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Abstract. While testingmethods such as Neyer and 3POD offer marked improvements over earlier test methods such as Bruceton
and the step method in NIJ Standard 0101.07 [1], there is still some susceptibility to the initial user guess (Ugyess aNd Ty s )-
Johnson etal [2] offered a rigorous comparison of all testing methods currently in the field, and noted that a mis specified oy, ¢
can lead to large bias for all tested methods. Additionally, while in some cases prior data such as manufacturertestingand previous
first articles tests may be available to inform fig,,.cc and g, , there is not an existing framework for how this data should be
included in a model. Note that updating o, .. is also consistent with the movement to incorporate unbiased error measurements
in the broader design of experiments community initially spearheaded by Gilmour and Trinca [3]. In this paper, we offer both a
rigorous Bayesian framework to include prior data, as well as additional considerations on when to include and how to weight that
information. We also include a simulation study demonstrating the implications both of updating o, , as well as of a Bayesian
design more generally. The results have implications for a variety of testing methodologies; for example, it is well known that
Robbins Monro may notbe able to achieve anunbiased estimate of V50 even asymptotically when initial parameters are incorrectly
specified (i.e. when g, ¢ is too small).

1. INTRODUCTION

Personalprotective equipment (PPE), which is designed to stop ballistic threats, is animportanttool to protect military
and law enforcement personnel. In order to ensure optimal performance of these products, PPE must be tested using
live ammunitionto evaluatetheir protective capabilities. This is primarily achieved by employinga scheme of testing
where armour performance (scored as a partial or complete penetration) is assessed at various ballistic conditions
(ambient versus elevated temperature, etc.) in a limited range of firing velocities. Various testing methodologies [4],
[5], [6] describe velocity selection procedures, tools, measurements and techniques to test and assess the ballistic
performance of PPE. These methods are used to determine various ballistic performance metrics, such as resistance
to penetration, where 0 percentofevents is expected to result in complete penetrations (RT P), and the ballistic striking
velocity where 50 percentofevents willbe complete penetrations (1V'50). However, these tests are costly and therefore
there is a strong desire to reduce the testing resources needed to calculate these ballistic measures to a specific
confidence, as well as to expand the characterization of the PPE ballistic response curve. Using advanced statistical
approaches may reducethe resources needed to accurately assess ballistic PPE performance [7]. This would also allow
practitioners to calculate additional metrics, such as the ballistic striking velocity where 10 percent of events will be
complete penetrations (V10).

Most statistical methods used in ballistics testing are Frequentist [7]. Bayesian methods allow the
incorporation of information from previously collected data into the selection of tested velocities, through the use of
priors. In complicated live-fire destructive testing firing schemes, Bayesian methods could better inform both initial
test conditions and the subsequent testing sequence. These methods could also reduce the number of tests needed to
achievea certain level of confidence with respect to ballistic performance.

Studies of existing methods have generally not included the perturbation oftarget velocity to actual velocity
in their simulations, i.e. when the striking velocity differs from the intended velocity. This additional source of
variance is essential when considering the efficacy of existing methods in practice. This paper compares commonly
used ballistic firing sequences (Neyer, 3POD, Bruceton) via a simulation study in which this variationis captured to
assess the ability to reduce thenumber of tests needed through theseapproaches. Additionally, we introduce the idea
of a Bayesian methodology to incorporate additional data that is currently unused in the test generation of initial
conditions estimates (Ugy05s a0d 0y 055)- [N certain scenarios, it is hypothesized that this will allow the practitioner to
find the Zone of Mixed Results (ZMR) faster, and produce more accurateresponse curvesthan currently used methods.
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2. LITERATURE REVIEW

One of the earliest ballistics testing procedures to gain popularity was Bruceton [8], a binary search procedure
published in 1948. While Bruceton is consistently able to find V50, it is genera lly inefficient unless an optimal starting
step size is chosen. The Robbins-Monro and Delayed Robbins-Monro [9], [10] from 1961 and 1985, respectively,
improved upon this method by dynamically altering the step size throughout the test. Robbins-Monro Joseph [11]
incorporates the notion of V50 estimation followinga normal distribution in shot selection, which was built upon by
later methods. Langlie [12] combined several of these early ideas in 1962 into a sequential testing methodology.
Ultimately, many of thesemethods are inefficient when compared to the advancementsmade in the statistical field of
modern optimal design methodology [13] and may be overly dependent upon starting parameters such as gy e
Ocuess » and theinitial shot velocity. For a more substantive review of historical ballistics testin gmethods, the reader
is directed to Johnson et al. [2].

Neyer was the first to propose a systematic method for generating an optimal design in 1994 [14]. Themethod
consists of two phases: (1) an initial series of shots to establish the appropriate stimulus range and break separation
(i.e. finding the Zone of Mixed Results). This is necessary as unlike many traditional Design of Experiments (DoE)
settings, the bounds arenotknowna priori. This is followed by stage (2) theuse ofa D-Optimal design for subsequent
shots [14]. Sequential D-Optimal designs have seen substantial use in the broader DoE applications literature [13],
however, Neyer was the first to apply it to destructive sensitivity testing. One of Neyer’s contributions was the
inclusion of the first phase of the experiment to establish the boundsoftheexperimental range. This differs from many
traditional DoE settings where the bounds are known a priori through subject matter expertise.

3POD is a three-phase sequential optimization procedure that aims to find performance metrics of interest,
such as V50, more efficiently than Neyer [15]. Similar to Neyer, the first phase establishes the appropriate
experimentalrange. Thisis followed by findingthe Zone of Mixed Results (breaking separation), and adding points
to optimize the remaining tests. Phase 1 of 3POD chooses different points from Neyer to break separation more
quickly, though the underlying approach is similar. Unlike Neyer, 3POD explicitly adds a third step with n, pointsto
optimize for specific quantiles ofinterest, as specified by the user. This follows a stochastic search procedure proposed
by Joseph[11]to estimate specific quantile of interest; while this method has desirable asymptotic properties, there is
some question as the how it performs in the presence of both small n and whenthe target shot velocity is perturbed.
Follow on work for 3POD 2.0 [16] offers some technical improvements, while GONOGO [17] offers an
implementation ofboth 3POD, Neyer, and other methods.

This paperalso drew inspiration from modern design techniques in other spaces; specifically, the Bayesian
D-Optimaldesigns of DuMoucheland Jones [18], the Bayesianperspective of Drorand Steinberg[19],and woik in
the clinical trials space [20], [21], [22], [23]. Collectively, the promise of Bayes is two-fold. First, it allows for the
logistic regression curve to be estimated before separation has been broken. This can be particularly useful when
choosing future points, as current techniquesrely on anaverage of velocities. Second, these methods have repeatedly
demonstrated the power of relevant prior information when creating an optimal design and applying the results to a
sequential optimization procedure suchas 3POD.

3. METHODS
3.1 A Bayesian Approach

In the broader design community, thereis a movement to use Bayesian statistics in both the creation of design matrices
and in analysis. Note that priors are generally said to be strong when the prior has a large impact on the analysis or
test points selected, and weak or vague when the impact is minimal. In some sense, allthe methods discussed in the
literature review use prior information. Specifically, the pts,05s a0d 0y ess parameters in 3POD and Neyer are often
based on previous step-down experiments conducted before the test of interest. This is then incorporating summary
statistics of prior information, while a Bayesian approach would use the actual test information. Other methods, such
as Bruceton, require someestimates related to V50 range and variability. Thereis generally minimal issue with using
additional information in choosing initial starting points, provided those starting points are not part of an analytical
solution once the data has beencollected.

The study presents two particular recommendations. The first is the use of a Bayesian framework to generate
subsequent test points, i.e. target velocities. The priors allow for the easy and relevant incorporation of prior
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informationinto thedesign matrix. The second is foradditional prior information to be included for the sole purpose
of optimal points for shot selection. In many cases, manufacturers have conducted extensive internal testing prior to
submissionto the government for acceptance orrejection (First Article Testing, i.e. FAT). In some cases, this testing
is contracted to the same facility that will perform the FAT. It is easy to demonstrate that incorporating data from
those manufacturer tests into the detemmination to accept or reject a piece of equipment would create various moral
hazards; for this reason, many regulations generally state thatonly information from the official tests may be used for
analysis. [tisalso clearthat, in somecases, the manufacturer information could be used to form an unbiased estimate
of the response curve that would lead to better testing points. Specifically, the manufacturer data would be used to
identify optimal target velocities for an acceptance, but would not be included in the acceptance test analysis. This
would allow fora variety of benefits; separation would be broken faster, the response curve would fit more accurately
by choosing moreoptimal test points, and higher confidence and lower variability would be gained in final estimates.

3.2 Method Description

The proposed procedure in this section is named Sequential Bayesian Optimal Procedure (SBOP) and is broadly
inspired by 3POD [15]. This method is most suitable when prior information canbe leveraged to inform estimates of
the input parameters. These estimates may be obtained from a previous step-down test as is common for 3POD and
Neyer, or from manufacturer data described in the previous section. The method has three phases that closely align
with the phases of 3POD:

e Phasel, in which initial shots are added and separationis broken
e Phasell, in which points areadded to optimally estimate thelogistic response curve
e Phaselll, in which points are added to better estimate quantiles of interest

3.2.1 Phasel

The goal of the first phase of the experiment is to establish valid test regions and break separation by varying the
velocity of the projectile. This phase can be divided into the following steps: (I) Obtaining at least one partial and
complete penetration (I1) Breaking separation, i.e. findingthe Zoneof Mixed Results.

3.2.2 M.1 Obtain partial and complete penetrations

When the priors for location ((p,.;,,) and scale (0p,,,) are identical to s, .ss and Oy 056 the initial shot velocities for
shots 1 and2 of 3POD and SBOP are the same as shownin Equations 1 and 2:

3 1
Shot 1= fiprior —2 Oprior :Z (Mguess =4 Oguess) T " (Mguess T 4 Oguess) (1)

1 3
Shot 2 ={ipyior + 2 Oprior = 2 (Mguess = 4 Oguess) " (Mguess + 4 Oguess) 2)

Define x,,,;,, and x,,,,, asthe lowest and highest actual velocities, respectively. These values are updated after
each shot. There are four possible scenariosdescribed below for shots oneand two, and each ofthese hasimplications
forsubsequent shot selections. Let y; be the outcomeof shot oneand y, be the outcome ofshot 2, where 1 indicates
a complete penetration (CP) and 0 indicates a partial penetration (PP).

A. [y,=0,y, =1] This represents the ideal (and also most common) scenario. The practitioner s testingin the

appropriate range, and can move tostep 1 in M.2
B. [y,=0,y, =0] Both shots are partial penetrations, and it is inferred that the actualrange of interestis further
occursata highervelocity. The nexttarget velocity is
Xnext = Xmax T L5 Oprior (3)
and tests are iteratively added untila complete penetration is observed.
C. [y:=1, y, = 1] Both shots are complete penetrations, and it is inferred that the actual range of interest is
occursata lowervelocity. The next target velocity is
Xnext = Xmin - 1.5 Oprior “)
and tests are conducted iteratively untila partial penetrationis observed.

D. [y;=1, y, = 0] This scenario represents the case that the actual variance is substantially larger than the

specified 0, TWo additional shots are added:
Shot 3:xmin -3 Oprior )
Shot 4= Xmax +3 Opriors (6)
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Inthe eventthat shot 3 isa PPand shot4 isa CP, we revise the estimate of 0p,.;,-andmoveto step 1 in M.2.

Forany otherresult, theauthors recommend assessing the input parameters and priors for reasonableness, as
this suggests the values have deviated very strongly from both subject matter expertand prior data expectations.

There maybe cases where thetarget velocity is substantially different from theactual velocity; historically,
these shots have been omitted from the test matrix and subsequent analysis. The authors recommend retaining these
data points in the test matrix if the shot is otherwise within specification for other factors suchas yaw and obliquity,
even if it is necessary to remove them from subsequent analyses related to pass/fail. Existing methods generally do
not comment onthis issue.

3.2.3 M.2 Break Separation

Once the initial boundaries are established, the next step is to break separation. The practitioner adds shots untila zone
of mixedresults is established, i.e. the highest velocity ofa partial penetration (M0) is greater than the lowest velocity
ofa complete penetration (m1). Similarto 3POD, shots areadded based on the size of the separation interval, defined
assep = M0 —m1:
e If(sep < 0): movetothenextstage
o If(sep > 1.50pi0r): Xpexe = V50
o If(0 < sep < 1.50p,0,):
o If(Numberof CPs>Numberof PPs): x, .. =M1+ .30p.0r (7)
o Else: X0 = MO — .30p,i0r
SBOP recommends iteratively addinga minimum of 4 shots near V50 untilm1 — MO < 0p,,,. Once the separation
interval is sufficiently small, the next points added are at the 40th and 60th quantile estimates on the curve. This is
broadly in line with the mean(X) + .30,,.ss recommended by 3POD. Note that the so-called “separation trap” [15]
is notan issue in this methodology or 3POD as the chosen points are outside ofthe separationinterval.

3.2.4 PhaseIl:

Phase ITadds points to optimize estimates for the logistic regression curve parameters. In contrast to methods thatuse
a traditional generalized linear model (GLM) for this step, Bayesian Methods use a Markov Chain Monte Carlo
(MCMC)to estimate the logistic response curve. In this implementation, SBOP uses MCM Cpack [24]. This has the
effect of centering the initial estimates at the prior, while allowing the data to play a larger role as the sample size
increases. Optimizing for subsequentpoints has the form of optimizing the information matrix.

Note thatn, points areassigned to Phase I and Phasell;the faster separationis broken, the morepoints will
be available to optimize the estimate of the logistic regression curve. Future work will include dynamically altering
the distribution of points between Phase I, Phase 11, and Phase 111, as it is likely that some points should always be
assigned to Phase I priorto entering Phase I1I. To avoid cases of poor estimation, clipped estimates of themean and
scale parameter are used as shownin the equations below.

I = max (&, min(i, JZ)), Oy = min(?r,:,f— g), where x =min(x,,...,x,)and £ = max(xy,...,x,) (8)
3.2.5 PhaseIlI:

Similar to 3POD, SBOP adds n, points that optimize for quantiles of interest. 3POD and SBOP use the modified
stochastic optimization procedure suggested by Joseph [11]. Previous criticism of Robbins-Monro-Joseph is that it
may converge slowly when the algorithm starts far away from the true value. This is less of a concern in the SBOP
and 3POD implementations given n, runs have already occurred. However, as noted by Joseph, “The optimal choice
of a,, in smallsamples has not been investigated, although in most experiments this is the most interesting case.” An
area for future work is deriving guarantees for small values of n,. This is particularly relevant in the face of
perturbations between the target velocity and actual velocity. Additionally, it is rea sonable to compare the performance
of the stochastic optimization procedure a gainsta sequential c-optimal design for the quantities of interest for various
n,andn,.
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4. SIMULATION STUDY

The following simulation study was designed to answer two essential questions:

e Doesthe Bayesianmethodology have potentialand warrant further study?

e  Whatisthe impact when the priors are correct, i.e. have perfect information, or incorrect, i.e. are substantially

different from the truth?

Broadly, two classes of scenarios were considered: one in which the priors and guesses were centred to be exactly
on the true response curve (i.e. a given method is provided with oracle guesses), and a second in which they were set
to be substantially farapart fromthe true curve. The response curve equationis shown in Equation 9, where p is the
probability of CP. Note that there is an equivalence between the prior 5, and 8, fora given logistic response curve in

a single variable and the location-scale parameterization with scale =— and location = —1 * 51 Code was runin R

version 4.4.2 [25], with the base glm function used to calculate the Enaximum likelihood esotirnates (MLE) once
separation had been broken, and MCMCpack [24]used whena Bayesian logistic regression estimate was needed. The
test matrix is shown in

Table 1.
log(p/(1 = p)) = By + By * Velocity ©)
Table 1: Test matrix for simulation study
Velocity
Scenario ”Guess O Guess BO True ﬂl True Kperturb | Operturb ”Prio_r aPriar ny n,
Perfect Information,
N=40 2000 10 -200 0.1 0 51 2000 10 | 20|20
Perfect Information,
N=10 2000 10 -200 0.1 0 51 2000 10 81 2
Imperfect
Information, N=10 1800 50 -200 0.1 0 51 1800 50 8| 2

For each method in each scenario, the scenario was run over 1000 iterations using the same true ballistic response
curve shown in Figure 1. Foreach iteration:
1. Each method was followed to select the desired velocity for the starting and subsequent shots unti
n,+n, = nshots were recorded
2. The desired shot velocity was perturbed according to a N (0,52) distribution and the actual velocity was
output
3. Theoutcome of PP/CP was drawnaccordingto the trueballistic response curve forthe actual velocity

4. The outcome was recorded, as were the desired and actual velocities
4.2 Results

The ultimate goal of an analysis of ballistics armour is to understand the behaviour of the protective gear under a
variety of threats and conditions. While this is often simplified to the V50 of a given threat or condition
(e.g. temperature), understanding the full ballistic response curve allows for more informed decisions to be made
regarding warfighter and personnel sa fety.

To this end, several metrics were studied as part of this analysis:

e Percentof runs wherea Zone of Mixed Results is identified (i.e. separation is broken)

e Medianshotnumberwhere overlap is achieved

e Properties of f, and [5; estimates

e Properties of V50,and V10 estimates

e  WidthofV50,V10, S, and B, 80% intervals

While V50 is an oft-reported metric, there is increasing interest in the performance of protective gear at other
quantiles, suchas 1710, which may be important metrics under alternative safety and performance thresholds; there s
related interest in better understanding the behaviour of the whole curveas defined by 8, and ;. These curves can be
expandedto include additional variables such as yaw, which would allow practitioners to model armour performance
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under more complex conditions. For experimental efficiency, it is preferable to have a smaller number of runs where
the ZMR was not achieved (e.g. break separation faster), andto havea smaller median testnumber at which the ZMR
is found. Itis also preferable to have a smallermedianabsolute deviation (MAD) forestimates such as IV'50 and 3,,.
There were several cases of simulation runs with outliers for allmethods; for this reason, MAD was chosen as a more
robust metric than standard deviation. In practical applications, these tests would have been discontinued. Unless
otherwise stated, all finalresults are calculated using GLM to calculate the logistic regression MLE coefficients; the
stochastic approximation method of 3POD V50 estimation is considered separately. Foralltables, the bolded values
indicate the bestresult.

4.2.1 Perfect Information Results

All methods performed fairly well in the case where ourstarting parameters, 0g,pss a0d lgyess, match the truthand
there is sufficient sample size (N=40). Table 2 shows the MADs for the metrics of interest for N=40 and N=10.
While the regression coefficients for SBOP were much closer to the groundtruthof 5,=-200and $;=0.1 forN= 10,
the MAD for V10 and V50 estimates was generally slightly better for Neyer and Bruceton. All methods performed
similarly forN= 40.

Table 2: Median Absolute Deviations for perfect information scenarios

MAD N=40 N=10

Method By B V50 V10 By B, V50 V10
Bruceton | 54.2 0.0272 | 6.09 23 157 00788 | 1138 437
SBOP 552 00277 | 642 2.69 116 0.0578 | 118 543
Neyer 57 0.0286 | 6.09 248 153 00762 | 112 57
3POD 549 0274 6.19 252 187 00938 | 1138 579

With N = 40, all methods broke separation. For N= 10, Bruceton broke separation most often at 91.8%,
followed by 3POD, Neyer and SBOP, as shown in Error! Reference source not found.. This is not surprising as
Bruceton performs well when given an appropriate step size; velocity selection is highly influenced by step size.
Additionally, this is expected in the presence of perfect information as the other methods use the first two shots (x; =
1960 and x, = 2040) to establish the appropriate range while Bruceton is already iterating through finding V50
(24=2000).

' Vg/e calculate the difference between the 90th percentile and the 10th percentile for S, f;, V50 and V10 asa
measure ofhow closely thesemetrics are clustered for 80% ofthe simulationruns. The results are shown in

Table 3. SBOP has the smallest intervals around S, and 8; for N =40, while Bruceton and Neyer have the
smallest intervals around V50and V10, respectively. ForN = 10, Neyer has the smallest intervals around S, and 3,
followed closely by SBOP. 3POD performs relatively poorly in this metric for N =10, but does have the smallest
interval compared to the other methods around V10. When given a larger sample (i.e. N = 40), SBOP returns the
tightest 80% intervals around S, and 8; and performs comparably to the best method when given a smaller sample

(ie. N=10).
Table 3: 80% intervals for key values, perfect information
80%
Intervals N=40 N=10
Method Bo B1 V50 V10 Bo ‘B V50 V10
Bruceton | 22933 | 0.11 9.18 20.76 | 708.10 0.35 17.80 32.78
SBOP 217.96 | 0.11 10.09 21.35 672.68 0.34 21.35 40.06
Neyer 265.63 | 0.13 9.31 1935 | 652.71 0.33 21.23 32.80
3POD 256.20 | 0.13 9.53 20.85 | 1,331.29 0.67 21.70 32.34

One area in which results differed from Johnson et al [2] is the performance of 3POD when the stochastic
search approximation was used as recommended by 3POD, rather thanthe MLE estimates. The primary difference is
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that the simulation study in this paper included a perturbation of the true versus desired velocity, consistent with
conversations with field technicians. This implication is that in practice, the prescribed small step sizes may instead
be large or in the oppositedirection.

Thisis a challengeasthe stochastic approximation algorithm relies on achieving an increasingly smaller step
sizes (trending towards zero) between the target velocity and actual velocity, with a guarantee of asymptotically
achieving the desired quantile. However, in the presence of perturbations between target and actual velocity, most
steps will have sizes substantially different from zero. One option is to use the actual velocity rather than the target
velocity; while this is still centered at a V50 = 2000, there is substantially more variation than an MLE estimate, as
pictured in Figure 1 and described in

Table 3 (Right): Separation Statistics forN= 10

N=10
Table 4.
Method | Percentof Runs Median
Table 3 (Right): Separation Statistics for N=10 with Overlap Overlap Test
N =10 Number
Table 4 (Below): V50 estimates for 3POD P Zantof Runs | © Median
Scenario MLE Stochastic SBOP 8ith Overlap | 7Overlap Test
Approximation Neyer 85.2% 7 Number
Perfect Info, N=40 252 | 775 BRGYdton 95;8% 8
Perfect Info, N= 10 586 |8.52 ilz(z gg 3’0/ ;
— y 270
Imperfect Info, N=10 | 7.79 10.2 30D TRIA 7

Figure 1: Baseline true response curve (Left), distribution of V50 estimates for 3POD (Right). Velocity in ft/sec

Baseline Curve for Simulation Study MLE versus Stochastic Approximation

100%

Method

D MLE

E ! Stochastic Approxmation

20404 3
75%

b=
50% B 2000 .
= Scenario

[ ] impertect Information, N = 10
|| pertectinformation, N = 10
|| Pertect information, N = 40

25%

19604 g

Probability of Complete Penetration

0%

1960 2000

Notional Velocity

2040 0.000 0.025 0.050

Density

0.075 0.100

Table 6: Percentof simulation runs with overlap (Left)

Table 7: Median Absolute Deviation for imperfectinformation, N= 10 (Right)

MAD N=10
Method By B, V50 V10
Bruceton 50.1 0.248 9.86 737
SBOP 798 0.04 17.6 897
Neyer 83.9 0.0418 19.9 12.4
3POD 746 0.0373 13.1 771
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4.2.2 Distribution of V50 estimates for 3POD

The alternative option ofusing results from actual velocities and assigning them to the desired shot velocities
is also problematic; for example, when at V10, perturbing the velocity up by 10 unit/second will not have an equal
effect on the probability of a complete penetration as perturbing the velocity down by 10 units/second. Additional
work is needed comparing the performance of a c-optimal design for various combinations of n, and variances.

4.2.3 Imperfect Information Results

In the case of imperfect information, SBOP does not perform well when both the pp,.;,, OT Opy.i, are incorrect and
there is a smallsample size (in ourcase, N=10). When both the up,.;,, 01 0p,;,, are significantly incorrect, there is a
cost in terms of how quickly overlap occurs, if it occurs at all. A prior standard deviation of 02=10% was used in
MCMCpack function. The percent of runs where separation is broken and overlap is achieved is shown in Error!
Reference sourcenot found..

In practice, the prior variance is generally a predefined weight or treated as a tuning parameter; this was not
explored in this analysis. When the prior information is relatively weak, the prior variance on the tuning parameters
can beincreased. More work on the Bayesian method is needed to appropriately identify when the prior parameters
appearto be incorrect, as this is valuable information to the experimenter and canbe identified relatively early in the
experiment.

Bruceton outperforms all other methods onthe MAD ofthe variables under consideration in this scenario as
shown in Error! Reference source not found.. Neyer is broadly accepted as a superior and more efficient
methodology to Bruceton; it is unclear if Bruceton’s superior performance with regards to achieving overlap is an
artifactofthespecific parameters tested, or a robustness to the differences in target and actual velocity. Future research
will investigate if Bruceton is in fact more robust to velocity perturbations with different pairs of input parameters.
Note that SBOP and 3POD perform similarly for 5y, 5;, and V50 while SBOP performs similarly to Neyer for V'10.
SBOP’s performanceis in line with other standard methods for key metrics when given imperfect starting parameters,
which demonstrates the viability ofthe proposed approach.

Again, we calculate the difference between the 90th percentile and the 10th percentile for 3, f,, V50 and
V10 asa measure of how closely thesemetrics are clustered for 80% ofthe simulationruns. The results are shown in
Error! Referencesourcenotfound.. With a small sample size and imperfectstarting parameters, Neyer and SBOP
return 8, and fB; values within a smaller range than the other methods. Neyer hasthetightestinterval followed closely
by SBOP for 3, and ;. 3POD has the tightest interval around V50 and Neyer

Method | Percentof Runs | ;¢ ihe tightestintervalaround V10.
with Overlap
Bruceton 34% Table 8: 80% intervals for key values, im perfect
SBOP 16.3% information
Neyer 15 2%
3POD 3@&%;uierv dﬂS N=10
Bruceton 516.57 0.26 33.18 4792
SBOP 111.55 0.06 40.33 48.39
Neyer 107.74 0.05 34.77 43.43
3POD 503.03 0.25 31.83 45.88

5. CONCLUSIONS AND FUTURE WORK
5.1 Conclusions
This paper demonstrates the potential to use Bayesian methodology in ballistics testing, in order to allow for the

incorporation of prior information in the selection of new test points without impacting the final analysis. Additionally,
this is one of the first paperto incorporate velocity perturbationinto a simulationstudy [2]; Note that the Institute for
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Defense Analyses enforced a maximum bound on perturbation size, while no limit was applied in this study.
Additional work should analyse the sensitivity of methods to the size of the perturbation, as conversations with
technicians indicated there can be substantial variability in the variance based on factors such as threat, season, and
day to day variance. Under some circumstances, this methodology breaks separation faster than Frequentist methods,
although further development is needed. Specifically, while the coefficients for both 5, and 5, were substantially
closerto the true values, this did not translate to a lower MAD for V50 and V10. This is a promisingresult,and it is
likely thatfutureiterations of SBOP can correctthis issue.

5.2 Future Work

There are multiple avenues for future work. For work relating specifically to SBOP, the following are of particular
interest:

e InPhasel,initial shots are based onestimates of [, 0ss and 04 .cs- HOwever, these shots are not defined as
optimal by either a design orrisk-adjusted method. Given priors for a response curve, it would be possible to
estimate the probability that multiple shots are partial penetrations or complete penetrations, and to adjust
accordingly.

o InPhaselandPhasell, the priors play arole in determining the selecting subsequentshots. There is robust
literature on the impact of tuning various parameters, such as the precision. However, this has notbeen done
specifically in the ballistics testing space. Future work includes implementing this method in live -fire testing
to understand thesensitivity and impact of these parameters.

e InPhaselll, SBOP follows the stochastic approximation method proposedby[11]andused in 3POD. Whik
this has desirable asymptotic properties, guarantees donot exist forsmall n, and n,,and it isunclear how a
c-optimal design would compare. A separate study would robustly analyze if a method was dominant for
particular combinationsof n, andn,, particularly when more than one quantile is of interest.

Additionally, moreanalysis is needed to better understand therobustness of existing methods a gainst the impact
of velocity perturbation between the target and actual velocity is needed. Another area stems from discussion with
practitioners, who note that for some threat and velocity combinations, the variance in velocity is heterogeneous.
Expanding thedesign to account for cases whereit is known thatthe shot variance is not homogeneous would be quite
usefulin these cases.
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