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Abstract

Diffusion models have become a leading method for generative modeling of both
image and scientific data. As these models are costly to train and evaluate, re-
ducing the inference cost for diffusion models remains a major goal. Inspired by
the recent empirical success in accelerating diffusion models via the parallel sam-
pling technique [I], we propose to divide the sampling process into O(1) blocks
with parallelizable Picard iterations within each block. Rigorous theoretical anal-

ysis reveals that our algorithm achieves O(poly log d) overall time complexity,
marking the first implementation with provable sub-linear complexity w.r.t. the
data dimension d. Our analysis is based on a generalized version of Girsanov’s
theorem and is compatible with both the SDE and probability flow ODE imple-
mentations. Our results shed light on the potential of fast and efficient sampling
of high-dimensional data on fast-evolving modern large-memory GPU clusters.

1 Introduction

Diffusion and probability flow based models [P-IT] are now state-of-the-art in many fields, such
as computer vision and image generation [I2-22], natural language processing [23, 4], audio and
video generation [25-79], optimization [B0, B1], sampling and learning of fixed classes of distribu-
tions [B2-4T], solving high-dimensional partial differential equations [42-46], and more recently
several applications in physical, chemical and biological fields [£7-63]. For a more comprehen-
sive list of related work, one may refer to the following review papers [64-66]. While there are
already many variants, such as denoising diffusion probabilistic models (DDPMs) [[], score-based
generative models (SGMs) [9], diffusion schrodinger bridges [67], stochastic interpolants and flow
matching [2-4], efc., the recurring idea is to design a stochastic process that interpolates between the
data distribution and some simple distribution, along which score functions or alike are learned by
neural network-based estimators, and then perform inference guided by the learned score functions.

Due to the sequential nature of the sampling process, the inference of high-quality samples from
diffusion models often requires a large number of iterations and, thus, evaluations of the neural
network-based score function, which can be computationally expensive [b8]. Efforts have been
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Work Implementation Measure Approx. Time Complexity

[IITX], Theorem 2] SDE TV (po, qr)* O(ds—)
(104, Theorem 2] SDE Dy, (pyl|Gr—n) O(d2572)
[T073, Corollary 1] SDE Dxr,(pyl|Gr—n) O(ds—2)
[IT1, Theorem 3]  ODE w/UMLC correction TV (py,, Gr—y)? O(Wds1)

Theorem 3.3 SDE w/parallel sampling  Dxr,(py||gr—r) (é(poly log(dd—2))
Theorem B3 ODE w/parallel sampling TV (p,,, gr—n)* O(poly log(dé—2))

Table 1: Comparison of the approximate time complexity (c¢f. Definition I7T) of different implemen-
tations of diffusion models. 7 is a small parameter that controls the smooth approximation of the
data distribution (cf. Section BTT).

made to accelerate this process by resorting to higher-order or randomized numerical schemes [69—
79], augmented dynamics [80], adaptive step sizes [R1], operator learning [KZ], restart sampling [83],
self-consistency [K4—R7] and knowledge distillation [88—90]. Recently, several empirical works [II,
91-94] leverage the Picard iteration and triangular Anderson acceleration to parallelize the sampling
procedure of diffusion models and achieve empirical success in large-scale image generation tasks.
Some other recent work [93, 9G] also combine the parallel sampling technique with the randomized
midpoint method [97] to accelerate the inference of diffusion models.

This efficiency issue is closely related to the problem of bounding the required number of steps
and evaluations of score functions to approximate an arbitrary data distribution on R? to §-accuracy,
which has been analyzed extensively in the literature [98-T5]. In terms of the dependency on the
dimension d, the current state-of-the-art result for the SDE implementation of diffusion models is
O(d) [A], improved from the previous O(d?) bound [I04]. [IT1] gives a O(+/d) bound for the
probability flow ODE implementation by considering a predictor-corrector scheme with the under-
damped Langevin Monte Carlo (UMLC) algorithm.

In this work, we aim to provide parallelization strategies, rigorous analysis, and theoretical guaran-
tees for accelerating the inference process of diffusion models. The time complexity of previous
implementations of diffusion models has been largely hindered by the discretization error, which
requires the step size to scale with O(1/d) for the SDE implementation and O(1/+/d) for the prob-
ability flow ODE implementation. We show that the inference process can be first divided into
O(1) blocks with parallelizable evaluations of the score function within each, and thus reduce the

overall time complexity to O(poly log d). We provide the first implementation of diffusion mod-
els with poly-logarithmic complexity, a significant improvement over the current state-of-the-art
polynomial results that sheds light on the potential fast and efficient sampling of high-dimensional
distributions with diffusion models on fast-developing memory-efficient modern GPU clusters.

1.1 Contributions

* We propose parallelized inference algorithms for diffusion models in both the SDE and proba-
bility flow ODE implementations (PIADM-SDE/ODE) with exponential integrators, a shrinking
step size scheme towards the data end, and the early stopping technique;

* We provide a rigorous convergence analysis of PIADM-SDE, showing that our parallelization
strategy yields a diffusion model with O(poly log d) approximate time complexity;

* We show that our strategy is also compatible with the probability flow ODE implementation, and

PIADM-ODE could improve the space complexity from (5(d2) to (5(d3/ %) while maintaining
the poly-logarithmic time complexity.

2 Preliminaries

In this section, we briefly recapitulate the framework of score-based diffusion models, define nota-
tions, and discuss related work.
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2.1 Diffusion Models

In score-based diffusion models, one considers a diffusion process (z)s>0 in R? governed by the
following stochastic differential equation (SDE):

dxs = Bs(xs)ds + osdw,, with xg ~ po, 2.1

where (w;)s>0 is a standard Brownian motion, and py is the target distribution that we would like to
sample from. The distribution of x; is denoted by p,. Once the drift 3,(-), the diffusion coefficient
o, and a sufficiently large time horizon 7T are specified, (Z) also corresponds to a backward
process (&:)o<t<7 for another arbitrary diffusion coefficient (vs)s>o [IT6]:

&5, + 0,0/

dig, = [_Bt(itw 5 Yt Vlog p, (&:) | dt + Dedwy, (22)

where %; denotes *1_;, with p, = pr and pp = po.

For notational simplicity, we adopt a simple choice of the drift and the diffusion coefficients in what
follows: B (x) = —%cc, o; = I, and v = vIg, under which (IT) is an Ornstein-Uhlenbeck (OU)
process converging exponentially to its stationary distribution, i.e. pr ~ pr := N(0, I), and (ZT)

and (EZ22) reduce to the following form:

1+ 02
2

1 1
dz, = —§m5ds +dw,, and dI; = [2@ + Vlog‘ﬁt(a?t)] dt + vdw. (2.3)

In practice, the score function V,(a;) is often estimated by a neural network (NN) sf(z;), where
0 represents its parameters, by minimizing the denoising score-matching loss [[T'Z, [TX]:

L(0) :=Eg,~p, {HVlogpt(wt) - 8?(%)“1
2” (2.4)

and the backward process in (Z3) is approximated by the following SDE thereafter:

Ty — xpe /2

0
1— e_t -5 (mt)

= EEONPO [EthPto(mtmo) [

]. 1 + U2 0 .
dy, = SYet —5 st (y¢)| dt + vdwy, with yo ~ N(0, I). (2.5)

Implementations. Diffusion models admit multiple implementations depending on the choice of
the parameter v in the backward process (). The SDE implementation with v = 1 is widely
used in the literature for its simplicity and efficiency [I0], while recent studies [[T1] claim that the
probability flow ODE implementation with v = 0 may exhibit better time complexity. We refer
to [[ICIT, TTY] for theoretical and [I20J, IZT] for empirical comparisons of different implementations.

2.2 Parallel Sampling

Parallel sampling algorithms have been actively explored in the literature, including the parallel
tempering method [122-124] and several recent studies [[25-127]. For diffusion models, the idea of
parallel sampling is based on the Picard iteration [I78, T29] for solving nonlinear ODEs. Suppose
we have an ODE dx; = f;(x;)dt and we would like to solve it for ¢ € [0, 7], then the Picard
iteration is defined as follows:

t
w§0) =z, and wgkﬂ) = —|—/ fo(x)ds, forkel0: K —1]. (2.6)
0

Under assumptions on the Lipschitz continuity of f;, the Picard iteration converges to the true so-

lution exponentially fast, in the sense that ||||m,§k) — xy|||| oo,y < 0 with K = O(logd™1)
iterations. Unlike high-order ODE solvers, the Picard iteration is intrinsically parallelizable: for any
t € [0,T], the computation of mikﬂ) relies merely on the values of the most recent iteration :cgk).
With sufficient computational sources parallelizing the evaluations of f, the computational cost of

solving the ODE no longer scales with 7" but with the number of iterations K.
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Recently, this idea has been applied to both the Langevin Monte Carlo (LMC) and the underdamped
Langevin Monte Carlo (UMLC) contexts [[30]. Roughly speaking, it is proposed to simulate the
Langevin diffusion process de; = —VV (x;)dt + dw, with the following iteration resembling (Z6):

oV =z, and V.= / vV (M) ds +w,, forke[0: K —1),  (2.7)

where all iterations share a common Wiener process (w;);>o.

It is shown that for well-conditioned log-concave distributions, parallelized LMC would achieve
an iteration depth of K = (5(poly logd) that matches the indispensable time horizon T =
(5(poly log d) to achieve exponential ergodicity (c¢f. [[30, Theorem 13]). This promises a signif-
icant speedup in sampling high-dimensional distributions from the standard LMC of T' = (5(d)
iterations, hindered by the o(1/d) step size as imposed by the discretization error and now evaded
by the parallelization.

2.3 Approximate Time Complexity

A similar situation is expected in diffusion models, where the application bottleneck is largely the
inference process with sequential iterations and expensive evaluations of the learned score function
8(+), which is often parametrized by large-scale NNs. Despite several unavoidable costs involv-
ing pre- and post-processing, data storage and retrieval, and arithmetic operations, we define the

following notion of the approximate time complexity of the inference process of diffusion models:

Definition 2.1 (Approximate time complexity). For a specific implementation of diffusion mod-
els (Z3), we define the approximate time complexity of the sampling process as the number of
unparallelizable evaluations of the learned NN-based score function s (-).

This definition coincides with the notion of the number of steps required to reach a certain accuracy
in [I04, TO0], iteration complexity in [[X, TTT], efc. in the previous theoretical studies of diffusion
models. We have adopted this notion in Table [ for a comparison of the current state-of-the-art re-
sults and our bounds in this work. We will use the notion of space complexity likewise to denote the
approximate required storage during the inference. Trivially, the space complexity of the sequential
implementation is O(d). Should no confusion occur, we omit the dependency of the complexities
above on the accuracy threshold 4, etc., during our discussion, as we focus on applications of diffu-
sion models to high-dimensional data distributions, following the standard practice in the literature.

3 Main Results

Inspired by the acceleration achieved by the parallel sampling technique in LMC and ULMC, we
aim to accommodate parallel sampling into the theoretical analysis framework of diffusion models.
The benefit of the parallel sampling technique in this scenario has been recently confirmed by up
to 14x acceleration achieved by the ParaDiGMS algorithm [[I]] and ParaTAA [97], where several
practical compromises are made to mitigate GPU memory constraints and theoretical guarantees are
still lacking.

In this section, we will propose Parallelized Inference Algorithms for Diffusion Models with both
the SDE and probability flow ODE implementations, namely the PIADM-SDE (Algorithm ) and
PIADM-ODE (Algorithm D), and present theoretical guarantees of our algorithms, including the
approximate time complexity and space complexity, for both implementations in Section Bl and
Section B2, respectively. Due to the large number of notations used in the presentation, we give an
overview of notations in Appendix BTl for readers’ convenience.

3.1 SDE Implementation

We first focus on the approximation, parallelization strategies, and error analysis of diffusion mod-
els with the SDE implementation, i.e. the forward and backward process (Z3) and its approximata-

tion (Z3) with v = 1. We will show that PIADM-SDE achieves an O(poly log d) approximate time
complexity with O(d?) space complexity.
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Outer Iterations n: N = O(log d) blocks

do =~ N (0, 1) > Gin N PDdata
ho h1 hn—1 hnv-1 7
* : % % % —
H/_/‘
o(1)

M,, = O(d) or O(+v/d) parallalizable steps R
4at,, > Qinia
€n,M—1

€n,0 €n,1
k = 0 ‘K { { T
Inner S~ K &
Iterations k: E=1 ) X m

K = O(logd)
depth

— L ] %
k=K K — +— A
O(d=1) or O(d=1/?)

Figure 1: Illustration of PIADM-SDE/ODE. The outer iterations are divided into O(log d) blocks
of O(1) length. Within each block, the inner iterations are parallelized with O(d) steps for SDE (cf.
Theorem B3), or (’)(\/a) for probability flow ODE implementation (cf. Theorem B3). The overall

approximate time complexity is KN = o (poly log d). brown, , blue, and red curves represent
the computation graph at t = ¢,, + 7, ., form = 1,2, M,, — 1, M,,.

3.1.1 Algorithm

PIADM-SDE is summarized in Algorithm [ and illustrated in Figure M. The main idea behind
our algorithm is the fact that (Z3) can be efficiently solved by the Picard iteration within a period

of O(1) length, transferring 6(6[) sequential computations to a parallelizable iteration of depth

O(log d). In the following, we introduce the numerical discretization scheme of our algorithm and
the implementation of the Picard iteration in detail.

Step Size Scheme. In our algorithm, the time horizon 7" is first segmented into /N blocks of length
(h")N_1 with each h,, < h := T/N = Q(1), forming a grid (t,)N_, with ¢,, = Z;'L:1 h;. For

n=0 > n=0
any n € [0 : N — 1], the n-th block is further discretized into a grid (7, ,,) 2, with 7, 0 = 0 and
Tn,M, = hn. We denote the step size of the m-th step in the n-th block as €, m = Th.m+1 — Tn,m>
and the total number of steps in the n-th block as M,,.

For the first N — 1 blocks, we simply use the unique discretization, i.e. h,, = h, €,,, = €, and
M, = M :=hje,forn € [0 : N —2] and m € [0 : M — 1]. Following 04, [07], to curb the
potential blow-up of the score function as ¢ — 7", which is shown by [I07] for 0 < s < ¢ < T to be
of the order

t 2
t —

5| [ IV 10ep, (@) - Viogp @) Par| 0 (122

we apply early stopping at time ¢ty = T — ), where 7 is chosen in a way such that the O(,/7)

2-Wasserstein distance between pp and its smoothed version pr_, that we aim to sample from

alternatively, is tolerable for the downstream tasks. We also impose the exponential decay of the step

size towards the data end in the last block. To be specific, we let hy_1 = h — §, and discretize the

interval [ty_1,tn] = [(N —1)h,T — 7] into a grid (TN_Lm)%ial with step sizes (ex_1.m) M2

satisfying

EN—1,m SE/\G(h—TNfl’m+1). 3.1

As shown in Lemma BT, this exponential decaying step size scheme towards the data end is crucial
to bound the discretization error in the last block.

For the simplicity of notations, we introduce the following indexing function: for 7 € [t,,, t,,+1], we

define I,,(7) to be the unique integer such that Z;’;(IT ) €n; < T < S In

) €n,j- We also define
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Algorithm 1: PIADM-SDE
Input: gy ~ go = N(0, I;), a discretization scheme (T, (h,,)Y_; and (Tn,m)ne[1:N],me[0:M])
satisfying (), the depth of iteration K, the learned NN-based score function s (-).
Output: A sample g;,, ~ G = P
1 forn=0to N —1do

2 | G G b~ N(0, 1) form € [0+ M, in parallel;
3 fork=0to K — 1do
~(k ~

4 yﬁm)o Yt

5 for m = 0 to M, in parallel do

6 ~(k+1 n,m _(k

e e,
m—1 Imm=Tngti en 0 ;%) G4
Y 2 2(eri —1)s) o (G )+ Ve — g,

7 end

8 end

~ (K

9 Ytnit A yt(m‘)rn,Mn;
10 end

a piecewise function g such that g, (7) = Z;;(f ) €n,;. It is easy to check that under the uniform

discretization forn € [1 : N — 1], we have I,,(7) = |7/¢] and g, (7) = [7/¢€]e.

Exponential Integrator. For each step 7 € [t,, + T m, tn + Tn,m+1], We use the following expo-
nential integrator scheme [[77], as the numerical discretization of the SDE (Z3):

~ _ m/2 m/2 0 ~ \/T
Yo, me1 — e m/ Yt Trm +2 (esn m/2 1) Stp+Tn.m (ythr‘rn,m) +Veenm — 1€,

where & ~ N (0, I;). Lemma B3 shows its equivalence to approximating (I3) as

. 1. .
dytn,T = §ytn,7 + 3?n+7—n’m(ytn,7n,m):| dT + dwthr‘m fOf TE [Tn,m7 Tn,m+1]- (32)
Remark 3.1. One could also implement a straightforward Euler-Maruyama scheme instead of
the exponential integrator (B4), where an additional high-order discretization error term would
emerge [([04, Theorem 1], which we believe would not affect the overall O(polylogd) time com-
plexity with parallel sampling.

Picard Iteration. Within each block, we apply Picard iteration of depth K. As shown by
Lemma B3, the discretized scheme (B4) implements the following iteration for k € [0 : K — 1]:

(k 1 (k
dyt(f’-ﬁ;l) — [Qyt(fj;l) + an+gn(7) (yﬁf’)gn(q,)) dr +dwy, +r, forT € [0,h,]. (3.3)

We denote the distribution of @ﬁfl by G, ++. As proved in Lemma B8, the iteration above would

converge to (B2) in each block exponentially fast, which given a sufficiently accurate learned score
estimation s? should be close to the true backward SDE (Z3). One should also notice that the
Gaussians &, are only sampled once and used for all iterations.

The parallelization for (B4) in Algorithm [ should be understood as that for any & € [0 : K — 1],

each s! sy (g§’j)m7) for j € [0 : M,] is evaluated in parallel, with subsequent floating-point

operations comparably negligible, resulting in the overall O (N K') approximate time complexity.

3.1.2 Assumptions

Our theoretical analysis will be built on the following mild assumptions on the regularity of the data
distribution and the numerical properties of the neural networks:
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Assumption 3.1 (L%([0,ty]) J-accurate learned score). The learned NN-based score s¢ is 5y-
accurate in the sense of

N—-1M,—1
9 — — —
SN cwm||sh i Bt = VIogB i (Fim,)

n=0 m=0

Ep

2
’ ] <82 (35

Assumption 3.2 (Regular and normalized data distribution). The data distribution py has finite
second moments and is normalized such that covy, (xo) = 1.

Assumption 3.3 (Bounded and Lipschitz learned NN-based score). The learned NN-based score
function s} has bounded C* norm, i.e. ||[|s{(:)|||| o (jo,r)) < Ms with Lipschitz constant Ls.

Remark 3.2. Assumption B and the finite moment assumption in Assumption B2 are standard
assumptions across previous theoretical works on diffusion models [IL00, [04, [T1], while we adopt
the normalization Assumption B2 from [LU7] to simplify true score function-related computations
(cf. Lemma B3). Assumption B3 can be easily satisfied by truncation, ensuring computational
stability. Notice that the exponential integrator, one actually applies Picard iteration to e~/ 28?, a
relaxation of Assumption Bl might be possible, which is left for future work.

3.1.3 Theoretical Guarantees

The following theorem summarizes our theoretical analysis for PIADM-SDE (Algorithm ):
Theorem 3.3 (Theoretical Guarantees for PIADM-SDE). Under Assumptions B, B2, and B3,
given the following choices of the order of the parameters
T = O(log(ds™?)), h=0(1), N =0 (log(ds~?)),
e =0 (d'6%log H(d572)), M =0 (d6 %log(d6™2)), K = O(log(ds—?)),

and let Lihne%h" < 1,09 X6, T <logn™?, the distribution Gy, that PIADM-SDE (Algorithm )
generates samples from satisfies the following error bound:

DL (pyllGiy) S de” " + deT + 65 + dTe ™ < 6%,

with a total of KN = 4] (1og2 (d6_2)) approximate time complexity and dM = o (d2(5_2) space
complexity for parallalizable §-accurate score function computations.

Remark 3.4. We would like to make the following remarks on the result above:

* The acceleration from 6(d) to O (poly log d) is at the cost of a trade-off with extra memory cost
A (k)
tnyTn,m

of M = O(d) for computing and updating {s{ . A
each Picard iteration;

) }mel0:0,,] Simultaneously during

e Compared with log-concave sampling [I30], M being of order 6(03) instead of (5(\/3) therein
is partly due to the time independence of the score function V log p(-) in general sampling tasks.

Besides, the scaling M = O(d) agrees with the current state-of-the-art dependency [IIT7] for
the SDE implementation of diffusion models;

* As mentioned above, the scale of the step size € within one block is still confined to ©(1/M) =

5) (1/d). The block length h, despite being required to be small compared to 1/ Ly, is of order
O(1), resulting in only ©(log d) blocks and thus O(poly log d) total iterations.

3.1.4 Proof Sketch

The detailed proof of Theorem B3 is deferred to Section B. The pipeline of the proof is to (a) first
decompose the error Dkr, (P, [|G: ) into blockwise errors using the chain rule of KL divergence; (b)
bound the error in each block by invoking Girsanov’s theorem; (c) sum up the errors in all blocks.

The key technical challenge lies in Step (b). Different from all previous theoretical works [T00,
[04, 1], the Picard iteration in our algorithm generates K paths recursively in each block using

the learned score sf. And therefore the final path (gﬁfl)Te[OM depends on all previous paths

(gt(f?T)re[o, h, for k € [0 : K — 1], ruling out a direct change of measure argument from the
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naive application of Girsanov’s theorem. To this end, we need a more sophisticated mathematical
framework of stochastic processes, as given in Appendix B1. We define the measurable space
(Q, F) with filtrations (F;);>0 to specify the probability measures on (2, F) of each Wiener process,
and resort to one of the most general forms of Girsanov’s theorem ( [I31, Theorem 8.6.6]). For
example, in the n-th block, we apply the following change of measure procedure:
1. Letg] 7., be the measure where w; (w) is the shared Wiener process in the Picard iteration (B=3)
forany k € [0: K — 1];

2. Define another process dw;, 1 (w) = dwy, 4, (w) + 8¢, (7, w)dT, where
K-1 o ~(K
8, (1.w) =8 Lo (@) (@) = Viog By, 4 (B (w);

3. Invoke Girsanov’s theorem, which yields that the Radon-Nikodym derivative of the measure
p|F,, with respect to q|r, ~satisfies

h h

p ]__f n 1 n

tog WFen () = — [ 5, (7,00) T, 10 () — & [ e
dQ\Ftn 0 2 Jo

4. Conclude that (wy, y-)r>0 is a Wiener process under the measure p|r, and thus (B3) at
iteration K satisfies the following SDE:

. 1. ~
AGNw) = |3 + V0w, G ) | a7 + i o),

i.e. the true backward SDE (Z3) with the true score function for 7 € [t,,, 41

One should notice that this change of measure argument will cause an additional term in the bound

of the discrepancy between the first iteration y(l) and the initial condition y,E )T in Lemma B3.

However, due to the exponential convergence of the Picard iteration, this term does not affect the
overall error bound.

3.2 Probability Flow ODE Implementation

In this section, we will show that our parallelization strategy is also compatible with the probabil-
ity ODE implementation of diffusion models, i.e. the forward and backward process (Z3) and its
approximatation (Z3) with v = 0. We will demonstrate that PIADM-ODE (Algorithm ) further
improves the space complexity from O(d?) to O(d3/ %) while maintaining the same O(poly log d)
approximate time complexity.

3.2.1 Algorithm

Due to the space limit, we refer the readers to Section 1 and Algorithm D for the details of our
parallelization of the probability flow ODE formulation of diffusion models. PIADM-ODE keeps
the discretization scheme detailed in Section BT that divides the time horizon 7" into N blocks
and uses exponential integrators for all updating rules. Notably, PPADM-ODE has the following
distinctions compared with PIADM-SDE (Algorithm [):

* Instead of applying Picard iteration to the backward SDE as in (B72), we apply Picard iteration
to the probability flow ODE as in (C3) within each block, which does not require sampling i.i.d.
Gaussians to simulate a Wiener process;

* The most significant difference is the adoption of an additional corrector step [I'T1] after running
the probability flow ODE with Picard iteration within one block. During the corrector step,
one augments the state space with a Gaussian that represents the initial momentum and then
simulates an underdamped Langevin dynamics for O(1) time with the learned NN-based score
function at the time of the block end;

* We then further parallelize the underdamped Langevin dynamics in the corrector step so that
it can also be accomplished with O(log d) approximate time complexity, as a naive implemen-

tation would result in 6(\/&) [C30], which is incompatible with our desired poly-logarithmic
guarantee.
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3.2.2 Assumptions

Due to technicalities specific to this implementation, we need first to modify Assumption B and add
assumption on the Lipschitzness of the true score functions V log p;, which is a common practice in
related literature [[[04, TTT]. Recent work on the probability flow ODE implementation [IT2, IT4]
also adopts stronger assumptions compared to the SDE implementation.

Assumption 3.1’ (L°°([0, tn]) d-accurate learned score). Foranyn € [0 : N — 1] and m € [0 :

M,, — 1], the learned NN-based score sfmT" . is doo-accurate in the sense of
0 2 2
L7 N ‘ StntTn.m (&t 470m) = Vlogpy, s, ,, (&t t7mm) H < 0%

Assumption 3.4 (Bounded and Lipschitz true score). The true score function V log p, has bounded
C" norm, ie. ||||V1og pe(-)|l|| Lo (jo,11) < M) with Lipschitz constant L.

Further relaxations on Assumption B4 to time-dependent assumptions accommodating the blow-up
to the data end (e.g. [T03, Assumption 1.5]) are left for further work.

3.2.3 Theoretical Guarantees

Our results for IADM-ODE are summarized in the following theorem:
Theorem 3.5 (Theoretical Guarantees for PIADM-ODE). Under Assumptions 310, B2, B3, and B4,
given the following choices of the order of the parameters
T = O(log(dé™?)), h=0(1), N =O(log(ds?)),
=0 (d—l/%log*l(d—l/?a—l)) . M =0(d/26  log(d/257Y)), K = O(log(dd—2)),
for the outer iteration and
TM=0(1) SLY2AL;Y?, BT =0(1), N'=0(1),
e =0@@1?%5), M =01, K'=0(log(ds?)),

for the inner iteration during the corrector step, and let L2h%e" v LghTQGhT/"y < 1, 00 S

Slog™t(dé—2), and v > L}D/Q, then the distribution Gy, that PIADM-ODE (Algorithm Q) gener-
ates samples from satisfies the following error bound:

TV (py, Giy)? S de™ T +de*T? + (T? + N?)52, + dN?e 8 < 62,

with a total of (K + KINT)N = O (logQ(d6_2)) approximate time complexity and d(M v MT) =
5) (dg/ 26*1) space complexity for parallalizable §-accurate score function computations.

The reduction of space complexity by the probability flow ODE implementation is intuitively owing
to the fact that the probability flow ODE process is a deterministic process in time rather than a
stochastic process as in the SDE implementation, getting rid of the O(e) term derived by Itd’s
symmetry. This allows the discretization error to be bounded with O(€?) instead (cf. Lemma B2
and [C3).

3.2.4 Proof Sketch

The details of the proof of Theorem B3 are provided in Section 0. Along with the complexity bene-
fits the deterministic nature of the probability flow ODE may bring, the analysis is technically more
involved than that of Theorem B3 and requires an intricate interplay between statistical distances.
Several major challenges and our corresponding solutions are summarized below:

* The error of the parallelized algorithm within each block may now only be bounded by 2-
Wasserstein distance (¢f: Theorem 1) instead of any f-divergence that admits data processing
inequality as in the SDE case by Girsanov’s theorem. The additional corrector step exactly han-
dles this issue and would intuitively translate 2-Wasserstein proximity to TV distance proximity
(cf. Lemma [CTR), allowing the decomposition of the overall error into each block;
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* For the corrector step, the underdamped Langevin dynamics as a second-order dynamics requires
only O(+/d) steps to converge, instead of O(d) steps in its overdamped counterpart. We then
adapt the parallelization technique mentioned in Section I to conclude that it can be accom-
plished with O(log d) approximate time complexity (c¢f Theorem 7). The error caused by
the approximation to the true score and numerical discretization within this step is bounded in
KL divergence by invoking Girsanov’s theorem(Theorem A=) as in the proof of Theorem B73;

* Different from the SDE case, where the chain rule of KL divergence can easily decouple the ini-
tial distribution and the subsequent dynamics, we need several interpolating processes between
the implementation and the true backward process in this case. The final guarantee is in TV dis-
tance as it connects with the KL divergence via Pinsker’s inequality and admits data processing
inequality. We refer the readers to Figure D for an overview of the proof pipeline, as well as the
notations and intuitions of the auxiliary and interpolating processes appearing in the proof.

4 Discussion and Conclusion

In this work, we have proposed novel parallelization strategies for the inference of diffusion models
in both the SDE and probability flow ODE implementations. Our algorithms, namely PIADM-
SDE and PIADM-ODE, are meticulously designed and rigorously proved to achieve O(poly log d)
approximate time complexity and O(d?) and O(d®/?) space complexity, respectively, marking the
first inference algorithm of diffusion and probability flow based models with sub-linear approximate
time complexity. Our algorithm intuitively divides the time horizon into several O(1) blocks and
applies Picard iteration within each block in parallel, transferring the time complexity into space
complexity. Our analysis is built on a sophisticated mathematical framework of stochastic processes
and provides deeper insights into the mathematical theory of diffusion models.

Our findings echo and corroborate the recent empirical work [[, U1-94] that parallel sampling tech-
niques significantly accelerate the inference process of diffusion models. Theoretical exploration of
the adaptive block window scheme therein presents an interesting future research potential. Possible
future work also includes the investigation of how to apply our parallelization framework to other
variants of diffusion models, such as the discrete [3, I32-T47] and multi-marginal [T43] formula-
tions. Although we anticipate implementing diffusion models in parallel may introduce engineering
challenges, e.g. scalability, hardware compatibility, memory bandwidth, efc., we believe that our
theoretical contributions lay a solid foundation that not only supports but also motivates the empiri-
cal development of parallel inference algorithms for diffusion models since advancements continue
in GPU power and memory efficiency.
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A Mathematical Background

In this section, we will summarize used notations and rigorous mathematical framework of 1t6 pro-
cesses as necessary in the proofs. We will also present several technical lemmas for later reference.

A.1 Notations

We adopt the following notations throughout the paper:

Notation | Description
[a : D] The set {a,a +1,...,b}
I, Identity matrix in R%*?
it *T—t
* Used to denote quantities produced by the algorithm
* Used to denote quantities related to the auxiliary processes
a Used to denote quantities related to the corrector step
-1l The Euclidean norm of a vector
<orz> The inequality holds up to a constant factor
< Absolute continuity (for measures)/ much less than (for quantities)
(T1)e>0 The forward process of the diffusion model (Z3)
(%¢)¢ejo,r) | The backward process of the diffusion model (Z3)

The approximate backward process of the diffusion model (Z3)

(yt)te[o,T]
~(k)

The approximate value of the approximate process y; at time ¢, +7y, m

tn,Tn,m
' after k iterations in the (n + 1)-th block
Ye,, The value of the approximate process y; at time ¢,,
G, The distribution of ¥,
Zty:ty The path (2¢):e[t, ¢, Of the process z;
Dy(-||-) | The f-divergence between two distributions
Dki(- || -) | The KL divergence between two distributions
V(-, -) | The total variation distance between two distributions
Wa(-, ) The 2-Wasserstein distance between two distributions

Table 2: Summary of notations

A.2 Preliminaries

Theorem A.1 (Properties of f-divergence). Suppose p and q are two probability measures on a
common measurable space (2, F) with p < q. The f-divergence between p and q is defined as

Dy(pllg) = Exeg [f (jﬁ)} |

where %) is the Radon-Nikodym derivative of p with respect to q, and f : RT™ — R is a convex
function. In particular, D¢ (- || -) coincides with the KullbackLeibler (KL) divergence when f(x) =
zlogz and D¢ (- || -) = TV coincides with the total variation (TV) distance when f(x) = 3|z — 1|.

(A1)

For the f-divergence defined above, we have the following properties:

1. (Data-processing inequality). Suppose H is a sub-c-algebra of F, the following inequality
holds

Dy (plu [l aln) < Dy(p |l 9);
for any f-divergence Dy (-||-).

2. (Chain rule). Suppose X is a random variable generating a sub-o-algebra Fx of F, and
p(-|X) < q(-|X) holds for any value of X, then

Dxi(pllg) = Dxu(plrx llal7x) + Exy [Drr (p(-1X)[lg(-1X)].
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In this paper, we consider a probability space (£2, F, p) on which (w,(w));>0 is a Wiener process
in RY. The Wiener process (w;(w))¢>o generates the filtration {F;};>¢ on the measurable space
(Q, F). For an Itd process z:(w) with the following governing SDE:

dz(w) = a(t,w)dt + (¢, w)dw (w),
for any time ¢, we denote the marginal distribution of z; by p;, i.e.
pe:=p (2, "(")), where z; : Q@ = R, w — z(w),
as well as the path measure of the process z; in the sense of

Prats =0 (21,0, (1)) , Where 24,4, : @ = C([t1, t2], R™), w > (24(w))sefty ta]-

For the sake of simplicity, we define the following class of functions:

Definition A.2. For any 0 < t; < to, we define V(t1,t2) as the class of functions f(t,w) :
[0, +00) x Q — R such that

1. f(t,w) is B x F-measurable, where B is the Borel o-algebra on R%;
2. f(t,w) is Fi-adapted for all t > 0;
3. The following Novikov condition holds

to
E {exp f2(t,w)dt} < 400,
ty

and V = Ny=oV(0,t). For vectors and matrices, we say it belongs to V" (t,w) or V™*"(t,w) if
each component of the vector or each entry of the matrix belongs to V(t,w).

Remark A.3. Novikov’s condition appeared in the third requirement is often relaxed to the squared
integrability condition in the general definition of Ité processes, which requires

E [/t2 f2(t,w)dt} < +o0.

Here, we adopt the more restricted condition in the spirit of its necessity for Girsanov’s theorem to
hold, as we shall see later.

Similar to previous work [IT1], here we can avoid checking Novikov’s condition throughout our
proofs below by using the approximation argument presented in [[00]. A review of Girsanov can
be found in textbooks like in [I31, T44]. We will present the following generalized version of
Girsanov’s theorem:

Theorem A.4 (Girsanov’s Theorem [I31, Theorem 8.6.6]). Let a(t,w) € V™, X(t,w) € YV™m*™,
[

and (w¢(w))>0 be a Wiener process on the probability space (2, F,q). Fort € [0,T)], suppose
zi(w) is an It process with the following SDE:
dz(w) = a(t,w)dt + X(¢t, w)dw (w), (A2)

and there exist processes d(t,w) € V™ and B(t,w) € V™ such that
1. E(tvw)a(ta w) = Ot(t, w) - ﬁ(tvw)’.

2. The process M(w) as defined below is a martingale with respect to the filtration {F; } >0 and
probability measure q:

t t
1
My(w) = exp (— [ st w5 [ 166 w>||2ds) ,
0 0
then there exists another probability measure p on (Q, F) such that

d
1. p < q with the Radon-Nikodym derivative d—z(w) = Mr(w),
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2. The process Wy (w) as defined below is a Wiener process on (2, F, p):
¢
W (w) = we(w) +/ d(s,w)ds,
0

3. Any continuous path in C([t1, t2], R™) generated by the process z; satisfies the following SDE
under the probability measure p:

dz:(w) = B(t,w)dt + X(t,w)dw(w). (A3)

Corollary A.5. Suppose the conditions in Theorem hold, then for any ty,ts € [0,T] with
t1 < to, the path measure of the SDE (A3) under the probability measure p in the sense of ps,.t, =
P (z;1 :1t2 ()) is absolutely continuous with respect to the path measure of the SDE (B2) in the sense

of Gty:t, = q (z; }t , ()) Moreover, the KL divergence between the two path measures is given by
1 [* )
Dxr,(pty 451Gt :t2) = D (pey g, ) + Ew~p\ﬂ1 [2/ [(t,w)ll dt} (A4)
t1
Proof. First, by Theorem AT, we have
Dxv(perits at:t2) = D (plr, 117, )4 Eanpi s, [DxL(p(Z0i, ()20 = 2)lla(ZL, ()26 = 2))] .

From Girsanov’s theorem (Theorem Bd), we have that the measure p|, is absolutely continuous
with respect to ¢| 7., » which allows us to compute the second term above as follows:

Dxr. (p(Zi, 1, ()20 = 2)lla(Zi,4, ()2 = 2))
=Ez log dp(ztl tz()‘ztl —Z) ) log dp‘]:tl
e dq(z,,: t2( )Nz, = z) bl dq|}-t1

r tz 1 t2
By, [ [ )T — 5 [ ]

ty

r to to
=B, |- [ 60T (@)~ St - [ 60wl

r t
_E L 160 w) | 2at
g WNp‘]:t’l 2 6 ) 9’

and therefore

("
DKL (Pry:t 1961:02) = Dru(pe [|96,) + Bunpl s, [/ ||6(t,w)||2dt] ;
ty

2

which completes the proof. O

A.3 Helper Lemmas

Lemma A.6 ([1077, Lemma 2]). For the backward process (23), we have for 0 < s <t < T,

B[V 10gh, (&) ~ Viogh,(#)I]) < 1B [IVlog7, (2,)I] + B [V logh,()[}]

Lemma A.7 ([T07, Lemma 3]). For the forward process (Z3), we have for 0 <t < T,
d
E [V logpi(:)] < doy 2, and E [||V? log py(z4)||F] < doy* + 25 (o7 'Eftr %)),

where the posterior covariance matrix 3 := covy, , (®o) and 0? = 1—e~*. Moreover, the posterior

covariance matrix 3 satisfies
Etr 2 < dAdo?.
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Lemma A.8. Foranyn € [0: N — 1] and T € [0, hy,), under the assumption cov,, (o) = L4, we
have

E (&, I°] < 2d, (A.5)

and
h h 2
E &0, — &4 °] < 3d. (A6)

Proof. Conditioned on xg, we have that
&y, =xr_y, ~N (e_%(T_t"):co, (1- e_(T_t"))Id> ,

and

Ti4r =Trt,—r ~ N (e_%(T_tn_T)wo’ (1- e_(T_tn_T))Id)
for any 7 € [0, hy,]. Therefore, we have
E (|2, |I”] =E [E [[lzr—, |*|2o]]
<E[E [J@r-r, — e HT g |2|amo] + e 4Tt g 2]

<d(1—e Tty 4 e (T=tIE[||ao]|?] < 2d.

Taking the difference between them then implies that for any 7 € [0, h,,],
< - 2 2
E (I8, = #1471 =E [E 211, = @11, | lao]
S d(2 _ e—(T—tn) _ e—(T—tn—T))
1 1 2
(7Tt HT ) R )
<2d+ e T=tn=7)(1 — 7 37)2E[||z0|?] < 3d.

O

Lemma A.9 (Lemma 9 in [I04]). For gy ~ N(0,I;) and b, = pr is the distribution of the solution
to the forward process (Z3), we have

TV (P, @0)* < Dxr(Bo|q0) < de” ™.

B Details of SDE Implementation

In this section, we will present the missing proofs for Theorem B3. For readers’ convenience, we
reiterate the backward process (Z3)

(1
dz; = 5@ + Vlogfot(it)] dt + dw;, with &g ~ pr, (B.1)

and its approximate version (Z3) with the learned score function

1 .
dy, = JUtt S?(yt):| dt +dw;, with yo ~ N (0, I4).

The filtration JF; refers to the filtration of the SDE (Bl) up to time ¢.
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B.1 Auxiliary Process

We would like first to consider the errors that Algorithm 0 may cause within one block of update.
To this end, we consider the following auxiliary process for 7 € [0, h,,] conditioned on the filtration
Fi, attime ¢,

Definition B.1 (Auxiliary Process). For any n € [0 : N — 1], we define the auxiliary process
(Qt(f?r%e[o,hn] as the solution to the following SDE recursively for k € [0 : K — 1]:

~(k+1 L (k41 ~(k
dgi @) = | S @) 4 8 (91,0 @)

with the initial condition
yt(S)T( ) =yi, (W) forT €[0,hy], and y( ) ow) =4, (w)fork € [1: K] (B.3)

g o L (W)ifne[l: N —1]and gy, (w) ~ N(0, Iy).

dr +dwy, - (w),  (B2)

where g, (w) =

Yt 1 1,M,,

The iteration should be perceived as a deterministic procedure to each event w € (2, i.e. each
realization of the Wiener process (w;);>o. The following lemma clarifies this fact and proves the
well-definedness and parallelability of the iteration in (B2J).

Lemma B.2. The auxiliary process (yt(n)T( W))re[0,hn] 18 Ft,4+r-adapted for any k € [0 : K] and

nel0:N—1]

Proof. Since the initialization y( ) (W) =y, (w) for T € [0, hy], where 4y, (w) is F, -adapted, it

is obvious that y,En?T( ) is .7-'t”+7—adapted. Now suppose that (gt(ij (W))re0,hn] 18 Ft,,+--adapted,

since g,,(7) < 7, we have the following It6 integral well-defined and F; ,,-adapted:

T 0 ~(k)
/0 stn+gn(7") (ytnvqn(T')( )) dT/’

and therefore (BZ2) has a unique strong solution (yt( t )( W))re[o,h,] that is also F3, . ,-adapted.

The lemma follows by induction. O

Lemma B.3 (Equivalence between (B4) and (B2)). Foranyn € [0 : N —1], the update rule (B3) in
Algorithm [ is equivalent to the exact solution of the auxiliary process (B3) for any k € [0 : K — 1]
and 7 € [0, hy).

Proof. The dependency on w will be omitted in the proof below.

Rewriting (BZ2) and multiplying e~ % on both sides yield

d {6_%@(?;1)] 3 [d?jgktl) 2?7§f?;1)d7] =% {s?n+gn(f) (gt(f?gn(r)>dT+dwt"” :

Integrating on both sides from 0 to 7 implies

.
— 3 (k1) _ ~(kH1) _ S ~(k) !
e ZytmT ytn,O e 2 stTrH]n(Tl) yt” gn () dr —l—d'wtn+7,
0
M, TATn, m+1 L

e

_ § : . 0 (k) / -z

- / e Stn"!‘Tn m (ytn;"—n m dT + e dwt"L+T,
T 0

m=0"Y TN\tn,m
M.
= ‘r/\‘rnm A TR m4l o (k) T
=2 ( e ) Stptrn g (ytn - m) + e Tdwe, 4,
m=0 0

and then multiplying e on both sides above yields

Tn,m (T—=Tn,m+1)
A(k+1) ,A(k+1) +1 TATR,m ov ot o _ (k)
Yin,r w0 T E: —1)e : Sttrm.m \ Ytn.mn.m
M, TNATn,m+1 s
+ E / e 2z dwy, 4+,
m=0 TNATn,m
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where, by 1t6 isometry, we have

TATn, m+1 )
/ e%dwth’,T/ ~ N (07 (67—/\7—71,m+1_7'/\7-n,7n _ 1) eOV(T_Tn.771+1)Id)
T

ATn,m

for 7 > 7, , and equals to 0 otherwise. Plugging in 7 = 7, ,,, gives us (B4), as desired. O

B.2 Errors within Block
We shall invoke Girsanov’s theorem (Theorem A7) in the procedure as detailed below:

1. Setting (B2) in Theorem A4 as the auxiliary process (BZ) at iteration K, where w;(w) is a
Wiener process under the measure q| 7, ;

2. Defining another process w;, 1, (w) governed by the following SDE:
dw, - (w) = dwy,, 1+ (w) + ¢, (7, w)dT,
where

~(K—1 i ~(K
81, (7, w) =80 4o @ (@) = Viog By, 4 (B2, (W), (B4)

and computing the Radon-Nikodym derivative of the measure p| 7, ~with respect to ¢|7, as

dplz,, fin T Lt 2
@ i=exp (= [ o ) Tdwn, o) - 5 [ 18, ()l ).
0 0

dq|7,,

3. Concluding that (B2) at iteration K under the measure ¢/ 7, satisfies the following SDE:

N 1. - ~ ~
AGY) = | 57N + Vo, (F20) | a7 + (),

with (wy, 4 -)->0 being a Wiener process under the measure p| 7, . If we replace ﬁt(,K; (@)

by &:, 1. (w), one should notice (B3) is immediately the original backward SDE (I=3) with the
true score function on ¢ € [t,,, tpi1]:

o 1, . o .
d$tn+7-((.(.)) = |:2$tn+7-((.&.)) + VlogpthrT(wtn_H(w))} dT —+ dwtn+.,.(w). (BS)

Remark B.4. The applicability of Girsanov’s theorem here relies on the F.-adaptivity of
s? (g(K -1

n+gn(7) tnsgn(T)
procedure above depends on the number of iterations K, and different K would lead to different
transform (B4).

(w)) established by Lemma BZ. One should notice the change of measure

Then Corollary B3 provides the following computation
Dxr Dy, |@tnis) < Dxi(By,it, 40 1@tnitnsn)

- i~ 1 [hn ) (B.6)
= D (b, llae,) + Bongls,, |5 ; 6¢, (1, w)[|"dT |,
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where the first inequality is by the data-processing inequality (Theorem BAT). Now, the problem
remaining is to bound the discrepancy quantified by

I
[ 18 r)ar
0

hn
/0

i . () N ST &
<3 0 VIngtn+gn(T) (ytn,gn(T)(w)) - V1ngtn+7 (ytnﬂ'(w)) H dr
=A, (W)

hay 2
0 ~(K) - ()
* /0 Sttgn(r) Fr, g, (1 (W) = V108D g (1) (T, g, () () H dr

=By, (w)

hn
0 ~(K) 0 A(K 1)
+/0 St t9n(m) Ttrgn () @) = 811900 (Ut (T) H )

Before we continue our proof, we would like first to provide the following lemma bounding the
behavior of the auxiliary process (B2) when k = 0 for 7 € [0, hy,].

Lemma B.5. For any n € [0 : N — 1], suppose the initialization y;, in (B3) of the auxiliary
process (B2) follows the distribution of &y, ~ P, , then the following estimate holds

sup gy, |50 (@) = 50 ()]

~(K—1
sﬁn +9n (T) (yt(nygn ()7') (CU)) V log pt +7 ytn T H

(B.7)

T€[0,hn]
< hpes" (M7 +2d) +3e2" By, [Ar, (@) + By, ()] (B.8)
2
vk, it s B, |30 -3 @]
T7E€[0,hn )

Proof. Letz;, » = ygl)T yt(O)T For k = 0, we can rewrite (B2) as

dr + dwtn_,_T,

1 ~(0) ~(0)
dztn,'r = [2 (zfn,‘r + Y., 7-) + St +9n (T) (yfn In (‘r))

By applying It6’s lemma and plugging in the expression of w;,, 1, given by Theorem B4, we have

dllze, 1> = dr

0
Vel 20 G 220 ol ) (80 )

(B.9)
T ~
+2z, . (dwthrT (w) = 8¢, (7, w)dT) ,

By integrating from O to 7 and taking the expectation on both sides of (B-9), we obtain that
E

I [P

i 0 ~(0
= ]Ew,\,ﬁ‘]__tn |:/01 (”ztnﬂ" H2 —+ Ztn ,yf )7_/ + 22;,T'st0n+gn(7'/) (yt(ﬂ)gn(,r,)) + d) dT"|

+ 2]Ewwf)‘}‘t |:/ Zt—l; T/ (dat7l+7‘/ (CU) - (Stn (T/, W)d’r/):| s
w | fy Bt
and by AM-GM, we further have

Eoplz,, IE

7 2, 1
/ [ﬂmwn |

T 7
< [ Banrin, St + 100, (o] '+ (G212

(0

<E Yy o

|

W"‘ﬂftn

~(0 2
50 oo (3o )|+ 4 160, ()P | ar

]+M§+d)7
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where d; (7,w) is defined in (B). Similar to (BZ), we may use triangle inequality to upper bound
18:,, (7,w)||?, which implies that for any 7 € [0, h,,]

Eungiry, [I2t0r]?]

~(
n,

7 1
= 5/ Eunplr,, (20, I7] '+ <2E U ui
0

2
. ]+M§+d)7

R _(K—1) S ~(K)
+ 3Bunils,, /O 8t +90(1) Tty g0 () @)~ 85,40, Tty g, () (@ H dT]
(o ~(K)
+ 3EUJN?|F1n /0 stn+gn(7) (ytn7gn(7') (W)) v logpt” gn(7) yt"’g”(T) H :|
sk, | [ v G5 (W) - V1
btz | [ ||V 108 Pl (r) Wty g, (& 08 Pr, (1,4

oy 1 N
< 5/ E“’Nﬂ}'tn [Hztm‘r'||2] dr' + (2E |:‘ ygn,'r
0

T (K (K1
+3L2 /0 Eumpir, U G @) = )| }dT + 3By, [Ar, (@) + Bi, )],

where in the second inequality above, we have used the fact that sY(-) is L,-Lipschitz for any ¢. By
Gronwall’s inequality, we have that for any 7 € [0, h,,]

1
]Ew’\'ﬁ‘]:tn [”ztn,‘rHQ] S 6%7 |:(2]E |:‘ y :| + ]\4‘2 + d) :|

+ 3€%T]Ew~mrtn [As, (w) + By, (w)] (B.10)

o 2
+3e37L2 /0 Eunils, U 5 o @) =B @) ]dT'.
(0)

Yirgn(r) tngn (7')
By assumption, ¥, . = ¥y, follows the distribution of &;, ~ p, , which allows us to bound the
second moment of gy, for any n € [0 : N] by Lemma B:

E [[|9:, %] = E [, %] < 2d.
Substituting (B3) into (BIM) then yields that for any 7 € [0, ]

Eumglr, [120,7]7] < 7e37 (M2 +2d) + 3¢ Bupngyy, [Ar, (W) + By, (w)]
~(K
yt(n,z" (w) n,’r/ H :|

Taking supremum with respect to 7 € [0, h,,] on both sides above completes our proof. [

2
]+M§+d)7

tn

+3T€%TL§ sup B, p), “
T/E[O,hn] "

As utilized in the proof of the existence of solutions of SDEs, the following lemma demonstrates the
exponential convergence of the iteration defined in (B=2).

Lemma B.6 (Exponentlal convergence of Picard iteration in PIADM-SDE). Foranyn € [O N, sup-
pose the initialization Yy, in (B3) of the auxlllary process (B2) follows the distribution of Ty, ~ P, ,

then the two ending terms y( ) and y,gn - ofthe sequence {ytn T}ke[o K —1] satisfy the following
exponential convergence rate

5 () — gD M

ytn,’r n,'r

sup EwNmFt U
T€[0,hy] "

_ K-1 7z
§ (Lﬁhnezhn)K Ly okhn (Mg n 2d) . 3 (Lzhnezh") egh"Ewwmn [At, (W) + B, (w)]
T 1= 3(L2hpe2hn) T eBhap, 12 1— 3 (L2h,e2hn) "t e3hnp, 12 '

Proof. For each w € () conditioned on the filtration F;,, subtracting (B2) from the process as
defined by

(k 1 (k-
agi (@) = |50 @) + 80 g0 (yﬁn,gi{ﬂw))} dr +dw, (), B
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we have
~(k+1 ~(k
a (5 @) - 9 (@)
1/ (k41 (k k (k-1
- {2 (B0 @) = 90 @)) + 8L 4 o) (@ ) @)) = 8Ly iy (B (@) d,

where the diffusion term dwy,, cancels each other out. Now we may use the formula above to

2
<L yt(ktl)( ) — yt(k)T )H explicitly, integrate it from 7" = 0 to 7, and

obtain the following inequality

compute derivative

/\k—‘rl /\k
It 0,

T T
k+1 ~(k ~(k ~(k—1
= [ 2w -3 ) (sfﬁgm(yin?gnw(w)) 8 t00) (Bl o () ) 0
~(k+1
/ H t(n,'r) ytn,T H
<2/ H tft—l) tnT H

9 ~(k) 0 (k—1) 2
T [8tr0ntr) T ) ) = 80,0 Ty (o )W)H dr’
_(k (k) _(k _(k
<2/ o) - 80| ar +L2/ (589, =550y ar
By Gronwall’s inequality, we have
_(k (K - (K (k
‘yin’tl)(w) y( ?T(w < L2e? (n,)gn(r n,gi)(r’) H (B.12)

Taking expectation on both sides above further implies that for any 7 € [0, h,,],
~(k+1 ~(k
EUJNH]-}” “ yzgnﬂ— ) t(n?‘r H ]
- ~(k ~(k—1
= L§e2 /0 E“’Nﬁlftn |:Hy£n?gn(T’)(w) - mgn) ’) H :| (B.13)

- k _(k—1
§L§762 sup ]EWNNF% “yt( )T( — t( T,) H }

7'€[0,7]

Furthermore, we take supremum over 7 € [0, h,,] on both sides above and iterate (BI2) over k € N,
which indicates

~(k+1 PG
sup By pi,, [H Gt (w) - g () H]
T€[0,hn] n
SLihnthn sup E‘*”‘p\f [Hygj)_r( tk:Tl) H:|
T7€[0,hn] tn ’ "
k N 2
< @) s B [[a - 50| .14
TE

< (L2hpne?)" hedhe (M2 4 2d) + 3 (L2h e e%h"]EMNZ—)‘Ft [As, (w) + By, (w)]

S(Lzhnth“)ke%h"han sup  Eop|» “
T7€[0,hn) tn

K ~(K—1
7w - 3@
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where the last inequality follows from Lemma BX. By rearranging the inequality above, setting
k = K — 1 and using the assumption that L2h,,e?"» < 1, we obtain

~(K
s B, |[7060) - 35)]
TE[O,hn] "

- (LZhy,e*"

K—-1 7 1 7
n) ezhn

hezln (Mg + 2d) +3 (Lihne%"
1— 3 (L2hye2hn)X "t e3hup, 12

) iy, [At, (@) + By, )]

)

(B.15)
as desired. O

The following lemma from [[07] bounds the expectation of the term A; (w) in (BX2):
Lemma B.7 ([107, Section 3.1]). We have

Eonplz, [A:, (w)] S €dhy, forn e€[0: N —2], and Eonplz, [Athl(w)] < edlogn™!,

where 1) is the parameter for early stopping.

Proof. Notice that
Eumplr, [Ar, )]

hn
/o

Mn o7y g
Forin, |2 /
.

Tn,m+1 2
= Z/ Eonpiz,, {HWO% e (Bt 40 (W) —Vlog@n“(‘zt"”(w))u ]dT’

n,m

=E

w~plF,,

P ~(K o ~(K 2
v IOg pt"-"_gn(T) (yt(nv.l)hl (T) ((A))) - V 1Og pt"+T (yt(nvzm (T) (UJ)) H dT

2
V1081, +r, (B, (@) = Viogh, o (B0 (@) | dr],

where for the last equality, we use the fact that the process ﬁ(K) (w) follows the backward SDE with

tn,T
the true score function under the measure p. In the following, we drop the superscript w ~ p|r, of
the expectation for simplicity.

By Lemma A6 and BA72, we have

J
T 1 = - - -

< / (215 (V108 51, 17, (@t b7 (@) 2] + E [I92 108 5y, (wtm«w))li%]) dr’

T/ _
< / (2d57,2 +d&ﬂ4) a7+ (5, B [0 Stim] = 505 E (08,00 )
0 , s

Now noticing that

‘VIOgﬁt"Jﬁ,m” (fétn+r(w)) Viogpy, 1+ wt +r(w H ]

2 2
o =0p ST —

we further have

Tn,m+1 2
L R [9 088 ) = 108 ) [ 0

Tn,m+1 €n,m (E |:tI' itn+7n,m:| —E |:t]." itn+7n,m+l:|>
/ / dr'dr +

n,m — Tn m+1) (T - tn - Tn,m)2

61’7, m (E I:tr Etn+Tn,m:| —-E |:tI' it'rz+77z,77z+1:|)
<d +

~ (T - tn - 7_n,rrL+1)2 T — tn - Tn,m ,
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and thus

Z / - “Vlogpt +Tnm(33t 4r(w )) - Vlogﬁtnw(itn*T(w))HZ} 4

n,m

<dz _t nm +ZT_t

<]E |:tr itn-‘r‘f'n,m:| -E |:tr itn+7n,m+1:|)

— Tn m+1 — Tn,m
<d 2M N GE |:tI' 2tn+7n,0:| %’i €€n77,L]E [tr Etn"l“rn,'m:|
>ae T 5
" T—th —Tho m—0 (T —tn — Tn,m+l)<T —ln — Tnym)

<de*M,, + ed + de*M,, < de*M,,.

Forn € [0, N — 2], we have M€ = h;, and thus E, 5, [A:, (w)] S edhy, and forn = N — 1,
we have

€T

"1
My 5/ —dr =lognte !
n
and thus By, 51, [Aiy_, ()] < €dM,, < edlogn™. O

B.3 Overall Error Bound

Proof of Theorem B3. We first continue the computation in (B-fl) and (B=1):

- . - =R 1 hn
Dxr (D, 1@t41) < Dru(®y, 1@2,) + Eonpls,, lQ /0 |6t,,L<T7W)|2dT‘|

<Dxr(Py, 8t,) + 3Bunp)s, [Ar, (@) + By, (w)]

h‘ll
+3Ew~5\ﬂ” /
0

<Dxw(p

0 ~(K) 9 ~(K—1) 2
Stn+gn(7—) (ytn7gn (T) (W)) - St”+g”(7’) (ytnygn(T) (UJ)) H dT]

n ZI\tn) + 3Ew~5|ftn

hn
~(K ~(K—1)
Ay, (W) + By, (w) + Li/o H?Jt(,“;n(r) (w) — (,L,g,L(T H ]

<Dxkv (P, 1Gt,) + 3Euwnpx,

A, (W) + By, (W) + h, L2 sup ‘
T€[0,hy,]

(K (K—1 2
9 @) - 5 V)| ] :

Then plugging in the result of Lemma B-f, we have

Dxr (P, o 1t 1)
(L2hp e )™ hehn (M2 + 2d)
1= 3 (L2hpe2hn) "t eEhnn, 12

<Dicw (5, [G,) + 3Eumpy, [Ar, (@) + By, ()] + 3h, L2
K—
9 (L2h,e2h)" 7" e%h"EWNﬂ]__ [A;, (W) + By, (w)]
1 -3 (L2h, e2h) e3hnh, L2
N 14+ e Eh, el B
SDxw (P, |gt,) + mﬂ‘:wwﬂﬂn [As, () + By, ()] + e FhZe'd

SDKL(By, 1e,) + Bumplr, [At, () + Be, ()] + e Fhied,

+h, L2

where we used the assumption that Lﬁhne%h” <L
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The term ij;ol E [Bt, (w)] is bounded by Assumption BTl as

W“‘f’\ftn
N—-1
Y Eovpis, [Bi, )]
n=0
= (K) (K) 2
0 ~(K - ~(K
<Bomilz,, | D /O 81,400 (1) Tt g () (@) = V108D, g, () (T g, (1) () H dT]
L n=0
[N—1M,—1 (K) K) 2
:EWNﬁlﬂn Z Z €n,m ‘ S§n+7-n,m (gtn,'rn,m(w)) - VIogptn+Tn,m (gt(mm,m (w)) H 1

Ln=0 m=0
[N—1M,—1

2
:E‘UNﬂ}'tn Z Z €n,m Hst0n+7—n,7n (itn-i-f(w)) _VIngtn+rn,m (itn-'rT(w))H ] < 5%,

Ln=0 m=0

where the last equality is because the process ﬂg{l
SDE (BX).

Thus, by Theorem AT and plugging in the iteration relations above

(w) under measure p follows the backward

Dxv(pyllty) = Dxr (D 1@ty )

N—-1
<DiuFoll@o) + Y (Bumpir,, [Ar, (@) + Br, (@)] + ¢~ h2etnd)

n=0
N-2 N-1

<Dk (Bollgo) + Y _ edhy + edlogn™ + > Eunplr, [Bi, (W) +e XhietndN
n=0 n=0

<de T +ed(T +logn™1) 4+ 62 + e KdTl < de™T + edT + 6 + e KT,

as T 2> logn~!, h, < 1,and 6, < 6, and then it is straightforward to see that the following choices

~

of parameters
T = O(log(ds™?)), h=06(1), N =0 (log(ds?)),
e=0(d""0%log " (d67?)), M =0 (ds *log(ds?)),
K = O(log(dé™2)),
would yield an overall error of O(6?). O

C Details of Probability Flow ODE Implementation

In this section, we provide the details of the parallelized algorithm for the probability flow ODE
formulation of diffusion models. We first introduce the algorithm and define the necessary notations,
then discuss the error analysis during the predictor and corrector steps, respectively, and finally
provide the proof of Theorem B5.

C.1 Algorithm

In the parallelized inference algorithm for diffusion models in the probability flow ODE formulation,
we adopt the same discretization scheme as in Section BTl and the exponential integrator for all
updating rules. For each block, we first run a predictor step, which consists of running the probability
flow ODE in parallel. Then we run a corrector step, which runs an underdamped Langevin dynamics
in parallel to correct the distribution of the samples. The algorithm is summarized In Algorithm D

Parallelized Predictor Step The parallelization strategies in the predictor step are similar to those
in the SDE algorithm (Algorithm ). The only difference here is that instead of applying Picard
iteration to the backward SDE as in (B2), we apply Picard iteration to the probability flow ODE
as in (C3), which does not require i.i.d. samples from standard Gaussian distribution. As shown
in Lemma 3, the update rule in the predictor step (C1l) in Algorithm @ is equivalent to running

https://doi.org/10.52202/079017-4248 133690



Algorithm 2: PIADM-ODE

N
n=1

Input: yo ~ go = N(0, 1), a discretization scheme (7', (h,,)

and (Tn,m)ne[lzN],ME[O:Mn])

satisfying (BI), parameters for the corrector step (71, N, ht, MT, €t), the depth of

iteration K and K, the learned NN-based score s! ().
Output: A sample yr ~ Gr ~ py.
1 forn=0to N —1do
2 > Predictor Step (Section C2)
3| G, e G, form € 0 M)
4 for k = 1to K do
~(k ~
S ygn?o <~ Yt
6 for m = 1 to M,, in parallel do
7
(k 1 mm (k1
ygn?'rn,m %56 ’ yt(n,o )
1 (C.1)
—1 ™, m ~Tn j+1 o ~(k—1
+ o Z;n:() e 2 (eE”-,J - 1) s?nJrTnJ (ylgn,Tn?j)
2
8 end
9 end
10 > Corrector Step (Section C3)
u | a5 and 3" ~ N0, 1y);
12 | fornf =0to Nt —1do
~(0 ~(0 . ~
13 (uin)’nmtmm,'vin?nmtmm) < (W, pint, Oy, pint) for mt e[0: M1];
14 for k' = 1to Kt do
~(kF ~(kt ~ ~
15 (ugnﬁ)ﬁhi’ov vt(nﬁ)ﬁhi’()) A (utmnThT » Uty ntht );
16 €t ~ N (O, 2v(1+~y72)(1 - e‘VET)26_27((Mt_jT+1)€T)Id) for
jtelfo: M
17 for m!' = 1 to M in parallel do
18
ﬁ(m)“r tomtet a(kT_rl)T
G0 Gl | G
tn,nTht mtet tn,mTht,0
m—1 0
+3G(mf =t = 1)e) (L-G(eN)) | 5~ (C.2)
praws Stn,+1(utm7ﬂht7j1‘ef)
m—1 0
it 1)t :
+ Y G((m' =T —1)€h) [@J ;
it=0
19 end
20 end
~ ~ ~(KT ~(KT
21 (utn,(nu-l)hf ) Utn,(m‘+1)h’r) « (U’)(gmn)ihw‘,h‘r ) ”,E,,“n)fm,mﬁ
22 end
23 :'/J\tn,+1 — atn,TT;
24 end
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(k) (aw) 5® ) )

ty,T ~ tn,nThT, 717 Zt, nthi,rt

R _-a ~i o~
qtn qtn70 Qtn,h tn’() 7-[-)57“7"1L - qtn+1
PN
! ~a  ~u
IV (T e T )
) * i (Theorem &)
~ |
( tn,nTht rt ’vt ntht TT> ~a
Tt Tt
~
|
o |
tn !
|
|
g

[ Wa(qt,, hn,Pth (Utn,nThT+TT»Ut,,,,nThH-TT)

P, (Theorem C2) TV(my, 115Dy, 0)

(Lemma CTXR)

G, =78 =7 Dxu(my, i, 7t)

tn,0 0 (Theorem [CI7)
ytn7T T

|

! Mo, T

|

|

|

|

|

|

!

Gmmm - h

b ~
Ltptr *,u *,u’

- o
Dtoyr = Tt 0 Ty Tt = Pty

* *
(utn mtht4rt Ve, ntht 4ot )

Figure 2: Illustration of the proof pipeline of Theorem B3 for PIADM-ODE within the n-th block.

the auxiliary predictor process (C3). The auxiliary predictor process takes in the result from the
previous corrector step (or the initialization if n = 0) and outputs 'QEK;L as the initialization for the

next corrector step.

Parallelized Corrector Step The parallelization of the underdamped Langevin dynamics is simi-
lar to that mentioned in Section 7. Given a sample resulting from the predictor step, we initialize
the auxiliary corrector process (Definition C8) which is an underdamped Langevin dynamics with
the initialization #;, o = ny) . and the augmented variable vy, 0 ~ N(0,1,) representing the
momentum.

We run the underdamped Langevin dynamics for time 7', which is set to be of order (1) so that it
is large enough to correct the distribution of the samples (c¢f. Lemma [CI8) while being comparably
short to ensure numerical stability (¢f. Theorem CT1). Following a similar strategy as in Section 2
and in Algorithm [, we further divide the time horizon 7" into N blocks with step size h', and
for each block the block length h' into M1 steps with step size ’. Within each block, we run
the underdamped Langevin dynamics in parallel for KT iterations. As shown in Lemma [C9, the
update rule in the corrector step (C2) in Algorithm B is equivalent to running the auxiliary corrector
process (CITI).

In the following subsections, we proceed to provide theoretical guarantees for the algorithm.
C.2 Parallelized Predictor Step

Definition C.1 (Auxiliary Predictor Process). For any n € [0 : N — 1], we define the auxiliary
predictor process (§§5?7)76[07h7l] as the solution fo the following ODE recursively for k € [0 :

K —1:
Skt1) _ | Loty L g 5® d c3
tn,T Zytnﬂ- + 28tn+gn(7—) tn,gn(r) 7, ( ° )
with the initial condition
g =g, forr €[0,hy], and y =4, forkel: K] (C.4)

where Yy, = ﬁtn 1 Nint ifn €[1: N—1]and gy, ~ N (0, I). We will also denote the probability

distribution Ofyt 7 as i, =
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Definition C.2 (Interpolating Process). For anyn € [0 : N — 1], we define the interpolating process
(gﬁf?T),e[O,hn] as the solution to the following ODE recursively for k € [0 : K — 1]:

~(k 1 _ 1 ~(k
gty = iyt(n,tl) + 350 gur) (yt(n?gﬂ (T))] dr, (C.5)

with initial condition

(0 0 k

ygn)T = yf )0 for T € [0, hy], and'yi )0 = yt( )0 fork el: K],
where gt(fj)o ~ Py, . We will also denote the probability distribution of y, ytmT as G, r.

Similar to the equivalence between (B-4) and (BZ2), we have the following lemma:

Lemma C.3 (Equivalence between (Cl) and (C3)). Forany n € [0 : N — 1], the update rule (C)
in Algorithm Q is equivalent to the exact solution of (C3) forany k € [0 : K — 1] and T € [0, hy,].

Proof. Rewriting (C3) and multiplying e~ 2 on both sides yield

- 1 e" %

— 2 ~(kt1 —z | g~(k+1 ~(k+1

a[e3geh] = e [dygw - Lyt >dT] = s o (8, )7
Integrating on both sides from 0 to 7 implies

_1 (k41 k41 Ter ~(k
e 2 ylgn T ) yt(n 0 ) /0 2 Stn"l'gn(T/) (yt(n?gn(T/)>dT/

1 My, TNATn, m+1 ,
== e~ T sl (k) dr’
=5 N tnt7n,m \ Ytn,Tnm
m=0"Y T/ \ltn,m

B T/\Tn m AT ma1 0 (k)
= E : ( —¢ : )Stn+m,j (ytn,rn,m)v

and then multiplymg e? on both sides above yields

n,m (T—=Tn, m+41)
=(k+1) _ :A(k+1) I Tnml 7T AT WE=Tnmt1) g ~(k)
Yi, - Y0 T § : —1l)e ? St 7mm \ Yt mnm )

Plugging in 7 = 7, m, glves us (l"_'I]), as desired. O

Lemma C.4 (Error between the interpolating process and the true process). Under the Picard itera-
tion, we have that the ending process {gt(j(,l}TE[O, h.,,] Satisfies the following exponential convergence

rate
K
2 h2ehnt3d2 hat3p, /2
sup EU K) P — Ty 4 }S?)d € s} 4 © : 3/ (hn‘Sgo JFE[Dtn}),

7€[0,hn] 2 1— h2ehnt212/2
where

"o 0 2o

Dy, 5:/0 Stn+gn,(7’)(mtn'i'gn(‘r')) = St 1 (B, 40| AT

Proof. Recall that the backward true process {&+, 1+ } re[o,n,,] satisfies the following backward SDE

within one block .

dithr‘r = |:2

By subtracting (C-6) from (C3), we obtain that

< 1 - C
Ty, 47+ §Vlogptn+7 (:Btn+7—):| dr. (C.6)

d /@t o 1 r—(k+1) o
e e e U
1 ~(k 9 -
S TR Oty B S C ]
% (C.7)
+3 [S tntgn (1) (Etntgn(r) = V108D, 1g, (7 (Zt,49,(r)
1 S
T3 [V 108 Py, 44, () Etntgn(r) = ngptﬁr(f”wrf)} :
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Then by
ot -

2 T
_ o (~k+1) _ < ~(k+1) <
tn A wtn""T’ =2 (ytn,T, - wtn""T/ d ytn,T' - wt'n"!‘T, ’

and integrating for 7/ € [0, h,,], we have

e - @]

tn,T L, +1
~(k+1)
:/ (y;L,T xt”+
0
T et
+/ (ytnﬂ', wt +7
0
~(k .
+/ (yf t/) — Tt
0
+ [
0

Using AM-GM inequality and taking expectations on both sides, we further upper bound the sum-

mation above as
2
~(k+1 o
E |:Hyt(nr ) - T, 4+ }

(o) [oft o

.
(k) 0 < /
,L+gn tn,qn(‘r )) - stn+gn(r’)(wtn+gn(f’)) dr

) (s
)
)

<5t tgn () (@t g (7)) — Vlogﬁt,ﬁgn(w)(itﬁgn(m)) dr’

Viogp,, +gn (T ’)(wtn-&-gn(T’)) V1ngtn+r’(it7l+r/)) dr’

~(k+1)

2
— /
Y;, 71— Ty || AT

2
} dr’

ho, 0 ~(k) 4 T ’
TS 0 E [ Sttgn (r’)(ytn,gn(f )) - stn+gn(f’)(wt”+9"(7/))H a7’

ho [T 0 ~— p x |ar
+? 0 E Stn+gn(7/)<mt71+g7l(7—/)) - VIngt"+g"(T/)<mtn+gn(7—/))H dT

Viogpy, g, () (&t g, () — V1ogDy, 1o (Bt 1+77)

“ar]
}d + 5 (705 +E[D,])

2
] dr’,

h T
+"E[ /
2 0
<Dy,
~(k+1)

3 T -
(o) [ ol o

L2he [T |~k
s E

where the last equality is by Assumption BT.

gn (") - mtn""gn (")

Applying Gronwall’s inequality, we have

]
~(k)

e(tain)T 2, (7
<———= 0 | E|lly N =By g (v
2 0 tnvgn(T ) ”+g”( )

{H Ye,.r —wtn+r

2 , e(1+ﬁ>7—hn 2
Jar L7 2 i )

(+zi)7 12, 2 ()7,
S’I—efsn Sl,[lg) ]]E |:‘ yt( )7_/ ‘(itn,+7—/ :| —+ efn (T(sgo + ]E[Dtn]),
7'el0,T
(C.8)
and by taking supremum
2
sup K [ngﬁfﬁl) — &, 4r }
T7€[0,hy]
B2 ehn+%L2 k) 2 ehnt3p, (€.9)
g”f 51[15) ]E { o — Xt } + Tn(hnézo —HE[Dtn])
T'el0,T
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Given that constant h,, is sufficiently small, which ensures Lg hne%h

inequality for k € [0 : K — 1] gives us that
]

. K

B2 ehﬁng 0 _

< <”23 sup E |:Hy§“))_,_ — Ly, 1
TE[O,hn]

n & 1, iterating the above

|
T7€[0,hn]

2 e"’"‘"%hn/Z
iz h2ehnt312/2

(hat% +ELDy, )

Notice that by Lemma A", we have
2
e | | = [i, - 81,0017 <30,

substituting which into (CZ9) then gives us that

K
N 2 h2ehnt3 L2 hnt3h,, /2
sup 2 |:Hyt(K')r = &y, 7 } <3d ("623 e & (hn5§o +E[Dtn}),

~0) <
Yior = Ltp+r

7€[0,hn] 2 1—h2ehnt312/2
as desired. O

Now it remains to bound C;, and D, in Lemma C4. We first bound D, using the following
lemma:

Lemma C.5. Foranyn € [0: N — 1], we have that
E[D;,] < dehy,.

Proof. Foranyn € [0: N — 2], we have T — t,,41 = O(1) and thus by [T, Corollary 1] that

2
2
’ :| 5 den,mv

E |:HVIOgﬁtN1+7—mm (itN—l"l‘Tnﬂn) - vlog‘ﬁtzvfri"r’ (‘itN71+T')

for any 7’ € [Ty,m, Tn,m+1), and thus

hn 2
E[D;,] = / E [“V10g5t7L+g7L(T’)(itn+gn(T’)) - Vlogﬁt,L+T'(5tn+r') ’ ] ar’
0
Mn Tn,m+1 2
=> / E U’ngf?tnwn,m (®t,,+70,m) — V1og Py, 47 (Tt 477) ‘ } dr’

m=0" "n,m

M,
< Z dei’men’m < dé’h,,.
m=0

For n = N — 1, notice that by the step size schedule (¢f. Section BT and suppose ¢ < 1/2, we
have

T —
U ST—gn(T) <T-—m,
and then again [I'T1, Corollary 1] states
- . = = 2 df%,m
R P
’ — Tn,m
and thus
hn_1 )
E [DtN_J = A E [HVIngtN1+gn(7/)(th_l+gn(T,)) — VIngtN71+TI (th—lJFT/) ‘ :| dr
My -1 Tr,mt1 , /
- Z / E |:HV10gptN1+T"ﬂ” (:EtN—l"'g"(T/)) - VlogptN71+T’ (th—1+T’) ’ :| dr
m=0 Tn,m
My -1 de? My 1 T—tn_y
SO T am < Y e e S / drdr < dehy 1.
m=0 n,m m=0 oo
O
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Remark C.6. The above lemma is able to achieve a better dependency on ¢ compared to Lemma B2,
because the backward process (&)icjo, 1) is now a deterministic process in the probability flow
ODE formulation, instead of a stochastic process as in the SDE formulation as in Lemma BZ4. Thus,
intuitively applying Cauchy-Schwarz rather than Ito symmetry gives us a O(e?)-dependency rather
than O(e€)-dependency.

Theorem C.7. Under Assumptions B0, B2, B3, and B3, then the distribution g, 1, that the

n

parallelized predictor step generates samples from satisfies the following error bound:
W (Gt s Br, ) S de™ 4 h 0% + de®hy,

fornel0: N —1].

Proof. By the definition of 2-Wasserstein distance, we have for any coupling of ﬂfK,)l and & 1p

1

2
}< sup IEU
T€[0,hn]

K .

h2ehnti 2 hn-l-éhn 2

caq (eI e/ (hnago + ]E[Dtn])
2 1— h2ehnt212/2

Sde ™ + 262 + de*h?,

no

~(K)

~ - 2 -
Wa(Gtnhps Pt )" <E U Yi, by — Ttuth,

and therefore

GO ~(K) o
Y, hy — Ltnthn tn, 7 — Ltntr

W2(a;n,hn7ptn+l)2 S ]E |:‘

]

where for the second to last inequality we used Lemma 4, the last inequality is due to Lemma CH
and the assumption h2ehn [2 < 1. O

C.3 Parallelized Corrector Step

After each predictor step, we run the corrector step for O(1) time to reduce the error. Particularly, we
apply the Parallelized underdamped Langevin dynamics algorithm [[3(] to the corrector step, which
yields O(1) approximate time complexity compared to the ordinary implementation of the ULMC
dynamics as in [[T1]. In the following, we will drop the dependency on w for notational simplicity,
and we refer readers to Appendix B2 and B to review the change of measure arguments and the
application of Girsanov’s theorem 4. We will also use a general notation *' to distinguish the time
in the backward process and the inner time in the corrector step of the n-th block.

We first define the true underdamped Langevin dynamics (w;, s+, v, 4t )¢>0:

dvtn’ﬂ = —"Y'Utn7t]‘ dtT — Vlogﬁt71+1 (ut,’“tf)dt‘r + Q’det",ﬂ', .
e ... _ ~(K") .
with initial condition wu;,,0 = y, , from the predictor step and vy, 0 ~ N(0,1;), where

(by, +1)¢>0 is a Wiener process. We may also write the system of SDEs above in the following
matrix form:

utn7t1' _ 0 Id ’U,tmt*r . 0 1— 0 0 bf‘.n,tT
d[vtm”] B HO _’VI‘J [vtm“} {ngﬁtnﬂ(utm“)” et 0 2y d by, 1]

We run this underdamped Langevin dynamics until the pre-determined time horizon T'T. We also
define the joint probability distribution of (w,, ;+,v, ;1) at time ¢ as 7, 4+ (uy, 41, vy, 4+) and its
marginal on w;  ;+ as 7r;‘mtT (wy, ¢t).

Similar to the parallelizing strategy in Section B, we discretize the time interval [0, 7] into N'T
blocks with length hT = T'T/NT. Within the n-th block, we further divide the block [nTh', (n+1)hT]
into M steps, each with step size ¢’ = At /M.
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Definition C.8 (Auxiliary corrector process). For any nt € [0 : NT — 1], we define the auxiliary

(Kt
corrector process (uilC iw TT)TTE[O,hT] as the solution to the following SDE recursively for ki €
[0: KT —1]:

~(k+1) _ ~(k+1)
dutmmm,ﬂ - vtmnw,erTT’ : (C.11)
~(k+1 ~(k+1 ~(k '
d t(n,nT)hT,'rT = —'Y”t(n,m)m,ﬂdTT T St (uin,r)mﬂ,gn(ﬂ))dTT +v27dby, nint ot

with the initial condition

~(0) o~ ~(kT) PN
u =Uu u =Uu
tht,rt tn,nth thi ot tn TRt
{Afnyn ht,r i n for e [OJ},T]’ and A(tﬁ?)’t ht, 7 R nyn fork € [1 . [(T]7
’Utn,nThT,Tf = Ivt'runThT vtn,ni‘hT70 = ’Utn,nThi

(C.12)
where
~ . ~(Kh = (KT
Ut,, ntht *= utn,(7ﬁ—1)fﬁ,th’ Ut ,ntht = ’Utm("*—l)hthf

fornt € [1: Nt —1], and

Ur,0 =Y b, Beo~ N0, I).

We define the joint probability distribution of (W, 41,0y, 41) at time t as T, (W, 41,0y, 41) and
its marginal on w,, 4+ as %f‘ o (U, 41). We will also denote the resulting probability distribution of
Tt ot Aty

Lemma C.9 (Equivalence between (C2) and (CI)). For any n' € [0 : NT — 1), the update rule

in Algorithm Q is equivalent to the exact solution of the auxiliary process (CI1) for any k' € [0 :
Kt —1]and rt € [0, h1].

Proof. Without loss of generality, we will prove the lemma for m’ = MT. The proof for m' € [0 :
MT — 1] can be done similarly.

We first rewrite (C2) into the matrix form:

~ (kT ~(kt
“En ZLW,H _ |0 I uin BLW,TT _ 0 t
d|_Gh) =llo -1 i a0 dr
] —vlaf | 5" Ston (Uy ipt i)
Ut ntht i Ut ntht, i AT, n AT gn (7T) (C.13)

0 0 b
d tn,nthT 7T .
* [0 Y% QWIJ |:btn,n'fh1'+7—f
Define the time-dependent matrix G(-) as

et
I, l=e 7 o I

G(th = | d = i C.14

( ) lo e_YytTId exp 0 _,.YId 9 ( )

et =[o SpJew-anly 5]

Now we multiply G (—71) on both sides of (C_I3) to obtain:

satisfying that

d{ G | 5™ | == G | e art
vtn ntht 71 Stnia (ut”,nThT,gn(‘rT))

+ G(— T) 0 0 d bin,mhuﬂ
TOlo v L| by iniaet]
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Integrating on both sides from 0 to A and multiplying G'(h') on both sides, we have

~ (k1) ~ (k1)

u u

tht tht
,\,EZWJ; ht, | _ G(hT) NZZWIT)L ht,0
Yy, miht,r Y, ntht,0

hT li 0 /
=— G(ht —71) (k1 drf
0 Sttt (utn,nThr,g(TT’))

Al /
0 0 b /
G(ht — 1 d | Dtnntht 4ot
+ ; (' =719 /2714] by, it et

MI—1 (mit41)et ’ ’ 0
R w8

mi=0 mTet Sty (utn,nThTmLTeT

Mt (mTJrl)eT /
0 0 b /
G(ht -+ d | tnnthi4rt
* z /mTeT ( ™) 0 v2vlg by, nthtgrt’

mt=0
M1 0
== > (G() ~ L) G —m! = 1)) [ (@ )]
mt=0 tnt1 \Pt, ntht,mtet
MI—1 (mty1)et - ,
0 0 b L
G(ht -+t d | Jtantht 4t |
+ Z /T;LTET ( T ) O \/2’}/Id bt nTth-‘,--rJf’
mT=0 - "

By It6 isometry, we have
(mt+1)ef b /
0 0 b /
G hT _ 1 d tn,ntht4rt
/meeWL ( ! ) 0 27Id_ btn,’ﬂThT‘FTT/

~N<0, {g \/2(;7111} G((MT —mf — 1N (Geh) — 1)

()~ L) G -t =0 g 2] )

0
) [N (0.29(1+ 7)1 - e-vf*>2e-27<M“m*+”“>Id)] |
as desired O

Definition C.10 (Interpolating corrector process). For anyn' € [0 : NT — 1], we define the interpo-
~ (kT . . .

lating corrector process (uik 7)ﬁh1‘ Tt)rfe[o, nt] as the solution to the following SDE recursively for

ktelo: KT —1]:

~(k+1) ~(k+1)
dutmmm,ﬂ = ”tn,mm,ﬁdTTv . (C.15)
(k1 ~(k+1 ~(k / '
dvt(an)hT;rT = _V”t(n,m)hf,HdTT  Staga (ugnﬂ)ﬁh*,gn(TT))dTT +v27dby, ittt

with the initial condition

~(k") _

~(0) o~ ~ (kT o~

u =U Tht u =U TRt

TRt ot tn,ntht TRt ot tn,nth

{j&’” hior o for T € [0,hT), and tn AT, B forke[l: KT,
Uy, mtht ot = Uty nitht Yy, mtht,0 = Vtn,nthi

(C.16)

where
u ._ ﬁ(KT) i ._ 5(KT)
tn,ntht == Wt _1ypt pto tnntht == Yt _1)nt nt

fornt € [1: Nt —1], and

W0 = Bih s B0 ~ N0, 1),
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We define the joint probability distribution of (W, 4+,0y, 4t) at time t as T, 4t (W, 41,0, 4+) and
u

its marginal on w,, 4+ as T, .+ (W, 41).
We invoke Girsanov’s theorem (Theorem A=) again by the following procedure

1. Setting (B2) as the auxiliary process (C_I3) at iteration KT, where b, i+ (w) is a Wiener pro-
cess under the measure Q;

2. Defining another process Etmnf ntort governed by the following SDE:

dby, winirt = dby, ntntert — Gy it (1H)drT, (C.17)
where
1 T T
T — ~(KT-1) o ~(K")
v, mint (1) = N (Stnﬂ(utmmmijjd) — VIngt1L+1(ut,,“nThT,TT)> (C.18)
and computing the Radon-Nikodym derivative of the measure P with respect to @ as
ap 8 1
—— = exp G it (77) T by, inigrt — */ [@nn(rD2dr )5 (C19)
dQ 0 2 0
3. Concluding that (CCI3) at iteration K T under the measure ) satisfies the following SDE:
d~(KT) ~(KT) dTT

ntht st = Untpt ot
(KD — A 5ED i 5 S (KT b
Av, " it ot = Y0, it AT = Viogp, (umhfﬁ)dTT +V2ydby, niptirts

(C.20)
with (b;, ,tpt4rt)rt>0 being a Wiener process under the measure P. If we replace
~(Kt ~(KT . o .
(uiﬁhg,r’f’vr(ﬂh’f),'rf) by (Wt ntntirt Ve, ntnt4rt), one should notice (CZ20) is immediately

the original backward SDE (C_I0) with the true score function on ¢t € [nfhf, (n + 1)A1]:

d“tn,nThurT = ”tn,mhuﬂdﬁ
dvy, ntntyrt = —’}/’l)tmnfhf_i_-,-‘rdTT - Vlogf)tnﬂ(Utn,mhuﬂ)dﬂ +v/27dby, pint st
(C21)
We further define the joint probability distribution of (uw;, ;+,v, ,+) at time ¢ as

. . w
7y, ot (W, 4,0y, 1) and its marginal on w,  ,+ as T (wy,, 41)-

Remark C.11. The application of Girsanov’s theorem is by writing the system of SDEs in the
matrix form.

Definition C.12 (Stationary process). Under the P-measure that is defined by the Radon-Nikodym
derivative (CZI9), we may define a stationary underdamped Langevin process for n' € [0 : NT — 1]
and 71 € [0, h1] as

duy iniirt = V) it d _
dv; ipiget = _VUZn,mhuTidTT — Vliogpy, ., (u;kﬁhmrﬂ)dﬁ +v2ydby,, ninigrts
(C.22)
~ Py, and vy i~ N(0,1q). We define the joint proba-

*
tn,nht

bility distribution of (u; ,;,v; ) attimetasm

*u* *
ot (U 41)-

with the initial condition u
"

* * . . *
b (utmﬂ , vtmﬁ) and its marginal on u; i as
Thus, from Corollary B, we have that

Dxv(my, ntnt e, ntnt)
Nf-1
<DL, (n—)nt | T, (n—1)nt) + Z DxL(7y, mtht:nt1)nt 1T, ntht(nr1)nt)
n=0 (C.23)

2
dTT] .
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<DkL(7,, (n—1)nt 1T, (n—1)nt)

1 R
-
4y l 0

~(KT-1)

~(KT)
n+1( tn,nThT,[’;—IjeT )

St ) = Vloghy, .\ (U iy




By triangle inequality, we have

ht 2
~(KT-1) B - ~(KT) t
/0 Bt (utn,mm,L%Je*) Viogpr, ., (utn,ynTthTT) dr
" (' (x1) ’
~(KT—1) ~(K t
<5 s u —s u dr
B /0 ton tn,mhmg—hef) taa tn,nfhml%e*)
ht i 2
~(KT) * i
5 s a — 8 u dr’
+ ; toa ( tmn*h*,L:—He*) top ( tn,mmﬂ%]a)

nt 2
. _ o * T
+5/ Stnta (utn ntht Lijef) v Ingth (utn nThTHiJE*) dr
0 ) sLoT ’ ef
nt ?
+5/0 vlogﬁtn+1 (u:n,mh’r-&-[%]d) - VIOgﬁth(u;,nTthTT) dr

Rt 2
- " F (KT
+5/ Vlngth (utn7n'fhf+7—f) - Vlngth (uimn)mfﬁ)” drf
0

nt 2
<5L2 /
0
~(KT) *

drf
.
+5<L2/h ’u
s 0

Rt
+5h162, + 5L /
0

~(KT-1) ~(K")
u ¥ —Uu "
tantht [ Zhjet b ntht (2 )et

u
tn,ntht, [ ZF et tnntht+ T Jet

2
drf

2 ht s
1 2 ~(K") gk
dr' + LP 0 utn,nThT,TT Wi, ntht4rt

=By ntnt
2
dTT,

*

*
utmmmﬂgﬁf Ut mthiprt
€

=E int

(C24)
where we used the Lipschitz continuity of the learned score function (Assumption B3) and the true
score function (Assumption B4), and the d..-accuracy of the learned score function at each time

step (Assumption B17).

Now we proceed to bound the terms in the error decomposition (CZ24). We first bound the Fy 1 p+
term by the following lemma:

Lemma C.13. Foranyn € [0: N — 1] and 77 € [0, hT], we have

2 2
’u ]Sdef,

*

*
Ep tonthi4|Zh et Ut ntht4rt

and therefore
Ep [F,, nint] < dhiel”.

Proof. By the definition of (u

nihiserr Vs nintyr) @s the stationary underdamped Langevin dy-
namics (C22), we have

TT , 2
* t
/ . tn,nThT+TT/dT

v
i
Tl

2

E u* —ul
P tnont R TE et tn,nthirt

ot
T *
<e /L Ep {H'vtmnmmﬂt'

et

2
] art’ < deTQ,

where the first inequality follows from Cauchy-Schwarz inequality and the last inequality is by the
fact that /
V) piniyrr ~N(0,1g), forany e o, nf].
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Consequently, we have

ht
Ep [Fy, nint] =/ Ep
0

2
_ut t tet?
Hu it zhjet T Wt ntht 4ot ] drt <dh'e".

The term E, 5t can be bounded with the following lemma:

Lemma C.14. Foranyn' € [0: NT — 1], suppose that v < L;l/Q and TT < L;1/2, then we have
the following inequality for any 1 € [0, hT]

Er |

Ep [Ey, nint] S B2+ L2)YW3(Ge, o Dy

i)

ﬁ(KT) _ut
tn,ntht rt tn,nTht4rt

2
’ :| ,S,WQQ(Z]th,hnaﬁtn_‘_l)a

and therefore

Proof. Recall that under the measure P, uEKn)ThT ot

7t € [0, h'], which coincides with that of w* As the only difference between the two
) tn,ntht 47t y
; 1s the initial condition, we can invoke Lemma 10 proved

follows the dynamics of w;  ,tpt -+ (CZD) for

Processes uy ptpt r+ and ut”
in [ICIT] to deduce that

ntht4r

2
* 2 =
Ep [Hut ntht, et T Wi, nthi4rt ‘ :| s ”2(77tmnfhfaptn+1)a

where the assumption that v < Lil/ and TT < Lil/ ? is required.

Now notice that w; ;,:. + and w; ,ipt o+ also follow the same dynamics with the true score
function for 7 € [O, nf hi], for any coupling of w; .+ and u;, ,tpt, we have

2 - * 2
W; (th,nfhhptnﬂ) <E [||utn,nThT — Uy ptht H }
2 = 2(~ =
SWQ (th,o,ptnﬂ) = W2 (qtn7h’n 7ptn+1)7
where the last equality is again by [T, Lemma 10].

Therefore, we have

Ep [E:, nini]

Rt 2
— 2 || (K" * o ||~ (K1) . T
_/O Ep lL tnvnThT,L%jeT _utn,n‘rh“r.l,_\_%kf +L H u, nThT ot T W ptht et ’ ] dr
SHH(L2 + LYW @)
O

Now, we provide lemmas that are used to bound the first term in (C24)).
Lemma C.15. Foranyn' € [0: NT — 1], we have the following estimate:

}

‘ ~(0)
sup Ep [Hut miht et T Wy ntht ot

Tie[0,hT]
5Lime(3+”)m (KT-1 (KT 2
ALy o o~ ]
5hteB+1A! 5
+T P [Er, nint + 0162 + L2F, int] +hiTe (B+y)hT (3vyd + M2) + Al 2.
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_ ~(1) ~(0) , — ~(1 ~(0)
Proof. Let pty  ptpt 71 1= Uy " ipt oot~ Uy it and vy ptpt ot 1= Uy int ot~ Vg it ot

Then for k£ = 0, we may rewrite (CCI3) as follows

_ ) ~(0) 1
dlj’tn,nThT,TT = (th,nThT,'rT + vtmnThT)q—T dr

~(0 ~(0
dvy, nint ot = =YW, ntnt ot + Uin),nmﬂ)dﬁ - Stn“(uin),nwﬁ)dﬁ +V27dby, ptpt et

(C.25)
On the one hand, by using the first equation in (C2Z3), we may compute the derivative

4
drt’

H 272 T , +~(0)
Bt ntnt ot/ |l = 2Hy, ntpt ot/ \ Pt ntht ot T U "t ot

and integrate it for 7' € [0, 71], which yields
2 a (0)
T ~
Hy’tm””ﬁﬂ'f || - 2/ u/tmn*h*,TT'(th;nThTJ'T/ + Utn ntht TT/)dTT
0 SR

2 ™ 2 !
L A e L A
Applying Gronwall’s inequality, we have

2 gt ! 2 . 4 a _(0) 2
Hut,“mhnﬂH <e | Hutmnfm,ﬂ/ dr" + | Hvtmnfhf,rf’ dr’ .

We then take expectation with respect to the path measure P and then the supremum with respect to
71 € [0, h1], implying that

!

+

" ~(0)
<2 | Hutn,nfm,w

2dTT/.

sup Ep |:||I'I‘t,,,,nThT,7'T H2:|
Ttel0,ht]

t t
v 7 2 i 7 - 2
< sup <32T / Ep {Hytn,n*hﬂr’f' } dTTI + e’ / Ep U UEO)nThT 71! :| dTT/)
Tt€[0,ht] 0 0 " ’
< pie2h! sup Ep [Hyt nt TT,| 2] L atehty.
rt€[0,ht] ' '
(C.26)
On the other hand, by applying It6’s lemma and plugging in the expression of b, ,tp+4,t given

by (CI12), we have

dllvs, mtns o1

~(0 ~(0
= [2’Y||th,mhf,ﬂ ||2 + 27”;7n1‘h’r’71‘v£"),n’rht,-,—’r + 2V;,mm,7f5tn+1 (“En)’mm,ﬂ) —2vd drf
+2V,I1,7,L1h1-771 V 27(dbtmn1m+ﬂ + @i, nint (TT)dTT);
(C.27)

Then similarly, we may compute the derivative of ||, 11 1|2, integrate it for 71 € [0, hT], and
take the supremum with respect to 7 to obtain

Ep [[ve, mint ot 17

i
0

g © '

T ~ 1

_/O 2Vt,L,nThT,TT'Stn+1 (utn,nThT,TT')dT

St
+21/29Ep l /
0

2 T ~(0 !
<2v|lyt”’mh*v”’ I+ 27th,,nThT,TT’Ut(n),nThT,TT’ - 27d> a ]

+Ep

T >~ / /
thﬂ'ﬁh*ﬂ'f/ (dbtvunThT""TT/ + (btnwn.rhj (TT )dTT >‘| .
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By It6’s lemma, this equals to

Ep [||th,7ﬁ}ﬁ,7'T ”2]

ot
T ~(0 !
—Ep —/ (Q’Y||th,mm,7wll2+Qth,mm,w"in),mm,w —2Ayd>d71‘]
0
Ti (O) li li
T ~ fomr, T
e _/ 2V, nint, 7t Stug (“t",mhuf’) + 2029 it Bttt (71T
0

Applying AM-GM gives

]EP [||th,'rz‘LhT,7'Jr ||2]

T
T [ / /
< [ B [ D P + e (7]
) Erl
*

R B [ 2
+/ Ep ’VH”tn,nfm,w +‘
0 L

2
(0 ’
Sty (“En),mm,w) H + 27d:| drf

:
o r 2
’ / ~(0
< [ B [ D P+ 10, e (] <7E U B intol } A “”d) i
, el

ot o
!/ ! !
=1+ 7)/ Ep [V, nint -0 |I°] drf +/ Ep [l|¢tn,mm (rf )||2} drt 47t (3yd + M7)
0 0
where in the last equality, we used the initialization of the auxiliary corrector process Et(o)nf wto ™

N(0, Ly).

Again, we apply Gronwall’s inequality to the above inequality and take the supremum with respect
to 71 € [0, hT] to obtain
sup  Ep [[[vg, nint rt]|]
Tt€[0,hT]

hT
<N / Ep [[l@1, mint (71]2] dr' + T 0T (3yd 4 M2)
0

nt
/0

+ Bie+mat (3'yd + Mﬁ) ,
and for the difference term within the expectation, we decompose it again by the triangle inequality
in (C24), i.e.

ht
/
ht
<52 /
0

to obtain that
sup Ep [||V15n,rﬁiﬁ,‘ri HQ}

(C.28)
e(1HMAT
<——Ep

2
St TG aK") H drt
2y

ntl (utmmhﬁL%Jef) -V logptn+1 (utmm‘m,ﬁ)
€

~(KT-1) akh oy

2
s u —Vlogp u : drf
_— tn,nThT,L%JET) gptn+1( tn,nThi,rt ‘

~(KT-1) ~(K)

2
_ t fs2 2
t,,L,anht\_:—:rrJeT t,,L,nThT,\_:—:JET dr + 5Etn,nThT + 5h 600 + 5Lthn,nThT7

T1e[0,hT]
t
M " ~(KT—1) (K1) 2 t
S EP T u N dT
2y 0 tunht | Zhjet Tt ntht | ] et
5e(1+7)h! roo , e )
+TEP (Bt nint + 0165 + L2F, ipt] +hTeT (3vd + M7)
5L2e(1+Mh! et et 2
gsei}ﬁ sup Ep U(KT 1 - (KT) .
2"}/ rte[0,ht] tnﬂﬂLhT,L:TJC]\ tnynThTJ\ﬁJeT
5e(1+7)h! Lo , e ,
T B (B int + W8+ LIF, o] + WO (3yd 4 1)
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substituting which into (CZ28) completes our proof of this Lemma. O

Lemma C.16 (Exponential convergence of Picard iteration in the corrector step of PIADM-ODE).
(Kt (KT
For any n' € [0, NT — 1], then the two ending terms ugffh? -+ and ugfm)_ﬂ of the sequence

~ (k")

Uyt ot } ktelo:K1—1) Satisfy the following exponential convergence rate
o Eolllg®) g -y
Sup  ILp ||| Wit ot Upipt i
Tie[0,hT]

5hieB+Nh!
<Cly+ <€EP [Ey, wint + 0102 + L2F,, it ] + T2 e®H (3yd + M2) + hie®'d |

2y
(C.29)
where the coefficient
i t_
o r2pt?en\ 7 . BL2RteGTIRT (212t \ T
Kt = 2y 2y 2y
Proof. We subtract the dynamics of a* D and a™ in (CI3) to obtain
. ntht ot ntht ri
~(k+1 ~ (Kt ~(k+1 ~(kT
d (“fﬂm,)ﬂ - uszh)T;rT) = (”fﬂm,)ﬂ - 'U?(ﬂh)f,r’f) dr'.
Then, we use the formula above to compute the derivative
d |l=¢+n x| kb)) =D T (k1) (k)
art’ | Mntnt it = Uit || =2 (umm,ﬂ' - “mm,ﬁ') (”nfm,rw - Umhfﬁ')

and integrate for 71’ € [0, 7] to obtain

2
~(k4+1) ~ (kM)
Hunfm,ﬂ U ipt ot

Ty T (k) ) +
:2/0 (untm,ﬁ' - unThT,‘,—’r’) <”nrmﬁ' - vntm,ﬂ') dr

) B T A TN SR S B
S/0v Hun”ﬁ,'r*/ - un*hT,TTI dr +/0 ’ vnThT,‘r*/ - ’UanhT,TJV' dr
Applying Gronwall’s inequality gives us that
i) 2 | ot [ (50 &Y 1P gt
. ~ - ~ ~
‘ Upihtrt = Untpt ot || S € /0 ‘ Untntirtt = Ontnt p1v|| 7
and taking the supremum with respect to 77 € [0, 2] on both sides above implies
; E kD) ~ (k") ? < hleh g Eo |||[z*+D ~(kT) 2
Sup  Ep |1 W gt o0 = Uit ot s ne Sup &P [ Upipt ot = Upipt o] |
T1€[0,hT] TT€[0,hT] ’ ’
(C.30)
- ~ ~(kT
We then apply a similar argument for vfﬁ}l ,)TT - vfﬁ h)fﬂ as well
~(k+1) ~(k")
d (’Utn,nfhf,f* B vtnvnfhfiTT>

— o (k1) _ (kD) t_ ~(kT) _ ~(k—1) f
=—7 ('Utmmm,ﬂ Uy miht ot dr St”“(utn,nThWﬁTJeT) st"+1(utn,nThT,L§JeT) dr',
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integrate which for 71 € [0, 7] to obtain

St =) |1?
‘ ”nfm rt 7 Uptpt ot
/ gD gt %

nfm TT' Uit ot
7! i T T
~(k+1) ~(k") ~(k") ~(k—1) 1/
-2 'U( —v s u -8 u d
0 niht,Tt! ntht,rt! t"“( tn,nThM%lJG*) t"“( tn,nfhwlit/ﬁf) g
2 !
-

T

0

LQ 7t
=
2v Jo

And then taking the supremum with respect to 71 € [0, 1] on both sides above implies

2 hiL2 (k) _(k—1)
] : 278 szl[lol,)hf]EP [“ e ”W 7t T Bennthtrt

~ (k") _ ~(k=1)
( ) T B (@ 0 )

St u
it tnvnThva%J t

2
~ (k1) ) PRy

tnntht [ ZH et tnntht, | T et

~(k+1) ~(kT)
Vntht,rt =~ Unint ot

sup Ep U
TTe[0,ht]

]
(C.31)
Substituting (C3) into (C30) and iterating over & € [1 : KT — 1], we obtain that

2712 Rt 2
Kf-1 Lih'e ~(Kt-1 ~(Kt—2
sup Ep H“mm ot 72 <=t sup Ep||a) nThz TT*UE Wit
N 27 rieloni] e
1

L2nt%er \ 2
< | = E ~(0)
= B sup P ut mm gt T W ntht

Y TTel0,ht]

Kf—1
L2hi%e! 5hie+nh!
< (S —FEp [Etn,nThT + hT(;go + L?;Ftn,nfhf]

2y 2y

L2ht%eh! Al 2 i t
+ = (nP7e 0" (3 + M2) + hie* a)
2

2 .t Kt—1 i
4 M w Su F H~(KT 1) _a(KT)
2y 2y el ophf P |[%entnt ot tn,ntht,rt

]
where we plug in the results from Lemma CTH in the last inequality. Rearranging the inequality

above completes our proof. O

Theorem C.17. Under Assumptions B0, B2, B3, and B4, given the following choices of the order
of the parameters

TT=0(1), NT=0(1), h'=0e()
Mt =0(dY?57Y), € =0d V%), K'=0O(log(dé?))
and let
L2ht% el
5 -

then the distribution 7, r+ satisfies the following error bound:

<1l v SLVR TTSLVAALDYR b6 6

Dy (my, 1t |, 1t) §TTW22(Z]th,hnvﬁtn+1) + ngo + dTTeTZ + e X' Tthtd
SJW22 (fqvt717hn’~p_tn+1) + 527

with a total of KINT = O (log(d5_2)) approximate time complexity and M = © (d1/25_2) space
complexity for parallalizable d-accurate score function computations.
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Proof. Now, we continue the computation by plugging the decomposition in (C24) and all the error
bounds derived above into the equation. First for the last term in (CC23)

ht
/0

§5Lthr sup Ep
T1€[0,ht]

(~(KT*1)

a ~(K") )
nH Tt T et
> k) ET

Ep ) -V 1Ogﬁtn+1 (utn,nfhf,‘rf

2
St ’ drt

, 2
~(KT-1) ~(KT)

u
tnnthi, [T et tn,ntht [T et

5hie3+Nh!
——F—— | Ep

+5Ep [Ey, nint + 0162 + L2F, int]

<5 (1 + LthCK’r [Etn,nThT + hT6c2>o + LithnThT]

+BLERTCper (WP (39 + M2) + e d)
where the last inequality is by Lemma T8, We further substitute Lemma T4 and 13 into (C23)

to obtain

Dy (7, ntnt |t nint)

2y + L2Ck+ 5htZeG+nnt

<SDxL(Te, (n—1)nt |7t (n—1)nt) + 5 17 Ep [Eq, nint +hlo% + L2F, ntnt]
+5L§}2LLCKT (lszQ(a(?’+'Y)hT (3vd + M7) + hTthTd)

SDkL(Te, (nevynt 1Tt (n—1)nt)

15207 Lgcﬂjj L (W1 (L2 + L2)WE G By, ) + 1102 + el

+5L§Z;CK ! (m%(?’ﬂ)hT (3yd + M2) + i d)

SDL(me, (-1t IFe (netynt) + BIWE (G s Br, o) + BT6% + dniet® + e K" pt%q,
and then sum over n to obtain
Dy (my,, v |7, 7t) = Dru(me, ntnt |7, Nint)
<DL (e 0l 0) + NTRWE @Go s B, ) + NTRT6Z, + dNTRTE 4 oK NTRTg

=T'W2(G, n.. B, )+ T2 +dTTet” + e K Tihta.

n+1)

Then, it is straightforward to see that when the following order of the parameters holds
TT=0(1), ht=0(1), N =0(1),
e =0(d %), M =0d"*""), K'=0(og(dé?))
and 0, < d, we have

Dxr(me, i, 7) S W5 (Gt b P,y ,y) + 07

Lemma C.18. Suppose TT < L;l/Q, then we have

o - 1 - ~ -
TV (7, 1Dy, ,,) < \/ Dxv(me, rillPe, ) S —1——Wa(me,,0.0¢,,,) S Wol@toh e,y )-
Lj(Th)}
Proof. A complete proof of the Lemma above is presented in [[T1, Lemma 9], which is derived
based on [I45, Corollary 4.7 (1) ]. O
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C.4 Overall Error Bound

We are now ready to prove Theorem B3.

Proof of Theorem B3. Notice that the interpolating corrector process (@, ntpt 15 'utn nint o) 18
constructed to follow the same dynamics as the auxiliary corrector process (ut ntht rts vt ntht rt)
in the corrector step. Therefore, we have by data processing inequality that

TVEE 1,70 1) S TVER 0,78 0) = TV @i @) (C.32)

and again, since the interpolating predictor process ¥, it is constructed to follow the same dy-
namics as the auxiliary predictor process ¥, i, in the predictor step, we further have by data
processing inequality that

Tv(qtruhn ? aitn;hn) S Tv(a\t'/uO’ atvuo) = Tv(a\tn I ﬁtn) (C'33)

Furthermore, applying triangle inequality, Pinsker’s inequality along with Theorem [T and Theo-
rem 2 proved above, we may upper bound the second term above as follows

TV (7, 7t 7, 71)° S Dru(me, 71T, 71) S W5 (Gt b Br, ) + 07 (C.34)

Summarizing the above inequalities, we have

TV(%;,TTaﬁth) —TV(?Tt Tt T t TJr 2

)
< TV 7Tt TT77Tt TT)2 + TV(’/TZI;L TT’ t’uTT)2
<TV )2+ TV(my, 1, 7;, 1)°

(T

(7Tt Tt T, T

< TV(?TtmT‘r,Tf'tmTT) + TV(m, Thpth)Q
(

(C.35)

ny

5 W22 &;,,L,h7l>pt,,L+1) + 52 + WQ (qt!L)h7L7pt,L+1)
Sde ™ £ 1262+ de’h? + 62,

where the second last inequality is deduced from Theorem (T2 and Lemma TR and the last in-
equality is derived via Theorem CZ4. Therefore, for any n € [0 : N — 1], applying triangle inequality
along with data processing inequality (cf. Theorem B) yields

TV(@t,41Pe,,,) =TV 113D,
< TV(%ZJTT ) %ZJTT ) + TV(%;U;LTT ) ﬁtn,+1 )
< TV(ge,, by, ) +d2e /2 4 hyooo + dM/ehy, + 0.

where the last inequality is derived by plugging in (C32), (C33) and (C38). Applying Lemma A
and summing the inequalities above further give us that

TV((/]}N 7p?7) = TV(@N?ﬁtN)

(C.36)

N-—1
STV o) + > (dl/%*% + i+ dY2ehy, + 5) (C.37)

n=0
< dYV2e T2 4 NaY2e K2 L 76 + dY/?eT + 6N.

By setting the parameters
T = O(log(dé™2)), h=0(1), N =O(log(ds?)),
=0 (d’l/zélog_l(d’1/25’1)> . M =0(dV26  og(d/257)), K = O(log(ds—2)),
and letting 6o, < 07! < dlog™*(dd—2), we finally obtained the upper bound
TV (Gin,pn)? Sde™ " + N2de ™ + 6% 4+ de*T? < 62
as desired. O
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