J-fraction
of incorrect predictions), the error is allowed to be arbitrarily large. Also, the J-fraction of wrong
predictions is allowed to be arbitrary among all possible subsets of that size (there is no assumption of
independence). We show that despite their adversarial nature, and the fact that the prediction error is
unbounded, such predictions can be used, in combination with strategic reports, to produce a solution
with better cost compared to the best no-prediction solution.

The MAC prediction model is suitable for capturing errors from a variety of sources including ML-
generated predictions, data that accommodates changes over time, data corrupted by a malicious
user, and expert advice (see Appendix [B]for more details). The accuracy parameters €, § of the MAC
model can also be viewed as confidence parameters. The use of confidence parameters is prevalent in
the algorithms with predictions literature (see, e.g.,[Agrawal et al|(2022)). Arguably, ¢, § are highly
explainable compared to most confidence measures in the literature, and it is also quite natural to
estimate them from data.

2.2 Our Results

We design both deterministic and randomized strategyproof anonymous mechanisms for facility
location problems, with MAC predictions of the n agent locations. A preliminary simplifying
observation is that in the context of facility location, it suffices to consider mostly-correct (i.e.,
MACc(0, 0)) predictions, since handling a nonzero approximation parameter ¢ follows directly (see

Appendix [C).

Randomized mechanism design. As our main technical result, for 2-facility location on a line we
design a randomized mechanism that guarantees an expected approximation ratio of 3.6 + O(9) (see
Algorithm 4] and Theorem [9). For sufficiently small (but still constant) d, this improves upon the
best-known no-prediction expected guarantee of 4 by |Lu et al.[{(2010). (The mechanism of [Lu et al.
(2010) works for any metric space.) This result provides a positive answer to Question [I] justifying
the take-away that predictions with high “worst case” error are useful. We give a brief description of
the mechanism in Section [2.3] Note that 2-facility location on a line was also studied by [Procaccial
and Tennenholtz (2013)), and they provided a deterministic mechanism with an (n — 2) approximation
ratio, which is tight (Lu et al., 2010} Fotakis and Tzamos| 2014).

Deterministic mechanism design. For single-facility location in R%, we design a mechanism that

guarantees an approximation ratio of min{1 + %, \/3} (see Algorithm m and Theorem . For

sufficiently small (but still constant) &, this improves upon the no-prediction guarantee of v/d by Meir
(2019), which is tight for d = 2. For 3-balanced k-facility location with constant k (in any metric
space), which is a natural extension of facility location where at least a S-fraction of the n points
must be assigned to each of the k facilities (for cost-sharing or load-balancing reasons), we design a
simple strategyproof mechanism which guarantees an approximation ratio of ¢ + O( %), where cis a
constant (see Algorithm [7]and Theorem [I3). For a sufficiently small (but still constant) ¢, this greatly
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improves upon the best-known no-prediction guarantee of #/2 — 1 by Aziz et al[(2020) (we remark
that|Aziz et al.[(2020) study a variant called capacitated, to which our result applies)

While we have not optimized the constants, our conceptual contribution is in showing that even if the
worst case error of the predictions is unbounded, it can still provide useful information for improving
the performance of facility location mechanisms when coupled with strategic reports. In other
words, the MAC model allows achieving robustness to outliers while still beating the no-prediction
performance. Our single-facility result demonstrates how the accuracy parameter of the model, J, can
serve as a trust parameter which has natural explainability. Another interesting feature of our results
is that utilizing MAC predictions seems to suggest a richer family of mechanisms than standard
interpolations of “no-predictions” and “complete trust” in the predictions.

Below we give a summary of the results in tables.

Deterministic Mechanism Design
Problem Best known '"'no predictions' | Approximation ratio ob-
approximation ratio tained using MAC predic-
tions
Single facility location in R? | v/d 1+ 0(9)
B-balanced k facilities in R? | Linear (O(n))* A constant depending on 9, 5

Table 1: Deterministic Mechanism Design.

*The linear appoximation ratio is of Aziz et al. (2020) for the capacitated facility location variant
where there is an additional constraint of a maximum cluster size. The -balanced variant of the
problem was not studied without predictions, but is comparable to the capacitated variant, since a
minimum cluster size (as in the balanced variant) implies a maximum cluster size (and for k = 2, a
maximum cluster size implies a minimum cluster size as well).

Random Mechanism Design
Problem Best known ''no predictions'' | Approximation ratio ob-
approximation ratio tained using MAC predic-
tions
2 facility location on a line | 4 3.6 +0(9)

Table 2: Random Mechanism Design

2.3 Our Techniques and Roadmap

We break the problem into two natural conceptual steps. First, we establish what can be done by just
using the predictions — this requires us to show some stability properties of algorithms for k-medians.
For some problems, such as the single facility location, we show that using only the predictions is
enough to get a good approximation ratio. For other problems, such as 2-facility location, it is not
enough, and thus we need to include the input in the computation. For this purpose, we show how
to choose the first facility by just using the predictions, and a way to choose the second facility by
taking the first facility and the input into account. Then, we show how the interplay between these
parts allows us to get a better approximation. Let us now give a few more details for these steps.

Robust statistics and the robustness of the geometric median and k-medians. We first develop
quantitative versions of classic results in robust statistics on breakdown points, which may be of
possible independent interest. Consider a location estimator, a function that gets n points in a metric
space and returns k locations. Its breakdown point is the proportion ¢ of adversarially-modified points
it can handle before returning an arbitrarily far result from the original estimator. It is well-known that
the mean has a breakdown point of § = 1/n (consider changing one point to an arbitrarily large value)
and that the median is robust with a breakdown point of 6 = 1/2. However, the notion of breakdown
point is qualitative, and does not reveal the relation between the fraction ¢ of modified points, and how
much the estimator changes. In Section[5| we fill this gap by defining measures of robustness (distance
robustness (Definition 0) and approximation robustess (Definition[I0)). Next, we show robustness
properties of the median and its generalizations, showing that the cost of the geometric median

3 3-balanced means every cluster is of size at least 3n, and hence at most n — (k —1)pn.

https://doi.org/10.52202/079017-4117 129567



behaves smoothly as the fraction of modified points increases. These smooth robustness results prove
crucial to obtaining improved mechanisms for facility locations using predictions. Moreover, the
robustness guarantees have interesting interpretations in the context of robust statistics and robust
clustering in machine learning, and might also be of independent interest as explained in Appendix [D]

Second facility location. In Section[6.2.1 we introduce the second facility location problem. It is
often the case that facilities are created incrementally and not all at once. Hence, it is natural to ask
how can we design a mechanism for choosing the location of a second facility (say a second hospital)
given an existing first one. We show that the random proportional choice (second step) used in the
proportional mechanism by |Lu et al.[(2010) achieves a (tight) approximation ratio of 3 for the line
metric, improving over the factor of 4 in the general case for the second facility location problem.

The Robust Half Technique: Beyond interpolation. We generate half of the solution (the first
facility location) from the predictions, and use the result together with the input (agent reports) to
generate the other half of the solution (the second facility location). To generate the first half of the
solution, we define and analyze a robust location estimator we name BIG-CLUSTER-CENTER (which
turns out to be a non-trivial task); Hence the name: "Robust Half". To generate the second half of the
solution from the input (given the first half) we define and analyze the second facility location on
the line problem. Finally, to combine the results we consider two cases: the input either induces a
balanced clustering or an unbalanced clustering. We utilize the robustness results (both for balanced
k-medians and for Big-Cluster-Center) to show that in both cases we get a good approximation ratio.
Our mechanism differs from many existing designs which interpolate between the two approaches of
trusting the predictions and using the no-predictions algorithm.

3 Related Work

Facility location mechanism design with predictions. In the “worst case” error model, |Agrawal
et al| (2022)) show a mechanism for single-facility location on the real plane R2. Their prediction
consists of a single value representing advice for where to locate the facility. Given a trust parameter
¢ € [0, 1], their mechanism guarantees an approximation ratio of at most 7v21fc+2 if the prediction is
perfect, and 7”161“ in the worst case. In theory, we could reduce the MAC model to the one studied
by [Agrawal et al[(2022), by setting their single prediction to be the geometric median of the MAC
predictions. Then ¢ can be determined according to §. However, knowing § and the j-robustness of
1-Median, we can directly choose either the no-predictions mechanism or the predictions’ 1-Median,
rather than interpolating between these two solutions.

Mechanism design for the 2-facility location on the line with predictions is studied by Xu and Lu
(2022), where the predictions are for the locations of the agents. While they do not define an error
parameter, their deterministic mechanism is in line with the “worst case” prediction error model: it
achieves an approximation ratio of 4 if the predictions are perfect, and 2n if they are arbitrarily bad.

Two-facility location on a line mechanism design without predictions. In the setting of no-
predictions, the best strategyproof deterministic anonymous mechanism achieves a tight approxima-
tion ratio of n — 2 Procaccia and Tennenholtz| (2013)); [Fotakis and Tzamos|(2014). In comparison, in
our MAC model under the additional assumption that the number of agents assigned to each facility
in the optimal solution is of minimum size ©(dn), the deterministic mechanism in Algorithm
achieves a constant approximation ratio. Under no further assumption, our randomized mechanism in
Algorithm [ achieves a constant expected approximation ratio for small ¢.

Additional related work is deferred to Appendix [A]

4 Formal Definitions

Let (V, d) be a metric space and k, n € N. The input to the facility location problem is a multi-set X =
{x1,...,2,} € V™. Weare also given a prediction, which is another multi-set X' = {,...,2),} €

V™. The distance between a point v and a multi-set W is d(u, W) = min,ew d(u, w). The
Hausdorff distance between multi-sets U, W € V" is

dg(U,W) = max{rgleagfc d(u, W), max d(w,U)},

that is, the maximum distance between a point in one multi-set and the other multi-set.
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Definition 1. Fix e > 0. For z,a’ € V, we say «’ is an e-correct prediction of x if d(z,z") < ¢,
otherwise we say it is e-incorrect.

Definition 2. The (e, r)-neighborhood of multi-set X € V™ is defined to be all predictions X' € V"
such that |{i € [n] | x} is an e-incorrect prediction of z;}| < r.

The (0, r)-neighborhood of X is often just referred to as the r-neighborhood of X.

Definition 3 (Mostly Approximately Correct (MAC) Predictions). Fixe > 0, 6 € [0,0.5). The point
set X' is an (e, 6)-MAC prediction for X if X' belongs to the (e, 6| X |)-neighborhood of X.
Definition 4 (Location Estimator). For n, k € N, a function f(X) : V" — V¥ is called a location
estimator.

Some common examples of location estimators with £ = 1 for points on the real line are the minimum,
maximum, mean, and median; for general metric spaces, k-means and k-medians are well-studied
examples (k-means is similar to k-medians with squared distances). For k = 1 and V = R?, the
k-medians solution is also called the GEOMETRIC-MEDIAN which is a generalization of the median
to higher dimensions. A different such median generalization is the COORDINATE-WISE-MEDIAN:

Definition 5. For a multi-set of n points X C RY: COORDINATE-WISE-MEDIAN(X) :=
(l1,...,1q) where where l; is the median of the multi-set of the j’th coordinates of X for all j € [d].

Definition 6 (k-medians cost function). Given multi-sets X € V", F € VF, the k-medians cost
function is

med; (X, F) := Y _ d(z, F). 1)
reX
In the context of the facility location problem, this function is also known as the social cost function
or the utilitarian goal function.

The k-medians problem takes as input a multi-set X € V™ and outputs a multi-set £’ that minimizes
this cost function. The minimizer F* € V'* the problem is called the k-Medians solution. k-Medians
can be viewed as a location estimator of X that optimizes the k-medians objective function:

Definition 7 (Center-Induced Partitions). A collection of centers F = {f1, ..., fr} C V¥ induces
a partition ¢ = {C4,...,Cy} of the dataset X if C; C {x € X | d(x, f;) < d(z, f;)Vj}. This
partition is called the clustering of X induced by F'. This partition (or clustering) is 3-balanced if
|Ci| > B|X| foralli € [k]

Note that a collection % need not be unique, since points in X can “choose” between any of their
closest centers in F'.

Definition 8 (3-balanced k-median). The 3-balanced k-medians problem takes a dataset X € V'™
as input, and outputs centers F' € V* along with an induced [-balanced partition € of X ; the goal
is to minimize the cost function medy (X, F) = > . d(z, F).

This problem is similar to the lower-bounded k-median problem where we want to output ' =
{fi,---, fx} € V¥ as well as a partition {C1,...,Cs} of X such that |C;| > B|X]|, in order to
minimize erci d(z, f;) (see Han et al.|(2020), [Wu et al.[(2022))). A significant difference between
that definition and ours is that we require the partition to be induced by F' (in the sense of Definition 7)),
which is not required by lower-bounded k-median.

5 /4-Robustness of Location Estimators

In this section we define notions of robustness with respect to changing a J-fraction of the points
(hence referred to as J-robustness) and analyze the §-robustness of 1-Median and k-Medians. These
results will be very useful for the mechanism design for facility location with predictions. We
consider two robustness notions for location estimators: The first notion measures the movement
in the solution (as measured by the Hausdorff distance), and the second measures the change in an
objective function applied to the solution.

Definition 9 (Distance Robustness). Let p > 0, 6 € [0,0.5). For location estimators f, f: VAN VA

we say that fis (p, 6)-distance-robust with respect to f if for any X € V™ and any X' in the §| X |-
neighborhood of X,

~

du (F(X), J(X))) <.
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If f = f, we say that f is (p, 0)-distance-robust.

In the next definition, cost function F' is evaluated for the same dataset X € V" with respect to two

~

different solutions f(X) and f(X’).

Definition 10 (Approximation Robustness). Lety > 1,6 € [0,0.5) andlet F : V" xV* — R bea

cost measure. For location estimators f, f: V™ — V* we say that fis a (v, )-approximation-robust
solution for cost function F with respect to f if forany X € V™ and any X' in the §| X |-neighborhood
of X,

~

F(X, f(X") <~-F(X, f(X)). 2)

If f = f, we say that f is a (v, §)-approximation-robust solution for F. If Eq. 2)) only holds for
datasets X € % for some % C V™, we say that f is a (v, §)-approximation-robust solution for F
restricted to instances %' .

We give the the following d-robustness results. For the 1-Median:

Theorem 2. For 6 < /2, the 1-Median location estimator is ((1—2726) . me‘dj((lx),ﬁ) -distance-

robust, where med,(X) is the optimal cost of the geometric median, that is: med;(X) =
> s,ex d(zi, GEOMETRIC-MEDIAN(X)).

Corollary 3. For ¢ < 1/2, the 1-Median estimator is (1 + %, 0)-approximation-robust for med; .

Recall Example [T] from Section[I] In this example, no choice of k = 2 centers simultaneously
achieves a good (bounded) approximation for the 2-medians problem on both X and X’. Given
this negative example, we turn to a balanced version of k-medians for which we are able to give a
robustness guarantee. The following theorem shows that computing the best “slightly less balanced”
solution on the predictions has a cost (on the original dataset X) that is close to the optimal one.

Theorem 4. Let b > 2k + 2. Consider the algorithm B that computes the optimal (b — 1)d-balanced
k-medians solution on its input. For any instance X € V" of the bd-balanced k-medians problem
with optimal solution G, let X' € V™ belong to the d-neighborhood of X. The algorithm B, when
given X', returns a solution H such that

2k
< . .

Moreover, the k-medians cost med (X, H) < (1+ 3—3%5; ) medi (X, G), and H induces a (b— 2)s-
balanced partition €y of X.

For a fixed value of k, this theorem gives a solution H thatis (b—2)d-balanced and also (14+O(1/s), d)-
approximation-robust with respect to the best bj-balanced solution.

Missing proofs are provided in Appendix [E] The intuition behind the proofs in this section is that since
most points (1 — d) are shared between the actual instances and the predictions, any cost-minimizing
solution for the predictions will be close (in terms of Hausdorff distance) to the cost-minimizing
solution for the real points, thus resulting in a similar cost as implied by Lemma[I0]in Appendix [E]

6 Mechanism Design for Facility Location with MAC Predictions

6.1 Warmup: Deterministic Mechanism Design for Facility Location

In this section we show how to design deterministic mechanisms for facility location problems
that utilize the MAC predictions to get better approximation guarantees. We do so by utilizing the
d-robustness results from Section In the mechanism design setting, there are n agents with (true)
locations X = {z; | i € [n]} € R?, where d is the dimension of the facility location problem. The
mechanism has access to location reports by the strategic agents, and also to X' = {z/,...,z,},
which are the MAC(e, d) predictions of the true locations X. The mechanism only has access to
the reported locations (X) and the predictions (X”). For any strategyproof mechanism, the reported
locations will be the same as real ones (X = X ) as illustrated in Fig.
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Figure 2: There are three sets of points: The real locations X (black), the reported locations X
(yellow), and the predicted locations X’(blue). The algorithm can only access X, X’. For any
strategyproof mechanism, the yellow and black points overlap.

As explained in Appendix [C] for the sake of the analysis we assume that ¢ = 0. All proofs can be
found at Appendix[F

For the single facility location problem (4 = 1): In this setting we assume ¢ (or an upper bound
value) is known and thus we can simply check in advance if 1 + % < Vd or not, and use the
algorithm that guarantees us the best approximation ratio.

Algorithm 1: Best-Choice-Single-Facility-Loc(X, X', )

if (1+ 2% <Vd)
then return GEOMETRIC-MEDIAN(X")
else return COORDINATE- WISE-MEDIAN(X);

See Appendix [F:2] for a clarification on the computation of the geometric median.

Theorem 5. Algorithm|l|is strategyproof and gets an approximation ratio of min (1 + %, \/&)

Supporting the weaker setting of high probability (only w.p. 1 - 0(1/n)) MAC predictions: In
Appendix [F.3| we show how to achieve the same approximation ratio as in Theorem 5}

For the & facility location problem: In a similar way to the single facility, we can also get a deter-
ministic mechanism for the k facility location problem with predictions, under some balancedness
condition (see Appendix [G)). The balancedness condition roughly translates to a minimum cluster
size in the optimal solution. The resulting approximation ratio is bounded by 1 + ﬁ where b is
a constant that depends on the minimum cluster size and §.

6.2 Randomized Mechanism Design for 2-Facility Location on a Line

We now consider the 2-facility-location problem, where the metric is given by the real line R.
Formally, our metric is over the point set V' = R, with d(x,y) = |z — y|. There are n agents with
locations on the real line X = {z1,...,z,}, and the cost of a solution G € V? is med; (X, G) =
Zmi cx d(z;,G). In the mechanism-design setting, the agent locations X are unknown, but we
are given (a) MAC predictions X’ for these locations, as well as (b) the agents’ reports for their
locations. Unlike in the 3-balanced problem variation, we do not assume the balancedness of the
optimal solution, but handle the unconstrained case where the optimal solution might induce either
a balanced or an unbalanced clustering of X. In this section, we present a strategy-proof radnom
mechanism with a small (expected) approximation ratio.

Before doing so, we solve two other problems. After we solve those in Sections[6.2.1]and[6.2.2] we
use the solutions in our mechanism for the 2-facility-location on a line problem in Section [6.2.3]

6.2.1 The Second Facility Location Problem

First, we define another independent mechanism design problem (the second facility location) for
which we show a randomized mechanism. We later use to solve the 2-facility-location problem.
Definition 11 (Second Facility Location). Given a metric space (V,d), a dataset X € V™, and

a single facility hg € V, the goal is to find another facility ht to minimize the 2-medians cost
Hledg()(7 {h57 hT})
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We consider the following SECOND-PROPORTIONAL-MECHANISM, which is the second step of the
random mechanism for the 2 facility location on the line problem proposed by [Lu et al.[(2010).

Algorithm 2: SECOND-PROPORTIONAL-MECHANISM (X, hg)

a; <— d($i, hs);
Pick h € X such that Prih = x;] = ai/> ., a5

Lemma 6. SECOND-PROPORTIONAL-MECHANISM is strategyproof for any metric space.

Theorem 7 (Second Facility Results). Let V = R. Fix any dataset X and first facility {gs}. For
any second facility g5 € V; let (S, T') be a partition of the dataset induced by F* = {gs, g5}. The
expected cost of SECOND-PROPORTIONAL-MECHANISM given X and gg is:

E[medz(X, {gs, 97})] < 2med; (S, {gs}) + 3med: (T, {g7}), 3)

where gr is the second facility location chosen by SECOND-PROPORTIONAL-MECHANISM.

We defer the proofs of Lemma[6and Theorem[7]to Appendix[Il See Remark 29]for a tight example.

The algorithm prioritizes farther locations (belonging to agents who pay more if their location is not
chosen) over agents that are near the first facility. The intuition for the strategyproofness is that if the
agent deviates to a different location, it might be chosen with a higher probability, but the agent will
also pay more. The largest technical difference in the analysis from Lu et al.[|(2010) is our introducing
of a more delicate analysis for the line metric. We stress, however, that the better approximation
ratio of 3 (rather than the ratio of 4 of |Lu et al.|(2010)) is due to the different nature of the problem
(rather then the more delicate analysis) as both algorithms are tight for the line metric. One intuitive
explanation for why the similar approach works better for the second facility problem is that the first
facility is fixed and so we do not have to pay the cost of "guessing it" as done in|Lu et al.| (2010).

6.2.2 The 5-Robustness of the Big Cluster Center

Our randomized mechanism uses the predictions to estimate one facility, and randomly chooses the
second facility. For this purpose, we come up with an algorithm to “estimate” the first facility location.
We formally define what it means to “estimate” one of the two facilities, and then we quantify the
distance and approximation robustness of the estimator. This is the last piece of the puzzle that
we need for our randomized mechanism. The idea here is that even though Example [I] shows we
cannot simply compute the optimal solution, most of the predictions are correct and contain useful
information: We can still get a good estimation for one of the two centers of the optimal solution. In
this section, we show an algorithm (location estimator), BIG-CLUSTER-CENTER, that “estimates”
of the center of the biggelﬂ cluster center out of the two clusters induced by 2-Medians.

Definition 12 (B1G-CLUSTER-COST). For any X = {x1,...,x,} € V™, let F be its optimal
2-median, and let € = € (X, F) be the induced clustering. Let BIG-CLUSTER(X) be the cluster in
clustering € with at least 1X|/2 points (if both clusters have the same size BIG-CLUSTER(X) can be
the one containing x1). Fort € V, define

BIG-CLUSTER-COST(X, t) := med; (BIG-CLUSTER(X), ?).

Definition 13 (Big Cluster Location Problem). Given n points X € V", the objective is to find a
pointt € V' to minimize the cost function BIG-CLUSTER-COST(X, t).

We specifically focus on the line metric, and only consider X € R"™ instances where the clustering
induced by 2-Medians(X) are bd-unbalanced for some (some constants) b > 1, 6 € [0, 1/2).

Algorithm 3: BIG-CLUSTER-CENTER(X)

(hp,hr) = (b—1)0 -BALANCED 2-MEDIAN(X) ;
L' = {SCZ eX | d(l‘l‘, hL) < d(l‘l‘, hR)};

R =X\L

Return hy, if |[L/| > |R'| and hg otherwise;

“For any clustering induced by any 2 points in space, there is always one bigger cluster (that is, the cluster
that contains at least half the points).
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Theorem 8. Let % be the collection of all datasets in R for which the optimal 2-medians induces no
bé-balanced clusterings. Then for a small enough (constant) §, Algorithm B1G-CLUSTER-CENTER
is (1.8 + O(9), §)-approximation-robust for the cost function BIG-CLUSTER-COST restricted to
instances in %'

The intuition for the proof of Theorem [§|is that one cluster has a big portion of the points, and
most of them also appear in the predictions. Thus, in the cost minimizing solution computed on the
predictions, there must be a big center “near” these points (since any solution far away from these
points would result in a higher cost). The analysis is close to tight (see Remark 25]in Appendix [H].

6.2.3 The 2-Facility Location Algorithm

Our randomized algorithm below first uses the BIG-CLUSTER-CENTER procedure on the predictions
to approximate the “big” cluster center, and then uses the SECOND-PROPORTIONAL-MECHANISM
to approximate the second cluster center using only the agents’ reports. (We set b € R+ such that
the approximation robustness in Theorem @ equals 1.2.) The proof is at Appendix

Algorithm 4: Robust-Half-Mechanism (X, X)

hi = BIG-CLUSTER-CENTER (X', b, §);
hs = SECOND-PROPORTIONAL-MECHANISM(X, h1);
Return H = (hy, ha);

Theorem 9. For a small enough (but still constant) 6: Algorithm[| is strategyproof and has an
expected approximation ratio of 3.6 + O(6).

The proof uses most of the tools we came up with so far, and it considers two main scenarios: when
clustering is bd-balanced and when it is unbalanced. In both cases, by leveraging the §-robustness
of 1-median, 2-medians, big-cluster-center and the (randomized) strategic placement of the second
facility, the mechanism ensures that the solution approaches the optimal cost.

7 Conclusion and Future Directions

We explore strategyproof facility location within our introduced MAC predictions error model. Our
model integrates the trust level into the error model, handles outliers, and leads to new mechanism
designs (that do not seem to be an interpolation between completely trusting the predictions and
resorting to a "no-predictions" method). To analyze our designs, we utilize distance and approximation
robustness notions established in Section 3

An immediate question arising from our results is whether there is a deterministic mechanism with
MAC predictions for 2-facility location on a line that yields a constant approximation. Another
avenue for future research is improving the approximation ratio by randomized mechanisms for
this problem. One promising strategy entails refining the selection process for the first facility in
Algorithm [ which can lead to a superior approximation ratio. Our current mechanisms treat the
multi-sets of predictions and reported values as independent entities; an intriguing direction for
further investigation is to devise mechanisms that capitalize on the matching between predictions and
agent-reported values, potentially yielding a more accurate approximation ratio. Lastly, exploring the
application of the MAC model to problems beyond mechanism design for facility location may yield
insights into the efficacy of such predictions in diverse contexts.
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Organization of the Appendices

Appendix [A] contains more related work.

Appendix |B|contains more examples for sources of MAC predictions.

Appendix [C]contains the explanation for the effect of ¢ > 0.

Appendix [D]contains an interpretation of the established robust statistics §-robustness results.
Appendix [E] contains the proofs for Section [5]

Appendix [Fland Appendix [G] contain proofs and supplementary material for Section 6.1}

Appendix [H Appendix [[land Appendix [J]contain the missing proofs for section Section [6.2] (for the
analysis of Algorithm |- "Robust Half" mechanism). Namely:

* Appendix [[| contains the proof for Algorithm 2] properties: Lemma 6] Theorem 7]
* Appendix [H contains the proof of Theorem |g]
* Appendix [J] contains the proof of Theorem 9]
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A Additional Related Work

Models of prediction accuracy. |Azar et al.|(2022)) study online graph algorithms with a notion
of error they call metric error with outliers, applied to problems where the predictions are locations
in a metric space. The error parameters of this model are D and A—roughly, D is the minimum
cost matching between the predictions and the actual locations, where A outliers may be excluded
from the matching. These parameters are similar to the (¢, §) parameters of the MAC model. They
then give a general framework for solving online graph problems in their model. Interestingly, their
matching cost D captures a notion of average error, whereas we focus on individual error; while our
results can be extended to fit within their model, it would be interesting to investigate a version of
MAC where ¢ captures some notion of average error.

Gkatzelis et al.| (2022) generalize the outlier model of |Azar et al.| (2022) and apply it to improve
the price of anarchy of cost-sharing mechanisms. [ Xu and Moseley| (2022) study online Steiner
tree problems with predictions where the error parameter is the number of erroneous predictions.
Bernardini et al.[(2022) introduce a model named the “cover error model” that generalizes the model
of |Azar et al.| (2022)) to achieve more precision for online problems.

Gupta et al.| (2022) study predictions that are incorrect independently with probability §. Their work
focuses on online algorithms rather than mechanism design. Our model is related to their model since
independent errors imply MAC predictions w.h.p. by Chernoff. The MAC model is more general in
the sense that it does not assume independence of erroneous predictions. [Emek et al.|(2023) also
consider a similar model to the one of |Gupta et al.[(2022)), assuming access to predictions that are
correct with some probability or contain random bits otherwise. [Diitting et al.| (2021) consider a
signaling scheme advice model for the secretary, which for binary ML-advice roughly translates into
measures of accuracy of the signals (named recall and specificity).

Jiang et al.[(2021b)) consider a prediction guaranteed to be inside a prediction interval. While their
error model is closer to the “worst case” error model, their motivation is confidence intervals from
statistics, where it is reasonable to assume that a confidence interval is achieved with probability 1 — ¢
for some ¢ € [0, 1]. |Sun et al.| (2023) consider an approach for “uncertainty quantified” prediction.
One class of predictions they focus on, the “probabilistic interval prediction”, can also be seen as
a a confidence interval, as in the motivation of Jiang et al.[| (2021b). Like our MAC model, they
“model in” the amount of trust in the advice. Sun et al.|(2023) focus on settings where the algorithm
receives a single prediction (such as the ski rental problem). They use online learning for tuning the
trust parameters, and introduce a regret minimization analysis for learning the trust parameter online
(over many instances of the same problem). The MAC model addresses problems that necessitate the
quantification of uncertainty for multiple predictions simultaneously within the same input instance,
such as in the k-facility location problem.

Mechanism design for facility location problems without predictions.

Mechanism design for the single facility location problem. In the single facility location in R?
problem, the task is to return a single facility minimizing the social cost function. For the case of no-
predictions, Meir| (2019) shows a deterministic strategyproof mechanism that gets an approximation
ratio of v/d which is optimal for d = 2 (Goel and Hann-Caruthers|(2023))). The optimal deterministic
strategyproof mechanism is computing the COORDINATE-WISE-MEDIAN of the points. In short,
the \/d ratio follows from the fact that COORDINATE-WISE-MEDIAN is the optimal solution is the
optimal solution w.r.t the /1 norm, which is at most sqrt(d) times [2 norm. The goal of introducing

predictions is to get something better than v/d in this context.

Mechanism design for the two facility location on the line. In this variant the goal is to return two
facilities to minimize the social cost, where all points lie on the real line R. We want to find a
strategyproof mechanism that given the agent reported locations returns the two locations for facilities
in R, s.t. the social cost is minimal. A deterministic n — 2 approximation ratio mechanism (called the
"Two Extremes" mechanism) was given by Procaccia and Tennenholtz| (2013)), and a lower bound of
n/2 — 1 was given by [Lu et al.{(2010) which was later improved to (the tight) lower bound of n — 2 by
Fotakis and Tzamos|(2014). A randomized strategyproof mechanism with an expected approximation
ratio of 4 was given by |Lu et al.|(2010) (which also works for any metric space), while the currently
best known lower bound for random mechanisms (Lu et al.[(2009)) is 1.045.
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k-facility location. For k > 2, Fotakis and Tzamos| (2014) show that there is no deterministic
anonymous strategyproof mechanism with a bounded approximation ratio for k-facility location on
the line for the general case (not just balanced) for any k£ > 3, even for simple instances with k£ + 1
agents. Moreover, they show that there do not exist any deterministic strategyproof mechanisms with
a bounded approximation ratio for 2-Facility Location on more general metric spaces, which is true
even for simple instances with 3 agents located in a star.

Mechanism design for the capacitated facility location is a variant of the problem studied by |Aziz
et al.| (2020) where each facility has a maximum capacity, limiting the number of points that can be
assigned to it. For the utilitarian cost function, they have shown a /2 — 1 approximation ratio.

Robust £ medians and facility location. The robustness of the (offline non-strategic) k medians and
k facility location has been studied under different variations. As Example|l|demonstrates, it is not
possible to get any bounded approximation ratio for the optimal solution. The approach of |Charikar
et al.| (2001)) is to look at different variants of the problems with less restrictive objectives. In one
variant they consider, the problem is to place facilities so as to minimize the service cost to any subset
of facilities of size at least p for some parameter p. Another variant they consider allows denial of
service for some of the clients with the additional cost of some penalty for each such denied client.
For work in these kind of models see Krishnaswamy et al.[(2018)); /Agrawal et al.[(2023).

Other models of advice/predictions. In the recent literature of algorithms with predictions there are
existing other models for algorithms with predictions which are different from the models we already
discussed. We now mention some of them.

Some other ML advice is to focus on values that are learned via classical PAC learnability and focus
on the learnability and analysis of sample complexity bounds. The assumption is that there is some
distribution generating the input for the algorithm. Then the approach is to learn the distribution
in terms of classic supervised learning. This kind of modeling is detailed in |Anand et al.[ (2020,
Lavastida et al.| (2020), |Anand et al.|(2021).

Diakonikolas et al.|(2021)) assumes that the advice is not given deterministically, but that they can
access the distributions of the inputs and sample from these: they consider access to the instances of
interest, and the goal is to learn a competitive algorithm given access to i.i.d. samples. They provide
sample complexity bounds for the underlying learning tasks.

Online variants of the facility location problem with different notions of prediction were studied
e.g. by|Almanza et al.|(2021); Fotakis et al.|(2021); Jiang et al.[(20214); Azar et al.|(2022); |Gupta et al.
(2022);|Azar et al.| (2023));/Anand et al.|(2022). The online setting of the problem differs significantly
from our mechanism design setting: the real points arrive in sequence where each time an irrevocable
decision must be made by the online algorithm (unlike the mechanism design setting where all the
input is given to the mechanism at once, but is reported by strategic agents).

Learning the trust parameter. In the context of online algorithms with prediction, [Khodak et al.
(2022), show that the confidence parameter can be estimated under certain conditions via online
learning. [Sun et al.[ (2023)) also have online learning analysis to estimate their different type of
confidence parameter.

Other algorithmic game theory with prediction work [Istrate and Bonchis|(2022) study mechanism
design with predictions for obnoxious facility location where agents prefer to be as far as possible
from the facilities. Research in algorithmic game theory incorporating predictions, beyond the
previously discussed work, has been explored by Balkanski et al.| (2023blc); [Berger et al.| (2023));
Balcan et al.| (2023)).

Models outside of algorithms with predictions literature. One way to view the MAC model is
to view the predictions as data with with corruptions. Designing algorithms to try and handle the
corruptions was studied before. Multi-Arm-Bandit with corruptions is such a setting (Lykouris et al.
(2018)); [Krishnamurthy et al.[(2020); |Amir et al.| (2020)).

Zampetakis and Zhang| (2023) propose the use of robust statistical estimators for strategyproof
mechanism design in a Bayesian setting. They show how to use a location estimator which is robust
to corrupting J fraction of the data drawn from some known distribution, to get a strategyproof
mechanism for the same location problem. This is conceptually very similar to our result for the
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single facility case. Since there is no robust estimator for the two-facility problem, their approach
cannot apply without making Bayesian assumptions; nonetheless, in our work we show how to use
predictions and agent reports to get improvements on the worst-case approximation guarantees.

B MACcC Prediction Sources

The MAC prediction model is suitable for capturing errors from a variety of sources, mainly:

* Machine learning. In practice, useful ML models produce predictions which are mostly
accurate, and the accuracy parameters €, § can be estimated through testing. For example,
we often have a predictor with the guarantee that each prediction (independently) will
be e-correct with probability at least 1 — §. Thus, through concentration bounds such as
Chernoff, with high probability the number of predictions which are e-incorrect is at most
~ dn. This was the motivation in [Balcan and Harvey| (2018). [Gupta et al,| (2022)) also
consider independent predictions, each correct w.p. d. Note that unlike this example, the
MAC model does not require that the predictor’s errors are independent (and in that sense is
a generalization, having a weaker assumption).

* Data with corruptions. In a setting in which the algorithm’s input itself might contain
errors, we can treat the corrupted input as a prediction of the true input and apply the MAC
model. Corruptions can be a result of adversarial changes to the algorithm’s input, e.g., in
a malicious attempt to affect the output — in which case the adversary may change only
a d-fraction of the input to avoid getting caught. Corruptions can also capture outliers in
the data, e.g., as a result of rare but arbitrary measurement errors. This was the motivation
in |Azar et al| (2022). As another example, the input data may have been collected at a
certain point in time, while the ground truth continues to evolve — in the context of facility
location, a population census may form the prediction, with errors occurring since a small
fraction of the population has relocated since being surveyed.

» Experts advice. The data can also originate from expert advice, where experts are usually
correct, but can be significantly inaccurate when they are wrong.

C Supporting Small ¢ > 0 Values

Throughout the analysis we assume that ¢ = 0, meaning each prediction is either wrong, or exactly
correct. As we predict values in space (such as real values) it is hard to expect exact precision in the
predictions. Thus, we can weaken this assumption by allowing a prediction to be “correct” if it is
e-accurate for some small € > 0 value. Consider, for example, the scenario where we want to locate
a hospital close to where people live where the locations are the house addresses. An “approximately
correct” prediction that equals to the location of the house next door to the actual house of a person
would be a reasonable prediction but would result in a small € > 0. The prediction (and the cost) is
almost the same, but it is not exactly right.

Consider, for example, the case of the single facility location problem. The effect of € on the
approximation ratio is bounded by an additive term of at most en, simply because each of the n
points “contributes” another additive ¢ term. If en is small in comparison to O PT', or equivalently,
if € is small compared to OPT/x then the effect on the approximation ratio will be small; also, it
simply means that every agent pays at most € more on average. On the other hand, if ¢ is big in
comparison to ©PT/n, then we have no chance to compute a good solution. Indeed, OPT/n is the
average deviation of the points from their true geometric median, which can be viewed as a notion of
the variance of the input; this is a measure of the “scale” of the cost of the problem, and a noise level
above this value swamps the signal in the data.

We drop the € from the calculations to avoid “dragging” the additive e-dependent term along each
result.

D Robust Statistics and Clustering Results Interpretation

In Section [2.3| we’ve mentioned how the J-robustness notion generalizes the breakdown point notion
from robust statistics. The existing literature does have a quantitative approach, but mostly for specific
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distributions or for distributions under some constraints, and mostly for mean and covariance robust
estimation. For example, |Lai et al.|(2016) shows that the distance between the mean of a Gaussian
distribution in R? from the geometric median is Q(5+/d). In section Section |5|we give the definitions
of §-robustness, to consider the robust estimation of general location estimators (such as the mean,
median and their generalizations) for data chosen adversarially (thus fitting any distribution, with no
further assumption). Then, we use these to study the robustness of the median and its generalizations
to adversarial corruptions.

In Appendix we show that 1-Median (also known as the geometric median) has a dis-
tance robustness of Os(1) - MAD(X) where Os(1) is a small §-dependent constant, and M AD
stands for Mean Average Deviation, a known notion of variance defined as MAD(X) :=
L3 cx d(x;, GEOMETRIC-MEDIAN(X)). An interpretation of our result is that given a small 4,
the robustness of the geometric median depends on the MAD of the points, and the quantification
of this relation is given by Theorem [2|and Corollary|3] When we calculate the (geometric) median
we often want a single point representing the dataset. The geometric median represents the dataset
in the sense that it is the point closest to the dataset points. Intuitively, for data with high MAD (or
variance), there is no single point that represents it in a good way. Consider the examples in Fig. [3}

High MAD example Low MAD example

4

n/2 n/2 i n/2
0 1 i 0
Figure 3: Illustration of instances with different MAD; In the LHS example, MAD is very high
unlike RHS where MAD = 0.

On the left example (high MAD example) half the points at O and half the points at 1: no single point
can represent the data in a good way — any point returned would misrepresent half the data. In the
second example (low MAD example) all points are co-located at 0. In this case MAD = 0 and so
the geometric median (at 0) represents the dataset in the best possible way — it equals to every point
in the dataset. So the interpretation of the results here is that the geometric median is robust in the
sense that it still returns a good representation of the dataset: a point that gets a representation of the
dataset, which is almost as good as the real "best" representation of the dataset.

In Appendix [E.2] we show that for k& > 1 there is no hope for robustness of k-medians. We thus turn
to B-balanced k-medians, which are & medians that induce clusters of size at least Sn, where n is
the total number of points (see Definition[7). Clustering with the additional constraint of minimum
cluster size has applications such as data privacy (Aggarwal et al|(2010)), or clustering with a
minimum/maximum cluster size (capacitated variation). The robustness of S-balanced k-medians
implies that balanced clustering algorithms can be robust to adversarial corruptions, outliers or
missing values.

In our context, we show the usefulness of these d-robustness results for all of the mechanisms for the
MAC predictions settings.

E /-Robustness of the Median and Its Generalizations: Proofs and More
Details

First, we show a lemma connecting the distance robustness to the approximation robustness notions,
in the context of k-Medians.

Lemma 10. Consider location estimators f, f: V™ — V¥ that satisfy the following two properties:
1. Forany X € V™ and X' in the §| X |-neighborhood of X,
medy (X', F(X")) < medy (X', (X));

2. j?is (p, 0)-distance-robust with respect to f.

Then fis a (1 + %, 6) -approximation-robust solution for F' = medy, with respect to f.
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Proof. Letn = |X|,let A := {i € [n] | z; = x}} be the indices where X, X’ are the same, and
B :=[n] \ A be the remaining indices. Define G := f(X) and H := f(X"). Using this notation we
can write medg (X, f(X')) as

Zd(mi,H):Zd(;v )+ > (d(wi, H) — d(}, H))

i€B
Y dw6) S e, H) — d(al, 7)) @
7 i€B
:Zd(zi,G)+Z(d(z;, d(z;, G Jrz (i, H) — d(x}, H))
% i€B i€B
= medx (X, f(X)) + Y _(d( H)) + Y (ds, H) - d(z:,G)), (5)
€D i€B

where (@) uses the first assumption of the theorem.

We claim that each of the differences in Eq. (3)) is at most d (G, H). Indeed, for any = € V, let
its closest points in G and H be g and h respectively. Then d(z,g) — d(x,h) < d(g, h) by the
triangle inequality, and this is at most the Hausdorff distance; the case of d(z, h) — d(z, g) is identical.
Therefore,

medy, (X, f(X")) < medy (X, f(X)) + 2|B| - dur (G, H).

Finally, using the definition of (p, §)-distance-robustness implies that dg (G, H) is at most p. The
fact that | B| < 6| X | completes the proof. O

Now, we move onto proving the robustness of 1-Median (which is GEOMETRIC-MEDIAN for a
Eucledian space).

E.1 The §-Robustness of 1-Median

In this section, we quantify the distance robustness (and hence approximation robustness, by
Lemma|10) of the 1-median location estimator. We show that changing any J-fraction of a dataset X
where 0 < 1/2 can move the 1-Median by only 1 22 5 times the average cost of a point in the optimal

solution of X. Hence, this changes the total 1-Median cost by only a 1 + O(1=>5 6) factor.
This is captured by Theorem 2| Corollary [3]

E.1.1 Proof of Theorem[2l

Proof. Let X = {z1,...,z,},X = {a},...,2),} € V™ where X’ is in the §| X |-neighborhood
of X. Letn = |X|,let A := {i € [n] | x; = z}} be the indices where X, X’ are the same,
and B := [n] \ A be the remaining indices. Let m := argmin,cy med; (X, {v}) and m’ :=
arg minyey medy (X', {v}). It follows that 3, d(af, m') < 3°, ¢, d(af, m). Using the triangle
inequality and the fact that z}, = x; for all i € A, we get that

> (i, m) = d(m, i) + > (d(xh,m) — d(m’,m)) < d(zi,m) + > _ d(x},m)

i€A i€B i€A i€B
= d(m/,m) - (|A| - |B|) <2 d(z;,m <22dml, ) = 2 med; (X).
i€A
Since |B| < én and |A| + |B| = n, we get d(m/, m) < ﬁ med; (X). O
The quantity meds (X) is called the mean absolute deviation and can be viewed as a notion of variance.

Hence, Theorem essentially says that since 6 < 1/2, the 1-Median only changes by Os(1) (a
constant depending on §) times the mean absolute deviation.

To get Corollary |3| we simply substituting the distance-robustness parameter of p = ﬁ mc‘d;((‘X)

into Lemma
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Corollary[3]says that if X" is obtained by perturbing a d-fraction of the points in X, then the geometric
median of X’ is a (1 + 1 ) -approximately optimal solution for the original point set X (with
respect to the 1-Median cost objective). This result can be viewed as a quantitative version of a
classical result of Lopuhaa and Rousseeuw|(1991)), which shows that the breakdown point for the
geometric median is /2. This gives us an understanding not only of the fraction of perturbations
required to “break” the estimator (i.e., make it arbitrarily far from the real location), but also of
the deterioration in the estimation before breaking it. The quality of estimation as a function of

0 is captured by our result of p = 1_—225 mef;((‘x) , showing that a smaller § corresponds to better

estimation.

We conclude the discussion of §-robustness of the 1-Median with two remarks:

1. Results similar to Theorem [2| hold even for the case where X’ is obtained by adding or
removing points; in fact, the approximation factors can be improved slightly (the proof is
almost the same).

2. The quantitative bounds are tight; consider the example where X comprises of (0.5 —4d)n+1
points at 0, and (0.5 4+ §)n — 1 points at 1 and X" is obtained from X by moving dn points
from 1 to 0. A calculation shows that in this case the approximation robustness of the
geometric median is (1 + 125= — ©(2), ).

n

E.2 The §-Robustness of 5-Balanced k-Medians

Proof of Theorem [t

Proof. The claimed algorithm B is simple: compute the optimal (b — 1)d-balanced k-medians
solution on X’. Since X admits a bj-balanced solution G = {g1, ..., gi}, and X' differs from X
in only 6| X | points, this solution G is (b — 1)d-balanced for X’. Now let H = {hy,...,h;} be a
(b — 1)d-balanced k-medians solution of least cost for X’ computed by B: this means

ZdzH Zde

z'e X’ z’'eX’

Let 65 = {C1,...,C,} be the balanced partition of X’ induced by H. Similarly, since X is in the
d-neighborhood of X', the centers in H induce a (b — 2)d-balanced partition of the original dataset
X; call this € = {C4, ..., Cy}. Finally, let ¢ = {CY, ..., C}} be the bd-balanced partition of
X induced by G. Recall that n = | X |; define

k
OPT :=medi(X,G) = Z d(z,G) = Z Z d(x,9;) and

xeX i=1zeC;}

ALG := medy, (X, H) = deH Zdeh

zeX 1zeC;

We now want to prove that max; d(g;, ) and max; d(h;, G) are both small. To show the former, fix
any ¢ and let C be the cluster corresponding to g;. Since the clustering is bd-balanced, |C| > bon.
By averaging, there exists some cluster C'; € ¢y such that |ICr N C;| > bon/k; choose this j, and
consider the corresponding center h; € H. Now

) 1
dlgi H) < d(gihy) < ey D ldleg) +d(ehy)] <
zeC;NC;

ALG + OPT
bon/k '

where (%) uses the triangle inequality. A similar argument shows:
ALG + OPT

d(h;,G) < =Dk

Hence the Hausdorff distance between the two solutions is dy (G, H) < % Using
Lemma[@] with this bound on the Hausdorff distance, we get
ALG +OPT

ALG < OPT + 2n - dyy (G, H) < OPT + 2k ===
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Simplifying, we get ALG < (1 + —25-)OPT, and that dy (G, H) < ;2% - LT a5 claimed.
O

F Proofs and Additional Analysis for Section [6.1]

F.1 Proof of Theorem[3l

Proof. By Corollary computing the 1-Median on X’ resultsin a 1 + 1f—525—approximation ratio:

this is because the metric space is R?, and hence the 1-Median is in fact the geometric median
(which is also known as the spatial median, L; median or Fermat point). Since the geometric median
computation depends solely on the predictions it is strategyproof. Thus, by the the strategyproofness
of COORDINATE-WISE-MEDIAN, and by the fact that the decision of which mechanism to use does

not depend on the reported locations, Algorithm m is strategyproof. Due to the v/d approximation
ratio of COORDINATE-WISE-MEDIAN (Meir| (2019)), we get a min(l + 1f—’525, \/&) approximation
ratio for Algorithm ]

F.2 Remark on Computing the Geometric Median

For general dimensions d and number of points n, there is no known formula or algorithm to find
the geometric median exactly. However, since the problem is a convex optimization problem, there
are optimization algorithms that find solutions with arbitrary precision efficiently. By using such an
optimization algorithm we get an additional factor of ¢’ > 0 where £’ is arbitrarily small. For more
information on efficiently computing the geometric median, see Eckhardt (1980), Beck and Sabach
(2015))|Cohen et al.|(2016).

F.3 Combined Strategy for High Probability MAC(¢, §)

In this section we show how we can use both the predictions and the reports of the agents to gain
good performance even in the case of MAC(g, §) only in high probability.

The MAC(g, d) model requires that at most a § fraction of the points have error more than e; one
can extend this to the setting where this requirement holds only with high probability. For instance,
consider the setting where the number of prediction errors can be larger than a § fraction with
probability at most o(1/n). In this case the computed geometric median might be arbitrarily far away
with this small probability, and hence the expected approximation ratio for our mechanism would
be unbounded. To avoid this problem, we can use the agent reports. Intuitively the agents have the
incentive to make sure that the returned facility location is not infinitely far away from them.

One way to do this is by using the MIN-BOUNDING-B0OX mechanism, introduced by (Agrawal et al.,
2022, Mechanism 2) for the egalitarian cost function for d = 2; The mechanism naturally extends to
any d > 1 (Algorithm[6). The mechanism calculates the minimum bounding box B containing all
the input points; then, given a single prediction o, it returns the point 0 € B closest to 0. We show in
Appendix [F4] that the approximation ratio of the generalized MIN-BOUNDING-BOX mechanism for
the utilitarian cost function (med;) is O(n).

Therefore, by composing MIN-BOUNDING-BOX with Algorithm[T|we get a strategyproof mechanism

which has an approximation ratio of min (1 + 1%—‘;57 \/&) with high probability, and has an O(n)

approximation ratio with probability o(1/n); this gives an expected approximation ratio of at most

min (1 + %, \/&) + o(1). The form of the resulting mechanism is simple:

Algorithm 5: Bounded-Best-Choice-Single-Facility-Loc

Input: § € [0, ) and X, X’ C R? where X is reported by strategic agents and X’ contains the
MAC predictions for X

Output: The facility location in R¢

return MIN-BOUNDING-BOX (X, Best-Choice-Single-Facility-Loc(X, X', §))
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F.4 Generalized Minimum Bounding Box Mechanism

In this section we properly define the generalized MIN-BOUNDING-BOX mechanism and prove that
for points in R? (for any d > 1) it has a tight approximation ratio of O(n) for the med; cost function.

For any y € R? let [y]; denote the j’th coordinate of y.

Algorithm 6: MIN-BOUNDING-BOX

Input: X C R4, 0 € R4
Output: A facility location in R? which is inside the minimum bounding box of X
for j € [d] do
O} = MINMAXP(([(El}j, RN [(En]j), Oj)
return o’

Algorithm@ simply computes, for each coordinate j, the closest point to o; that is inside the minimum
closed interval that contains all of the j’th coordinates of the points of X (which is what MINMAXP
does, see Mechanism 1 of |Agrawal et al.[(2022)). Let us now prove an approximation ratio for the
med; cost.

Theorem 11. Algorithm@ is strategyproof and has a tight O(n) approximation ratio for the med;
cost function.

Proof. Let us assume, w.l.o.g, that the geometric median g is at ¢ = 0. Let B be the minimum
bounding box of X. Formally:

B = {yeR?|Vje€[d:y; € [minep, [x;];, max;ep, [x:];] }. Let h be the point returned by
Algorithm|f]for X € R?, 0 € R? (thus » must be inside of B). Let a; be the side length of the box
B in each coordinate. As usual, we denote O PT" to be the cost of the optimal solution and ALG the
cost of the algorithm.

—~
*
~

2
oPr? = [ Y el ] = Sl =S [ Y (e I

i€[n] i€[n] jed jeld] \i€[n] jeld]

1 (%) 1
OFT > 5 /zjj aj > 5 /Zh2 fllhll (6)

(%) is due to the fact that for any j € [d] there is some z; s.t. |[z;];| > % since otherwise we would
get that the j’th side length is smaller than aj.

(%*) explanation: It is a known property of the geometric median that it lies inside the convex hull of
the points. Thus, g lies inside B (since the convex hull of the points lies inside the bounding box of
the points). So by the fact that h € B we get that |h;| = |h; — 0| = |h; — g;| < |a;j].

Finally:

. @
ALG = ZHM Z||:cz|\+n||hu <" OPT + 20 OPT = O(n) OPT.

i€[n] i€[n]

mangle mequalt y

We deduce that Algorithm@has an approximation ratio of at most O(n).

To see that the result is tight, consider the instance where X is the multi-set of n points where n — 1
points are at @ = (—1,...,—1) € R? and one pointis at b = (1,...,1) € R% Leto = b. The
optimal solution puts the facility at a and has a cost of OPT = d(a,b) = 2V/d. Algorithm@returns
b and therefore the cost of the algorithm is ALG = (n — 1) - d(a,b) = (n — 1) - 2V/d.

Overall we get: 455 = (";1\)/'32ﬁ =n—1=Q(n).

The strategyproofness of the mechanism is similar to the one proof given by Agrawal et al.|(2022) for
the egalitarian cost function. O
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One could wonder why use the minimum bounding box rather than the convex hull of the points.
After all, the convex hull is always contained in the minimum bounding box, and always contains the
geometric median. Unfortunately, such a mechanism is not strategyproof:

Remark 12. The mechanism obtained by replacing the minimum bounding box in Algorithm [6]
with the convex hull is not a strategyproof. The example showing this is for d = 2: Given X =
{(-0.5,0),(0.5,0),(0,1)}, a computation shows that the agent at (0,1) can lower its cost by
reporting (1/2,1).

We can further generalize the mechanism for % facilities by simply using Algorithm [6|for each facility
independently.

G A Deterministic Mechanism for Balanced £-Facility Location in General
Metric Spaces

For 3 € [0, 1], the 8-balanced k-facility location problem considers n agents with locations X =
{z1,...,2,} C V. Each agent reports a location to the mechanism, and the goal is to return a
multi-set H = (hq, ..., hj) containing k points from V' that minimizes medy, (X, H ), such that the
clustering induced by H is $-balanced (according to Definition [7)).

For a small enough 4, by choosing b := 8/5 the balancedness condition translates into a minimum
cluster size of bd. Hence, we can utilize the d-robustness results of (b — 1)§ -BALANCED k -MEDIAN
(Theorem [) to immediately obtain the deterministic mechanism in Algorithm[7] with the following
guarantee:

Theorem 13. Algorithm[]|is a deterministic strategyproof mechanism with a constant (k-dependent)

approximation ratio of at most
4k

14 ——.
+b—2—2/€

Algorithm 7: Balanced-k-Facility-Loc(X, X', b, §)

Input: X, X' CV,andb > 1, € [0,0.5) where X' are the MAC predictions for X
Output: The £ facility locations in V
return (b — 1)§ -BALANCED k -MEDIAN(X")

We do not specify how (b — 1)0 -BALANCED k-MEDIAN is implemented. If all points lie on the
real line, then there exists an O(n*)-time algorithm for it (computing the minimum cost of all (Z)
options).

In Euclidean spaces of dimensions greater than one, the k-medians problem (and its balanced or lower
bounded variant) is classified as NP-hard Megiddo and Supowit (1984)); Bhattacharya et al.| (2020)
necessitating the use of approximation algorithms. Any approximation algorithm with approximation
ratio ¢ can be applied, incurring an additional multiplicative cost factor of c. This approach allows
for practical solutions within the constraints of computational complexity, ensuring that we can still
achieve near-optimal placements of facilities even in high-dimensional contexts. The effect of ¢
values and handling the case of high probability MAC predictions is similar to the single facility
location results.

H Full Proof of BIG-CLUSTER-CENTER J/-Approximation Robustness

In this section we show that Algorithm [3|indeed has "good" approximation-robustness for unbalanced
clusters by providing the full proof for Theorem 8]

Proof. Let G = (g1, gr) be the 2 — median solution, where L = {i | d(x;,gr) < d(z;,gr)} and
R=[n]\ L. Wlo.ggr < gr.

We have a slight abuse of notation throughout for the sake of not introducing more variables, referring
to L, R as multisets of points and sometimes as the sets of indices of the points in X .

We assume that the clusters are bd-unbalanced. That is, at least one of the clusters L, R are of size
less than bon. W.l.o.g |R| < bdn and so |L| > (1 — bd)n.
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We also assume that § is small enough s.t. b§ < 1 and so [L| > 2.

Let H = (hz,hg) = (b — 1)d-Balanced-2-Medians(X’) (as in the first line of Algorithm [3).
WlOg hL < hR.

Let L', R’ be the multi-set of the elements closest to hz, and hg the remaining. So L' = {i |
d(z},hr) < d(x},hg)} and R' = [n] \ L.

Let A := {i € [n] | z; = =} the shared points between X, X’ (the "correct" predictions), and
B :=[n] \ A the remaining.

Let m = 22192 be the middle point between g, and gr. Let m’ = % be the middle point
between h, and hg. By the definition of m: All points of L lie to the left of m and all points of R lie
to the right of m. Similarly, all points of L’ lie to the left of m’ and all points of R’ lie to the right of

m'.

We begin by proving the following simple lemma:

Lemma 14. Let S C R! (for some | € N) be a multi-set of n points. For any 3 € [0,1], S C V, let
M = (mq,...,mg) := B — balanced — k — median(S), s.t. S1,..., Sy are the disjoint clusters
induced by my, ..., my of S. Then for all i € [k]: m; is the 1 — median of S;

Proof. Consider the implementation of 8 — balanced — k — median which is obtained by taking
the cost-minimizing balanced partition into k 3 — balanced clusters. That is, the implementation
considers all of the partitions of S into k& 5 — balanced clusters and then computes the location that
minimizes the center of each cluster .S;. For each such center S;, the minimizing location is (by
definition) 1 — median(S;). Thus, the implementation always returns points that are the 1 — median
of their clusters. O

We divide the proof into 4 cases as follows (also illustrated in Fig. [d):

Case 1 : hy < gr and hr > gg.
Case?2 : hy > g1 and hgr < gg.
Case3 : hy > g1 and hg > gg.

Case4 : hy <gr and hp < gg.

Cases 1 to 3 are similar and have short proofs. The hard case is Case (4).

Predictions X hy Fn Predictions X > "
R e
Real X g1, Py Real X ar an
Case 1 Case 3
Predictions X’ ﬂi Predictions X’ I o
Real X 9, | RealX ar Ur
Case 2 Case 4

Figure 4: Illustration of the 4 cases. On the top of each case drawing we have the "esti-
mated"/"predicted" locations H, computed on X’. On the bottom we have the "real" locations,
G, computed on X.

Case 1: hy, < gz and hr > gg. In this case we can image the two centers moving away from one
another. That is, g7, "moves to the left" to Ay, and gr "moves to the right" to h .

If m’ > m then L’ contains all of the points in LN A. and |[LN A| > |L| —dn > n — (b+ 1)dn.
Thus, for a small enough 6: n — (b + 1)én > % and thus the algorithm returns A z,. From Corollary
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we get an approximation-robustness of 1+ O(bd) = 1+ O(J) (since L’ is obtained from L by change
or add of at most (b + 1) elements).

Otherwise, m’ < m. The number of elements to the right of g in R is @ since it is the median of
R (by Lemma [T4).

Since hr > gg then the number of elements to the right of 2 in R’ is at most |2ﬂ +|B| < @ + on.
hr is the median of R’ (by Lemma and thus |R'| < 2(@ +0n) = |R|+2dn < (b+2)dn. Thus
again by Corollary we get an approximation-robustness of 1 + O(4).

Case 2: hy, > g, and hg < gg. In this case we can image the two centers moving towards one
another. That is, g7, "moves to the right" to Ay, and gr "moves to the left" to h .

If m’ > m then L’ contains all of L N A plus at most (b + 1)dn points and thus just like the previous
case we get (from the 1-median approximation robustness) a approximation-robustness of 1 + O(J).

Otherwise m’ < m. By Lemma we know that hy, is the median of L’ and that g;, is the
median of L. Since h; > gy, there are at least ILQ‘ — dn points in L’ to the left of hy. Thus:

|L'| > 2(% —on) > |L| —26n > (1 — (b+ 2)d)n, and we can utilize Corollaryagain to get the
desired.

Case 3: hy, > g1, and hg > gg. In this case we can image both centers "moving to the right".
In this case, m’ = % > % =m.

Just like in the previous case: L’ contains all of L N A plus at most (b + 1)dn points and thus (from
1-median approximation robustness) a approximation-robustness of 1 + O(4).

Case 4: hy, < gr and hg < gg. In this case we can image both centers "moving to the left".
By the definition of m/: m’ = % < % =m.

Until now we had an approximation-robustness result of 1 + O(4d). This case is the most difficult
case, as for this one we will get a 1.8 + O(4) approximation result. Since we also have a lower bound
of = 1.667 + Q(d) we get that this is indeed "strictly" the hard case.

If hg > m then the number of elements in X to its right is at most | R|, and thus the number of
elements to its right on X’ is at most |R| 4+ én. Since hr median of R’ it must be the case that
|R'| < 2(|R|+ 0n) <2(b+1)on = O(6) n. Thus |L'| =n — |R'| > (1 — O(J))n and therefore:
(a) The algorithm returns hy, (since |L'| > 5) and (b) From the 1 — median robustness (Corollary
we get the required 1 + O(4) approximation-robustness.

Thus, let us assume that hr < m.

We first handle the case where m’ > g;,, and then we will show a reduction from the case m’ > gy,
to this one.

H.1 Sub-case: m’ > g;,

Since m/ is the middle point between hy and hg we get that: m’ — hy = hg — m/ butm’ — hy =
m' —gr+gr —hr > gr —hp andso: g, —hy < hg—m'. Buthg —m’' < hr — g1, and therefore:

gr. —hr <hr—gr. @)

We introduce the following notations (also see Fig.[5): First, we denote the left and right parts of
L' R' L R:

eLetl;={iel' |z, <hp},L,=L\L.

eLetR)={ieR |z, <hgr},R,=R\R

e Let; = {Z eL | x; SgL}7Lr ZL\Ll.

sLletR={i e R|z; <gr},R- =R\ Ry
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Next, we denote the partition of L into 4 disjoint multi-sets S, T, U, V by the 3 points hr,m’, hg.
SoS={ieLl|z;<h},T={ieLlL|i¢ Sz, <m},U={ieL|i¢SUT,x; <hpr},
V={ieL|i¢ SUTUU}.

Let m"” = %}LR be the middle point between g7, and hgr. W.l.o.g we assume that m” > m’
(otherwise the proof is similar). We define U;, U, to be the as follows: U; = {i € U | z; < m"},
U.=U\U,.

Finally, we introduce the notion of a-approximately-equal: ~:
Definition 14. For any a,b, o € R:

ax~*b <— b—a<a<b+ta

L’ R
[ : [ : |
L; Lv’“ B R, Predictions
I} | ([\ | | 1 X
? o
. m o)
. _U_LUA mT \ 7 Real
1 r X
L )
13 7 Ul v J
Ly L'
L | )
Y Y
L R

Figure 5: Tllustration of case (4) where m’ > gr. On the top we have hy, hg, computed on the
"predicted" locations X’. On the bottom we have the gr,, gr, the 2-Medians of the "real" locations X .
L’ and R’ are the disjoint partitions of X’ into two multi-sets of points: those closer to 4y, and those
closer to h (respectively). Similarly L and R are the disjoint multi-sets of gy, gr. L’;, L', are the
disjoint partitions of L’ into two multi-sets: all points to the left of i, and all points to the right of h .
In a similar manner R’, L, R are partitioned into their left and right parts (R';, R',., L;, L., Ry, R,.).
We can also see S, T, U, V which is the disjoint partition of L determined by the points hr,m’, hg.
Finally, we have U; and U, which are the left and right parts of U.
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Forevery M C X we define O PT) to be the cost that the optimal solution (G) pays for the multi-set
of points M. That is: OPT); := meda (M, G) (we sometimes use this notation where M C [n] in
which case O PT)y is a slight abuse of notation for O PTy, i n})-

Let 8,v € [0, 1] be the ratio between |.S|, |V| and |L|. Thatis: 8 := ISl/|z| and 7 := [VI/|L|.

Claim 15.
medl(L,hL) = OPTS — OPTTI"WLZ + OPTLT + (gL — hL)(|L|(1 — Qﬂ))
Proof.
medy (L, hy) = |z —he| =Y ho—xzi+ Y ai—hg
€L €S 1€TUUUV
N g i~ 1Sl —he) ~ > gr— @i+ TN Lil(gr — he)
€S i€TNL,

+ Z zi — g+ (TN L[+ U+ V) (gL — he)
ie(TNL,)VUUV

(%)

OPTS — OPTTﬂLl +OPTL —|— (gL — hL)(lL‘ — Q‘Sl)
= OPTs — OPTrnr, + OPTy, + (9. — ho)(|LI(1 = 28)).

(%) - triangle inequality

(%) - due to the fact that L, = TN L, VU UV and |L| = |S| + [U| + |V| + |T. O

If the algorithm returns /iy, then we want to show that med; (L, hy) < (1.8 + O(d)) med; (L, g1.).
From Claim T3] we get the following equivalent condition:
medy (L, hr) < (1.84+ O(8))OPT, <—
OPTs — OPTrnr, + OPTyr, + (g1 — hr)(|L|(1 - 28)) < (1.8 + O(8))OPT, <=
(92 — hp)(|L|(1 — 28)) < 0.80PTs 4 2.80PTrnr, + 0.80PTy, + O(8)OPT), <
0.80PTs + 2.80PTrnr, +0.80PTy, + O(5)OPTY,
(gr —hr) < L= 25) .

Thus, all we have to do is find the above bound for g;, — hy. Indeed we will show that this is the
case. We start by proving a few claims that will help us bound g, — hr..

Claim 16. (5 + ~)|L]| ~0(6n) |L| -2

®

Proof. Since hy, is the median of L', and the points in S U T differ from those in L’ by at most
O(6n), we get that |T'| ~°™) g|L|. Similarly, since hp is the median of R’ and since |R| = n — |L|:
|U| ~©©") (y —1)|L| + n. By using the fact that |L| = |S| + |T| + |U| + |V| we get:

L] 06 BIL] + BIL] + (y — DI +n+|L] =
2(6 +)|L| <O 2L —n =
(8+ )| =O6™ || - 2

O]
Claim 17.
(gL — hi)|S| < OPTs. )
Proof.
Vx,; ES’ z;<hp
OPTs =) g — x; > gr—he=1S|(g — hr)-
i€S i€S
O
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Claim 18.
(hR—gL)|Ur| < QOPTUT. (10)

Proof.
Va; €Up: xi>m”

OPTy, = Y ;i — g1 > > om" =g =|U|(m" —g1) =
€U, €U,

U
2

(hr —gr)-

where the last equality is due to the fact that m’ is the middle point between g, and hg.

Thus we get:
(hR_gL)lUr| SZOPTUT O]
Claim 19.

(hr —g1)|V| < OPTy. (11
Proof.

Ve, eV:x;>hpr
OPTy :in*gL > ZhR*gL = |V|(hr — g1.)-
eV €S
O

Consider the clustering induced by H' = (gr,, hg). If this clustering is unbalanced then Algorithm

returns hy, since L;NA is contained in the left cluster and since |L;NA| > %—671 > 2—0(0n) it must
be that the right cluster is the smaller one. And so the left cluster has at least n— (b— 13 dn =n—0(0n)
elements and thus it is obtained from L by modifying or dropping at mots O(dn) elements and thus
the algorithm returns hy, and like before we get a (1 + O(0), d) approximation-robustness.

Otherwise, the clustering induced by H' is balanced, and we get the following claim:

Claim 20. (hR - gL)(|Ul| - O(5n)) S 2(OPTTQLL + OPTUL).

Proof. For convenience, for any multi-set of the real points M/ C X we denote M C X’ to be the
multi-set of the estimated points X’ that correspond to the same partition of the real line as M. So

we define the following multi-sets: L; = {zf € X' | 2} < gr}, L, = {zf € X'\ L; | z; < m},
S=L,T=L,U=R,V={ieR, |2, ehgm]},U ={z;, € R |z, <m"},
U, ={a} € R'; | ;, > m/}. The reason we use this notation is that we have an inequality in terms

of the points in X’ and we want to later move on to the inequality in terms of the points in X . This
notation will help us see the connection between the points in X’ and the points in X. Each such

M, M contain the same points up to at most dn points.

By definition of H we know that meds (X', H) < medy(X’,T) for any T' = (t1,t2) € R? that
induces a (b — 1)d-balanced clustering of X’. Therefore, meds (X', H) < meds (X', (91, hr)).

By the definition of meda:

Z hL—l’/i-l— Z xé—hL%— Z hR—xé—i— Z x;—hRS

z €L €L z,€R) i ERY.

Z gL7$2+ Z ;TgfgL‘i’ZhR*I’g*FZl‘g*hR.

z€SU(TNLy) z!e(TNL,)Ul; z! €U, x,ER
Which implies:

Z th.’t;#* Z (ﬂgth#* Z hRfl'/i

x;€Lp, zieLl’, z,€R

< Z gL — T + Z T, — gL+ Z hr — . (12)

x,€SU(TNLy) zte(TNL,)uUl, z} €U,
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Let us observe LHS:

Z hr — ) + Z x,—hp + Z hg — ]

.”c,’.Gth xieL’, xiER/,
= |L(he —gL) + D>, 9o -+ Y @i—gL+|L (9L — he) + |R|(he — g) +
IELhL zieLl!,
L'|=|L,
= Zg — 1+ Zw—gL+|Rl|hR—gL ZgL—a:
wEth ziel’, A
=Y gr—ai+ > 2 —gL+|Ul(hr—gr)+ > gL — 1
zeS IET mEU
=Y g—ai+ > wi—g+ >, wi—g+[Ul(hr—gr)+ Y g — i
1165 zmeTﬂLl zleTmL ZL’Z€U

So by plugging this in (I2) we get:

Sgr—ai+ > w—gr+ Y, @—gL+|U(he—gL)+ Y gL —

1165’ J,IETI'TL[ xleTﬁL ‘LIEU
< D e-wd+ ), wi—gt ) he—al
zeSU(TNLy) z/e(T'NL,)ul, z/ €U,
=
|U|hR—gL ZgL—.’L‘ <2 Z gL—x+Zx—gL+ZhR—x
; EU x’ ETﬂLl T EUL x; GU
=2 Z gL—x-f—Zx—gL‘HUUlR—gL ZQL—OC =
{I/’LETOLL IlEUl IleU
Oil(hr —gL) <2 Y gr—2+2 Y @} —gr.
z €PN ziel;

Z QL—JJ

A

(13)

By the definition of T, ﬁl: TN ﬁl and T'N L, differ by at most én elements, and for any 2 € N ﬁl:

x> hy. Similarly U; and U differ by at most én elements and for any =, € Up: o < m”’.
By plugging this in the above (I3)) we get:

([U2] = n)(hr — g) < |U|(hr — g1)

<2 Z gL — T +20n(gr, — hr) + 2 Z x; — gr + 26n(m"” — gr).

zr;, €TNL, z, €U

Which implies:

(hr — go)|U1| < 2(0PTrnr, + OPTy,) + 6n(2(9z — he) +2(m"” — gr) + (hr — 91.))-

Since m"” — gr, = (hr—91)/2 (by the definition of m’’) and from Eq. (7)) we get:

(hR — gL)‘Ul| S 2(0PTTQLZ + OPTUZ) + O(én)(hR — gL).

(hr —gr)(|UI| = O(6n)) < 2(0OPTrar, + OPTy,).

Now we are ready to bound g;, — hp.
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Lemma 21. If the algorithm returns hy, then:

0.80PTs + 2.80PTrny, + 0.80PT,, + O(5)OPTy

(9p —hr) < LI(1=25)

Proof. By Claim[I7] Claim[I8] Claim[20] Claim[I9)and the fact that g;, — hy, < hr — g we get the
following four inequalities:

(9L — hr)|U-| < 20PTy,,

(92 = he)(|Ui] = O(én)) < 2(0PTrnr, + OPTy,),
(90 — h1)2|V| < 20PTy,
(9r, — hp)2|S| < 20PTs,

By summing the above inequalities:

(g1 — he)(2|S| + [U] + 2|V| — O(6n)) < 2(0PTs + OPTrny, + OPTy + OPTy) =
(OPTs + OPTrnyg, + OPTy + OPTy) 2(1 — 2B)|L|
(1—28)|L] 21S|+ U]+ 2|V| — O(6n)”

gr —hp < (15)

Since |L/;| = |L',| we get that |T'| =" |S| = B|L| and so
2|S| + |U| +2|V| —O(on)
> [S|+|T|+|U|+2[V]| - O(dn)
= (SI+ITI+ U+ V) + (S| + [V]) = [S| = O(n)
(€]

= [LI+ (B+)IL| = BIL| = O(6n)

Claim [16] n
2 |LI+I]L =5 = BIL| = O(n)

= 2|L| - BIL| - 5 — O(ém).

Where (%) is due to: |L| = |S| + |T'| + |U| + |V, |[V| = ~|L|, |S| = BIL|.
By plugging this inequality into Eq. (I3)):

(OPTs + OPTrar, + OPTy + OPTy) ( 2(1 - 28)|L] ) (16)
(1—28)|L] 2L[— BIL| — 2 — O(on)

gr —hp <

We will bound the second term in RHS. First, we know that |L| ~©(™) n and thus:

20-20)L]  _20-26)(n—O0(n) _ 2(1-28)

2[LI=BIL[ =5 = 0(n) =  F—pn—-00n) ~ 5-5

(1+0(9))

We denote: f(3) := 2(1-26)

Eg
Since the algorithm returns hz, we deduce that |L'| > %. Thus, [L/;|, |L,| > %. But S and L/, differ
by at most 6n elements, and so |S| > % — dn. Since |S| = B|L| and |L| < n we get: fn > § —dn

which implies 5 > i — 4.

Also obviously 8 < 0.5 since hy, < gy, by the definition of S.

So f : [+ —6,3] — Ris a well defined function. We find its maximum:

23 -8 -(1-28)(-1) _,-3+26+1-28 4
(3-8 (G- 57 (3B

So f gets its maximum at the left boundary where § = % — 0

f1(B) =2
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1 1
Z —92
fG0 =25
By plugging the above into Eq. (I6) we get:
4 (OPTs + OPTrnp, + OPTy + OPTy + O(8)OPTY)
(1-28)[L] '
O

gr —hp < 5
What we have shown is that if the algorithm returns hj, we are done. If the algorithm returns hp we
can similarly show that in this case med; (L, hr) < (1.8 + ©(6)) med; (L, g1,).

H.1.1 Handling the Case where the Algorithm Returns hp

In this case the cost med; (L, hr) will be:

Claim 22.
medl(L, hR) = OPTs + OPTTQLL — OPTTQLT — OPTy +OPTy + (|L|(1 — 2’}/))(}13 - gL).

Proof.
med; (L, hg) = Z hp —z; + Zx —hp
i€SUTUU eV
= Z (hr —gr) + (9 — @i) + Z(l‘t —g1) — (hr —g1)
i€SUTUU ieV
= OPTs + OPTrnr, — OPTrar, — OPTy + OPTy + (|S|+|T| + |U| — |V|)(hr — g1)
OPTs + OPTTle - OPTTQLT — OPTy + OPTy + (|L| — 2|V‘)(hR — gL)
O

\S|+\T\+|g\+\V\Z\L\
= OPTs + OPTrnr, — OPTrap, — OPTy + OPTy + (|L|(1 — 27v))(hr — gL).

To getmed; (L, hr) < (1.840(8)) med; (L, g1, ) we need to show (by the above claim) the following

lemma:
Lemma 23. If the algorithm returns hg then:
0.8(OPTs + OPTrqr, + OPTy) 4+ 2.8(OPTrn, + OPTy) + O(6)OPTy,
(hr —gr) < .
(1—2v)IL|
Proof. We begin by showing the following claim:
5]
— OPTy.
U

Claim 24.
(hg —gr)|S| < (hr —g1)|S| < OPTs +

Proof. hg —gr, =m' —hy = (m' —gr) + (9. —hr) andso g — hy, = (hg —gr) — (m' —g1.)
(17)

Together with Claim[I7] we get:
(hr —go)IS| < OPTs +[S|(m’ — gr).
Also, OPTy =) ey @i —gr > D ;e ™ — gL = |U|(m' — gr) which implies
OPTy
'— g < ——. 18
mo—gr < 0] (18)
O

By Eq. (T7) and Eq. (I8) we get the desired inequality.
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From Claim 24} Claim[T8] Claim[20] Claim [T9}

we get the following four inequalities:
S
(hr —g1)2|S| < 20PTs + 2||U|0PTU,
(hr —g1)|U;| <20PTy,,
(hr = g1)(|Ui| = O(6n)) < 2(0PTrnr, + OPTy,),
(hr — g1)2|V| < 20PTy,

By summing these inequalities:

OPTs + OPTy + OPTrny, + OPTy + 2||TS‘|OPTU

hr —9)2|S|+ |U|+ 2|V| — O(n)) < <2(1 = 29)|L|.
(i — 92)(2IS| + U] + 2IV] — O(6m) T (1 -2z
(19)
Since the algorithm returns hp it must be the case that |R'| > % and so |R';| > % which means that
|U| > % — dn. This also means that |L’| < % and thus similarly [S| < % + dn. So together:
IS| 5 +20n
2— < =— =2+ 0(9).
0] = o ~ 200
By plugging this back into Eq. (I9) we get:
OPTs + (34 0(9))OPTy + OPT + OPT
(hi — 92)(@IS] + [U] + 2]V] — O(on)) < PPTE T B+ OW)OPTy L0k V21— 29)|L].

(1 =29)IL]|
(20)
Since |L';| = |L',| we get that |T| ~°" |S| and so
2|S|+ U +2|V| — O(én)
> S|+ |T| + |U| +2|V| — O(én)
= (S[+ [T+ U]+ [V]) + V| = O(én)
2 (14+9)IL - O(6m)
Where () is due to: |L| = [S|+ |T'| + |U| + |V, |[V| = ~|L|.
Let us use this fact in Eq. (20) and get:

OPTs + (3 + O(3))OPTy + OPTrny, + OPTy (12|
hr—gr < : 2( ,

(1—27)[L] 14+9)[L] = O(6n)
2n

The second term on RHS is (up to 1 + O(9) factor): h(y) := 2%. Let us find a bound f or A.
Since |R'| > %:

VI+ IRl = =0C R, | = 2.
and since |R| < bon: y|L| = |[V| > %4 — bon. We deduce:

v > % — O(6). The nominator is decreasing in - and the denominator is increasing in -y and thus
the maximum is received on the left end point: v = % — O(6). The maximum value of A is thus:

3-0() _ 4
2%_0(6) = +0(9).

So we found a bound for the RHS of Eq. (ZT)) and therefore:

10PTs + LOPTy + 2OPTra1, + 2OPTy + O(5)OPT),
(1 =2y)|L]

hr—gr <
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H.2 Sub-case: m’ < gr.

To handle this sub-case we use a reduction to the previous sub-case and show that we pay another
multiplicative factor of at most 1 + O(¢d). We show a bound of med; (hr, L) in case the algorithm
returns hy,. In the case the algorithm returns iz a bound for med; (hg, L) is achieved similarly.

Let gz, = m’. For any multi-set of points M C L let O/P\ﬁ4 = iem i — gLl

I’ Rr
A \
[ [ , , |
L L B R,
[—1—‘ A ([\ A \ A \ Predictions
@ @ X
hi] mT T hy
iy . A~
gL Ql,_mf ] mT Q'.R Real
Ui U, X
\ A : l—‘i_,
s 7 -
\ Y A ' )
L L L, 1 J
Y T
L R

Figure 6: Illustration of case (4) where m’ < gr. On the top we have the "estimated” locations
hr,hg, computed on X’. On the bottom we have the "real" locations, gr,, gr, computed on X.
L' R, L',L'.,R,R ., S, T, U, V,Uy, U, are all the same as before. The difference is that m’ is
now to the left of gr..
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By the exact same analy51s of the case where m’ > g1, now we have that m’ > gz, and thus, just like
< 4 OPTs+OPTr+OPTy,

before, g7, — hr, (1—2B)[L]

But OPTs + OPTy = OPTs + OPTr — (gz — m')(|S| + |T|) and OPTy, = OPTy, + (g1 —
m')|Ly|.

So together we have:

40PTs + OPTr — (9r —m/)(|S| +|T]) + OPTy, + (9 —m')(|U| + [V])

. — hr, < 22
TS (1= 251 )
_ 4(OPTs + OPTr + OPTy, + (9 —m')(=|S| — |T| + [U] +|V])) 23)

5 (1—-28)|L| '

Since |L/| 2 % it must be the case that [S| + |T'| > § — dn since otherwise there would be strictly
less than % elements in |L’|. For this reason also |U| —|— |V| <3

So —|S| = |T| + |U| + |V| < 6n. By plugging this in Eq. (22)) we get:

4 (OPTs + OPTr + OPTy, + (gr, —m')(dn)
5 (1-2B)[L] '

gr. —hr <

Note that g — hy = gL — g + 90 —he =g —he — (90 — gz) = (92 — hr) — (9L — /).
By plugging this in the above we get:

4 (OPTs + OPTr + OPTy, + (g, — m')on)

9 —he = 5 1-29)L

Note that OPTr = Y. cr9r — i > D ;cp gr —m/ so g —m' < OE’TT'
(OPTS + OPTy + OPT,, + 2.50PTr m)
(1-28)|L]
(OPTs +OPTy + OPTy, +20PTr 22
(1—-2p)|L]
(OPTs + (14 ©(0))OPTr + OPTy,)
(1—-28)|L]

gL—hL<*

ot

IN

(24)

Cﬂwk [SAUREN

and so we get the desired bound (due to the equivalent condition stated in Eq. (8).

We conclude with a final remark:

Remark 25. Algorithmdoes not have (¢, §) approximation robustness for any ¢ < % ~ 1.667.
This lower bound is obtained by observing the following instance: Let € > 0 be a small enough value,
X € R™ where n/2 points are at x = 0, n/4 points are at v = —0.5 — ¢, n/4 points at x = —1, and
one point at M > n. Now let X' be obtained from X by moving the point at x = M to x = —1.

Calculation shows that the above instance leads to a g approximation ratio.

I Second Facility Location: SECOND-PROPORTIONAL-MECHANISM Proofs

In this section we show the strategyproofness and the expected approximation ratio of Algorithm 2]
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Proof of Lemma@ We follow the proof of (Lu et al.,[2010, Thm 4.1). In the proof they show that
given that the first facility is at x, for any k € [n], then for any X’ =< 2}, X_; > that is gained
from X by agent i deviating from z; to z, the expected cost of agent ¢ only increases by deviating
to ;. The proof does not depend at all on the location of the first facility. Since the first facility is
entirely independent of the agent reported values, then the above implies that the choice of the second
facility is also strategy proof. O

Proof of Theorem([7} The proof is similar in structure to the one given by [Cu et al| (2010) for the
Proportional-Mechanism; the main difference is a careful (and tight) analysis of Lemma 27| for the
real line which leads to an approximation ratio of at most 3 rather than 4.

Let G :={gs,g97}, S ={i| z; € X,d(z;,95) < d(z;i,g9r)} and T = [n] \ S.

For any M C X let OPT); = meds(M,G). So OPTs = med; (S, gs), OPTr = medy (T, gr)
and thus OPT = medy(X,G) = OPTs + OPTr.

Let H = (gg, h) be the algorithms solution for the problem, and ALG = meds (X, H). We denote
ALGg, ALGr to be meds (S, H), meds (T, H) respectively, so that ALG = ALGgs + ALGt and
therefore E[ALG] = E[ALGs] + E[ALGr)].

Since ALGs < med; (S, gs) = OPTg, we get that E[ALGs] < OPTg, and we only need to find a
bound for E[ALG].

E[ALGr] = Y E[ALGyr | h = x;]Pr(h = ;) (25)
i1€[n]
= E[ALGr | h=]Pr(h =)+ » E[ALGy | h=xz]Pr(h=x;) (26)
€T i€T

In the summation above the first term is the expected cost due to choosing the second facility to be
a location in .S and the second term is the expected cost due to choosing the second facility to be a
location in 7". We will bound each one individually.

For all ¢ € [n] let a; = d(x;,9s), pi = ﬁ and b; = d(x;,gr). So ) ;.ga; = OPTs,
j€lnla;
>ierbi =OPTrand .\ p; = 1. For each Z‘,]J' € [n] letd; ; = d(z;, x;).
Lemma 26. . (E[ALGr | h = x;]Pr(h = x;) < OPTs
Proof.
ZE[ALGT | h = x;)Pr(h =x;) = Z (Z min{ay, di,t}> P
€S ieS \teT
(Q)Z Zat _pzz( ZteTat )-a'<2a4=OPTS
ies \iet ies Dorer Ot Dses s s
Where inequality (%) is gained by ignoring the second facility. O
Lemma 27. . E[ALG7 | h = z;]Pr(h = 2;) < 30PTr
Proof. Let D = d(ga,gsB).
ZE[ALGT | h =z;)Pr(h=u1;) = Z [(Z min{at,d(mt,xi)}> ~pi]
= ieT L \teT
triangle inequality
Z [(Z min{as, by + b2}> ~pi] = Z l(Z b + Zmin{at — by, bl}> -pi]
ieT L \teT ieT L \teT teT
= Z l(Z bt> pi| + Z (Z min{a; — by, bl}> .pi]
ieT L \teT ieT L \teT
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5z

i€T teT

>

€T

b
+ Z (Z min{at — bt7 bl}> . 7l‘|
ieT L \teT Zje[n] a;

i —bi
(st b
Pyt 2jeln) %

We bound each of these 3 terms individually by O P17, and thus get the desired bound.

The first term bound:

) -G o

€T teT teT i€l

The second term bound:

bi bz
min{a; — by, b;} | - =———| < ag—b | =———
iez; Kt; { }> 2jetn) “ﬂ‘] ; Kt; ) 2jeln) “]‘]
<> |(To) st - Tn-orm
J€(

n] a;

ieT L \teT ieT
The third term bound:
a; — b; a; —b; a; — b;
Z Zmin{at _ btabi}> . H] < Zl<2b1> . H} = Z |T|b; - H]
€T l(teT 2 jeln) 9 ieT L \teT 2jein) 4 i€T 2jeln 4
(28)
We finish the third term bound by showing the following claim
Claim 28.
b
Z T - 2% | < OPTy
€T Zje[n] aj

Proof. Let T, be the part of 1" closer to gs and T be the other part of 7.

SoT, ={i|ieT,d(x;gs) <d(xsgr)}, and T, = T \ T,. Since the points are all on the line
metric:

Foralli € T,: a; = d(gs,x;) = d(gs,g97) —bi = D — b;.
Foralli € Ty: a; = d(gs,x;) = d(gs,gr) + bi = D + b;.
Let us use these facts in Eq. (28) to get:

b, D—b; — b D+b; — b
Z T|b; - ‘172] = Z IT|b; - ———— | + Z |T|b; - m]
i€T Zje[n] aj i€T, Zie[n] aj €Ty Zje[n] aj
7D ( b_) AT Eier, b® ITID - OPTr = 2/T| g, b
2jeln % \ich 2jern) % 2jetn) %
2
) |T|D-OPTr — 2(OPTr,)? =) |T|D — 2O
< — < = -OPTr (29)
> iepn] 4 |T|D + OPTr, — OPTr,
(%) is due to QM — AM inequality since
2
Sier bi) 1Tal<SITI 1
b22 > ( 1€T, Z (OPTT )27.
2 Tl IT|

129600 https://doi.org/10.52202/079017-4117



(%) explanation:

Yaj=>"a;+> aj+Y aj=0PTs+ Y D—bj+ > D+
iel

n) jeS JET, JETY JET, JETY
= OPTs + D|T| + OPTy, — OPTy, > |T|D + OPTy, — OPTy,

‘We now show that

T|D — 29PTr)"
a ortr

\T|D + OPTy, — OPTy, —

Indeed, if OPTy, > OPTr, then |T|D + OPTyp, — OPTr, > |T|D and thus:

(OPTr,)? (OPTr,)?
7D - 297" D295l mp
|T|D+ OPTrp, — OPTr, — |T|D — |T|\D '

Otherwise OPTr, — OPTr, > 0 and thus:

OPTr, > OPTy, —
OPTr = OPTTa + OPTTb < QOPTTQ B
(OPTr, — OPTy,)OPTr < 2(OPTy, — OPTr,)OPTr, = 2(OPTr,)? — 20PTr,OPTr, < 2(OPTr,)? =

2 T\D — 9OPTr,)* B
OPTy. — OPTy, < 2(OPTy,) 7| oPTr _ |T|D + OPTy, — OPTy,

=1
=~ OPTr IT|D + OPTy, — OPTy, ~ |T|D + OPTy, — OPTr,

. . _ai=b;
So from Eq. l) ZieT['T“)l S < OPTr.

O
To summarize: ), E[ALGy | h = 2;]Pr(h = x;) < OPTp+OPTr+OPTr = 30PTr. O
From plugging Lemma [26] Lemma [27]into Eq. (26) we get:

E[ALG] < 20PTs + 30PTy < 30PT.

Remark 29. The upper bound of 3 in the analysis of Theorem[/]is tight.

To show tightness, consider an instance with n points on the real line: /2 points at z = 0, 7/2 —
1 points at z = 1, and a single point at z = 2. Assume the given first facility is at 0. The
optimal solution puts the second facility at 1 and pays the cost of 1. On the other hand E[ALG] =

1 n—2 n—2\ _ qn/2—1 __
i (f +2557) =35 g 3.

J Proof of Theorem|[9]

Proof. The strategyproofness is due to the fact that the first facility is chosen based only using the
predictions, and the second facility choice is strategyproof due to Lemma 6]

Let G = (g1, gr) be the optimal cluster centers for X, and let L, R be the respective corresponding
clusters. We consider two cases: when this optimal clustering is bj-balanced, and when it is not; in
both cases we show that the algorithm achieves low expected cost. Let H = (hq, ha) be the solution
returned by Algorithm 4]

The first case is when (L, R) is a bd-balanced clustering of X. In this case we claim that

Emeds(X, H)] < (3.6 + 0(5)) medy (X, G).
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Indeed, let T = (t1,tRr) be the two centers of the (b — 1)d-balanced 2-medians algorithm on X”.
Since G induces a bd-balanced clustering, Theorem 4] and our choice of b ensures that

medy (X, T) < 1.2meds (X, G).

Since Algorithmreturns one of the centers of the (b — 1)d-balanced 2-medians algorithm on X'
as hy, let us assume w.l.o.g. that BIG-CLUSTER-CENTER returns hy = tr. Let (X, Xg) and
(X1, X7}) be the clusterings of X and X' induced by T = {tr,, tg }. From Theorem
Elmeds (X, H)](*:) E[meds (X, {tr, ho})] < 2med; (X, tr) + 3med; (X g, median(Xg))
<2med;(Xp,tr) +3(1 + O(5)) medy (Xg, tr)
< (34 0(9))meda(X,T) < (3.6 + O(6)) med2 (X, G),

where the inequality (x) uses the fact that X and X, differ on at most §| X| points, and hence we
can sue (1 4+ O(d), 0) approximation-robustness of 1-Median from Corollary

Now for the other case: suppose (L, R) is a bd-unbalanced clustering. Theoremimplies that either
medy (L, hy) < (1.8 4+ O(6)) med; (L, g1 ) or med; (R, h1) < (1.8 4 O(9)) med;y (R, gr). W.lo.g.,
consider the first option. Then from Theorem 7}

E[medy (X, H)] < 2med; (L, h1) + 3med; (R, gr)
< 2((1.84+0(9)) med1(L,gr)) + 3med; (R, gr) < (3.6 + O(J))OPT.

Combining the two cases completes the proof. O
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